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Dé chimg minh hai doan thang ¢4 do dai bing
nhau, ta thuomg nghi d¢én viéc chimg minh hai tam
gidc bang nhau, dua v& cic canh déi cia hinh binh
hanh, st dung tinh chét vé duong chéo cua hinh
thang cén, hinh chiy nhat, tia phan giac cua goc, ...
Tuy nhiép mét hudng chimng minh ma it khi chung
ta nghi dén 14 ding ... tam giac dong dang!

S6¢ di nhu vy la do hai tam giac dong dang véi
nhau ta chi Suy ra cac cdp goc tuong tmg bang
nhau ma khéng truc tiép suy ra ciac canh tuong
Umg bang nhau. Tuy nhién néu biét két hop bién
d6i mét cach khéo léo, tir ti sé dd dai cac doan
thang hodc tich d6 dai cac doan thing bang nhau
ta ¢6 thé din t&i d6 dai céc doan thing bing nhau.
Sau day xin néu mét sé hudng bién déi hay gip.

1. Huéng 1: Dé chimg minh a = b, ta c6 thé

a* =cd
ching minh: < b° =¢f
led =ef

Thi du 1 (16p 8). Cho tam gidc nhon ABC ¢6 cdc
duong cao BD, CE. Trén cdc doan BD, CE lin

heot lay  cdc  diem M., N sao cho

AMC = ANB =90". Chitng minh rang: AM = AN.
Hudong din. Sir dung tam gidc dong dang.
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- Chitng minh: AM* = AD.AC, AN* = AE AB.

- Chung minh: AD AC=AE AB.

- Suyra: AM = AN.

Thi du 2 (16p 9). Cho hai dircng tron (O) va (O°)
cat nhau tai A va B. VE tiép tuyén chung CD cua 2
duong fron (C € (0), D € (O')). Puong thing
AB cdt CD tai M. Chimg minh ring MC = MD.

Huéng din. Su dung tam gidc dong dang.

- Chitng minh: AMDA ~ AMBD
= MD* = MA.MB.
- Chitng minh: AMCA ~ AMBC
= MC* = MAMB.
- Suy ra: MD = MC.

2. Hudng 2: Dé chimg minh a = b, ta ¢é thé

2 _k
Ix ¢
chimg minh: { — = a
Far
v
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y ~ 1A aae dié
Thi du 3 (6p 8). Cho tam gidc ABC, lay cac cien

. AE AD
D, E lan ot trén AC, AB sao cho T‘E?Z = F(J BD
cat CE tai M, AM cdr BC tai I. Chimg minh rang

B =IC.
Hudng dén. Str dung tam gidc dong dang.

9] A P

B i c

- Qua 4 dung dudmg thing m / BC, m cit BD va

CE lan lugt tai P va Q.
- Chung minh —= ag &P , tr 36 suy ra: AP =AQ.
BC BC’
- Ching minh LW 4 , tr 6 suy ra: B/ = CI.
AP AQ’

Thi du 4 (lop 9). Cho niea dicang tron (O) dicong
kinh AB. trén cung mot nuwa mat phang bo AB veé
cdc tia tiép uyvén Ax, Bv véi nwa ducng tron. Tir
mét diém M bat ki trén mira dicomg tron vé tiép
tuyén thir ba cit Ax. By lan lwot tai C, D. BC cat
AD tai I. MI cit AB tai H. Chitng minh r&ng
MI=[H.

Hudng dan. Sir dung tam gidc dong dang.

D
M
C
i
A
H 0 B
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cM _CI CA]
- Chimg minh EE_ 1B DB

tir 46 suy ra MI // BD.
Ml _DI IH _ BI

- Chimg minh — = DA CA BC
DI Bl . .. _
- Chtl inh — =——, tir 46 suy ra MI =IH.
Chimng mi DA BC

3. Huéng 3: Thong qua cic bién dbi ti 56 va
tich sb

Thi du 5 (16p 8). Cho tam gidc ABC co diwong
cao AD. Trén AD lay diém M bét ki, BM cdt AC
tai E, CM cit AB tai F. Puong thang qua M song
song véi BC cdt DF, DE lan heot tai O, N. Chimg
minh rang MQ = MN.

Hudng dén.
A
E
F
M I’V
L (0]
Q N
B D - C

- ON ¢t AB, AC lan luot tai L, O.
- Chimg minh 1€ 99 MN ED
ML CB’ MO BC

-Suyra MQ.MN _CD hay MQ MO _CD
ML MO BD MN ML BD

: . MO CcD . M
- Ching minh — >~ 43 MO
ML _BD € suy ra VN =1

= MQ = MN.

Thi du 6 (16p 9). Cho 1am gidc ABC ngogi tiep
duwang tron (O; R). Goi [ la diém tiép xiic cua (0)
va canh BC, vé diecing kinh IN cua (O), AN cit BC
tai K. Chirng minh r'c%ng BI = CK.




| .

Hudng dén. Qua N ké dudmg thing song song vOi
BC cit AB, AC thir tu tai D va E.

- Chimg minh: DN.BI = R*.
- Chimg minh: CLNE = R?, tir d6 suy ra:

by _c
NE BI
- Chimg minh: L4 =£.
NE CK
Cl! BK BI+CI BK+CK
-Suyra —= = =
Bl CK BI CK
= BI=CK

Thi du 7 (l6p 8). Cho tam giac ABC co diwong
trung tuvén AD, duong phan gidc CE, diong cao
BH dong quy. Vé AK L BC (K € BC). Chitng minh
rang: AH = CK.

Hudng dan.

M 4 N
™SS
E H
jm] \
B X D C

-Qua A vé MN /| BC (M € CE, N € BH).

AN  AM
- Cht inh;: — =—— => AM = AN.
Chirng mi 3D CD

. . AH AN AE _AM
- Chimg minh: — e

=—, , tir d6 suy
HC BC EB BC

AH AE
ra ——=—-.
HC EB

AE _AC
EB BC
giac) = AH.BC=ACHC (1).
- Ching minh: ACAK ~ ACBH

= CH.CA=CK.CB (2).
- Tur (1) va (2) suy ra: CK = AH.

- Chimg minh: (tinh chat dudng phén

Thi du 8 (l6p 9). Cho dirong tron (I) noi Ifé'p
AABC. Goi D, E, F lan luot la diém ticp xic cua
cdac canh BC, AB, CA véi (I). Dudng thang qua E
song song voi BC cit AD, DF ldn leot tai M, N.
Chirng minh rang EM = MN.

Hudng dén.

-VEAG // BC (G € DF).
- Chitng minh: AG = AE (= AF) (1).
- Ching minh:
MN = @.AG =E.AG =@.AG (2).

AD AB AB

- Ching minh: A4BD ~ AAEM
= em= 22 45 ).
AB

-Tir (1), (2), (3) suyra MN=EM.

Céc ban hdy van dung céc bién ddi theo hudng
trén d¢ giai cic bai tap sau day nhé:

Bai tip 1 (16p 8). Cho tam gidc 4BC, cac dudomg
cao BD, CE. Goi [ 1a trung diém cua BC, qua A ké
duong thing vudng goc véi A7 cit BD tai M va cht
CE tai N. Ching minh rang: AM = AN.

Bai tip 2 (16p 9). Cho tam giac ABC (4B < AC)
noi tiep dudng tron (0). Ké duong kinh 4D cua
(0), tiép tuy'én cua (O) tai D cit BC tai S. Puong
thing SO cit 4B, AC lan lugt tai M, N. Chimg
minh rang OM = ON.
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HUGNG DAN GIAl PE THI VAO LGP 10
THPT CHUYEN TINH BINH DINH NAM HOC 2022 - 2023

Bai 1. 1) Cho biéu thire
P = x"™ Jx -5x" Jx +x* +2017.
Tinh gia tri cua P khi x = {frl—+rj§ = W :
2) Cho phwong trinh x* + bx’ + cx + 1 =0, trong
dé b, ¢ la céc sé nguvén. Biét phuong trinh ¢6

nghiém xy= 245 Tim b, ¢ va cac nghiém con

lai cia phirong trinh.
Léi gigi. 1) Taco: x= Y2445 -2-+5
o x3=(§/2+\/§+{ﬁ§—2)3
=({f2+~/§)3+({/\[§-2)3
+3m.ﬁ3.(d§+£+%ﬁ§—z)
e P= 2+ 5 +5-2+33(V5+2)(V5-2)x

o x0 =2~./§+3x<:>x3—3x—2\/§:0
o X —5x+2x-2J5=0

& x(x* -5)+2(x—/5)=0
<:>(x—~sf§)(xl + 5.x+2)=0

c{x-\/g=0 c{x=\/§

X +5x+42=0 |xe@(A=-3<0)

o x=5.

Thay vao biéu thirc P sau khi bién doi thu duge:
P=x"x(x*-5)+x* +2017

—0+(V5) +2017=2022.
Viy P=2022 khi x= 32+ V5 -32-5.

2) Vi xo = 2++/5 1i nghiém cia phuong trinh

nén: (:z+\/§)3 +b.(2+J§)2 +c(2+J§)+1=0

TORN HOC
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2 +3225+32(5) +(5)
+b(4+4\[5+5)+c(2+‘/§)+1=0

@8+12J§+30+54§+b(9+4\/§)
+2c+e5+1=0

o 39+17J§+9b+4b\/§+26+0\[5_=0

& (39+9b+2c)+J§.(17+4b+c)=0 (1).

Vib, clacac s6 nguyén nén tu (1) suy ra:

{9b+2c+39=0 {9b+20=—39

4b+c+17=0 4p+c=-17

c=—4b-17 c=—-4b-17
= =

9b+2(—4b—17):—39 b=-5

c=3
= ;
{b=—5

Thay b = -5; ¢ = 3 vao phuong trinh da cho ta co:
X-5xX+3x-1=0

o (0 -x)-@x-4x) - (x-1)=0

o Px-1)-dx(x-1)-(x-1)=0

o x-DE*-4x-1)=0

{x -1=0 x, =1
9, < x
x*-4x-1=0 {xo =2—J§;xz =245
Viy phuong trinh x* — 5%’ + 3x = 1 = 0 ¢6 3
nghiém: xo= 2 - \E;,\tl =Lx, =2+ \fg
Bai 2. 1) Gidi hé phiong trinh:
%x(.r+_\r)+y2 -4y+1=0 (1)
y(x+y) =28 -7y-2=0 (2)
2) Choa, b, ¢ ld cdc 56 nguyén.
Dat §=(a+ 2021y + (2b - 2022)° + (3¢ + 2023,
P=a+2b+3c+2022.

Chirng m,:'nh rang: S chia hét cho 30 khi va chi khi
P chia ket cho 30.




i -II. o

Léi giai. 1) Taco: (1) o X' +xp+)y* —4y+1=0
o= x2=—xy—y2+4y-l.
Thay x2=—xy—y2+4y— 1 vao phuong trinh (2):
Y +y) = 2-xy—y* +4y-1)=Ty-2=0
& yx+y)+ 2y +2)° 15y =0
& yx+y) +2(x+y) - 15y=0
& Y(x+y)+2x+y)-15]=0

i
< 5
(x+_v)'+2(x+y)—l5=0.
Néuy = 0 thi PT(1) tré thanh: x* + 1 =0 = PT v6
nghiém. Do dé: (x + y)* + 2(x + ) - 15 = 0.
Ditr=x+y, PT trg thanh: £ +2¢—15=0
S (-3 +5)=0 1=3;,=-5.

+)Néut=3thix+y=3 & y=3-x
Thay y =3 —x vao PT(l) ta duoc:

3x+(3-x7-43-x)+1=0
o 3x+9-6x+x’—12+4x+1=0
o X+x-2=0 (x-Dx+2)=0
-2, khidoéy, =2;y,=5.
Ta tim duoc 2 nghiém (x; y) 1a: (1; 2), (=2; 5).

+)Néur=-5thi x+y=-5 < y=-x-5.

S x=1x=

Thay vao phuong trinh (1) ta dugc:

—Sx+(=x—5V -4(-x-5)+1=0
o Sx+x+10x+25+4x+20+1=0
o x> +9x+46=0, A =-103<0 = PT v
nghiém.
Vay hé phuong trinh da cho ¢6 2 nghiém (x; y) la:

(1; 2),(=2; 5).

2) Tacé: P=a+2b+3c+2022

= (a + 2021) + (2b - 2022) + (3¢ + 2023).
Pat x=a+ 2021, y=2b-2022,z=3c+ 2023
thi P=x+y+z KhidoS=x"+y'+2".
Xéthisw: S—P=("+y +2)-(x +y+2)

=’ -0+ -+ -2)

(v&ix, v,z € Z).
Ta chimg minh: m° —m i 30, VmeZ,

Bién doi:

msfm'—‘YH(m4— 1)

= m(m* - Hm* + 1)

= m(m — 1)(m + D)[(m* —4) + 5]

=m(m—1)(m+ 1)(1'1'1'2 ~4)+5m(m—1)(m+1)

=m(m—1)(m+ 1)(m—2)(m +2)

+ Sm(m — 1)(m + 1).

Vi (m — 2)(m — 1)m(m + 1)(m + 2) 14 tich cua 5 56
nguyén lién tiép nén tich ddng thdi chia hét cho 2,
cho 3, cho 5 va do céic s6 2; 3; 5 1a nguyén t6 cing
nhau d6i mot nén tich do chia hét cho 2.3.5, do d6
tich chia hét cho 30.
Tuong tu: (m — 1)m(m + 1) la tich 3 s6 nguyén
lién tiép nén tich chia hét cho 6, do do6
5(m — 1)m(m + 1) chia hét cho 30.
Vivaym’ —m : 30, suy ra:

(P -x)+G’ -y +@E@ -2)] 30

Turdo S—P: 30.
Néu P : 30 thi S : 30 va ngugc lai S @ 30 thi
P : 30.

Vay S chia hét cho 30 khi va chi khi P chia hét
cho 30.
Bai 3. C6 tat ca bao nhiéu da thirc P(x) cé6 bdc
khéng lom hon 2 véi cac hé s6 nguyén khong dm
va thoa man diéu kién P(3)=100?
Loi gidi. Da thitc P(x) c6 bac khéng 1én hon 2 véi
hé s6 nguyén khéng 4m nén cé dang:

P(x)=ax’ + bx + ¢
(a,b,c € Nvaa, b, c khdng ddng thdi bing 0).
ViP(3)=100néntaco:9a+3b+c =.100 (1).
Vi a, b, c 14 cac sb nguyén khéng am nén tir (1) ta
c0:0 < a < 11 = aldy 12 gié tri khac nhau.
+) Néu a = 0 thi ta ¢6: 35 + ¢ = 100 =0< b <33
= b lay 34 gia trj khac nhau va c ciing liy 34 gi4
tri twong ng.
+)Néua=1thi 9.143b+¢c=100 = 3b+c =91
= 0 < b < 30 = blay 31 gia tri khac nhau va ¢
ciing ldy 31 gia tri tuong ing.

TOAN HOC
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+)Neua=11thi 9,11 + 3b +¢ =100 = 3b+ ¢ = |
= b=0vac=1 = pldy 1 gia tri va c cing liy
1 giétnjtmmg ung.
Do d6 §6 cac bd gia tri cua (a; b; ¢) thoa min dé
bai la tong cua day sé:
34+31+28+ ... +4+1 (c6 12 6 hang)

(34+1).12

2
Vay ta tim duoc 210 da thic P(x) co bic khong

16n hon 2, ¢6 dang P(x) = ax® + bx + ¢ trong db a,

=210.

b, ¢ 1a cic s6 tu nhién thoa man diéu kién
P(3) = 100.

Bai 4. Cho tam giac ABC nhon (AB < AC) néi tiép
dudng mon (0), cdc duong cao AD, BE, CF cat
nhau tai H. Goi M la trung diém BC.

a) Chung minh nr giac DMEF néi tiép;

b) Ducng trén tam I duwong kinh AH cir diong
tron (O) tai diém thir hai la P. Ke dirong kinh AK
cua duong tron (0). Chirng minh bon diém P, H.
M. K thang hang;

¢) Cdc tiép tuyén tai A va P cua dwong tron (I) cdt
nhau tai N. Chimg minh ba diweong thang MN, EF,
AH déng quy.

Loi gidi. a)

S3 549(3-2023)
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S — — 0.

Tacé: AD 1L BC = BDH =90;
et 0
CF L AB = BFH =90".
Do do BDH +BFH=90"+90" ~ 180"
— t gidc BDHF ndi ticp = DFH =DBH (cipg
chin cung DH) (1). 3 y
Chirng minh twong t, tir giac AEHF ndi tiep
— EFH = EAH (2).
Tir gidc ABDE ndi tiep = EAH =DBH (3).
Tir (1), (2), (3) suy ra DFH =EFH = FH |3
phén giéc goc EFD
. DFE =2DFH =2DBH = 2MBE.
Chimg minh twong tu ta c6 H 1a giao diém ba
duong phan gidc trong cua tam giac DEF.
Tam giac BEC vudng tai £ c6 EM la dudng trung
tuyén {mg véi canh huyén BC nén
EM=MB=MC
= AMBE cintai M = MBE = MEB.

A MBE cho ta: MBE + MEB + BME = 180°
= 2MBE + BME = 180° hay DFE + BME = 180",
Viy ti gidc DMEF ni tiép.
Lwu y: Puong tron (DMEF) 1a dudng tron Euler
cua AABC.
b) Ta c6: APK =90°(goc ndi tiép chén nua
duong tron (0)) = KP L AP (4).
APH = 90° (géc noi tiép chén nira duong tron (1))
= HP 1 4P (5).

T (4), () = KP va HP tring nhau, do d6 P, &,
K théng hang (6).
Mat khic, ABK= 90" (goc nsi tiép chin nua
dudng trén (0)) = kB | AB,vi CH 1 AB nén
BK /I CH.

Chimg minh tuong tr ta co: Cx 4/ BH.
Vay it gibe BHCK 13 hinh bigh hanh, nén hai
dudng chéo BC va g cét nhay tai trung diém cua

mO1 dubng. Vi M 1a trung didm cua BC nen M 1
trung diém HK Vay tir

_ (6) suy ra cac diém P, H:
M, K thang hing,




Goi Q la giao diém cua AH va EF. Ta chimg
minh: M, O, N thing hang.
Ta c6: N4 = NP (tinh chit hai tiép tuyén cat nhau
cua (), OA = OP (ban kinh cua (0)), do d6 ON 1a
dudng trung tryc cua AP = ON L1 AP. Mat
khac, O 1a dudng ndi tim cua hai dudng tron (O)
va () véi day chung 1a AP nén OI L AP.
Do d6 O, I, N thing hang.
Tuong ty nhu trén, ta chimg minh dugc EH la
phan giac goc FED.
Vi EA L EH nén EA 1a phan giac ngoai tai E cua
géc FED. Theo tinh chét duong phan gidc trong
va ngoai cua tam giac QFD ta co:

@=£Q(=£QJ: IH-10 _10+14

HD AD\ ED ID-IH IA+ID
= (IH - IQ)(IA + ID) = (ID - IH)(IQ + I4) (7).
Vi 7 1a trung diém cua AH nén IA = [H, do d¢:
(7) & (IA - IQ)(IA + ID) = (ID - IA)(IQ + 14)
o [4>+IA.ID - IAIQ - ID.IQ

=IDJQ + IAID — 14.1Q - 14
o 14>+ IA.ID - IA.1Q - ID.IQ
—IDIQ —IAID +IA.JQ + 14> =0

o 2A2-2IDIQ=0 & [4*=ID.IQ

A _IQ
o UIH=IDIQ & T- =T
7 10 U IQ

(8).

= = —— =
ID—IA IH-1Q  HD HQ

Mait khac, OM la dudng trung binh cia AAHK nén
AH
OM /] AH va OM= =~ =AI=IH
—» tit giac OJHM 14 hinh binh hanh
. O1// HM = AIN = DHM (so le ngoai).
Ta lai c6 NA la tiép tuyén cia (/) tai 4 va 4D la
dudng cao cia A 4BCnén NAI = MDH = 90°.

Do d6 ANAI ~ AMDH (g.g) = oD

: 10 _ N,
Tix (8), (9) suy ra: HO - MH (10).

Vi NI // HM nén NIQ = MHQ (so le trong) (11).
Tir (10), (11) suy ra: ANIQ ~ AMHQ (c.g.c)

— ION = HOM.
Ta lai c6: HOM +AOM = 180° (k& bl) nén
TON + AQM = 180° = M, Q, N thing hang.
Viy ba dudng thing MN, EF, AH dong quy.

Bai 5. Cho 2 56 x, y thoa man:

x+y<2
CHyeo=3 ()

Tim gid tri lon nhar, gid tri nho nhdt cua biéu thire
P $yf =y .
Léi gidi. « Bién déi:
(e x+y +xy=3

= x2+y2—-xy+2xy:3

=>T+2xy=3 & T=3-2xy.
Ta X +y*+xy=3 o (x+y)’-xy=3

o xy=3-(x+y~><3
suy ra:
3-2xy<3+23=9& T<9.

Déu“=”xéy rakhi x+y =0 & y=-x
Thay vao (1) ta cé:

2
PHxi-x=3e x*=3

o x=+3
= y=F3.
&
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Thoi gian lam bai: 150 phit (khong ké thot gian p

Cau I (2,0 diém). Cho bidu thirc

x+2Jx 2 J 1

"‘[H\f?z*x-ﬁ oy
a) Rat gon biéu thirc 4.
b) Tim gid triciax dé 4 = 3.
Céu 11 (2,0 diém)
1) Trong mit phéng toa d§ Oxy, cho parabol
(P):y=x? va

duong thing

(d):y=(m+Dx—m+5. Tim gia tri cua tham sb

m @& (d) cat (P) tai hai diém phan biét A(x;y,),

B(x,;y,) sao cho x,;X, 12 cic s6 nguyén.

2) Tim cac nghiém nguyén ctia phuong trinh
x'=2x 4 2P -16)? +12x-16y+4=0.

Cau IIT (2,0 diém).

1) Giai phuong trinh 1[3“2 —JE =],
x—1 x-1
2) Giai hé phuong trinh
> o +y3+xy=2x+4y——l
{xy +x+2y=1 '
Cau IV (3,0 diém).
1) Cho A4BC nhon (4B < AC) néi tiép dudmg
tron (0). Hai duong cao BE, CF cit nhau tai H.
Goi K 14 giao diém cua hai duong thing EF va BC.

************i*******************************************************
Fhdkkkwn

& Do d6 maxT = 9 khi

(x;y) € {(ﬁ;—ﬁ),(—ﬁ;ﬁ)}.
« Bién dbi:
e x2+y2+xy=3
o (- +3xy=3

3-(x-y) . (x-v)
=— "7 - 1= <l.
= 3 3
Suyra:3-2xy > 3-21=1e T3> 1.

Déy “= xay ra khi (x —y)2 =0 x=y.

8 T?g?‘uggé S& 549(3-2023)

) Chimg minh tr gidc BFEC ndi tiép, tir d6 suy

a

ra KF. KE = KB.KC. ’ ‘ o
b) Puong thing AK cat duong tron (0) tai diém

thir hai 1a M (M khéc 4). Goi / 1a trung diém cyq

doan thing BC. Chimg minh ba diém M, A ;

thing hang. | .

2) Mot chi tiét may gom hai ntra hinh céu béng

nhau va mét hinh tru (hinh v&). Hay tinh thé tich

cua chi tiét may do6 theo cac kich thudc cho trég

hinh vé.

8cm

20 em

Céu V (3,0 diém). Cho ba sé thuc duong x, y, 2
thoa man 4xy+2yz+3xz=24. Tim gia tri 1én
nhat cia bidu thirc

p= 2x 3 .
VX +4 m \/Z_+—l6
PHAM TRUNG KIEN
(GV THCS Hs Ting Mau, 4n Thi, Hung Yén)
Gioi thiéu
TRkt kR

Thay vao (1) ta duoge:
SR N
& =]
LBl T T y=41
thoa min didu kié.nx+y < 2.
Do 46 minT = 1 khj (x; ) e {(;n, (-1; =1)}.

BUI VAN CHI

2172 Lé H4
(2122 Leé Hong Phong, Tp. Ouy Nhon, Binh Dinh)

Gidi thiéu
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PHAN THI BACH HUONG
(GV THCS Cao Xudn Huy Dién Chan, Nghe in}

Diém roi trong cac bai todn bit dang thirc, cuc tri
1a mau chdt cho cach tim 101 giai cho bai toan do.
Viée dy doan diém roi dung khi né théa man yéu
cau bai ra. C6 nhidu bai toan tir gia thiét ta da du
dodn dugc diém roi mt cach dé dang va sir dung
diém roi d6 nhur thé nao dé xir 1y bi toan ciing 1a
“meo” cua ngudi giai toan. Sau diy ching ti xin
dua ra mot sb bai toan xir ly diém roi theo mot
khia canh ma khi giai toan chung téi dd véan dung
duoc.

Bai 1 (Bai T3/529- Tap chi TH&TT).

Cho x21;v22:z>3. Chirng minh

i v+ zx+ 252 X+ 8y + 92,
Phdn tich. Du doan diém roi tai x = l;y=2;z=3
nén cac bt ding thirc nho co6 thé van dung la:
x=120;y-220;,z-320.
Tur cac bat dang thic nay ta c6 thé tao ra céc bt
ding thirc dang tich, thuong khac nhu
x-1)(r-2)=20; ():—1)(2—1’:)20;()4:—1)2 >0....
Trong bai toan trén dé c6 25 ta phai dva vao cac
bét ding thirc tich nao dé tong lai xudt hién sé 25.
T d6 ta lap dugc bt dang thic sau théng qua
tdng cac bat ding thirc trén:
(x—1)* +(y—2)2 +(z—3)2 +(x-1)(y-2)
+(x—1)(z—3)+(y—2)(z—3)20
hay

X+ + A+ yz+zx+252Tx+8y +9z.

Bai 2. Choa, b, ¢ khongamvaa+b+c=1. Tim

eid tri nho nhat cua biéu thirc

P:\f;f+a+\ﬁf‘ +b+e? +c.

Phin  fich. Tu  gia
0<a<1;0£b<1;0<c<1 nén cac bét ding thirc

thiét ta co

. 2 .
duoc van dung 1a: a® <a; b <b; ¢* <c.Suyra:
PZ\/az+a2 +Vb + b +\/c2 +c?

<:>P2\/§(a+b+c) hay Pz

Bai 3 (D2 thi vio Iép 10 THPT tinh Ha Tinh).

Cho cdac s6 thuc a,b,c thoa méan

a+ b+ c=2021.

khong am

Tim gia tri nho nhdt cua biéu

thire: P=~Ja+b+b+c+e+a.

Phadn tich. Bai toan nay c6 nhiéu cach giai nhung

& day t6i mudn dua ra mot hudng tim 161 giai cho

bai toan tir diém roi.

Ta du doan diém roi taia = b = 0, ¢ = 2021 (hoic

cadc hodn viciaa, b, ¢). T gia thiét ta ta cé:
0<a+b<2021,0<b+c<2021;0<c+a<2021.

Khi d6 ta danh gid dugce:

0<va+b<+2021;
0<+a+c</2021;
0<Vb+c <2021,

Va+b(Va¥s - 301 <

Nén ta co: a+c(\/a+c—\/2021)£0
\/m(\/b+c—\[ﬁ)ﬁﬂ
S3 549(3-2023) TOAN HOC
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Ja+bz B30

2021
hay «/a_;_czjz_“;%.
b
JEEz\/i%
Do do: PZW*FJE_C_FE?E&J%?

maa+b+c=2021 nén P=2v2021.
Déu “="xayrakhia=b=0, c=2021.

Vay min P =22021 khi a=b=0, c=2021.

Tir cach giai bai toan trén ta lién hé dén cac bai

todn trong tu c6 chia can sau:

Bai 4. Cho a, b, ¢ khing dm thoamana +b+c=1.

Tim gid tri nho nhat cua biéu thirc:
A=\Ba+1+B3b+1+3c+1.

Phaén tich. Tuong tu bai toan trén ta dy doan diém

roitaia=b=0vac=1.
Tir gia thiét ta co: 0<a<1;0<bh<;0<c<]1.
Khi d6 ta c6 danh gia sau:
1€V3a+1<2;1<3b+1<2;1<\3c+1<2.
(V3a+1-1)(V3a+1-2)<0
Do d6 1(v3b+1-1)(\3b+1-2)<0
(J3—c+_1_1)(\f3'c?—2)so

33a+123a+3

33b+123b+3 =3423(a+b+c)+9.
33c+123c+3

Dods: A24 (doa+b+c=1).
Déu“="xayrakhia=b=0vac=1.

Viymind =4khia=b=0vac=1.

hay

Bai 5. Choa. b, ckhéngdamvaa +b+c=1. Tim

gia tri nho nhat cua biéu thire sau:

A=V5a+4+Jsb+4 +\/5c+4.

TOR
10 o
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Phdén tich. Tuong tu bai 4 ta xét

(W—Z)(M—ﬂso

hay Sa+4 > a+2, tir 46 ta co:
A=Sa+a+ob+4+/5c+4

2(a+2)+(b+2)+(c+2)
=a+b+c+6.

Dodd A>T (via+b+tc= 1).

Déu“=”xéyrakhia=b=0,c= 1.

VéyminA=7khia=b=0,c= 1.

Bai 6. Cho x, y, z khong dm,x+y+z=3

Tim gid tri nho nhat cua piéu thirc:
A=~Jx+1+ 2y +1+3z+L

Phin tich. Du doan diémroix =5,y =0,z=0.
Tir gia thidttaco 0<x<50<y<50<z<5.

' (\/x_+_1—1)(\/x7_1—~£)so
Tacor {(y2y+1-1)(y2y + —Jﬁ)so

x+12 +1
1+\f€
hay T\/‘Zy-i—lz 2y +1
1++11
v‘32+123—z+1
A> 2

(x+y+ N
1+6 Z)+[1+\/ﬁ 1+\/€]y

3 1 1
tHo——F=|z+3>

hay A2>
1

5
+3
+\/—6— <:>A22+\/6

(dox+y+z=5v3 y20;z_>_0).
Dau “=" xay ra khix=5 p=;=0

Vay mind=2+V6 khix=5,,=,-0
Tuong ty céc ban hdy giai baj tap sau:

Bai 7. C ¢ o B
Chox, y, z Ahong amvax + vy + z =4 Tim

min cua A = \5\_; +J3y+1 4 \/I~ +1



Trong ki thi t6t nghiép THPT Quéc gia va thi hoc
chon sinh giéi tinh nhing nim gin day thudng
xuét hién cac cau phén loai roi vao chu dé mi va
16garit. Cac em thuéng gap rit nhiéu kho khan khi
giai dang toan nay. D& giGp cic em 6n tap va
chuén b tét cho ki thi sip t6i, bai viét ny xin gi6i
thiéu dén cac em phuong phép thudng sur dung dé
giai dang toan nay d6 la bién ddi v& ham dac
trung. Di theo phuong phap nay ta tién hanh qua
cac budc sau:

- Bién déi phuong trinh (bat phuong trinh) vé
dang f(u)=f(v) (f(u) Zf(v)) voi u,ve(a;b).
- Chimg minh ham s6 y = f(¢) dong bién (nghich
bién) trén khoang (a;8).

-Suyra u=v (u2v hodc u <v).Ti gia thiét nay
ta s& dua bai toén vé dang quen thudc dé giai.

Sau diy la mét s6 dang toan thudng gip:
1. TINH GIA TRI BIEU THU'C
Thi dy 1. Cho x,y ld hai sé thue dwong thoa

A % &2 ; 3 V . " I
man diéu kien ¢ " =—"—_ Gt tri biéu thire

X+y

i
‘1 A

&
L 4x

la

P=lo

e

L ]
+y)
A.3 B. |

C. -1 D. -3.

Léi gidi. Ta dua gia thiét vé dang
(x+y) -3p(x+y) - 3y(x+ »)

¢ (Jc+y)2 '

Y 7 7 g
N CHUAN B| | -
s e AN GA WY WUy VTRERON
e\ CHOKYTHI | BV wwlv il
Ry TRUNG HOC
J -.,I T LA EAN
1 RO THONG
R =i P P
. Q-L‘}’i G!A

. }
HEE T A BT AT
o il iy . .
v | f
; HeEN3 A ® RpEY FIR -
# ) Wia W Wad ikl Kid 'y erlids g

NGUYEN CONG CHUAN
(GV THPT chuyén, Dai hpe Vinh, Ngh¢ An)
e

2
Pit o L N R e
v=3y(x+y)

u-v v u v
Ta thu dugc: &' =— < ue' =ve' (1).
U

Xétham f(¢)=te' trén (0;+). Ta co:
f'(t)=¢ +1te' >0,V e(0;400).
Suy ra ham s6 f(f) dong bién trén (0;+00). Tir
(1) ta duogc:
u=vext—xy-2y"=0
o (x+y)(x-2y)=0x=2y.

Viy P=log, [gl] =log, % =-1. Chon C,
Y

Thi du 2. Goi x,x, la hai nghiém cia phwong

I

\ cx’ +l 2 ~ ~ . . oo .
trinh 5% +x7 +2x—1=25"", Gid tri biéu thirc

P= i + J_ la
%
A4 B.S5
C.7 D. 6.

Léi gidi. Ta bién ddi phuong trinh di cho vé dang
5 40P +1=57% 122 (2),
Xétham f(r)=5"+¢ trén R. Ta co:
S'(H)=5'In5+1>0,vseR.

Suy ra ham s& f(f) ddng bién trén R. Do dé tir
(2) ta dugc:

X H1=2-2x o +2x-1=0 (3).

Suyra x,x, 13 hai nghiém cua phuong trinh (3).

TOAN HQC
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O
ao nhiéu nghiem:

cob B. 5
R =2 A 4
Theo dinh 1i Viéte ta co: ex=ol . D. 3
" C.2
’ A
Suyra: P= (4 +x22 2—2x,x3 =6.ChonD. y
&L

2. GIAI PHUONG TRINH MU, LOGARIT

Thi dy 3. C6 bao nhiéu cap 56 nguyén dieong (X;)

thoa man
log ~‘—X,+L—=.r(.rw3)+,v(_%f—3)+XJ'
"J.r‘+)"+xy+2 ,
A.3 B. 2 10
C. 4 D. 8. B
I 3 4 cho twong duong voi
L¢i gidi. Ta dua phuong trinh da cho vé dang Léi gidi. Phuong trinh dalrl -y 1)
x —_—
3(x+y)+log z3(x+y) /-1 m .
=x'+y* +J:y+2+].og\/5(3vc2 +y° +xy+2) (4).
x dd thi x)=2LVxeR.
Xétham f(t)=1+1log ;¢ trén (0;+w). Ta co: T d6 thi ta suy ra [ (x)
2
= 1
1 _lu=f (x)+ -5
"()=1+ >0, Vt e (0;+0). Bat{ (4,v=2).
1) th3 (0:4<2) v=3f(x)-1
Suy raham s6 f(¢) déng bién trén (0;+00). Phuong trinh d3 cho trés thanh:

Do d6 tir (4) ta dugc: u—y

=‘112—vm"1n"=e“lnv (6).
x+y)=x"+y" +xy+2 u

X +(y-3x+y -3y+2=0 (5). Xétham £(r)=e'Int trén [2;+00). Ta cé:
Phuong trinh bac hai 4n x c¢6 nghiém khi

f'(’)=€’mf+f—>0,\7’te[2;+oo).
A=(y=3) -4(y*-3y+2)=-3y2 16y +1>0 d

_ 3205 3428 Suy ra ham s§ f(y) déng bidn tren [2;+00). Do
T3 VS do: (6)<:>u=v<=>f2(x)—3f(x)+2-___0
Vi y nguyén duong nén ye {1;2} : f(x) =1
‘s 2 <:>
Véi y=1 thay vio phuong trinh (5) ta tim duoc f(x) =9
x=2. Tir d thi su
1 suy ra phu(mg trinh d3 . A
Véi y=2 thay vao phuong trinh (5) ta tim dugc  Phén biét. Chon B, oo 68 3 nghitn

x =1, Chon B.

EN BE PHUON i ;

. ’ . ; ; GT co
Thi du 4. Cho ham s6 y=[(x) c6 dé thj nhi NGHIEM RINH

hinh vé bén. Phuong trinh

/-1 (x)-2) -

logﬁ(nq (3f(x) = 1)

TOAN H
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me(-20;20) dé phuong tinh da cho <6

nghiem ?
A. 20 B. 19
C.9 D. 21.

Ldéi gidi. Diéu kién x> m.
Phuong trinh di cho tuong duong véi

5% 4 x =50l log, (x - m) (7).
Xét ham f(1)=5"+¢. Ta c6 ham sb f(¢) déng
bién trén R.
Do d6 tir (7) ta dugec:

x=log;(x-m) < x5 =m. (8)

Xétham g(x)=x-5" trén R cé:

g'(x)=1-5"In5;
, 1
g (x)=0<:>x=log5[m—]=a.

Ta c6 bang bién thién

X i —00 a +0o0
g J + 0 -

{ g(a)
g / \

; - Bl

L

Tir bang bién thién suy ra diéu kién dé phuong
trinh c6 nghiém 1a m < g(a)~-0,92.

Két hop véi m nguyén thuge khoang (—20;20) ta
dugc m e{—l9;—18;...;—1}. Chon B.

Thi du 6. Co bao nhiéu gid tri nguyén duong cua

tham sé m dé ton tai cdc s6 thue x,y thoa man

3x+5y-10 _ e.r*] y-9

dong thoi e =1-2x-2y va
log? (3x+2y+4)~(m+6)log,(x+5)+m’ +9=0?
B.S

D. 6.

A. 3
C. 4

u=3x+5y-10
Léi gidi. Dit {v=x+3y_9
=v-—u=1-2x-2y,

Tir gia thiét thir nhat ta dugc:
e—e'=v-uetu=e +v (9).
Xétham f(t)=¢' +1. Ta c6 ham s6 f(¢) dong

bién trén R .
Do dé tir (9) tadugec: u=ve2y=1-2x.
Thé vao phuong trinh thit hai ta dugc
log; (x+5)—(m+6)logs (x+5)+m* +9=0
(diéu kién x> —5).
Dat ¢ =log, (x+5), phuong trinh trén tr& thanh:
£ —(m+6)t+m2 +9=0 (10).

Bii toan quy vé tim m dé phuong trinh (10) c6
nghiém. Phuong trinh (10) c6 nghiém khi

A==3m +12m20 < m* —4m <0 < m [0;4].
Vi m nhén gida tri nguyén duong nén
m€{1;2;3;4}. Chon C.

4. GIAI BAT PHUONG TRINH MU,

LOGARIT

Thi du 7. Tim 6 nghiém nguyén cua bt phiwong
trinh
2023774 - 202371 _ (x _1)(8 - x) <0,
B. 8
D.S.

A7
C.6

u=2x*-4x+9

Loi gigi. Dit { . Bét phuong trinh

v=x>+5x+1
da cho trong duong véi

2023" +u <2023 +v  (11).
Xét ham f(1)=2023' ++. Ta c6 ham sb £(t)
dong bién trén R.

Do do tir (11) ta dugec:

U<V X' -9x+8<0e>1<x <8,

TOAN HOC
' Tusitre 13
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Vi x nhén gia tri nguyén nén x6{2;37~4;5:6;7} :
Chon C.

; & = z § K . o I hirono
Thi dyg 8. Tim s6 nghiém nguven cud bal phieong

trinh—log, (.\'\“-.\'; +3-x7)<Vx +3-2x
A.2 B 1
C.3 D. Vo sé.

Lai gidi. Piéu kién:
xNxE 43— x2 >0<:>x(v‘x: +3 —x)>0

——L— >0 x>0.

VX' +3+x

Khi @6 bat phuong trinh d3 cho twong duong véi
3x

logl[ —_— ]S\,/x2+3-—2x
VX +3+x

p—

< log, (3x) + 3x Sl()gz(\}x2 +3 +x)+x}x2 +3+x

Xétham f(t)=log,r+¢ trén (0;+0). Ta co:

1 =H:l—2+t>0,‘dte(0;+oo).

Suyraham sé f(¢) déng bién trén (0;+0).
Do d6 bét phuong trinh trén twong duong véi
Ix< m +x&2x< \/_XTE
oxl<le xe[—l;l].
Doi chiéu véi didu kién va Yéu cau dé bai suy ra
x=1. Chon B.

5. TIM GIA TRI LON NHAT, GIA TRI NHO
NHAT

Thi du 9. Xé1 cdc 56 thiee Khong am x va v thog

man 2x+v4" >3 Gig tri nho nhat cua biew

thire P=x* + ¥ +6x+ 4y hang

65 33

A, — B. —
8 4

-

C_ i? D. 5_
8 8

Léi gigi. Gia thiét bai toan twong duong véi

TOAN H
14 crum?;ctw

2y27 2(3-2x)277(12).

3 . thoa man. Khj g4.
, 2 12) dugc 1d6:
Néu y 20,52 thi (12)
45
P=x2+y2+6x+4y>-z- (13)

Néu y20,05x<% ta xét ham ham f(’)—‘—tl‘
trén [0;+c). Ta co:
f(t)=2'+t2"In2>0,Vt e [0;+oo),
Suy ra ham sé f(¢) ddng bién trén [O;+oo)_
Do do
13
(12)@2y23—2x@(x+3)+(y+2)z?
Ta co:
2 2
P=x2+y2+6x+4y=(x+3) +(y+2) -13
<:>(x+3)2 +(y+2)2 =P+13.
Ap dung bt déng thirc Bunyakovsky ta c¢:
PH13=(x+3)' +(y 4 2)

2%[(x+3)+(y+2)]2 21—2—9

o P2—68£ (14).

s | 5% o 4
(x+1)? Tim gig i nho nhat P,

cud bieu thye P=2, _ X




Loi giai. Phuong trinh da cho tuong duong véi
2)-(d4xs2y) _ﬂ£+ 2y
2x% +4x+2

(u,v>0).

Phuong trinh (15) tré thanh:

2022'2.\'“+4.ﬁ

(15).

_ |u=2x"+4x+2
bat
v=4x+2y

2022 =¥ > w2022 =v2022° (16)
u

Xétham f(1)=1.2022" trén (0;+0). Ta co:
£'(r)=2022" +1.2022".1n 2022 > 0,V € (0; +<0).
Suy rahamsb f(r) ddng bién trén (0;+).
Do d6 tir (15) ta duoc:
U=vS y=x +1,

Tacé: P=2y~x=2x—x+2

2
=2[x—l] +1—5— 21—5—.
4

Diu bang xay ra khi

SAU DAY LA MOT SO BAI TAP CO LOI
GIAI TUONG TU
Bai 1. Tinh tong tat ci cac nghiém nguyén cua bét
phuong trinh
log, (x2 +3)—log2x+x2 —4x+1<0
A 4 B. 6 C.5 D. 3.
Bii 2. Co bao nhiéu gid tri nguyén cua tham sb
m €[-2022;2022] dé phuong trinh
3" +4=3m+log,; (B(Sx +1)+ 9m)

c6 nghiém?

A. 2023  B.2024 C.2025 D. 2020.

Bii 3. C6 bao nhiéu cip s6 nguyén (x, y) thoa
man déng thoi cac diéu kién x,y thudc doan

[-2,10] va 27+ y <log, (x~ y)?

A.7 B.8 C.6

Bai 4. Biét phuong trinh

2Wx +1 (\/J_c 1 J
=2log,

2 2

c6 mot nghiém dang x=a +b2 trong d6 a,b la

log,
X

cac sé nguyén. Tinh 2a —b.

A3 B. 4 C.6 D.s.
Bai 5. Xét cac sb thuc duong x,y thoa man
log, 1~y =3xy+x+3y—4.
x+3xy
Tim gia tri nho nhét cua biéu thiic P=x+ .
43+4 4J3-4
A. B.
3 3
43 -4 43 + 4
C. 9 D. =T

Bai 6. C6 bao nhiéu gi4 tri nguyén cua tham sb
m e (-2023;2023) @ phuong trinh

e " =lnx+m
¢6 nghiém thuc?
A 2019 B. 2022 C.2020 D.2021.
Bai 7. Xét cac s6 thuc duong x,y thda min

2 2 2
4(x+y* +4 log,| =+= |= —4)°.
(x +y° + )+ oo_[x+y] (xy 4)

Khi x+4y dat gié tri nho nhit, = bing
y

C. 4 L

D —.
, 4
Bai 8. Xét cic so thuc khong 4m x va y thoa man
x+3y.3" >4, Gia trj nho nhét cua bidu thirc
P=x¥ 4 y* +5x+4y bang
43
A B 32 g p. 2.
8 4 8 8
TAILIEU THAM KHAO

A.2 B. L
2

g Dé thi tét nghiép THPT Quéc gia nhitng ndm
gdn day.

- Dé thi thit cia trung THPT chuyén Pai hoc
Vinh va cdc truong THPT trén toan quoc.

- Dé thi chon hoc sinh gioi Iop 12 cua mét s6
tinh.
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Day hoc theo dinh huéng phat trién ning luc va
pham chit hoc sinh dang la xu thé cua Viét Nam
va thé gioi. Day hoc mén Toan cing vy, qua ndi
dung kién thuc nay hodc chuyén dé Toan hoc kia
hoc sinh s& gjai quyét duge cu thé bai toan nao
trong thyc té cudc song hoic trong khoa hoc. Vi
vay, trong cic dé thi vao lép 10 THPT, THPT
chuyén hoac dé thi hoc sinh gioi Toan 1ép 9 THCS
& mdt s6 tinh, thanh phd ciing c6 dua vao céc bai
toan thyc té. Khéng it hoc sinh ling tung khéng
biét van dung kién thirc nao dé giai quyét cac bai
todn d6. Trong bai viét nay ching t6i xin trinh

bay mét s6 dang toan thuc té hay gap va céch giai
chung.

DANG 1. Mgt sb bai toan thuc té vé hé thie
lugng trong tam giac vudng

Thi du 1. Buoi sang hang ngav. ban An di ho tie
nha (o vi tri A) dén triemg (o vi i D). giai doan
dau di trén doan dwomg thang AB = 400 mét voi
vari toc 4 kmigio. sau do di doan dirong doc BD
VGi van 16¢ 3 kmigic. Hoi ban An mar thoi gian
hao nhiéu phut dé di tic nha dén truomg? Biét rang
doan dwong doc hup véi phwong nam ngang met
goc CBD =3"50" va chiéu cao con déc CD = 10

mét (CD vuong goc vai BC).

D
A B ¢

Léi giai. Vi tam giac BCD vudng tai C nén
CcD 10
sin CBD sin 3"50

BD= =150 (m) = 0,15 (km).

Théi gian di trén doan dudng doc BD la:

TOAN HOC
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-
035 _ L (py=3 phut.
3 200
Thési gian di trén doan dudng bing 4B la:
04 _1

= _,(h) 6 phat.
4

Vay thoi gian dé ban An di tr nha dén trwomg 1a: 9
pht

Thi du 2. Mor chiée dong ho co kim phiit dai
6 cm, kim gic dai 4 cm. Tai thoi diem § gic dung,
khoang cdch giita hai dau kim gio va kim phiir lq

bao nhiéu?

Léi gidi.

| 6cm

4cm 0

JH

Goi do dai kim gio, kim phit lin luot 1a 04, OB.
Khi 46 khoang cich giita hai diu kim gio va kim
phit 1 4B. Ta ¢ lic 8 gity ding thi A0B =120".
](f: AH 1 OB. Vi AAOH vuéng tai H nén ap dung
hé thirc lign hé giwa canh va goc trong tam giac

vudng AOH, ta ¢6: OH = 0. cos 60° =2 cm,

AH = 04:5in60° = 23 cm.

Vi A4BH vuéng tai g nén ap dung dinh li
Pythagore ta cé:

AB=AH? 1 g =76 = 2419 em.

.,




p————

Thi du 3. (Trich dé thi vao lép 10 THPT tinh
Hung Yén nam hoc 2020 - 2021)

Dé tinh chiéu cao cua cét co irong truong, mot
hoc sinh lop 9 dung giac ké, ding cach chin cot
¢ 10 m 16 chinh mart thude ngam cao bing mat
cia minh dé xac dinh géc "ndang”  (goc tao boi
tia sang di thang tr dinh gt ¢6 dén mdr tgo véi
phicong nam ngang). Khi dé, géc “nang" do duoc
la 31°. Biét khoang cach tir mét san dén mdt hoc
sinh d6 bang 1.5 m. Tinh chiéu cao cua ¢ot co ma
hoc sinh nay do o’ (két qua lam tron dén mot

chit 56 thap phan).

Léi giai. Goi chiéu cao cua cdt co, khoang cach tir
sin dén mit hoc sinh lan luot 1a AC, DO. Ké
OB 1 AC, taco tir gidc ABOD la hinh chir nhit.

Vi AOBC vuéng nén BC = 0B.tan31° = 6 (m).

C
o Lip
1,5m
10m =
D A

Vay chiéu cao cua cdt cd la:
AC=AB+BC=~75m.

Thi du 4. Hai chiéc tau thuy xudt phat tir ciing
maot vi tri A, di thang theo hai hiedng tao voi nhau
mot goc 60 do. Tau B chuyén dong voi van 1o¢ 20
hai [{ mot gic, tau C chuyén dong voi van toc 18
hai Ii mot gio. Sau 2 gio, hai tau cach nhau bao
nhiéu km? (biér rang | hai li = 1852 km; lam

tron két qua dén chir so thap phan thir 3).

Léi gidi. Sau 2 gio, cac tau chuyén dong dugc céc
doan AB, AC. Khoang céch gilra hai tau la BC.
C

60" |
A H

Ta co:
AB=20.2.1,852=74,08 km;
AC=18.2.1,852 = 66,672 km.
K¢ duomg cao CH. Vi tam gidc CAH vudng tai H
nén ta c6: CH = AC.sin60° = 57,740 km;
AH = AC.cos 60" = 33,336 km.
Suyra: HB=AB-AH=40,744 km.
Vi tam gidc BCH vuéng tai H nén ap dung dinh ly
Pythagore ta dugec:
CB =~ HB? +CH* ~70,668 km.
Vay khoang cach giira hai tau la 70,668 km.
DANG 2. Mt s6 bai todn thue té lién quan dén
ham sé bac nhét v=ax+b(a=0)
Thi du 5. Biér quing diromg nor hai inh 4 va B
cach nhaw 360 km. Lic 6 gio sang ban Toan khoi
hanh tie inh A va saw do 15 phut Vian cing khoi
hanh tie tinh B di de gap nhau. Todn di véi van téc
45 kivh, Van di véi van téc 60 km'h. Tink khoang
cach v (km) giita hai ban lic x (gio) trieoe khi hai

ban gap nhau?
Loi gidgi. Sau x (gio) truge lac cac ban gap nhau
25 . . a
(0<x< - ) quing duomg cac ban di duge la:
+ Toan: 45x (km)

y 1
+ Vin: 60[x—zj = 60x —15 (km).

Khoang cach y (km) giira hai ban sau x (gi0) 1a:
y=360-(60x—-15)-45x=375-105x (km).
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Thi du 6. ¢

tinh nhu sati:

woe phi b dién ngoai nieoc diro
Néu trong lrong thie khong gua 9
gan thi ciese phi la 10000 dong. Néu thie rén 9
gam thi méi gam tang thém. cudk phi tinh them
1000 u’r;ng New gui mét bure thie ngng x gam voi

« =~ ' = .
x =9 0hi ciroe phi v (n.rmg\ cua hire thu do la

AL 1 =1000x + 9000 B.y

D.yv = 1000y - 1000.

Lai gidi. Goi y (dong) 1a cude phi, x 1a khéi luong
thu, khi do:

_{10000 khi x<9
10000 +1000(x-9) khi x>9°

1000x + 1000

C. v=1000x + 41000

Vi x>9 nén cude phi cia bic thu d6 1a:
»=10000 +1000(x —9) =1000x + 1000.

Vay dap an dung la dap an B.

Thi du 7. Bang gia cudc loai xe 7 cho cua cong v

taxi Mai Linh dwoc cho nhue bang sau:

| M I HAN ) S o G W M

5000 s mam 16w

TR S T30 s e e 8 ol S o P S | S

T LFLT]

14100

Mai nheo

sm haih khdch deai 7 ngueci thué taxi trén
dé ai qudng dirimg 30 km thi phai tra s6 tien la
bao nhicu'! (Khang tinh phi che, phi catr dirong,
pha va san ha, (neu c6)).
Léi gidi. Goi y (dong) la cude phi, x 1a sé km phai
di, khi do:
y=0 khi x=0;
y=5000 khi x<0,3;
y=5000+19400(x~-0,3) khi 0,3<x<3;
y =5000+19400(3-0,3) +15000(x - 3)

khi 3<x<10;
y = 5000 +19400(3 - 0,3) +15000(10 — 3) +16400(x - 10)

khi 10 < x <25;

S34 549(3-2023)
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y= 5000 + 1940003 - 0.3)+ 15000(10-3)

+16400(25— 10) + 14100(x - 25) khi x > %
Vi nhom hanh khéach di quang duong x =30 > s
nén so tien can thanh toan la:

) = 5000 +19400(3 - 0.3) + 1500010 =3)+ 16400025 - 1)

+14100(30 - 25) = 478880 (ddng),

DANG 3. Mot s6 bai toan thuc té vé giai baj
toan bing cach lap phuong trinh va lip hé
phuong trinh

Thi du 8. Mot cay tre cao 8 m moc viuong goc vii
mar dart bj gio lam oay gap ngang than, ngon cay
cham dar cach 0(1( 3.5 m. Hoi dogn gay cach i{uc
bao nhiéu? (Lam tron dén chit 50 thap phan thiy
hai).

Loi gidi. Goi khoang céch tir diém gay dén gbc tre
lax(m)(0<x<8).

Poan con lai cua cdy tre l|a 8 —x (m).

Vi tre moc vudng géc voi mat dat nén ap dung
dinh li Pythagore ta dugc:

GBSy +x'=B8-x) ©x=323m
Vay doan giy cach gbc 3,23 m.
Thi du 9. Trén mot ving bién dwoc xem nhiw bang

phang va khong co chwdng ngai vdi. Vao hic 6 gio

sang co mot tau ca di ¢

wang qua foa do X thed
hiomg tie Nam dén Bic v van toc khong doi. Den
9
] gio sang cine n 2av mot tau du | ich cline di gua

toa do X nhieng theo hirén. g tie Dong sang Tav voi

van toc lon hon van (¢ tau ca 12 km/h. Pén 8 g
sang cung ngay, r\umm}_g cach gilta hai tau la 60
km. Tinh tong van téc cia hai teau ?

Loi giai. Goi van toc cia tau ci 13 (km/h)

(x> 0). Van téc caa tau dy lich 1a x + 12 (km/h).

Quang dudng tau ca di duoc tir Tac qua toa d6 X
dén 8 gid sang 1a 2x (km).

Quang duong tau du lich tir lac qua toa do Y dén 8
810 sang 1a (x + 12) (km).




P—

Vi 2 tau nay chuyén déng qua toa do X theo hai
hudng vudng goc véi nhau nén ap dung dinh i
Pythagore ta co:

(2x)° +(x+12)° =60".

Giai phuong trinh nay ta dugc:
N -144 . __
x, =24 (thoa man), x, = 5 (khong thoa man).

Vay tdng van tc cua hai tau 1a 60 km/h.

Thi du 10. (Trich dé thi HSG 1ép 9 mon Todin
tinh Hung Yén nam hoc 2018 - 2019)
Mot robot chuyén dong tir dicm A dén diém B theo
cach saw: di dwoc 5 m dieng lai | giay, roi di Ifcfp
10 m dieng lai 2 giay, roi di tiép 15 m ding lai 3
giav.... Cir nhie vay rébot di ir A dén B ca nghi
hét 551 giav. Tinh quang dwong robot chuvén
déng tie A den B. biét rang khi di rébot chuyén
dong vai van toc 2,5 m/s.
Léi gigi. Goi sb lin di cua robdt la x
(xeN,x>1). S lan nghi cua robdt lax - 1.
Thoi gian rabot di la:
5 10 15 5x
b 4 . +—=2+4+6+...+2x
2.5 25 2,5 2,5
=x(x+1) (giay).

Théi gian robét nghi la:

l+2+3+4+...+x—l:x—({é:1—).
Theo bai ra ta c6 phuong trinh:
x(x+1)+ x(xz—-l) =551.

Giai phuong trinh nay ta dugc:
-58 .
x=19(chon) va x= —-j—(io;u).
Viy thoi gian di cua rébot la 19.(19 + 1) = 380
gidy. Quing dudng robot d di la 380.2,5 =950 m.

Thi du 11. (Trich dé thi vio lop 10 THPT thanh
phé Hé Chi Minh nam hoc 2020 —2021)
Sau budi sinh hoat ngoai khoa, nhoni cua ban Thu

ri nhau di an kem o mot quan gan truang. Do

quan mdai kKhai truong nén c6 khuyén mdi, bt ddu
tie Iy kem thir nam moi Iy kem sé dwoc giani 1500
f?fﬁﬁ:g so voi gia ban dau. Nhom cua Thu mua 9 Iy
kem voi so tien la 154500 dong Hoi gid cua mot
v kent ban dau?
Loi gidi. Goi gia ban diu cua mot ly kem la
x (ddng) (x > 1500). Gia cua mot ly kem sau khi
¢6 khuyén mai la x — 1500 (dong).
Vi téng sé tién dé mua 9 ly kem la 154500 déng
nén ta c6 phuong trinh:

4x +5(x —1500) = 154500 < x = 18000.

Véy gi4 ctua mot ly kem ban dau 1a 18000 déng.

Thi du 12. Ong Todn muon muda cho gia dinh
minh mat chiée Smart Ti vi 8K, 65 Inch. Sau khi
tham khao trén Internet 6ng biét chiéc Ti vi ma
ong mudn mua cé ban tai siéu thi Dién May Xanh
da giam gia hai lan. Maoi lan giam 10% so vai gia
dang ban, sau khi giam gia 2 lan dé thi gid cua no
con lai la 48 600 000 dong va ong quyét dinh mua
chiée Tivi do cho gia dinh minh. Vay gia ban dau
cua chiée Ti vi ma 6ng Toan mua la bao nhiéu?
Léi gidgi. Goi gia ban dau cia chiéc Ti vi ma ong
To4n mua la x (dong) (x > 0).
Sau giam gia lan 1, gia cua chiéc Ti vi d6 con la
0,9x (d6ng).
Sau giam gi4 ldn 2, gia cua chiée Ti vi d6 con la
0,8 Lx (d6ng).
Theo bai ra, ta ¢c6 phuong trinh:

0,81x = 48600000 = x = 60000000 ddng.
Vay gia ban dau cua chiéc Ti vi ma ong Toan mua
1a 60000000 dong.

Thi du 13. (Trich d¢ thi vao 16p 10 THPT thanh
phé Ho Chi Minh nim hoc 2019 - 2020)

Ban Ding trung binh tiéu thu 15 ca lo cho nioi
phiit bai va 10 ca lo cho moi phut chay ho. Hom
nay Diing mdt tat ca 1,5 gio cho ca hai hoat dong
trén va tieu thu hét 1200 ca lo. Hai hom nay, ban

Diing mat bao nhieu thoi gian cho moi hoat dong?

TOAN HOC
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Léi gidi. Goi thoi gian ban Ddng danh cho hoat
dong boi 1a x (phat) (x > 0).
Goi thoi gian ban Ding danh cho hoat dong chay
1a y (phat) (v > 0).
Hom nay ban Diing mét 1,5 gi¢ = 90 phut cho ca 2
hoat ddng nén ta co phuong trinh:
x+y=90 (1)
Luong ca lo tiéu thu cho x phit boi 14 15x (ca lo).
Luong ca lo tiéu thyu cho y phut chay 1a 10y (ca
lo). Ca hai hoat déng trén trong 1,5 gior tidu thu
12000 ca lo nén ta c¢6 phuong trinh:
15x + 10y = 12000 (2).

Tu (1) va (2) ta c6 he phuong trinh:

x+y=90 x =60 (thoa main)

{15x+10_v =12000 { y =30 (thdoa man)’

Vay hdm nay ban Diing mit 60 phit boi va 30
phut chay.

DANG 4. M{t s bai toan thwe té vé chu vi
dudng tron, dién tich hinh quat tron va dién
tich hinh tron

Thi du 14. Mét muc tiéu ban sung gém cac vanh
€6 he rong 2 cm nhw hinh vé sau. Ban kinh duong
tron trong cung la 2cm. Vay dién tich vong ngoai

cung bang may lan dién tich vong trong cung?

Loi giai. Goi Ry, Ry, Ry thir tu 1d ban kinh cua
dudng tron trong cung, dudng tron gitra va duong
tron ngoai cing. Dién tich vong trong cung la:

7R’ =4r (cm?).
Dién tich vong ngoai cing la:
(R’ ~ R)?) = (6" —4%) = 207 (cm?),
Ti s6 dién tich vong ngoai cling so véi vong trong

cung la: 20z :4r =5.

Thi du 15. Mét con dé duoc nhot trong moét manh

vuom trong co hinh vuéng canh la S m. Con dé

TOAN HOC .
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Léi gigi. Dién tich co ciia manh vuon la 25 (m®),
Dién tich co ma con dé dn dugc nhiéu nhat la:

& - 7(3,5)*.90

~3,06257 = 9,62 (m?).
e 360

Dién tich c6 con lai la: 25-9,62 =15,38 (m?).

Thi du 16. O hinh vé dudi, ba banh xe hinh tron
tam A, B, C ¢o cung ban kinh 10 cm. Ba bdnh xe
dé dwoc néi véi nhau bing mgt ddy cu roa. Biét

AB =4 m, AC =5 m, BC = 6 m. Tink chidu déi
cua day cu roa?

GE=AB=4m,H1=Ac=5m,JK=BC=6m-
Tacé: sdE4p = 180° —

4, sdGBJ = 180° - B;




sdICK = 180° - C.
Vi cdc dudng tron tim 4, B, C bing nhau nén, ta
co:
SAEAH +54GBJ +sdICK =3.180° = (4+ B+ C)

=2.180".
Tong dd dai cia cac cung la:
/= 7.10.2.180 _
180
Vay d¢ dai cua ddy cu roa la:
400 + 500 + 600+ 207 =1500+ 207 (cm).

20m.

Thi du 17. Chdn mét dong cdt d6 wén nén phang
nam ngang la mgt hinh tron ¢6 chu vi 16 m. Hoi

chan dong cat do chiém dién tich bao nhiéu?

Léi gidi. Ban kinh cua hinh tron chan déng cat 1a:

R= 16 = E (m).
27 7
2
Ddng céat d6 chiém dién tich la: n.[ﬁ) A (m?).
T T

DANG 5. M{t sb bai todn thuc té vé ham s6 va
dd thi ham sb y=ax’(a #0)

Thi du 18 (Trich dé thi vao 16p 10 THPT mén
Toan tinh Hung Yén nam hoc 2019 - 2020)
Céng vao mét ngoi biét thu c6 hinh dang la mot
parabol biéu dién boi ham sé y=-x'. Biét
khoang cdch giita hai chan cong la 4 m. Mot chiéc
6 16 tai ¢o thung xe la mot hinh hgp chie nhat co
chiéu réng 2,4 m. Hoi chiéu cao lon nhat cua 0 16

dé co thé qua cong?

Léi gidi.

).f -~
2 1,2 QO 1,2 2 .
: x
Mo | N M
h :
H 4

Dé cho & 6 c6 chiéu cao 16m nhét c6 thé di qua
cdng thi 6 to phai di sao cho truc cua 6 t6 trung
v6i dudng trung truc ctia 2 chan cong. Khi d6
diém cao nhit cua 6 té tring véi diém M trén
parabol y = —x’nén M(x,;—x",). Vi thung 6 t c6
bé rong 2,4 m nén diém M(-1,2; —1,44). Do do
chiu cao 16n nhét cia 6 t6 ¢6 thé qua céng 1a

h=MH =|y,|-|yy,|=4-144=2,56 m.

Thi du 19. Céng Parabol cua triong Dai hoc
Bdch khoa Ha Néi duoe xay dung cdach ddy
khoang 50 nam. Dé do chiéu cao h (khoang cach
tir mdt dat dén dinh) cua cong Parabol, mét nguoi
tién hanh do khoang cach gita hai chdan cong
diwge L = 9 m. Nguoi ndy thdy r[}ng néu dirng
cach chin eong (gan nhdr) 0.5 m thi dau cham
cong, biét nguwei nay cao 1,6 m. Tinh chiéu cao

cua cong Parabol.

Loi gidi. Dat hé truc toa d6 Oxy nhu hinh vé. Goi
d6 thi ham s di qua céc diém 4, M, O 1a

(Xem tiép trang 24)
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CAC LOP THCS
Bai T1/549 (Lép 6). Tim céc by sb tw nhién

(a, b, ¢, d) thoaman: a>b>c>d, b+ ¢+ d chia
hét cho a; 2a + ¢ chia hét cho b + d va
UCLN(b +d,c)=1.
NGUYEN BUC TAN
(TP. Ho Chi Minh)
Bai T2/349 (Lép 7). Cho x, y, z 1a céc sb nguyén
thoa man ding thirc xy + yz + zx = —7. Chimg
minh
A=(x*+2yz+ 7)Y +2zx+T7)(~2* = 2xy=T)
12 mot s6 chinh phuong.
TRAN VAN HANH
(GV Pai hoc Pham Van Dé‘ng, Quang Ngqai)
Bai T3/549. Cho a, b, ¢ 1a cac sb nguyén t6 16n
hon 3. Ching minh
(a=b)" +(b-c)" +(c—a)" 72
v&i moi sé tu nhién 1é n.
PHAM VAN SON
(GV THCS Nguyén Quang Bich, Tam Néng, Phii Tho)
Bai T4/549. Cho tam gidc ABC vudng tai A
(4B < AC) duong cao AH va trung tuyén AM. Goi
] 14 trung diém cua AH, dudng thang B cit AM tai
P, qua P ké PK vudng goc véi BC (K thugc BC).
Chimg minh ring KC = 2PM .
NGUYEN DUNG
(GV THCS Lwong Son, Binh Thudn)
Bai T5/549. Giai phuong trinh
(x? + 6x+10) + (x +3)(3x* + 20x + 36) = 0.

NGUYEN VAN TAI
(GV THCS Thanh Thuy, Phii Tho)

TOA
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CAC LOP THPT
i T6/549. Cho a, b, ¢ véi a <b<clabp
Bai /- 3uh t3 _3x+1=0. Chg
nghiém cua phwong trinft 4 g
8 a b £=—6.
minh rang E+;+a |
TRINH XUAN TiNg

(GV THPT Phii Xuyén B, Ha Ngi)
Bai T7/549. Giai h¢ phuong trinh
9
3.3 £y 41 xy+1
Y T )Lz ).
9% 44" =70x—5T\xy

BUI CONG TUAN
(GV THPT chuyén Quang Trung, Binh Phudéc)

Bai T8/549. Cho tam gidc déu ABC v6i tam G, M
14 diém tdy ¥ nam trong tam giac. Goi D, E, F lan
luot 13 trung diém cua BC, CA, AB va D’, E°, F°
lan luot 1a hinh chidu vudéng gbéc cua M trén cac
canh BC, CA, AB. Chimg minh ring trong ba tit
giac MGEE’, MGFF’, MGDD’ s& c6 mét ti giac
c6 dién tich bang téng dién tich hai t& gidc con lai.
LA DAI CUONG
(GV THPT Cam Lo, Quang Tri)
Bai T9/549. Cho cic s thuc a, b, ¢ thoa mén
@+ +c* =2 Tim gid tri nho nhat cia biéu
thirc
P=(a=b) +(b~c) +(c—a)' —(ab+bc+ca).

DAO VAN TRUNG
(GV'THPT Hupnh Thiic Khing, Nehé An)

TIEN TOT OLYMPIC TOAN
Bai T10/549. Cho day s8 thuc (x

X =0, X, =3

_1 ST
Xn+2_§(3 2 +5]1vn=1:2,"..

Tim gii han limx .

») thoa man

KIEU DINH MINH
(GV THPT chuyen Hing Vieong, Phii Tho)



Bai TII/549. Tim cdc ham lién tue f: R>R
thoa man: f(f(_v))+2j'(.r)=f(f(_r +3)), Vx, y.
NGUYEN HUU TiNH
(SV Lop K5241S, Khoa Todn-Co-Tin, DHKHTN,
DHQG Ha Ngi)
Bai T12/349. Cho tam giac ABC, (0) la dudng
tron ngoai tiép, M 14 diém chinh giira cung BC
khong chia 4. K 1d diém bit ky thudc AM
(K khong la tdm dudng tron ndi tiép tam gidc
ABC). U. V theo thit tu 1a tim dudng tron ngoai
tiép cac tam giac ABK, ACK: P, O theo thi tr la
giao diém thir hai cua BK, CK va (0). N la giao
diém cua UQ va VP. S 1a giao diém cua PO va
UV. Ching minh
1) N 1a diém chinh gia cung BC chira A.
2) SK song song voi BC.

NGUYEN NGOC TU
(GV THPT chuyén Ha Giang)

Bai L1/549. Trén bé mat chét long c6 hai ngudn

phét song két hop A, B (4B = 16 cm) dao dong

PROBLEM IN THIS IS

FOR SECONDARY SCHOOIL
Problem T1/5349 (For 6" grade). Find 4-tuples of
natural numbers (a, b, ¢, d) satisfying a > b > ¢ >
d; b + ¢ + d is divisible by a; 2a + ¢ is divisible by
b+d;and gcd(b +d, c)=1.

Problem T2/549 (For 7" grade). Given integers
X, y, z so that xy + yz + zx = =7. Prove that the
number

A=(xP+2yz+ 7))  +2zx+T)(-2" = 2xy-T7)
is a perfect square.

Problem T13/549. Given prime numbers a, b, ¢

which are greater than 3. Show that

(a=b)" +(b-c)" +(c—a)"iT2

cung bién d6, cing tan sd 25 Hz, cing pha, coi
bién d¢ song khong doi. Biét toc do truyén song la
80 cm/s. Xét cic diém & mit chét long nim trén
dudng thing vudng goc véi 4B tai B, dao dong vdi
bién dd cyc tidu. Diém cach B xa nhit, g?m nhét
bing bao nhiéu?

VIET CUONG (Ha Néi)

Bai 1.2/549. Poan mach dién 4B gém doan mach
AM mic nbi tiép voi doan mach MB. Trén doan
AM chira bién trd va cudn day thuin cam, trén
doan MB chita tu dién. Mic vao hai diu doan
mach dién ap xoay chiéu cé tin s goc w (véi
wLC =3). Khi R=R, thi céng suit tiéu thu
trén doan mach dat cuc dai, va dién dp gitta hai
dau doan mach AM c6 biéu thuc la:

U, =2402coswr (V).
Viét biéu thirc dién ap giira hai dau cua doan mach
AB.

THANH LAM (Ha Néi)
SUE
for any arbitrary odd positive integer n.

Problem T4/549 Given a right triangle ABC with
the right angle at 4 and A8 < AC. Denote by 4H
the altitude and by AM the median from 4. Let /
be the midpoint of AH. The line B/ intersects AM
at P. Through P draw PK perpendicular to BC (K
belongs to BC). Prove that KC = 2PM.

Problem T5/549 Solve the equation
(x* +6x+10) +(x +3)(3x" +20x+36) = 0.
FOR HIGH SCHOOL

Problem T6/549. Suppose thata, b, ¢, a< b <c,
are the solutions of the equation x* — 3x + 1 = 0.
&

b
Show that E+—+—=—6. &
¢ a
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Problem  T7/549  Solve the system of

X'y X’y ] (xp+l 3
equations 2 ) L2 ).

9" +4" =70x-57,[xy

Problem T8/549 Given an equilateral triangle
ABC with the centroid G and M is an arbitrary
point inside the triangle. Let D, E, F respectively
be the midpoints of BC, CA, AB and D', E’, F’
respectively the perpendicular projections of M on
the sides BC, CA, AB. Show that among 3
quadrilaterals MGEE®, MGFF >, MGDD’ there
exists one quadrilateral whose area is equal to the

sum of the areas of the remains,

Problem T9/349. Given real numbers a, b, ¢
satisfying a® + b + ¢ = 2. Find the minimum
value of the expression
P=(a-b) +(b—c) +(c-a)’ —(ab+bc+ca).
TOWARDS MATHEMATICAL
OLYMPIAD
Problem T10/549. Consider the real sequence (x,)

determined as following

x=0; x, =3
1 TN _12 "
np=g] 35| Y=L,

Find the limit limx,.

Problem T11/549. Find all continuous functions
J: R—>R satisfying

S(fW)+21(x)=f(f(x+¥)) ¥, y.

Problem T12/549. Given a triangle ABC

inscribed in the circle (Q) and M is the midpoint

of the arc BC which does not contain 4. Let X be
an arbitrary point on AM so that K is not the
incenter of ABC. Let U, V respectively be the
circumcenters of ABK, ACK; P, Q repectively the
second intersections between BK, CK and (O).
Assume that NV is the intersection between UQ and
VP; and S is the intersection between PQ and UV.
Show that

1) N is the midpoint of the arc BC which contains A.

2) SK is parallel to BC.
Translated by NGUYEN PHU HOANG LAN

(College of Science - Vietnam National University, Hanoi)

*k*****?’:*r‘:***ﬁ******************‘k*******ﬂ'*****************:‘:******-&-*****************

HUONG DAN ... (Tiép theo trang 21)

y=ax’ (a<0).
yT
e N
- - B
0,5m
TOAN HOC
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VidB=9m nén A(4,5,y,) . Suy ra:

y[) = a(_4!5)2

__ W Y,
= a= = = 0 3
-4,5° YT Cas "

Vi A(—4,5;y0):>M(—4;y0 +1,6). Ta co:

y
Yo +1,6 =—=0
’ (-4,5)?

(-4)’

:y{) = 7)62 (m).

Vay cong Parabol cia trudng dai hoc Béach khoa
Ha Ndi cao 7,62 m.

(KY sau dang tiép)
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Bai T1/545. Tim cdc sé nguvén duong m, n sao

12 2
i % ,l)L

chom va 05 déu la cdc 50
nguven 10.

. .o ‘. . ml2 g g 73
Loi giai. Gia sa 0Bmen =p vol p 1 sd

nguyén té thi m'2=p(1023m + n) (*).
Tir d6 s6 nguyén t6 p phai 1a uéc sé cia m'?, suy
ra s6 nguyén t6 p phai 12 w6c sb cua mva m > 2.
it m = pr voi sé nguyén dwong r |
dfmg thire (*) dugc:

prm11 =p(1023m + n),
rm''=1023m +n
n=m(m'’r—1023)>2 (**) (dom >2).
Trddécon=m.

thay vao

hay la
hay 1a

n'lz
1023n +m
nguyén tb , dan dén m > n. Nhu véy m = n , thay
1023,

Lip luan tuong tw khi =gvéiglash
vao dang thirc (**) duge: 1= mr—
hayla 2°=m"r>2"r (dom=2),
suyra r=1vam=2=n=p.
Thir lai ta thiy m = n = 2 thoa man dé bai.
Nhin xét. Mot sb ban co huong giai ding nhung
viét nhim hodc lap luan chua chit chg,

NGUYEN VIET HAI

Bai T2/545. Cho hinh vuong ABCD. diém K thay
doi trén canh AB, K khéng trimg voi A. Dung hinh
VH(:)?Tg DKIE, V{j'f [ “-”’g phfﬁ p()"l' B so V(}'n'. b(} AD
Tinh s6 do gde EIEI ;

Li giai.

Ta cé CDE=ADK (cing phu véi goc CDK ). Két

hop voi KD = ED, AD = (D, suy r1a

AAKD = ACED (c.g.c) = DCE =90".

Tir DCE=90° ta suy ra ba diém B, C, E thing
hang. Goi H 13 hinh chiéu vuéng gbc cia I trén
canh BC. Xét hai tam giac vudng /HE va ECD c6
I;E'T':C/'BE(cfmg phu voi goc Cﬁ); EI = DE,
suy ra AIHE = AECD (canh huyén — goc nhon),
din dén HE = CD. Mit khic CD = BC nén
HE = BC =CE + CH=HB + CH =CE = HB.
Lai ¢c6 HI = CE (do AIHE = AECD chumng minh
trén) = HI = HB. Chimg to rang tam gidc HBI
vubng cén tai H, suy ra HBI =45"hay EBI=45".
Nhén xét. Co thé phat biéu bai toan trén dudi dang:
Cho hinh vuéng ABCD, diém K thay déi trén canh
AB, K khong triing voi A. Dung hinh vuéng DKIE, véi
I cing phia véi B so véi bo AD. Chimg minh rang
diém I luon thugc mot duomg thang cé dinh.

S6 bai giai giri vé Tod soan khong nhidu. Cac ban
sau co o1 giai ding:

Hung Yén: Lé Tudn Hiép, 7C, THCS Poan Thi
biém, Yén My; Nghé An: Nguyén Thi Bing Tam,
Hodng Van Nhén, Han, Luwong
Thi Hai Yén, 7C, THCS Ly Nhat Quang, D6 Luong;

Nguyén Tat

TP. Hd Chi Minh: Nguyén Chanh Thién, 8/14,
THCS Lé Quy Pdn, Quién 3.

HO HAX

N H
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. £ i IV Tl
Bai T3/5345. Tim tat ca cac so nguyven duong n

"1

] T o) ' ) i olve
sao cho Nn+l1+v2 mot so  nguyern
durong.

Loi gidi. Tacan mot bo dé

'y A a 3 \ . A a
Bo dé. Néu a va b la cdac s6 nguyén dwong sao
cho Na+b la mot s6 nguyén dwong thi a va b
dong thoi la cdc s6 chinh phuong.

. & I " [ I3 )
Chimg minh. Gia st Va +vb =n trong do n la
s0 nguyén duong. Khi do:

b=(n—\/;)3 =n’-2mla +a.

Suyra: a= L+2a—_b'
n

Vay Va 1a sé hiru ty, tirc 1a Va =2, véip, g 1a
q

2
cac sb nguyén va (p; g) = 1. Do dé: a= Pz . Suy

ra qzlp:. Laido(p;g)=1néng=1.Viy a=p’

1a s6 chinh phuong. Tuong tir b ciing 13 sé chinh
phuong.

Quay tro lai bai todn.

Gia st Vn+1+v2"+1 1a cac sb nguyén duong,
Khi @6 theo b6 dé trén thin + 1 va 2" + 1 14 céc sé
chinh phuong. Dit 2" + 1 = m* véi m la s6 nguyén
duong, ta dugc: 2" =(m-1)(m+1). Piéu nay
m—-1=2"

voi x,yeN, x<y
m+1=2"

tuong duong vdi {
vax+y=n Tuddysuyra: 2" -2 = 2.
Néu x>2 thi 2’ —2*!4 trong khi 2/4.
Dodd: 0<x<]1.

V6ix=0thi 2’ =3 (loai.)

Véix=1thi 2" =4,dod6y=2van=3.

Két ludn: Vay chi co gi4 tri n = 3 thoa man bai
toan.

TOAN HOC
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Nhgn xét. Nji dung cia B6 dé 1a mot két qua hay
dung khi giai nhirng bai toan vé sé chinh phuong.
Hau hét cac ban déu gidi nhu trén, mot sé ban
“quén” chimg minh bd dé. Cac ban sau c6 15i giai
tét: Phi Tho: Tran Lan Anh, Ha Phuong Anh, 9A,
THCS Nguyén Quang Bich, Tam Néng; Ha Ngi:
Tran Viét Anh, 9A7, Archimedes Academy Trung
Yén, Cau Gidy; Son La: Lwong Hiu Bdch, 9Al,
THCS Nguyén Trii, TP. Son La; Thanh Hoa: Thiéu
Dinh Minh Diing, 9E, THCS Nhir B4 Sy, TTr. Bit
Son, Hodng Hoéa; Nguyén Van Pirc Quang, 9K,
THCS Trin Mai Ninh, TP. Thanh Héa; Nghé An:
Hodng Van Nhdn, 7C, THCS Ly Nhat Quang; D6
Luong; Ha Tinh: Luu Khanh Huy, Tran Lé Nam
Anh, 8H, THCS Nguyén Du, TP. Ha Tinh; TP. Hd
Chi Minh: Nguyén Chdanh Thién, 8/14, THCS Lé
Quy Pén, Q. 3.

NHU HOANG

Bai T4/545. Cho tam giac nhon ABC ¢o H la truc
tam. Chirng minh
2 .
HA+ HB+ HC < \"‘:(AB +BC+CA).
o)

Loi gidi.

C

— 2 42 -
Loi giagi. Do r o 3 nen ta chimg minh bai toan voi

héng s tdt hon:
HA+HB+HC<—§—(AB+BC+ CA).

Thét vy, liy diém D, E twong img thudc cac doan
AC, AB sao cho HD // AB vi HE /| AC. Khi d6
ADHE 13 hinh binh hanh,

Ap dung bt dng thitc tam giac ta co:



AE+EH>HA=>AD+AE>HA (1)
Lai do H 1a truc tim tam giac ABC nén suy ra:
BH | HE va CH 1 HD.
Dodo: BH<BEvVaCH<CD (2).
Tu (1) va(2)suyra: HA+HB+ HC<AB+AC (3).
Hoan toan twong tu, ta co:
HA+HB+HC<BC+CA (4).
HA+HB+HC<AB+BC (5).
Tix (3), (4) va (5) suy ra:

HA+HB+HC<%(AB+BC+CA).

Nhdn xét. Céc ban sau ddy co 101 giai tot.
TP. Ho Chi Minh: Nguyén Chdnh Thién, 8/14, THCS
Lé Quy Don, Quéin 3; Nghé An: Bui Thi Thay Link,
Pham Xudn Hodng; Nguyén Céng Dung;, Dinh Ana,
Nguyén Van Lam, 8A, Nguyén Van Viét, Nguyén Ding
Quang, 9B, THCS Ly Nhat Quang, Pé Luong; Phu
The: Tran Gia Hung, 9A, THCS Nguyén Quang Bich,
Tam Nong; Thanh Héa: Nguyén Vin Dirc Quang, 9K,
THCS Trén Mai Ninh, TP. Thanh Hoa; Thiéu Dinh Minh
Diing, 9E, THCS Nhir Ba Sy, Ttr. Bt Son, Hodng Hoa.
NGUYEN THANH HONG

Bai T5/545. Cho a, b, ¢, d la cac 56 thyre dirong.
Chirng minh bat dang thirc
a' +b* +c' +d* —4abcd > 4(a—b)*Nabed ().
Loi gidi. Cach 1. Dat vé trai cua BPT Mlal,ta
cé: 2L =2a* +2b* +2¢* +2d* —8abed
=((12 _cl)l +(C2 _bZ).’. +(az _dg)z
+(d* =b*) +2(ac - bd)? + 2(ad - bc)’.

Ap dung BDT: Véi x, y la hai sé thwc thi

2

1 2 4
x4+ y? 25(x+y)*, dang thirc xay ra khix=y
ta co: (a° —c*)’ +(c? - b?) 2l(a2 -b*);
2
2_ 22 2ol oo a0
(@ '+ (@ -5) 22 @ - 1Y

2ac~bd)’ +2(ad - be)? = (ac - bd + ad — bc)?
=[(a-b)(c+d)}.

Do do:

2L 2%(412 =) +%(a2 —b*Y +[(a-b)c+d)]
= (a—bY[(a+b) +(c+d)].

Ap dung BDT Cauchy, ta co:
(a+b)’ +(c+d)* = 4ab+4cd > 8abed.

Suy ra: 2L > (a—b)* .8 abed

L >Ha-b)YNabcd.
Vay BDT (*) dd dugc ching minh.
DAu bing xay rakhia=b=c=d.
Cich 2. St dung BPT Cauchy va BPT [x|2x, ta
co:
L =(a-b)* +2(ab—cd)* +4abla—b)’ + (¢’ =d’)’
> 2J2(a-b)* | ab—cd |+ 4ab(a—b)’
= (a—-b)[2v/2 | cd — ab | +4ab)
> (a—b)[2(cd — ab) + 4ab)
=(a—-b)’[2(ab + cd)]
> 4(a - b)*abed.
Viy BDT (*) da duoc ching minh. Déu bang xay
rakhia=b=c=d.
Nhdn xét. Bai nay co it ban tham gia gui bai. Tuyén

duong cac ban sau dua ra lo1 giai c6 14p ludn chat
ché va ngin gon:

Ha Néi: Tran Viét Anh, 9A7, Archimedes Academy
Trung Yén, Cau Gidy; Nghé An: Luong Thi Hai
Yén, 7C, THCS Ly Nhat Quang, D6 Luong.

PHAM THI BACH NGOQC
Bai T6/545. Giai phuong trinh

(x? +3x+3W2xP + x4+ 1= x® —4x? —12x =9,

Loi gigi. Nhin thay 2x*+x+1>0, Vx nén

V2x* + x+1 ludn xéc dinh.
Phuong trinh twong duong véi:

[_\72 -e—4x+4~(Jrc+2)+]]\/2:c2 +x+1

_[xJ +6x" +12x+8~ (247 +x+1)+x+2]=0

TOAN HOC
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<:>l:(x+2)2—(x+2)+l}v2xz+x+1
—[(x+2)3—(2x:+x+1)+x+21=0.
Pita=x+2 b=\2r' +x41 (b>0).
Ta dugc: (az—a+1)b—(a3—b3+a)=0
Sab-ab+b-a’ +b'—g—
©a (b-a)+b(b-a)+b-a=0
©(b-a)(a +b+1)=0eb-a=0
M @’ +b+1>0),
Tacs: b-a=0 <2 yx11=x4250
<::>2x2+x+1=(x+2):<:>x2—3x—3=0

3+421

SxXx=——

> (thda méan #+220),
Véy phuong trinh ¢6 tdp hop nghiém 1a

{3-@, 3+J?1}_

2 2

Nhdn xét. Cé thé giai bai toan bing céch bién ddi
phuong trinh vé dang tich:

(.7:2 +4x+5+\/2x1+x+1)(\/2x2 +x+1—x—2)=0

hodic (xl—x—3)( x? +3x+3

+l]=0.
V2x' +x+14+x+2

DE théy trong méi phuong trinh trén c6 mdt thira sb
luén duong.

Cac ban sau day c6 baj giai tét :

Ha Tinh: Nguyén Xuin Mink Dire, Nguyén Thi
Thity Dung, Tran Minh Hoing, Phan Nhat Minh,
Nguyén DPinh Nam Khanh, Bui Thai Son, Phan
Nguyén An, Nguyén Tung Minh, 10 Toan 1, THPT
chuyén Ha Tinh; Hung Y&n: Hodng Trung Hidu, 10
Todn 1, THPT chuyén Humg Yén; DA Ning: 76
Béng Hai, 10A2, THPT chuyén Lé Quy Bon, TP,
Pa Ning; Nghé An: Neuyén Ve Viét, 9B, THCS
Ly Nhét Quang, Do Luong; Vinh Phic: Bach Thai
Son, 10A2, THPT chuyén Vinh Phic; Thanh Héa:
Nguyén Van Dizc Quang, 9K, THCS Trin Mai Ninh,
TP. Thanh Héa; Phi The: Ha Phuong Anh, Trdn

TOAN HOC )
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Lan Anh, 9A, THCS Nguyén Quang Bich, Tam

Néng; Thira Thién Hué: Nguyén Hodng Anh Thu,

10 Toan 2, THPT chuyén Quéc Hoc Hué, TP. Hué .
NGUYEN ANH DUNG

Bai T7/545. Ky hiéu [x] la 56 nguyén Iom nhdt
khong lén hon x. Cho {x} = x ~[x). Tim tdt ca

cdc b6 ba 56 thuc (x; y; 2) thoa man hé phuong
Irinh

Léi gidi. Cong vé voi vé cua (1), (2), (3) ta dugc:
x+[x]+{x}+y+[y]+{y}+z+[z]+{z}=6,6
©2(x+y+2)=6,6
Sx+y+z=33 (4).
Cong (1) véi (2) ta duge:

x+{x}+y+[y]+[z]+{z}=3,3
<:>x+y+z+[y]+{x}=3,3.
Két hop véi (4) ta duge:
D1+{x}=0 bay {x}=—[]
Vay {x} 12 mot sb nguyén. Nhung

O<{x}=x-[x]<l nén{x}=0, vay x 1 s
nguyén. Suy ra [y] = 0.

Thay [y]=0 vao (1) ta dwoe wabgzy=1],

Vi x 14 50 nguyén nén {2} =0,1 va x= [x]=1.
Thay {x} =0 vio (2) ta duge y+[z]=2,2.

Vi [¥]=0 nén 0<y<, Suy ra y=0,2 va
[2]=2. Vay z=[z]+{z} =2 401221,

Ddp s6: x=1; y=0,2: z=2,1.

Nhdn xét 1. Day 14 bai 3.6.2 trong [1], trang 217 va

trong mot sb sach khéc, thude dang H¢ phuong trinh
phan nguyén hén hop. Xem thém:



(1] Nguyén Thi Hong Hanh, Nguyén Thi Binh Migh
Ta Duy Phuong, Nguyén Thi Bicp Thuy, P},(j,;
nguyén va tmg dung trong gidi todn, Nha xuit ban
Giao duc Viét Nam, 2020, 303 trang,

Cac ban co thé lam mot sé bai dang ndy. Thi du:

Bai tap 1. (Tap chi Crux M475, No7, Vol.37, 2011
Bai 3.6.34, [1]) Chimg minh réng ton tai vo s s6 vo
ti ma x{x} =[x].

Bai tap 1. (VO dich Australia, 1999, Bai 3.6.3, 8))
Giai hé phuong trinh

x+[y]+{z} =200,0
{x}+y+[z]=190,1.
[x]+{y}+2z=178,8

Ddp 56: x =94,65; y=105,45; z=84.35.

Nhan xét 2. Cac ban déu giai twong tu nhu trén.
Duéi day la danh sach cac ban da giai ding.
Da Ning: 76 Déng Hai, 10A2, THPT chuyén Lé
Quy Don. Ha N@i: Tran Viét Anh, 9A7, Archimedes
Academy Trung Yén, Cau Giay. Ha Tinh: Phan
Nguyén An, Nguyén Xudn Minh Birc, Tran Minh
Hodng, Nguyén Dinh Nam Khanh, Nguyén Ting
Minh, 10 Toan 1, THPT chuyén Ha Tinh. Hung
Yén: Chu Pirc Bdo, Hoang Trung Hiéu, Nguyén
Trong Viét, 10 Toan 1, THPT chuyén Hung Yén.
Lam Pong: Bui Dirc Huy Hoang, Lé Song Phuong,
10 Toan, THPT chuyén Bao Léc, TP. Bao Lgc. Phu
Tho: Ha Phuong Anh, Tran Lan Anh, 9A, THCS
Nguyén Quang Bich, huyén Tam Néng. Quing
Binh: Pham Thi My Hanh, 11 Toén 2, Nguyén Trdn
Hodng, Nguyén Thi Thu Phwong, 12 Toan 2, THPT
chuyén Vo Nguyén Giap. Quang Nam: Trdn Pham
Minh Pat, 10/1, THPT chuyén Lé Thinh Tong.
Thanh Héa: Nguye:n Vin Pirc Quang, 9K, THCS
Trin Mai Ninh, TP. Thanh Héa. Thira Thién Hué:
Dodn Van Hoang Ldan, Phan Quéc Thang 11 Toén 1,
Hé Trén Qudc Thing, 10 Toén 1, THPT chuyén
Quéc hoc Hué. Vinh Phic: Bach Thdi Son, 10A2,
THPT chuyén Vinh Phuc.

TA DUY PHUQNG

Bai T8/545. Cho hai doan thang AB va CD cdt
nhau tai M. Ké Bx // AC va Cy // BD, chung cat
nhau tai N. Goi E, F lan luot la trung diém cia
BC, AD. Chirng minh EF song song voi MN hodc
EF tring MN.

Loi gidi. (Theo cdch giai cia ban Bach Thai Son,
10A2, THPT chuyén Vinh Phuc, Vinh Phic).

Goi I 1a giao diém cua AC va BD.

e Truong hop 1: AD // BC.

Theo bé dé hinh thang thi cac diém M, E, I, F
thing hang. Mit khéc vi BN // IC, IB // CN nén t&
giac BNCI la hinh binh hanh, suy ra N, E, I thang
hang. Tir 46 MN tring véi EF.

o Trieomg hop 2: AD cit BC.

A

D

Goi K la trung diém cia MI. Sir dung dinh ly vé
duong thing Gauss cho tir giac toan phén
BMCIAD v6&i BM cét CI tai A, CM cét BI tai D,
ta thu dugc ba diém K, E, F thing hang.

Vi BN // CI, CN // BI nén tir giac BNCI 1a hinh
binh hanh, suy ra E 1a trung diém cua BC, dong
thi E 12 trung diém cua NI. Lai vi K 1 trung diém
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cia MI nén KE // MN. Tir do EF // MN. Két luan
cua bai toan dugc chimg minh hoan toan.
Nhdn xét. Pinh ly vé dudng thing Gauss ¢6 ndi
dung nhu sau: Cho tir gide toan phan ABCD.EF ¢6
AB cdt CD tai E, AD cét BC tai F. Khi d6 trung diém
cua cac doan thang AC, BD, EF cting niam trén mot
dwong thang (dwong thing Gauss). Phép chimg
minh dinh Iy ndy ban doc c¢6 thé xem, ching han
trong cudn sach: Tai liéu chuyén Toin Hinh hec
10, NXBGD Viét Nam, Trang 317. Ngoai ban Son
cac ban sau ciling c6 16i giai dung:
Hung Yén: Lé Tuan Nghia, 10 Toan 1, THPT
chuyén Hung Yén, TP. Hung Yén; Thanh Hoa:
Nguyén Vin Pirc Quang, 9K, THCS Trin Mai Ninh,
TP. Thanh Hoa: Nghé An: Lwu Trong Phiic, 9B,
THCS Dgi Cung, TP. Vinh, Nguyén Ping Quang,
9B, THCS Ly Nhit Quang, D6 Luong; Ha Tinh:
Nguyén Ting Minh, 10 Toan 1, THPT chuyén Ha
Tinh, TP. Ha Tinh; Qudng Nam: Tran Pham Minh
Dat, 10/1, THPT chuyén Lé Thanh Tong, TP. Héi
An; Da Ning: 76 Péng Hai, 10A2, THPT chuyén
Lé Quy Pon, TP. Pa Ning; Vinh Long: Nguyén
Tudn Kiét, 11T1, THPT chuyén Nguyén Binh
Khiém.

HO QUANG VINH

Bai T9/545. Tim gia tri lon nhat cua bicu thire

Ja+2b+c

(a+b)lu+c)b+c)

trong do a, b, ¢ la ba so thirc dicong thoa man

3be + dac + Sha < 6bubc.

Ja+2b+
Léi gidi, Pat p=—227°27¢
(a+b)a+c)b+c)

Tir gia thiét va bat dang thirc Cauchy ta cé:

6zi+i+£=(l+lj+3(l+l}+2[l+l
a b c a b b ¢ ¢ a
2 4 + L + 8.
a+b b+c c+a
1 3 2
+ +
a+b b+c

3
<— (™).
c+a 2 ®)
a+c 2(a+b)

(a+b)a+c)b+c) (a +b)(a+c)(b+¢)

TOA
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Taco: P=

1 2
N (a+b)b+c) N (a+c)(b+c)

1 (1 2).

= +
b+cka+b a+c

Ap dung bt dang thirc Cauchy ta cé:

__73_'+7 I . 2
% s 3 ( 1 + 2 )S b+c a+bh a+c
b+c\a+b a+c 2

3

do(*)

< 2 9:>P 3.
2

= <
16 16
a=b=c=2
P=—& 3 1 2 <:>a=b=C=2-
16 =
b+c a+b a+c

Vay maxP:i.
16

Nhdn xét. Khi ¢6 bat ding thirc didu kién (*), cac ban
tham gia giai bai nay da tim GTLN cua P theo mdt sd
céch khac nhau (dung bat ding thirc Cauchy, bét ding
thire Schwarz, bat dang thirc Bunyakovsky, ...). Lai
giai cua cic ban déu ding. Cac ban sau co 1oi giai
ngin gon:

Vinh Phic: Bach Thai Son, 10A2, THPT chuyén
Vinh Phiac; Ha Noi: Anh, 9A7
Archimedes Academy Trung Yén, Ciu Gidy;
Thanh Héa: Nguyén Vin Pirc Quang, 9K, THCS
Tran Mai Ninh, TP. Thanh Hoéa; Ha Tinh: Neuyén
Dinh Nam Khanh, Nguvén Xudn Minh Durc, Phan
Nhét Minh, Tran Minh Hoang, Nguyén Thi Thiy
Dung, 10 Toan 1, THPT chuyén Ha Tinh: Quang
Binh: Nguvén Tran Hoadng, Nguyén Thi Thu Phuong,
12 Toan 2, Pham Thi My Hanh, 11 Toan 2, THPT
chuyén V6 Nguyén Giap; Thira Thién Hud: Trdn Thi
Thanh Thu, 12T1, THPT chuyén Quéc hoc Hué; Binh
Dinh: Lé Gia Quang, 11T, THPT chuyén L& Quy
Don; Nguyén Hieu Tri, 11A1, THPT sé 2 Pha Cit;
Quang Nam: Pham Trin Mink Par, 10/1, Nguyén
Thé Hiéu, 11/1, THPT chuyén L& Thanh Tong, S6¢
Trang: Tiét Trong Khiém, THPT chuyén Nguyén Thi
Minh Khai.

Tran Viet
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Bai T10/345. Voi neil

Ad viét jJen hl”!g In + 1

so nguven diuong dau tién 1.2 3
s 30+ 1, Sau

do, mrw mrhf fa sé U'JUH ra 4 s() (/Hmn f.'rm la ;
u, o,

o d. 1a xod h(m \rJ nu\ Va ahi ‘,r(” \” il "IG tri ¥
a

6Ha + b +c+d). Saun luot nie vavy, trén bang
con ding mét so. Cl hieng minh rane di 1a co thire

hién theo bdt cir céch nao thi so con lai van lém

64
hon ——=n".
625

Loi gigi. (Cua ban Tran Minh Hoang, 10T1
THPT chuyén Ha Tinh, Ha Tinh)
Nhén xét:Véia, b, ¢, d> 0 ta c6 bit ding thirc:

%+¢@+%+Wsm,
That vdy theo bét déng thirc Holder ta co:
(Yar 1+ ¥br 11+ o111+ YarLa)
<(a+b+c+d)(I +1° 41 +1')
@i@+i/g+i/;+i/35{/64(a+b+c+d).

Tir d6 ta thiy néu trong mot diy m so duong, ta
thay 4 s6 a, b, ¢, d bang 1 s6 c6 gia tri la
64(a + b + ¢ + d) thi téng cin bac 4 cia m — 3 56
nay s khong giam. Thanh thir ky hiéu S 1a s cubi

In+l

cung thi sau n lugt xda ta cé: ~/§>Z\/— (1).

k=1

3
4

Xéthamsé f(x)= f;-x :

Véi m3i 0<k<3n theo dinh ly sb gia givi ndi
tfmtaicvé'ik<c<k+lsaocho:
Fk+1)= £ (k)= £ '(c)(k +1-)
:>£(k+1)5""—-—k“=i@<d’ff+l
S 5
(k 1 41("‘ <i#ﬁ
=3 58 <
In«l
©§(3n+1f“‘<z<ﬁ? ).
k=1

: 4 5/4
Tir (1) va (2) suy ra: is >§(3n +1)

3 5 44 8 64
:>S>:—4(3n+1)' >3'4 565308 S L

= n
5 625 625

Nhan xét. Ngoai ban Hodng, chi c6 ban Lé Tudn
Nghia, 10T, THPT chuyén Hung Yén, Hung Yén co
16i giai 6t trong s it cac ban tham gia giai bai toan
nay

PANG HUNG THANG
Bai T11/545. Cho dayv 56 thire dirong (x,) thoa

man diev kicn

2 |
+

]
+—=1n=0,1,2,..
'\-u 7 2 X

+2 X

n+l 1+

Chirng minh rang day (x,) ¢é gioi han hivu han va

tim gioi han do.
Loi giagi. (Dua theo da s6 céac ban).

1 +_1_:1

St dung bién dbi:
+2 Xy

+
x,+2 x,.

+2)+x,,(x, +2)+(x, +2)x,,, +2)
n-l(xn +2)(xnol +2)

L-2x —4=0 (1)

- b O -1

o x xl, —4x,

n*"n+1

Xét (1) nhu phuong trinh bédc hai theo x,4, co
nghiém duong duy nhit

2+2x) +4x, +4

n+l .\'n
Xét ham sb f(.ﬂr)=2+ 2"'-+4‘\-+4,x>1.
x
Ta thay:
“2x—4-2V2x" +4x+
S(x)= a i 4<0,Vxe(0,+oo),

Xv2x +4x+4

tire 14 f(x) 1a ham s6 nghich bién trong (0, +20)
va f(l+\/§)=]+\/§.
Nhin xét rﬁng x>l nelN

x,., <f(),VneN. Xét cac trudng hop img véi

vol mol nén

gia tri ban dau x, cua day.

o Truong hop 1 khi x,=1++3 thi x, =1+3
véimoi n=12,3,..

TOEN HOC
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e Truong hop 2, khi 0<.\70<l+\/§,
-Néu x, =»x, thi
0<x0=x2:...<1+\/§<...=x3=x,.
-Néu x> x, thi
0<...<x2<x0<1+\/§<x|=x3<...<f(1).
-Neéu x¢<x,thi

0<xy<x,<...<l+B<..<x=x.

» Trudng hop 3 khi x,>1++/3 ta ciing c6 két
luédn fuong ty.

Két luan. Cac day (x,,) va (x,,.,) lin luot 14 céc
diy don diéu tang bi chin trén va don diéu giam
bi chén dudi nén la cac day hoi tu. Goi cic gigi
han tuong Umg cua cac day (x,,) va (x,,,,) 1a @
va b. Khi do, ta c6 hé phuong trinh:

L2426 +2b+4

b

_2++2d* +2a+4

da

b

H2 nay c6 nghiém duy nhit a =b=1++3.
Vaynén limx, =1++/3.

n—x

Nhin xét. Day la dang toan co ban vé giéi han cua
day s6 dua trén nguyén ly kep. Pa s cac ban déu
giai theo cach di trinh bay & trén. Mot sb ban giai
tryc tiép khong can si dung dao ham ciing cho két
qua dang,.

Cac ban sau day c6 10i giai dung:

Binh Pinh: Nguyén Huy Hodng, 12T, Phan Trung
Trye, 11T, THPT chuyén Lé Quy Dén, HA Tinh:
Tran Minh Hodng, Nguyén Phic Luong, 10T,
THPT chuyén Ha Tinh. Quang Binh: Nguyén Trdn
Hodng, 1212, Nguyén Thi My Hanh, 11T2, THPT
chuyén V5 Nguyén Gidp. Quang Nam: Trdn Pham
Minh Dat, 10/1, THPT chuyén L& Thanh Tong.

NGUYEN VAN MAU

3y TOANHOC
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Bai T12/345. Cho tam giic ABC, (1) la duong
ron noi !fép. D. E. F theo thir tir la n’é}; diém cua
(N va BC, CA, AB. A’. B' C' theo thir ty la diém
doi ximg cua A. B, C qua EF, FD., DE.
X=EB'NFC,Y=FC'nDA,Z=DA'nEB"
Chirng minh rﬁng tryc tam cua tam gidc XYZ la
tam dwong tron Euler cua tam giac DEF.
Loi gidgi. Ta cn c6 ba bd dé.
BS dé 1. Cho tam gidc ABC, (O) ld duong tron
ngoai tiép. BE, CF la cic duong cao. M, N theo
thir ty la trung diém cua AB, AC. K la giao diém
ciia MN va EF. S la giao diém cua cdc tiép tuyén
véi (0) tai A, C. T la diém déi xting cua S qua AC.
Khi d6 B, T, K thing hang.
Chitng minh. Goi H=BC NEF;L=BENCT.
Dé thdy AAEF ~ A4BC.
Dodé AEF= ABC=A4CS.
Diéu d6 conghiala EK = EF//CT.
Vay cac diéu kién sau twong duong

1) B, T, K thang hang

2) E(BCTK)=C(BETK)

3) E(LCTK)=C(HETK)

4) E(LCTK)=C(EHKT)

I
TC KH
NC KH




——_—w—

d duong
fiem cua
¢ la diém
“D, DE.
{"NEB".
ic XYZ la

'ong tron
1, N theo
iao diém
iép tuyén
“qua AC.

\CT.

Bb dé 2. Cho tam gidc ABC. Cae cdp diém Ay, A,;
Bo, Bii Co, Ci theo thir ty thuge BC, C4, 4B sat;
cho Ado, BBo, CCy dong quy va Ad,, BB, CC,
dong quy. C: d giao diém ciia AoBy vi 4,B,, B, I
giao diém cia AoCo va A\C\. Khi @6 4, C,, B,

thang hang.

Chimg minh. Dé thiy

AQ(AIABZCE)=A0(A|AC(IB())=—]:A,(A‘.,AC]Bl)
= A(44B,C,).

Do d6 A, B, C; thing hang.

Bb dé 3. Cho tam gidc ABC; O la tém duong tron
Euler. M, N, P theo thir ti la trung diém cua BC,
CA, AB. D, E, F theo thir ti la hinh chiéu cia A,
B, C trén BC, CA, AB. X =NPnEF;
Y=FDr PM:; Z=MNNDE. Khi dé O la truc
tam cua tam gidc XYZ.

Chitng minh.

Goi T = NF n PE.

Theo bé dé 2, 4, Y, Z thang hang.

MEF]
ta

Apd inh 1i Pascal cho sdu diém
p dung dinh li Pascal cho sau die (DNP

¢6 Z, T, Y thing hang.

Theo dinh li Brocard, OX 1 AT.

Viy OX 1 YZ. Tuong tw OY L ZX.

Tom lai O 14 tryc tAm cua tam gidc XYZ.

Tro lai giai bai todn trén.

Goi M, N, P theo thir tir 14 trung diém cua EF, FD,
DE; D', E’, F' theo thif tu 13 hinh chiéu cia D, E,
F trén EF, FD, DE.

Vi X = EB'nFC' nén, p dung b dé 1 cho tam
giac DEF, X =NPNE'F".

Tuongty Y=PM NF'DZ=MNND'E".

Tir 46, theo bd d& 3, truc tim cua tam gidc XYZ 1a

tim duong tron Euler cua tam gidc DEF.

Nhin xét. Bii toan ndy khé, chi c6 bon ban tham gia
giai: Ha Tinh: Trdn Minh Hodng, 10T1, THPT
chuyén Ha Tinh; Quing Binh: Nguyén Thi Thu
Phuong, 12T2, THPT chuyén V& Nguyén Giap;
Quang Nam: Trdn Pham Minh Dat;, 10/1, THPT
chuyén Lé Thanh Tong; S6¢ Tring: Pham Nguvén
Khang, 12A2T, THPT Nguyén Thi Minh Khai.

NGUYEN MINH HA
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Bai L1/545. Mot ngwdi ¢o khoi luong 83 kg treo
minh vao soi ddv bungee dan hoi ¢6 do ciing
k = 270 N/m (hinh vé). Tu vi tri can hf.i«'?,g nELrai
nay diroc kéo dén vi tri 16 xo gian thém S m so voi
chidu dai tw nhién va sau dé bar dau dao dong
diéu hoa voi tan s6 goc @ = 1,8 rad/s. Xdc dinh vi

(i va van 16¢ cua ngieoi ndy sau 2 s.

3
N
“@
Loi gigi. Chon truc toa 6 Ox nhu hinh dudi:

1 2 3

v X v X

Ta xéac dinh dugc luc dan hdi lam cho 16 xo gidn
thém 5 cm la:
F=kAly+x)— m.g=270.5—83.9.8 = 536 N.

Suy ra:
Theo dé bai, khi vit bt diu dao dong (¢ = 0) thi
A=x=1,98m; ¢ = -
2

do d6 phwong trinh Ii d va van tbc clia vat theo
thai gian duge viét:

x = Asin (at +p) = 1,98@;[1,8:—%] (m);
o ; 7
v mAsm[wt+¢+5} = 3,56sin(1,8¢) (m/s).

TOF!N HOC
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Vay khit=2 sthix=-18mvav=16 m/s.
Nhan xét. Rét tiéc da khong c6 ban nao cd loi giai
dung cho dé ra ki nay.

PINH THI THAI QUYNH

Bai L2 /545. Doan mach dién AB dugc mdce Hot

!t'C’Pp theo thir tw: cuon ddy co dién lro thuan

r=20Q, dé twcam L=-— (H), tu dién cé di¢n
Sr

dung thay déi duwoc va dién tro thuan R =40 Q.
Goi M la diem noi gita ty dién C va dien tro
thuan R. Pat vao hai dau doan mach AB mot dién
ip u=U,cosl00xt (V), trong do Uy khong doi.
Dieu chinh dién dung khi C = Cy thi dién dp hiéu
dung trén doan AM nho nhat bang Uy. Khi C = Cy
thi dién dp hiéu dung giita hai ban tu dién cuc dai
bc?ng U,. Tinh ti 56 gitta Uy va U).

Loi gigi. Taco:

U iz _ Z i _ Zé—2Z,_ZC + Z,’_’ + 7t
. Z Z.-22,Z. + Z} + R + 7)
_ | I
\jl . Rtk
Ze—2Z, 2. + Zf + 7
UA.Mmm khi ZC Z;=60Q
= Yo v 1
Uy R+r 3
Ucmax khi
(R+7) = Z,(Z.-Z).
Giai ra ta dugec:
Zc=2Z;=1200Q).
Suy ra:
Ut =\/ Z: 5
UAB (R o r)2+ (ZL _ZC)Z = 2
U
= —Cmax = _ 3\/5
UAMmin

Nhin xét. Rat tiéc da khéng c6 ban nao ¢ 19i giai
dung cho dé ra ki nay.

NGUYEN XUAN QUANG
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Vecto 1a mét cong cu dung dé ching minh cac bai
toan hinh hoc rét hiéu qua. Co nhidu bai toan khi
st dung vecto s€ cho nhimg 1&i giai hét st nhanh
chong va dep mét trong khi céc 15i gidi dung hinh
hoc thuan tay lai qua dai dong va phirc tap. Dién
hinh trong s d6 c6 thé ké dén cac bai toan chimg
minh hai doan thang song song ti 1, chimg minh
hai hinh ¢6 cung trong tim, céc bai toan dung dinh
Iy Ceva dang dai s6 (xem bai viét Ban vé mot
phweong phap sw dung dinh Iy Ceva trang 32,
TH&TT s6 509 thang 11 nim 2019 cia clng tac
gia). O bai viét nay, t6i mudn dé cdp véi ban doc
vé mét van dé kha thi vi va quan trong cua hinh
hoc vecto, d6 1a vé "tam ti cy”. Cu thé hon la viée
(mg dung ly thuyet tam ti cu vao bai toan ching

minh dong quy. Xin mdi cac ban cung theo doi.

L. KHAI QUAT VE TAM TI CU
Bai toan ma dau. Cho tam giic ABC va cac 50

thiee ., fi.y thoa man o+ pry#0. Ching

minh rang ton tai duy what mot diem M sao cho
aMA+ fMB + yMC = 0.

Chitng minh.

« Sur ton tai cua M: do a+pf+y#0 nén it nhat
mdt trong ba téng sau phai khac khong a+ 3,
B+y, y+a. Khong mat tinh tong quat, gia sur

B+y=0.

I msaE M
‘!J.{#G ﬁ’%r‘-ﬂ :

L] [ o .' ﬁ‘!“? »
CHUNG MINH BON

Y B : P ,- y .' ¥ O Il‘\- LR
& HETTYL
‘,g E‘y y ;ﬁ & 3”4 & WEAAN

~ Ny ’.f

.In‘.l\ af'ri'sﬂ-s e Wt

t
T4 ﬁ

-l:

TRAN TRUNG DUNG (CT4, Booyoung, Ha Ding, Ha Noi)

NGUYEN KHANH [LAM
(Lop BIE-D46, Khoa C.SBT Hi.f:h su, Hoe vi(_é:_l E,'d-uh sat nhan dén)/;

Trude hét, ta lay diém N trén dudmng thing BC

sao cho BNB+yNC =0. Dé thiy véi B+y #0

thi diém N nhw vay 1a ludn ton tai.

Sau d6 liy diém M trén dudng thing AN sao

cho aMA+(f+y)MN=0, do a+fB+y=0

nén diém M nhu viy ciing luén ton tai.

Ta sé chimg minh diém M xic dinh theo cach

trén 1a diém thoa man yéu ciu bai toan.

That vay, tir SNB+ yNC =0 ta cé:

ﬁ(m+m)+y(W+M_C):6
tuc la ﬁ§f§+}!ﬂ7{E=(ﬁ+y)W.

Thay vao dang thirc aMA +(B+y)MN =0 ta thu
duge diéu phai chimg minh.

. Sw duy nhat cia M: Gia sir ¢6 diém M'
bai

cling

thoa man yéu céu toan, ftoc la
aMAd+fMB+yMC=0. Thé thi bing céch
chén diém M vao ding thic vecto ndy ta suy ra

aMA+ BMB+yMC =(a + f+y) MM’
=S(a+f+y)MM =0 = MM =0.
Tac 1a M =M'. Do d6 M 1a diém duy nhit thoa

man. Vay bai toan duge ching minh hoan toan.

Bai toan trén chinh la mdt vi du dién hinh cho
khai niém tam i cu. Ching ta cing phdn tich né

ky hon dé lam nén tang cho viée giai bai toan téng

TOAN HOC
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quat Vé tdm ti cie ma ching ta sé xem xét ¢ ngay
phdn tiép theo cua bai viét. Néu dé y chdc hdn cdc
ban sé dat ra cdau hoi "Tai sao lgi c6 gia thiét
a+pf+y#0? Néu a+ f+y=0 thi bai todn co
con diing khéng hay sé bi thay doi nhu thé ndo?".
Chiing ta hdy cung lam sang 16 vin dé do.

Véi a+ f+y=0 thita xét hai truong hop sau:

- Thit nhét, néu khéng tdn tai tdng nao trong cac
tong a+f, f+y, y+a khic khong thi c6
nghia & @=g=y=0. Do d6 d& thdy bit ky
diém M ndo trong mét phang cling thoa min, tirc
14 ¢6 v6 56 diém M thoa man.

- Thi hai, néu tdn tai mot trong céc tong néu trén
khac khong ma ta gia sir 1a S+ y # 0. Khi do ta
lai liy diém N trén dudng thing BC sao cho
BNB+yNC=0. Theo chimg minh trén thi diém
M thoa man phai 1a diém trén duong thing AN
sa0 cho aMA+(f+y)MN=0. Tuy nhién do

a+fB+y=0 nén suy ra AZE:W, day 1a mot
diéu khong thé xdy ra. Do vay khéng tdn tai diém
M thoa man,

Nhu viy ta két lugn, néu nhi a+Lf+y=0 th
hodc tén tai vé sé diém M hodc khéng t6n tai
diem M. Vé mat y nghia todn hoc thi trieong hop
ndy khéng cd nhiéu y nghia ing dung nén ds la Iy
do vi sao ching ta chi lam viéc véi trieong hop
a+pf+y+0.

Bay gid 1a mot phan rét quan trong cla bai viét,
phat biéu va chirg minh baj todn hay ciing c6 thé

goi 1a dinh ly vé tam ti cu.

Dinh ly. Trong mat phdng, xét n diém phan biét
Aj ’ ‘42"-'3

Gta, +..+a, #0. Khi d6 1én tai duy nhat mot

A, va n sé thyce @, Qy,...,, thoa man

diém M thoa man Y o, MA =0,

i=l
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biém M duoc goi la "tdm # cy" cia hé diém
(4. 4,,..,

{a[-: az:"-’

4,} v6éi cac hé sb tuong (mg

a,}.

Chirng minh. Ta ching minh bai todn bang quy
nap.

Véi n=2 két qua bai toan Ia kha hién nhién ban
doc tu xét. V&i n=3 thi cach ching minh d3
dugc néu trong bai todn md ddu va dé cing 1a
cach quy nap cho bai todn tong quat nay.

Gia sit dinh 1y dd dung t&i n=k(k2=3). Ta cén
chimg minh dinh ly dng voi n=k +1.

Xét k+1 diém phan biét 4, 4,,..., 4,,, va k+1

sb thuc o, O,y O thoa man

& +a,+..+e,, #0. Cin chimg minh ton tai

k+1 . -
duy nhét mot diém M thoa man D a,M4 =0.

i=l
Do o +a, +..+ @, #0 nén ton tai it nhit mot

trong cdc tong sau khac khong:

k+1
Za’i—a],_]:l,k-i-l.

i=1

Khong mat tinh

G ta+..ta,,

téng quat, gia s

#0, khi @9 theo gia thiét quy
nap suy ra tdn tai mot diém N sao cho

k+1

St 6.

=2

Béy git ta ldy diém Af trag dudng thing 4N sao
K+l

cho o, M4, +(ZQJMN 0.

Do ey+ay+..+a, 20 nay diém M nhuy vay la

k+1

ton tai. T didu kig 0 bi
kién Ea,NA, =0 bang cach

k+1

MN = ZQ:AJA'

=

chén diém As ta thu duge (ia J



. k+1
d6 A MA +) a MA =0 ripe 13 o ——  _
Do gt ; MA =0 tac1a Zaum,=0
=1

(dpcm).

viée chimg minh sy duy nhit cga 5y dugc tién
hanb twong tr nhu chimg minh trong bai toan meg
dau. Cing theo d6, khi ¢ ta t.ta, =0 th
hoiic khong ton tai M hoac tdn tai vo s6 diém M.
M3t s tinh chit

HKhi o =a, =..=@q, thi nguoi ta con goi M la

trong tim cva hé diém {4, 4,,..., 4).

2) Vi diém M duoc dinh nghia nhy trén thi véi
moi diém O ta ¢o déng thirc vecto sau:

30,07 =(zai]5fq.

=1 =1
Céng thirc néu trén dugc goi 1a "cong thirc thu
gon" va thudmg dugc sir dung trong céc bai toan
vé tdm ti cy. Viéc chimg minh cong thirc nay rét

don gian, chi can chén diém O vao cong thirc

1. UNG DUNG TAM TI CU VAO BAI TOAN
CHUNG MINH DONG QUY

Trudc khi di dén véi ni dung chinh ciia phan nay,
t6i xin trinh bay voi ban doc mdt bai toan sau day
ciing 1a mot vi du dién hinh ma tir d6 ching ta sé
téng quat hoa va phat biéu noi dung chinh cia
phuong phap. Bai toan nhu sau:

Bai toan. Cho tam gidac ABC co trong tam G va
mot diém M bat ky. Goi D, E, F theo thir tu la cdac
diém doi ximg vori M qua trung diém cua cdc c?o‘qm
BC, CA, AB. Chimg minh rang AD, BE, CF dong
quy tai mot diem nam trén MG.
Léi gidgi,

Goi T 1 tam ti cu cua hé diém {A,B,C,M} voi

cdc hé s6 twong img {U’l"l} ’

Nhu vay ta cé:

TA+TB+TC-TM =0 (1).
Goi X, Y, Z lan lugt la trung diém cua cac canh
BC, CA, AB.
Dé thiy TB+TC=2TX =TM +TD (tinh chét
dudng trung tuyén).
Do d6, két hop véi (1) suy ra:

ﬂ+(ﬁ+ﬁ)—ﬁf=ﬁ.

—T4A+TD=0.
A

D
Diéu nay c6 nghia 1a T la trung diém cua AD.

Ching minh hoan toan twong ty ta suy ra T la
trung diém cua BE va CF.

Nhu vay 1d rang AD, BE, CF dong quy. By gio
ta chimg minh 7 nim trén MG.

Do G la trong tdm cua tam gidc ABC nén ta co

TA+TB+TC =3TG .

Do vay, két hop véi (1) ta dwge: 3TG-TM =0,
diéu nay noi 1én rang 7, G, M thing hang, hay c6
nghia 1a T nam trén MG. Viy bai toan duoc chimg
minh hoan toan.

Chic han sau khi doc xong 1i giai trén cac ban s&
thiy viéc chon diém T trong 10i giai that "ky
diéu". Qua ding nhu vy, diém 7T d3 chon chinh 13
diém dong quy cta 3 dudng thing. Tuy nhién, ta

TOAN HOC
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A e s
da dinh nghta n6 theo ngon ngir "tam ti cy™. Viée
ndy gitip ta ¢ mot ding thire vecto lidn quan dén

T, tr d6 ta cb ging tao ra ding thic dang

TA=kTD (Vo1 mong muén chimg minh 7 thudc
AD). Nhu viy ta cg thé tong quét hoa phurong
Phép giai cac baj toan chimg minh ddng quy sir
dung tam tj cu nhu sau:

Buée 1: Goi T 13 tan ¢ cu cua mot hé diém cb
dinh véi cac hé s§ cu thé thich hop (diém nay
chinh 1a diém ma ta g by duong thang déng
quy).

Buédc 2: Ty ding thirc vecto thu duge & buge 1,
bién dbi dé chimg minh T thusc mat trong ba
duong thﬁng cin ching minh déng quy

Budc 3: Tuong tu suy ra T thudc vao haij dudmg
théng con lai va két luén tinh dong quy cua ba
dudng thang.

Van dé bay gi¢ 13, 1am sao dé biét "hé diém b
dinh" va "hé sé cu thé thich hop" & bude 1 1a giv
Viéc nay cén su tu duy, phan tich va lap luan logic
chat chs. Ching ta hay cung theo dai:

O bai toan trén, rd rang dé bai cho ta 4 diém cé
dinh 4, B, C, M. Do d¢ rit tw nhién ta chon hé
diém cd dinh 13 hg {4, B,C.M}. Mic du diém G
cling 1a ¢é dinh nhung rd rang vi TG c6 thé bidu
dién qua T4,7B,TC (ﬁ+7—"§+_f(?=37’5) nén
10 rang tim ti cy cua hg {4,8,C, G,M} c6 thé
chuyén sang tam ti cu cua hé diém {A,B,C,M}.
Do vdy, ta khong tinh diém G vao hé diém,

Tiép theo 14 cau chuyén cic hé s dbi véi he didm
trén. Truéc hét, ta nhan xét rang 4, B, C c6 vai tro

binh ding nén hé sé mg véi 4, B, C phai bing

nhau. Ta c6 thé chuin héa c4c hé sé nay bing 1.

TOANHOC
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Nhur vdy cdc hé 0 twong tmg la {1,1,1,x). Ching

ta can tim x . Theo dinh nghia tm ti cy ta ¢,

TA+TB+TC +xTM =0 (%)

Piéu ching ta mong mudn bay gid I3 tir dang thyy,

trén phai tao ra dwogc ding thirc dang ﬁﬂcfﬁ

dé suy ra dugc T, 4, D thang hang tirc 1a T thuge

AD. Nhu vay & dﬁng thire (*), 74 gilt nguyén.

Con lai 14 céc dai luong TB+TC +xTM ta can cé

ging bién dbi dé taora 7D . D& thiy réng
TB+TC=27TX =TM + D

nén TTB+YL‘(—3+xW=FAZ+?TD+xYTM.

Pén day, ai cling théy céan chon x=-1 @

TB+TC +xTM bién thinh 75

Nhu vy ta hoan thanh qud trinh tu duy dé chon ra
hé diém thich hop véi c4c hé s6 thich hop,

Sau day, ching ta hdy cung ap dung phuong phap

nay dé giai cac bai toan rit hay va khg sau;
Trude tién ching t6; xin phét biéu (khéng chimg
minh) mét bd ¢ it quen thude va sa duoc sir

dung nhiéy trong cac baj toan tiép theo.

Bd aé. Cho 4, B ¢ la ba d;

iem thang hang. Khi 26
VO© mat dicm M bay kY ta luén co (fl?'.'rg thite vecto
sau: MB - :C—_U MA + ;_:—ii MC.
C4 AC
M
A B c

Chi; y. Két qua trén khéng phu thude vao thy tu

cua ba diém 4, B, C wen dudng thing di qua



viéc chimg minh b d¢ ndy 13 don gian, céc ban

_ L Goi {x,y,2,t} 1a cac h¢ sb tuong tmg. Nhu vay ta
ng i chimg minh hodc ¢6 thé tham khao & nhidy S
. N I R W
nglléﬂ tai liéu. ch: xTO + yTO, + zTO, +1T0, =0 (¥)
e S 454 1O Vin nhu bai toén trén, ta mong mudn 7 nam trén
si 1. Cho duong tron G che dircme e . . .
gai | ‘~, ; ) vd cdc dirong iron A,B,. Tic 1a tir (*) ta cin tao ra ding thic dang
lic 00, (02), (O3) cung tiep xuc trong véi (0 va dei - - \ ; 2
Pl B L - K 4t T4 +nTB, =0. Dé y ring do O, Oy, 4, thang
D gt tiép Xuc ngodi vai nhau. Cic diém A,, A,. 4, ) i )
, R T ) hiang v 0,, 05, By thang hang nén ta s¢ ta0 1a
B¢ theo thie e la tiep diém cua (O) voi (O, (O-). - __ ai
; . T4 tir hai 3 TB, tir hai
; (05) . Cac dicm By, B, Bx theo thir nyr ld Hép diem 7 1 il vesto 25, T, ¥ m 25
:n. - ~ . =y o —r S
, cua cac cap Jr(‘(mg tron (O-), (OL): (0. (()‘); vecta m— ?53‘ Tir T—;z /i,% T +%TA1
cd (0)), (02). Chung minh r{}ng A\B\. A:By, A3B, A0 04,
dang guy' suyra: T4 24 70, - ——_O_'-—'.h TO
00, 00, 4
Phan tich: s
_94 75 ., A0 15
00, 00,
dé ) wem . pms e
Nhu vdy, muon tao ra 74, tr x70+ yTO, thi
A1 A AIOI 0_141 Aiol
phdicd x: y=—"urnt i =—=—.
a 00, 00, 04,
Goi R, Ry, Ry, R; lan luot 13 ban kinh cia cac
¥ap dudng tron (0), (Oy), (02), (O5) thi ta suy ra:
X: =-A‘_ﬂ=—&. (1
mg 04 R
su —_—
Tuong tu ta co: TB, = Oy TO, + 0.5, TO..
5 ; s s 0,0, 0,0, -~
D& thiy hé diém trong bai todn ndy 1a hé 2
do {0,01,03,03} . Chit§ I‘Fng céc diém Ay, By, A2, B, Do d6 muén tao ra 7B tr zTO, +!FO_, thi cin
o L s s i Thatvay,  Dhai co:
A3, By khong can thiét cho vao hé diém. That vay, :
ta lay vi dy diém A, rd rang O, Oy, A thang hang L. - 0B R -
e OOy ot TR B ’
én ta ¢ T_Olzf_—'gTO+9__—(.)_lTA, , co nghia 14 , = 2
A0 04, Tir (1) va (2) rat nhiéu ban dén diy sé nghi rang
H biéu dién hoan toan dugc theo f(-f,,f(j. Do wvéi cac ti 1&¢ d6 thi s& chon x=-R, y=R,
vay 4, khong cin thiét cho vao hé diem. NhI V&Y 7= R, ¢=R,. Tuy nhién nhu vy khi nhin vao
_— n i h A A ba 2 5 5 ik -
ta‘ dd tim dugc hé diém. Van dé Q:afitt;@“gh . Sg dang thirc (*), ta s& thdy mét s 16n xén khi ma hé
81 13 tim cac hé sé img. K§ thuat tim h¢ . __
3y 19 1 tim céc b¢ 56 tuemg Wng. e o, socua TO laild —R, cia 7O, laila R, hé sb cua
qua 0 bai toan nay khac hon so vo1 bai toan trugc mo ¢ » g

chit do dsc diém riéng biét cua bai todn nay 7O, 13 R, con cha TO, lai la R,. Nhu thé, r3

khdng nhy bai trude, méi céc ban theo doi: rang ching ta cam nhén duoc véi sy 16n xon nhy
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. : £ ] ong tu
thé thi khong thé nao chung ta c6 thé lam Uong

nhu trén dé suy ra 7 nam trén 4,8, va A31?3. |
Viy bay gio phai xtr Iy nhu thé nao? Chang & lai
khoéng c6 dugc mét b hé s6 thoa man mong
mubn ciia ching ta? Khong hé nhu vy, hdy nhin

cic ding thic (1) va (2) duéi mot goc nhin khac

R__1.1 va
nhu sau x,y——R— R‘Rl
z:t=&=i:i. Lic ndy ta chon x=—E,

R, R, R

1 1 1 I T
y=—, z=—, t=—_ Thét bat ngd va thi vi,

R R, R,

2
A

lic ndy céc hé sb cua 70, TO,, TO,, TO, lan

luot 1a ——1—, —]—, L, L Nhu véy, ta théy o
Rl RZ R3

day xuit hién mot sy twong {mg dén hoan hao va
rd rang véi su dbi ximg nay s€ cho ta chirng minh
twong tu @€ suy ra 7 nim trén A>B; va A3B; it d&
dang.

Nhu vay, ta c6 181 giai rat "ky diéu" nhur sau:

Goi R, Ry, Ry, R; lan lugt 13 ban kinh cua cac
dudmg tron (0), (0y), (0), (03). Goi T 1a tim ti cu
clia h¢ diém {0,0,,0,,0,} véi cac hé sb twong

ung —i;—l—;i;—l— . Nhu thé ta cé:
R'R’R,'R,

TOAN HOC 5
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= 00, 40, 75
:Q_é-(m + 5200,
00, :

Do Oy, O3, B, thang hang nén ta ciing cé:

8B, 0B
=550 50,

0203 342
A 0 B or
:_Ol_bl.TOJ+ 22 BIT?_J
0,0, OZBI 0302
_ 0,5, ]T:_ 0,5 T__Z'
0203 OzBl
e R s
_ 0281 TO3 el I 2]
0,0, R,
:O‘Bl.}a3 _TQ+—702
0,0, 3 5
Chi ¥ rang

nén ta suy ra: _Oio3 T—'Bl=__0_0 TA
0,8, R, OA4,.R

1M

bieu nay chimg t6 7 nim trén A,B,. Hoan toan

fong t, ta ching minh duge 7 cling ndm trén
Asz va A3B3_

Vay 4,8, 4,B,, 4,B, déng quy.
Bai 2. Cho 1am gidc 4B

o Cva cdge duong tron (0))

). (03) N&m !r()ng t

e o am giac, déi mer tiép xiic
ngoai vor phay

et ot Q@ theo thir tir riép Xuc vor hai
‘ 80¢ BAC, CBA, ACB. Goi D. E. F
theo thi w la tiep diem cyq cdc . o
(Qz)‘ (O3); (0y), (O); (0 |

rang AD, BE, CF (chng quy.

cdp duong tron
1) (O2). Chitng minh
Trude khj s
id o ,
0c 161 giaj py; t0dn ndy. tic gia mubn
b Y, tac gia

andoc néy ¢g thad 1x .
U ¢ thé hay tap tir duy phan tich dé tim




"

ra hé diém va cac hé sb tuong img dua vao cac
kién thuc va Phuong phap da dugce hoc & cac bai
toan trén. Néu cac ban tim dugc thi xin chuc
mimg cac ban d3 nam kha chic phuong phap lam
bai, con neu khong moi ban doc tham khao phan
tich va 101 giai sau day.
Phiin tich:
Piéu dau tién ¢ bai toan nay khac véi cac bai toan
trén 12 s6 cac diém cO dinh ban dau qué lén. Co
toi 6 diém 1a 4, B, C, Oy, O, O5. Diéu nay sé
khién cho ban doc khong tranh khéi cam giac "bdi
(6" vi khong biét nén 1y nhimg diém nio dé cho
vio hé diém. Liéu hé diém trong bai toan nay gbm
méy diém? Dé tim cau tra 131, cic ban hdy cing
18i quay tr¢ lai bai toan 1. Trong bai todn 1, dé
chimg minh T ndm trén 4,8, thi ta phai tao ra T4,
va TB, . Céc ban hdy chi  cach ma ching ta da
tao ra cac vecto nay, phwong phéap ma ching ta
sir dung d6 1a thong qua ba diém thang hang aé
bidu dién mot vecto qua hai vecto con lai. Vi du
véi O, Oy, A, thing hang, ta dd biéu dién duoc
T4 qua TO, TO,; v6i Oz, O, B thing hang ta
da tao ra dugc —fEI tir hai vecto ’f@; 70, . Do
viy, hé diém 1a {0,01,02,03} _ Piéu ma ching ta
ritra & day 1a dé tao ra 7M  thi ta phai thong qua
hai didm khac thing hang voi M; va hai diém do
& dugc cho vao hé diém. Nhu thé & bai todn nay,
8 chimg minh T thubc AD thi ta phai teo ra T4
vi 7D, v do d6 phai tim ra hai diém thang hang
Véi D va hai diém thang hang voi 4. Hai diem
thing hang véi D thi hién nhién 18 Oy, Oy, vy con
hai diém thing hang véi A thi sao? Neu tinh ¥,

ching ta s& thiy 40, la tia phan gidc cua goc

BAC, vi thé néu goi J Ja tim duomg tron 0ol HEp

tam giac ABC thi ta s& c6 4, Oy, [ thing hang va
didu nay c6 tinh ap dung chung khi ma B, 0>, I'va
C, 05, I déu thing hang. Do do ta da tim dugc hai
b6 ba diém thing hang 13 4, 0), [ va D, O, O3 dé
tao ra cac vecto TA va TD . Va ciing theo phén

tich bén trén ta thiy ngay Oy, I va Oz, O3 dugc cho

c
vao hé diém. Nhu vay hé diém ¢ diy phai la
{1,0,,0,,0,} . Goi {x,y,2,t} 1a cac hé sb twong
tng. Goir, r1,¥2, 13 14n luot 13 ban kinh cac dudng
tron (1) ndi tiép tam giac, (01); (02), (O3)-

Dén day cac budc tiép theo duoc tién hanh ding
nhu & bai toan 1.

Do 4, Oy, I thang hang nén ta co:

. JO — A0, —
TOI—_—:H‘T -|-—;—1 4
14 1
:;.F:-iT—:—i.A__QLn
i) 10, Al
U A0
I 1

1

Nhu viy x:yzi. Ha O;H va IK vudng gbc

véi AC. Theo dinh 1y Thales thi ta co:

40, 40, __OH

B ———g —i-—
r

14 Al K

Do D, Oy, O thang hang nén ta co:

— 0,D— .
TD = =2 TO3+O"’DT2,
0,0, 0,0,

! TOA
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Nhu viy: zit=-—=—==-

’

Dén day dé thiy cac hé sé tuong img 12

Loi gidgi. Goi r, ry, r», r; 1an luot 1 ban kinh cac
dudmg tron (1) ndi tiép tam gide ABC, (01), (O2),
(O3). Goi T 1a tim ti cuy cua hé diém

{1,0,0,,0,} v6i cac hé¢ s6 tuong Ung

11 :
{———;——;l;l} . Nhu thé ta co:

by Teme Toee Lpov o
——T1+—_T01+—Toz+lroa=o.

r n r £

Do 4, Oy, I thang hang nén ta cé:

70, =74 A0
4 7
ST ] o AR
10, 10, Al
S 2R
10, 10,
=y e
=i!T 1+[Ol.£T
10, | 1410,
H(— 40=) I
10, 10, r
S i |,
10, \ r

Do D, O, Os thing hang nén ta co:

5=22 75, + 20 75

0203 OJOZ
oD — —

=== [TO3 + 20 . - TOZJ
0,0, 0,D 0,0,
0D(— O.D—

:—1 2 T03 - 3D T 2
0,0, 0,D

TOAN HOC
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ANl — —F
_,9_(12__(7"03 ’—iTOZJ
0,0, £
205 175170
0,0, \1s £
. s L7 =70, +—T0,
Chu ¥ rang: _(;T0~rTIJ T
0,05 = ———[’O_']T
3 ¢ ==-TD=-=— &
nén ta suy ra: o.Dr, IAr

Pidu nay ching t6 T nam trén AD. Hoan toan
twong ty, ta chimg minh duoc T cling nam trén BE

va CF. Vay AD, BE, CF ddng quy.

Nhu vy, bang kién thirc vé tam ti cu, ching ta da
giai dugc rit nhidu bai toan kho lién quan dén viée
chimg minh déng quy. Céc ban ¢o thé tham khao
thém bai viét cua ching t6i trén TH&TT s6 509
thang 11 nam 2019 & hoan thién hon k¥ nang sur
dung vecto trong chirmg minh dong quy cua cac
ban. Sau diy xin m&i cdc ban 4p dung kién thic

dd hoc dé giai quyét cac bai toan tu luyén.
I11. BAI TAP AP DUNG

Bai 1. Cho tam gidc 4BC va diém M nim trong
tam gidc. AM, BM, CM theo thu tu céit BC, CA,
AB i D, E, F. Goi I, J, K 14n luot 1a cac didm dbi
ximg v6i M qua trung diém cua EF, FD, DE.
Chimg minh rang 47, BJ, CK ddng quy.

Bai 2. Cho tam gidc ABC c6 cac diém M, N, P lin
lugt thudc cic canh BC, CA4, AB sao cho
MC=2MB, NC=3NA, PA=2PB. Goi D, E l4n luot
2 trung diém cia NP, PM:; F 1a diém trén doan
thang MN sao cho FN = 3FM. Chimg minh ring
AD, BE, CF dong quy.
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pROBLEM. Consider the ser § of all right
% ghn

riangles where two sides making the right angfe
2 ¢

" Show that the
- g 4 ’ F '
product of the lengths of the hvpothenuses of 2

have lengths of natural numbers.

arbirrary triangles in S is again the length of the
hypothentise of some triangle in S (nnn‘r‘c that, we
are focusing on the values, not the uni, of the
lengths).

Solution. Equivalently, we have to show that for
any 4 positive integers m,n,p,q, there always

exist 2 positive integers a,b so that
i +n* x| p? +¢* =Ja* + b
Or (m2+nz)(p2+q2)=az+b2 (*).
Consider the complex numbers z=m+ni and
w=p+gqgi. We can prove the following two

general facts

(1) m*+n*=zz, where Z=m-ni is the

conjugate of z;

(2) the conjugate of a product is a product of two

conjugates z.w=2z.W.
Now, denote by L the left-hand side of (*). By

(1), we can write L = (z.E)(w.Tv) )

We can rearrange to get L=(zw)(z.W). But

using (2) we get L =(z.w) (z_v.-f)

We compute the product zw; and assume that
sw=a+bi where a, b are positive integers. By

(1) again, L=a’ +b" (q.e.d.)
TU VUNG

right triangle s tam gidc vuong

hypothenuse s canh huyén
unit . dom vi do
conjugate . (86 phirc) lién hop

Translated by NGUYEN PHU HOANG LAN

(College of Science-Vietnam National University, Hanoi)
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BAI DICH SO 88

BAI TOAN. Cho S, la rrilng cuan 56 le ddn tién:
Sn = I + 3 G O (2” - l)

Chieng minh rang Sz, = 45 -

Lii gidi. Ching ta c6 thé tinh truc tiep S, v S

bang cach s dung cong thuc tinh tong cua mc_;t

¢3p s6 cong, ta dugc S, = i va Sy, = (2n)" = 4n".

Vi vy ta c6 ddng thirc can chimg minh.

Béy gi¢ ta trinh bay mot phuong phéap mang tinh

hinh anh dé chimg minh nhén dinh trén.

Trong hinh bén, S, dugc chia thanh 4 phan bang

nhau, m3i phén chinh la S, Tuong tw f co thé

chia S,, thanh 4 phin bing nhau, mdi phan chinh
1as,.

@0 0
@0 0 00

00 e 000

Luwu y: Bai toan va 1o giai trén dugc swu tim trén
trang: mathschallenge.net.

Nhin xét. Cac ban Nguyén Quéc Hoang Anh,
8A, THCS Ly Nhit Quang, D6 Luong, Nghé An;
Tran Thi Thanh Thi, 12 Toan 1, THPT chuyén
Quéc hoc Hué, TP. Hué, Thira Thién Hué;
Nguvén Hing Cwomg, xa Nhon My, TX. An
Nhon, Binh Dinh cé bai dich t5t, giri bai vé Toa

soan som. Xin hoan nghénh céc ban.

HO HAI (Ha Néi)

TOAN HOC
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BAI TOAN 69. Cho hinh chop S.ABC co day
ABC la tam gidc vuéng tai B, AB = a, BC = 2a.
Canh bén SA4 vuong goc véi mat phang dav va SA
=a. Goi M la trung diém cua SC. Tinh césin goc
tao boi hai mat phang (MAB) va (SAB).

Lo gidi. Goi ¢ =((M4B),(54B))

Cdch 1. (MAB)N(SAB)=AB. Goi I, N lin
luot 13 trung diém cia 4B va SB = IN //SA.
Ma S4 L(4BC)=IN L (ABC)= NI L 4B ().

. |BC L A4B S
Ta co:
BC 1 54

= BC L (S4B).

Laico: MN //BC
= MN L(SAB)

= MN L 4B (2).
Tir (1), (2) suy ra:
= AB L (MNI)

= MI L AB (3). Ti (1), (3)suy ra:

((4245),(54) | = (w1, N1) = MEIN.

Tacé: NI=—54=2 vi Mv=LBC =4
27772 9

= MI =/NI* + NM? =ﬁ’~‘2/—g
Viy cos¢=cos@=ﬂ=-l—.
Ml 5

Nhin xét. D¢ ching minh MI 1 AB ta c6 thé lap
ludn nhu sau: Cac tam gidc SAC va SBC lin

luot vudng tai 4 va B, c6 M 1a trung diém cua

TOA
44 N HOC
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s5C . ;
_ 22 = AMAB céan dinh
SC = AM =BM P

M=>MILAB.
afs,(wa5)
Cach 2. Ta co: S!n(0=——:i—(g’—21?)_.

d(S,AB)zSA:a- Ké

MH 1 AC (H € AC).
Tam gidc MAB can
dinh M suy ra:

1

A

=-1-AB. MH?* + HI
2

a*\5
4
Lai co:

VSAEM Lo l
VSABC SC 2
11l apgc- 96—

1
= Vgpnr = 5 Vsusc Y

2a
N Js 2 1
Viy sinp=—""=— = cosp=——.
a 5 Vs
Cich 3 (Sur dung cdc két qua ¢ 2 céch trén)(hinh
3VSAEM -AB

cach 2) Ta co: sing =
2808

ABM
3 2
_a a a*5
Vsusm —_6"AB a, SASAB :_2' SABM = 4
=sing : =c 2
=—==>cosp=——.
7 NG

Cich 4 (hinh cich 2) Goi & = ((M4B),(45C)).
Theo céach 2, dé nhan ra

a =(IM,IH )= MIH.
Ta cé: ((W’)) =90° = p=90°— ¢

. MH 1
= cosp=sing=——=—
Mi

7



Cdch 5. Dung hinh lang try dimg ABCSBC , ta
c6: (MAB)=(C,4B) va (SAB)=(SA4BB,)

Vay  ((M4B).(54B)) S

=((G4B).(54B8, ))=o

. |BC L AB
Vi
BB, 1| AB

= AB L (BCC,B,)
= BC, L AB

3¢=(38193C1)=(ﬁ;)°

Ta ¢6: BB, =SA=a,B,C, = BC=2a= BC, =av5.

Viéy CDSt;0=cos,§:§51 =_€B_1=_1_'
BC, 5
Cdch 6. Goi N 1a trung
diém cia SB. Theo 5
cach 1, ta co:
MN 1 (SAB). M
Viy A4BN 1ia hinh
chiéu cia AMAB trén 4 c
(SAB) '
S B
= cosp = =2
AABM
1 a’ GZJE
SMBA’ = 'Z'SMBC = T’SM!IM L‘T = cos@= ﬁ

Cich 7. Goi D, E lan luot la trung diém cua
AC va BC = (MDE)//(SA4B)

. ((4748).(548) - ((44B).(MDE)) =+

Vi M e(MAB),M «(MDE),AB /| DE nén giao
tuyén cua hai mat s

phing (MAB) va
(MDE) 1a
thing 4 di qua M
va song song Voi
AB,DE.. A

o [MILA
BCO MDD Ld

dudng

= ¢=(NI,MD)=IMD = tanw=%=

DENR~N

1
=cos@= ﬁ
Cich 8. Dung hinh chir nhat 4BCD. Dung hé
truc toa d nhu hinh vé. Ta co:
A(0;00),
B(a;0;0),
D(0;2a;0),
5(0;0;a)
= C(a;2a;0)

=>M E;a;E .
2" "2 %

Goi n,,n, lan lugt 1d cic vecto phap tuyén cua

hai mt phing (S4B) va (ABM ).

2
nﬁ=§6=(o;za;o),;,;:[ﬁ,m]{oﬂ ;02]

2
= cosp =|cos (7.7 ) T%T_i -
NGUYEN HUU VAN

(GV THPT Quy Chdu, Nghé An)

Nhin xét. Ban Phan Pai Hoang, 10Al, THPT
chuyén Phan Bgi Chau, Nghé An dong gop | cach
giai nh cach 1, ban Nguyén Hing Ciomg, xa Nhon
My, TX. An Nhon, Binh Dinh dong gop 1 céach giai
nhu cich 8 cua ban Nguyén Hiru Van. Xin hoan
nghénh hai ban.

LE MAI (Ha Néi)

M céc ban giri 101 giai BAI TOAN 71 duéi day vé
Toa soan Tap chi TH&TT trude ngay 30.4.2023.

BAL TOAN 71. Cho m so thuc dirong a,, as....,
ay.meNm=2vas=a+a+ .+ a, Ching
L a, a, a, . m
muni rang — b e ey
S-a §S-q, S—a, m 1|
PAO YAN NAM

(GV THPT Phwong Nam, Dinh Céng, Ha N¢i)

TOAN HOC
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' = r < 4 ‘
% ) P )
t S "
i
\‘ . NS

BAI TOAN 78 (V6 dich toan Hungary, 1997).
Tim tat ca cic nghiém nguvén cua phrong trinh
A +(x 42+ (x+ TV =0
Loi gidi.
Dit P(x)=x" +(x+1) +(x+2) +...+(x+7)
=8x" +84x? +420x+784.
Néu x> 0 thi

(2x+7) =8x> +84x* +294x+343 < P(x)

<8x’ +120x% +600x+1000=(2x +10)’
dodd: 2x+7< y<2x+10.

Suyra: y=2x+8 hodc y=2x+9.
Tuy nhién cac phuong trinh:
P(x)—-(2x+8) =—12x* +36x+272=0,
P(x)-(2x+9)’ =-24x> —66x+55=0
khong thé c6 bat cir nghiém nguyén nao. Vay néu
x = 0 thi phuong trinh d4 cho khong c6 nghiém
nguyén.
Ta xét truomg hop x < 0.
Nhdn xét. Vi P(-x—T)=-P(x) nén (x; y) 1a mot

nghiém cua phuong trinh < (-x - 7; —y) ciing 1a
mdt nghiém cuia phuong trinh.

Do @6 phuong trinh d3 cho khéng c6é nghiém
nguyén néu —x—7>0 hay x <-7.

Viy ta chi cin xét -6 <x < -]
Véi-3<x<-1tacé:

P(~1) =440, khéng phai 1a mot lap phuong.

TOAN HOC
46 * Cludilye _S85493-2023)

P(-2)=216=6

P(-3)=64=4

Suy ra (-2;6) va (-3;4) 1a cic nghiém cia

phuong trinh da cho.

Theo nhan xét trén thi (=5;—6) va (—4;—4) cling 1a

c4c nghiém thoa man =G Ex Bl
Vay phuong trinh da cho c¢6 cac nghiém nguyén
(x; ) la: (=2:6), (=34, (=5;-6), (—4;,—4).

Nhin xét. Mot s6 ban khéng dua ra nhén xét nhu
|0 giai trén nén phai xét nhiéu truong hop, do d6 161
giai con dai. Ddc biét co ban da xét khong hét céc
truémg hop nén din dén mét nghi¢m. Hoan nghénh
cac ban sau c6 101 giai tot: Thanh Héa: Nguyén
Minh An, 9K, THCS Tran Mai Ninh, TP. Thanh
Héa; Nghé An: Nguyén Hai Triéu, 9B, THCS Ly
Nhat Quang, P Luong; Thira Thién Hué: Trdn Thi
Thanh Thi, 12T1, THPT chuyén Quéc hoc Hué;
Binh Pinh: Nguyén Hing Cwong, xi Nhon My, TX.
An Nhon.

NHU HOANG

Sau day 1a bai tdp dé nghi. Ban doc hay gui 10
gidi vé Toa soan TH&TT truée ngdy 30.4.2023.

BAI TAP BE NGHI

BAI TOAN 80. Co hao nhiéu s 6 ngunén dirone
n < 1000 thoa mén

19987 19997 T1o00]

ER R,

khong chia hét cho 39

|
L T ]

KHANH HUU (Ha Noi)




GIAI DAP: LOT GIAI CO PUNG KHONG?
(Dé diing trén TH&TT s6 543, thdng 9 nam 2022)

Phan tich sai lam. Loi giai 13 khong ding & bude:

Va theo cach dar thi

a=y(x-1) +1=da -1=(x-1),
cho nén ta duoc x—1= \/aT——l .
x—l=\/az—-l
x-l=—\/a2——l-
Loi giai ding. Ta bién d6i PT di cho nhu sau

Sx* —10x=4(x—1)Vx’ —2x+2
©4(x* = 2x+ D) ~4(x - 1)Vx —2x+2 +(x-1)’ =9,
Do 46 ta duoc (2\a'x: —2x+2 —(x—l))2 =9,
Suy re {le ~2x+2-(x-1)=3
2Jx? -2x+2-(x-1)=-3

THI1: 2vVx* - 2x+2 - (x-1)=3

x2-2
o 24x° —2x+2=x+2c:>{

L& ratr a:—1=(x_|)3 @l:

4(x* -2x+2)=(x+2)"

Khi d6 4(x* —2x+2)=(x+2)’

x_6+2JE
=3 -12x+4=0& 3 .
626
=
3

So v&i diéu kién ta nhin ca hai nghiém trén.
TH2: 2Vx’ -2x+2 - (x-1)=-3
x24

2o =x—4
S Wx" -2x+2=x Q{4fx’-2x+2)=(x—4)2,

Taco 4(x*-2x+2)=(x-4) <3< -8=0.

PT trén c6 nghiém déu nho hon 4 nén bj loai.

6+2J6

Két ludn: PT c6 nghiém x = ~

Nhdn xét. Rat tiéc 12 khong c6 ban nao phat hién dugc
sai lam.
KIHIVI

PDAP ANNAO?

Trong mdt dé thi c6 cdu héi sau day: Tir cdc
chirs6 0, 1,2, 3, 4, 5, 6 ldp dugc bao nhiéu so tu
nhién chén ¢6 5 chir s6 déi mét khdac nhau sao cho
6 dung 2 chit 56 1é va 2 chit s6 lé d6 luon dirng
canh nhau?

A. 860

Ban Mai dua ra lip luin nhu sau: Ta xét mot
day gom 4 6 nhu sau:

B.408  C.360 D. 240.

M3i s6 cin 1ap (ng v&i mot cach chon ra 4 phan
tr cia tap {0;2;4;6;&} va hoan vi 4 phan tr
vira chon vao 4 6 trén sao cho & dau tién khong
phai chir sb 0, & cudi cling phai la chir sé chan, véi
a € {13;31;15;51;35;53}.
Bubc I: Chon a € {13;31:15;51;35;53},

¢6 6 cach chon.
Buée 2: Tradmg hop 1, chon chir s6 0 dé dién vao
6 cubi cung, co 1 cach. S cach dién vao 3 6 dau
tién bing voi sd chinh hop chip 3 cia {2; 4.6; a}
nén c6 Af cach.
Trudmg hop 2, chon chir s6 2 hodc 4 hodc 6 dé
dién vao 6 cudi cing, ¢6 3 cach. Co 3 cach dién sé
vio 0 ddu tién, c6 A7 cach dién sé vao 2 6 &
giira.
S cach hoan thanh buéce 2 1a

LA + 3.3.A; =24 + 54 = 68 cach.
Viy lap duge tit ca 6.68 = 408 sb theo yéu céu
cua bai toan. Chon B.

Cic ban cé dong y véi lgp luan ciia ban Mai
khong?

NGUYEN VAN XA

(GV THPT Yén Phong sé 2, Bac Ninh)

TOAN HOC
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© o& i tuyén sinh vao 16p 10 THPT chuyén tinh
Hung Yén, nam hoc 2022 - 2023,

© Ban doc tim i
Phan Thi Bach Hieong - Trao @i thém vé diém
roi trong bai toan chimg minh bét dang thic va
bai toan curc trj.

@ chuin bi cho ky thi THPT Quéc gia
Nguyén Cong Chudn - Su dung ham dic trung
dé giai mét s6 dang toén lign quan dén chy dé
mi va légarit.

@ Dién dan day hoc toin
Vi Thi Thiy, Pham Trung Kien — Hudng din
hoc sinh 16p 9 giai mot sh dang toan thuc (&
trong dé thi vao 16p 10 THPT (4i 4 ).

Bién tdp: LE MAL NHU HOANG

Tri su, phdt hanh: HOANG TH] Ky PHUONG, TRAN THI MINH HIEN

O Dé ra k¥ nay
T1/549, .., T12/549, L1/549, L2/549,
Problem in This Issue

© Giai bai ki truse
T1/545, ..., T12/545, L1/545 12/545.

Solutions 1o Previous Prob

Phuwong phap gidi todn
Tran Trung Diing, Nguyén Khanh

wms

Léam - Ung
dung tim ty cu vao baj todn chimg minh déng
quy.

© Titng Anh qua csc bai todn — Bai s 90 _ py;

dich sé 88.

m Nhi¢u cich gidi cho mét bai tosn —

t0dn 69 — Bé baj toan 71,

Giai bai

@ puich e Bi61 qua cic bai todn hay - Gig;
bai todn 78. Dé bai toan 80.

Q@ saitim s asu

Mithuat: QUOC HIEP, THANY LONG
Thiét ké, ché bin: MINH HOA







TAP CHi TOAN HOC VA T

Gan f/umg/

o )
gy

PO donag tap
- . v . y

AR G TOAN HOG VA TUCH IR

UOI TRE HANG NAM

¢ = Nam 2010
. - » Khé 19 x 26,5
PR TAPCHI TAP CHI Gia bia: 99.000 dong
eSS TOAN HOC TOAN HOC N&m 2011
Cluaze mellisilie > Khdé 19 x 26,5
: o ¢ Vool Mathematics and Youth Magazine Mathematicsand Youth Magazine Gia bia: 126.000 dang
‘Nam 2010 N&m 2011 Nim 2012

TAP CHI

Mathemutics and Youth Magazine

Nam 2013

Mathematicsand Youth Magazine
Nam 2014
o

Mathematics and Youth Magazine

Nam 2015

TAP CHI

&

Methematics and Youth Magazine

Nam 2016

TAP CHI

]

Mathematics and Youth Magazine

Nam 2079

TAP CHI

Sl
&

Mathematies and Youth Magazine

Nam 2017

Mathematics and Youth Magazing
Nam 2020

Mathematics and Youth Magazine

Nam 2018

TAP CHI

&

Mathematics and Youth Magazine

Nam 2021

Nam 2012

Kho 19 x 26,5

Gia bia: 152.000 déng
Nam 2013

Khé 19 x 26,5

Gia bia: 175.000 déng
Nam 2014

Khoé 19 x 26,5

Gia bia: 185.000 dong
Nam 2015

Kho 19 x 26,5

Gia bia: 199.000 dong
Nam 2016

Khé 19 x 26,5

Gia bia: 199.000 déng
Nam 2017

Khé 19 x 26,5

Gia bia: 199.000 déng
Nam 2018

Khé 19 x 26,5

Gia bia: 199.000 dong
Nam 2019

Kho 19x 26,5
. Gia bia: 199.000 ddng
‘Nam 2020

Kho 19 x 26,5

Gia bia: 210.000 déng
Nam 2021

Khd 19 x 26.5

Wié bia: 240.000 dong

-

|

Moi chi tiét xin lién hé:

TAP CHI TOAN HOC VA TUOI TRE
Dia chi: 187B Giang V5, Ha Noi 4

® Bién thoai: 024.35121606 - 024.35121607
® Email: toanhoctuoitrevietnam@gmail.com

_—

Gidy phép XB s6 534/GP-BTTTT cip ngay 19.11.2020; Ma s6: 8BT3M23

In tai Xi nghiép Ban do 1 - BQP

<2 ‘ S Gia: a2
In xong va nép lwu chiéu thang 3 nam 2023 1a: 18.000 dong

Mwoi tdm nghin déng




