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TRUNG m§( COSG -
Trong cac dé thj vao 16p 10 THPT, THPT chuyén,
thi HSG 16p 9, nhiéu hoc sinh con ling ting khi
gz_}p r}hfmg bai toan thugc dang bai lién quan dén
bat dang thirc hinh hoc. Baj viét nay gi¢i thiéu véi
cc em céch gidi dang toan nay sir dung céc bét
dang thirc dai s6 dé giai cac bai toan bt déng thic
hinh hoc.

DANG 1. BAT PANG THUC LIEN QUAN
DEN CANH VA DIEN TiCH TAM GIAC

Bai 1.1. Cho AABC déu canh bing a. Véi méi
diém M nam trong AABC hay tim ba diém D, E,
F lan luot thude cac canh AC,AB,BC sao cho
DE = MA,EF = MB,FD = MC. Hay xac dinh vi
tri cia M dé dién tich ADEF dat gid tri Ién nhdt
va tinh gia tri do theo a.

Loi gidai.

DPuodng thing di qua
M song song véi
BC cit 4B, AC lan
lwot tai E,D'.
Puodng thang di qua
M song song voéi
AB cat AC,BC lan
lwot tai D,F.
Puong thiang di qua M song song v&i AC cét
BC,A4B lan luot tai F,E'. Theo tinh chat hinh
thang can ta co:
DE=MA=D'E'"EF=MB=E'F'FD=MC=F'D'.
Nhu vdy ta dung duoc hai tam gidc DEF va
D'E'F’ cung théa mén dé bai.

Cich 1. Pit MD =x,ME =y,MF =z. Do tinh

chét tam gidc déu co:
x+y+z=DD'+DA+D'C=AC=a.

Tacd: Spgr = Syoe + Syer T Sy

- —l—xy sin 60 + % yz.sin60° + %zx. sin 60°

= ?(xy + yz + 2x) (str dung két qua

S o= %AB.AC.sin A, ban doc ty chitng minh).

Ap dung BDT: 3(xy~!—yz+zx)S()c+y+z)2 =a’ta

3 5
suy ra SDEFSEaZ. Pang thuc xay ra khi

x=y=z <& M latrong tim AABC déu. Do d6

V3

max S, =Ea2 khi M 1a trong tim A4BC.

Céch 2. Ta ¢6: Sppr =S 50 ~(Spe + Sper + Scap)

= SDEF =1 _(SADE + SBEF + SCFD J
SABfC S ABC SABC

_1_(AD.AE BE.BF CF.CDJ

SABC

b

a a’ a’

_ a’ —y(a—z)—z(za—x)—x(a—y);

_wtyztax 1
(x+y+z)2 3

IA

(3p dung BDT

(x+y+z)2 >3(xy + yz + zx), Vx,y,z)

1 \/32' ‘/52

= Sper SESABC =Ea . Vaymax S, =1—2a
khi M 1a trong tim AA4BC.
Cdch 3. Ta cd: S50 — Sypp — Syzs: — Sugrp

= SADME‘ iy SBEMF' + SCFMD'
=28,p5 + 28,5 + 28 v =28 5

1
= SDEF =5(SAB _SMDD' _SMEE' - SMFF') .

_l[az 3 23 V3 _‘ZZ\BJ

) 4 4 4
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V3r . o
G +2%)).

Ap dung BDT 2 +yi4zl> (x+y+z)2

3 b
Vx,y,z tacd:
2
SDEF S\/—g'lzaz—my\+z). =£ az_a_2
8 3 8 3

V3,
=—a".

12
Nhdn xét. Ta da giai bai toan theo thu tu cac
bude: Lap biéu thic S b theo cac bién; sir dung
chc bat dang thirc dai sé d6i voi 3 bién hop 1i; xét
déu “=” clia bit ding thirc dé tim gia tri 16n nhat
clia Spgp-

Bai 1.2. Cho AABC ¢6 a,b,c la do dai ba canh
va S la dién tich tam gidc. Chitng minh rang:

4
TP o0 23x/§_
a+b-c b+c—a c+a-b 2§

Loi gigi. Cach 1. Pat x=a+b-c;y=b+c—a;

z=c+a-b.Taco: x,y,z2>0

va a+b+c=x+y+z,

5=\[p(p-a)(p=2)(p—0) = ;\=(x 7 +2);

p= fi;—ﬁ. Ap dung BPT Cauchy ta c6:

xy+yz+zx23,3/(xyz)2;x+y+zZ3{/E.

Suy ra:

(+ yz+ ) 5 v+ 2 233(02) B0z

Q(xy+yz+zx)-i‘/x_+7+_zz3é/_¢/—3
343 343

_\/7 (x+y+2) TS

+DC
DA YZ

xyz
C>1+1+ 3\/—
% z 2\[—
1 1 1 3\/_
a+b-c b+t+c—a c+a b 2«/—

Diu ‘="’ xayrakhi a=b=c.

Cdch 2. Ap dung BPT: V0i x,y,2> 0 thi

TOAN HOC
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Ap dung BDT Cauchy véi 4 sb duong, ta co:
1 1 N 1 n 3
p—a

+
p-b p-c p

3 _43/3
24-4\E(p_a>(p_b)(p_c) "5

433
=4, : + ! + ! ]23. \/—
p-a p-b p-c \/_5_'
1 . 1 1 3\/—
c+a-b 2\/_

Do d6:

a+b-c b+c—a
Déu ‘=" xayrakhi a=b=c.
Nhén xét. Trong qua trinh 1am bai ta can van dung
linh hoat cac BDT dai $0. Trong cach 1 ta sir dung
BDT Cauchy véi 3 s6 demg, trong cach 2 ta su
dung BDT Cauchy véi 4 so duong.

Bai 1.3. Cho AABC vai do dai cac canh la a,b,c

va di¢n tich S. Chirng minh rang:
| " > X
S<—(3a* +2b* +2¢%).
16
Dang thire xay ra khi nao? Cé thé tim dwoc cac hé

50 khac cua a,b,c dé bat dang thirc van xay ra
khong?

Loi gigi. Dit BC=a,CA=b,AB=c. Goi H la
hinh chiéu vuéng géc cia 4 trén BC. Ta co:
3a” +2b +2¢* =3a” +2( HC? + HA®)+2(HB"* +HA?)
=3a +2(HC? + HB* )+ 4HA’
>3a’ +(HC + HB)' + 4HA
(ap dung BDT 2(x2 + y2) > (x + y)2 , Vx,y)
230" +a® +4HA® =4(a* + HA®)

>8a.HA=16S
(ap dung BBT x* + * > 2xp, W, y).
: 143 4
Vay SSE(Ba +26% +2¢%).
Dang thirc xay ra khi va chi khj
B H ¢



HB = HC

HE[BC] < A4BCcan tai 4 va duong cao
HA4=q

b
HA=q <:>——
2" FF

Dé giai quyét cau hoi cudi cung cua bai toan, ta
phat biéu va gidi bai toan sau:

Bai toan. Cho AABC

a,b,c va dién tich S. Véi ba so X,y,z thoa man
dieu kién \/t1_’+\z.\/z+y\‘,\/,\‘+y co nghia va la

do dai ba canh ciq mot tam giac nao do, chirng
1

4y xy + yz + zx

voi do dai cdc canh la

minh rang:

S<

2
.(xa2 + yb® +zc )
Khi nao xay ra dacng thiec?

Loi gidi. « Nhgn xét: Néu \/y+z,\/z+x,\/x+y

co nghia va la d6 dai ba canh ciia mot tam gidc
thi xy+ yz+zx > 0.

+ Néu

Chung  minh: x,y,z>0 thi c¢o

xy+yz+2zx>0.
+ Néu trong ba sé x,y,z c6 mot sb khong duong.

Gia st x<0, do \/y+z,\/z+x,\/x+yle‘13 canh

ciia mot tam gidc nén: vz +x +\/x+y >\/y+z

<:>2x+z+y+2,/(z+x)(x+y)>y+z
< J(z+x)(x+y)>-x (do x<0)

X +yz+x+xy>x’ S yz+zx+xy>0,
Nhan xét dugc chimg minh.

Ta cé: y+z>0,z+x>0,x+y >0, nén trong ba
sd x,y,z co it nhat hai sé duong. Khong mét tinh
tbng ~ quat,  gia st $,2>0 va
y+z=max{y+z,z+x,x+y}. Goi H 1a hinh
chiéu vudng goc cia A trén BC thi
HB + HC > BC. Tacd:
xa* + yb* +zc* = x.BC* +y(HC2 +HA2)+z(HB2 +HA2)
= x.BC* +(y+2)HA* +(yHC’ + zHB?) (1),

Ap dung BDT Bunyakovsky, ta co:

=3

yHC’2 + zHB?

<[ (Vo-tic) +(Vz.ms) |

BC?

Y2_(HC + HB)' 22
y+z y+z

Thay vao (1) va ap dung BDT Cauchy ta cé:

ﬁ—J.BCZ +(y+2z)AH?

2 btz 2| x+
xa +y y+z

_xy+yz+zx

.B(72+(y+z)AH2

y+z
>2\xy+yz+zx.BC.AH
=4\/xy+yz+2zx.S
1

>S5 —F—
4\xy + yz +zx

.(xa2 + yb* + zcz).
Ding thic xdy ra < yHC = zHB; H thujc doan

BC; ’MBC: y+Z.A_H
y+z

v+ yz+
BC; HB=—2_ ~BC; HA= YOI pe @)
y+z y+ y+z

<> HC=

xX+z

= HC*+HA* =X 2 pC*. HB? + HA? = x:y BC? (3).
y

y+Z
Ma y+z=max{y+z,z+x,x+y} , nén tir (3) suy
ra (2). Vay dang thirc xay ra khi va chi khi:

AR T 2 g, gpt SV Y g
y+z y+z
a ;b 5 6
Vy+z z+x Jx+y

Nhdn xét. Trong bai toan trén ta tim duoc cac hé
s6 khac cua a,b,c dé BDT vin dung va day 1a bai
toan téng quét cta bai toan di cho. Khi giai bai
todn tong quat ta da sir dung BPT Bunyakovsky.

Tuong ty, ta c6 thé sir dung BDT Bunyakovsky aé
giai bai toan sau:

Bai 1.4 (TH&TT, T4/261). Cho AABC cé cic
duong phan gidc trong BE,CF. Ldy diém M trén
doan thang EF. Goi S,,S,,S,. thir e la dién tich
cac tam  gidc MBC,MCA,MAB. Chimg minh

ra%g: % < ,ic_;cﬁ
4

Dang thire xay rq khi nao?
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Loi gidi. D3t BC=a.CA=b,AB=c Ké MH | BC.

MJ_CAl,Aﬂ(J_AB,(HeBC,IeC-i,KeAB).

Ké FP LBC,FQ 1 C4,(PeBC.Q<CA); EP cit
MH tai N. Cé MH / FP,MI I/ FQ.

MN EM MI
FP EF FQ

Suy ra Do CF 1la dudng phan

gidgc,nén FP=FQ. Suyra MN =MI (1).
Ching minh twong tr tir £ ké cac duong vudng
goc dén BC,BA ,tacé NH = MK (2).
T (1) va (2), suy ra:

MI + MK =MN + NH = MH (3).
Ap dung BDT Bunyakovsky ta cé:
25, +25; =VbMI +Jc MK <(b+c)(MI + MK)
=25, +25. < J(b+c)MH

MH.a b+c
o 35, + {55, % (b+ )2 _Vi < s,
:JS‘:+\/§; & b+c
Js. ”

M _b

MK c
véi M qua dudmg phin gidc 40, O=BENCF.

. Ding thirc xay ra khi

 Ml.c=MKb.Liy diém M" d6i ximg

Ke M'I'M'K' lan luot vudng goc
AB AC(I's c AB,K'e AC) thi

|1| MM K' MK
D= l}.{I.c——-l\ﬂ.C"—'l‘-ﬂ(-l’—-‘MK-b =Sirac-

Suyra M' nﬁmuenduungmmgmyenxuatphat
tr 4 cua A4BC. Vaydangthucxayrakhx Mla

giao diém cua EF va tia Ax, voitia Ax 12 dutng
4 TOAN HOC
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d6i ximg qua dudng phan gidc AD cua duong
trung tuyen qua A cua A4BC.

3 g A S fen s e
‘l ;’ LI:L”A Ly | 71\A77A ‘7‘ 7,' il4 l,

Bai 1.5. Cho A4BC

gigc. Cac diem A.B.C thir rw thuoc cac canh
BC.CA. 4B thoa man  AB 7 AM.
BC. # BM.C A // CM . Chumg minh rang:
1
S B8 -
40 : £
(Ki hiéu S .- la dién tich tam giac ABC).

Léi gigi. Tie BC, 7 BM 1énSsc =Sigc- Do

. AB, S5 _Sug tSamq
d6: —=——"~=
AC S, S 5c
:S-B_Cz +Susc _ S .
Tuong tu ta co:
BG _ S
BA S,
G
C4 _Scus Q).
CB S
AB BC CA,
T (1)va (2 ! _
u(l)va(2)suyra AC 34 CB 1 (®
Lai co:
Swac _Smc _Smc Sss _BG AB 3.
Sc  Sisc Swm. S BA AC
Twuong tr co:
Sic.4 =C4,.BC]_5¥4,& AB, C4, ).
Sec CB BA'S,. AC CB
T (3) va (4) suy ra:
Saac _BG 4B  C4 BG K AB CA
Sac BA AC CB BA AC CB

Ap dung BDT ab+bc+ca$1(a+b+c)2 ta co:

Saac <[ 4B |, BG CA, .
D S(AC BA CB (ﬂm( )
1 .
:>S.4_‘B!C,, SESAX‘ Dﬁu 65 Xé.ym
oAB _BG _C4
AC BA CB



< M 14 trong tam A4BC.
Bai 1.6. Goi a,b.¢ lq do dai ba canh cua tam

s 1. Chimg minh rang:

a / . b .
\/m o +\/ SNy WS- ¥ Y )
Cc—tla c+a—th a+b-tc

Loi gidi. Ty 0<7<1,suyra:
btc-ta>b+c—a>0.

Tuong tu ta co: a+b-tc>0,a+c—th>0. Ap

dung BT Cauchy ta co:

b+c—ta l|b+c—ta a+b+c
\.(H—l)s—[ t+1) = :
\/'_a\ 2 a PR 2a

a A/
Suy ra ,f—\ g raiisl] . Chirng minh tuong
btc-ta a+b+c

tu co:

/ b >2b\/l‘+1' c >2c«/t+1
atc—tb a+b+c’ Na+b-tc a+b+c

Cong theo vé cac BPT ta duoc:

a b c
+ + > 2\t +1.
\/b+c—ta \/c+a—tb \/a+b—tc

Dau ‘="’ xay ra khi:

giacva () <y

b+c—ta a+b-tc a+c—th
— =1+ —— =1+, ————— =1+t
a c

<a=b=c, t=%. Khi d6 A4BC déu.

Bai 1.7. Cho AABC c¢6 goc khéng nhon voi
AB =c,BC=a,CA=b. Tim giG tri nhé nhat ciia
: +b)(b+c)(c+a
bidu thii, pAErONEr)aa).
abc
Loi gidgi. Khong mét tinh tdng quat ta c6 thé gia sir
C>90°, khi do:
A 2a*+b*22ab=>c>2ab
(d4u “=" x4y ra khi AABC vudng can tai C).

Ta c6:
3 (a+b)(b+c)(c+a)

abc
2abc+a*b+d’c+bra+bc+cta+c’h
B abc

a b a+b ¢ cj
— 2 +—+—.
_2+(b+aj+( oLy

cab,
Ap dung BDT Cauchy ta co: 5722

a+”+£+5233((i’:f£f=33{(iﬂ)ﬁ
c a b cab ab
> 3,:/3_J_“—b—'b——— V2ab _ 3 /3 (do ¢>2ab).
a

Dodé P22+2+32=4+3V2.

a=bic=2Jab

a+b ¢ < ABC

Dau “=" xiy ra khi

c a b
vudng cén tai C. Vay min P=4+32 khi A4BC
vubng céan tai C .
Nhgn xét. Tu ¢>~[2ab , dy doan AABC vubng
can tai C, nén ching ta tach biéu thirc P phu hgp
dé ap dung BDT Cauchy.

Bai 1.8. Cho a,b,c la do dai ba canh cua mot tam

gidc. Chimg minh rdng:

2 E+é+£J2£+é+£+3.
b e---a b

c—a

Ta co: 2(-‘i+9+5]23+3+3+3 (1)
b ¢ a) ¢ a b

= Z(azc +bla+ czb) > a’b+b*c+ca+3abc
o d’(c-b)+b*(a—c)+c*(b—a)

2 ac(b—a)+ab(c—b)+bc(a—c)
< a(a-b)(c—b)+bla-c)(b—c)+c(b—a)c—a)=0 (2).
Do a,b,c 1a 9 dai 3 canh cuia tam giac, nén ton
tai x,y,z>0 sao cho a=x+y,b=y+z,c=z+x.
Do d6 BDT(2) tuong duong véi
(x+)(x = y)x~2)+(y +2)(y - 2)(y - %)

+(z+x)(z-x)(z-y)20

TOAN HOC 5
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o (x ‘.":X-’f‘z)“‘(}": —2' Yy —x)
(@ - N z-1)20

ox “2¢z+ 2’ ‘:‘.“5 —7—‘)‘: '3-.\‘:}‘%-:“ -2y +y'=>0
c:x(f'z)- +y(r-x) + z(z-y) >0,

BDT cudi luén ding. Do do BDT(1) ding. Dau
“="xayrakhi x=y=:g=p=¢

Nhén xét. V&i méi tam giac ¢6 mot dudng tron

ndi tlep dé gidi bai toan trén ta sir dung phuong
phap ddi bién.

Bai 1.9. 107 a.b.c la d6 dai ba canh cua mot tam
gige. Clnmg minh rano

5o - l 1 1\ :‘(c -h ;W—L“(—J}
(\ll"p \) E ol & 2
a b ¢} abc
Loi gial.
BDT@( -'-2—2) (2—:—3—2 +1£:2 5
b a c b a c

" 3(a—b)(b—c)(c—a) 5

abc
- (a=b)"  (b=¢)’ (c-a)f L3a-b)-c)(e-a)
ab bc ca abc B

c(a —b): +a(b- c)2 -i-b(c—a)2
+3(a-b)(b—c)(c—a)20 (*).
Tir hang dang thirc:
Py +2-3gz=(x+y+z)(F+y +7 -p-)z-=)
néu x+y+z=0 thi ¥ +)° +z =3xz Do do:
(a—b)3 +(b—c)3 +(c—a)3 =3(a-b)(b—c)(c—a).
Suyra: (¥) < c(a—b)2 +a(b—c): +b(¢:——a)2
+(a—b)3 -1-(b—c)3 -i—(c—a)3 >0
o (a-b) (c+a_b)+(b—c)2(a+b—c)
+(c—a) (b+c—a)20.
BDT trén luén ding véi @.b,c 13 ba canh cua mot

tam gic. Vay BDT dugc chimg minh.
Diu **="" xdy ra khi va chi khi a=b=c.

3. BAT DPANG THUC HINH HOQC

DANG 2.
LIEN QUAN CAC bU “ONG THANG DONG
QUY

fiem M nam mong AABC. Qua M

Bai 2.1. Cho d
{.CM car cic canh

i
Vé cac dwong thang AM.B-

TOAN HOC
6
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CAM C”\@-m‘”_s' C -
VTN By CM AMBM CM
a) Ki hidu S, =S,z
B =SS =80
Ta co:
A4 S _S+85+S:
AM S s,
A4-AM _S.+S._ AM _S. S
AM S, AM S, S
- BM _S. S CM _S _S:
e TS, 5. M S, S,
AM BM CM
S AM BM Y
(5, . 8). (8%, 8).(%,8)
= —;_"l_ — |+ =+
kS S: /E ‘S S: ! \S‘ S_,

Ap dung BDT XiL>2, vei x,y>0 taco:

¥y X
A_‘J‘:BM CM >24242=6.
AM BM CM

Diu =" xdy ra khi §,=S5.=S5, < M Ia trong
tam A4BC.
b) Tir phin a) ta co:
AM BM CM S,+S; §;+8§, §,+S,
AM'BM'CM s, s, S
Ap dung BBT x+ y>2/xy, véi x.y>01acé:

AM BM CM 2SS, 2SS, 2SS,
AM B,M CM S " 5 5
Déau ““=" xay ra khi §,=5,=85, oM latong
tim A4BC.

Nhgn xét. T bai toan trén ta tim duoc gia tri nhd
AM BM CM
AM BM CM

=8.

nhat ciia tong va tich cac ti sé

Bai 2.2. X¢ér cac AABC 6 goc ba goc nhon voi H

la triee tam cua tam giac. Tim gia tri nho nhat cua

bieu thie P=—=-4+22 . 0¢



Loigigi. Dat BC=a.C4=b. 4B =,

AH =x,BH =v.CH ==.

Ta c6: A4FC ~ AHEC (g.2)
nén I;I—g -% Suy ra:

HCHB _CEHB _ s,,w N4

ACAB  CF.4B s

HB.HA _ S, HAHC

— SPNC

ACBC S,. ABBC _S
_\_‘: X HBH—i HB.HC HAHC

Tuong tr cé:

Do d6:£+
ab bc ac

ACBC ACAB ABBC

= Susc +Sues + S ']

Sasc

Ap dung BDT

(5+1+5)-23(ﬁ+3‘+“7‘ =3
a b c ab bc ac

X ) Z
=2+ 25 Bhay P—E+Q+E>J3
a b c¢ BC 4

Ding thirc xay ra khi va chi khi

H4_HB_HC _\B _ Sisc_Sue _Swe_l

BC CA AB 3  Spc Suc Swc 3

< H la trong tim A4BC < AD,BE,CF la cic

dwdng trung tuyén cia A4BC < A4BC déu.
HA HB  HC

=3 & A4BC ddu.

Vay min P=

Bai 23. Cho AABC va hai diém M.N nam bén
rrong tam gidc. Cac tia AM va AN cdt BC lan heot
tai A.d4. Cic tia BM va BN cit AC lan lwot 1gi
B.B,. Cac ua CM va CN cat AB lan ot 1ai
G.C,. Goi D.E.F lan luot la giao diém ciia
44 va BC, BB va C4. CG va AB. Goi
P.O.R lén heot la giao diém cia AA, va BB.
BB. va CC,, CC, va AA. Cinumg minh rang:
AM BM CM

i —+—212

MF

Lo gigi. a) V& duong thang di qua A song song
véi B,C, cittia BB, tai H . cattia CC tai K.
Ap dung dinh li Thalés ta co:

AM MK KH KA +AH AC AB
MD  MC, BC BC BC, CB BC
_AM =2+.4B. G ).
MD CB, BC
Tuong tr c6: BM:"*PBA1 +BC‘ 2)
ME C4, AC
M 5450 0 3.
MF BA, 4B,

T (1), (2) v& (3) suy ra:
AM BM CM _
MD ME MF

(%)

(e )

BGC, 4G ) \C4 B4
AM BM CM

= e
MD ME MF
(apdungBBT +!->2,vmx,y>01

Dﬁngthucxaymkhx
AB, _CB AG _BG BA C4
CBAB’BC, 4G C4  BA
& 4B =CB.AG =BG, BA =C4.
< M la trong tdm A4BC.
b) V& duong thing di qua 4 song song BC cit
tia BB tai S. Ap dung dinh Ii Thalés ta co:
AP _AS _ A4S BC _A4RB (B,g+ag)

212

PA, BA, BC B4, CB,\ B4
_AB 4B C4
CB,” CB, B4,

Twong twos: 22 =BG, BG 4B, o

" 0B, AC AC, CB,
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CR _C4  C4 BC,
—_— 4+ —
RC B4 B4~ AC
Cong theo vé (4), (5) va (6) ta co:

4P  BQ  CR L*IB BC, CA,)

(6).

PA, QB: RC CB 4C BA,
J{ﬁ.m BC, 4B, LG4 BC,
CB, B4 AC "CB, B~1, TAC,
2343_ BC CA  ; |AB BC C4 AB.BC.CA, "
\CB 4GBy \CBl AC,B4, CB.AC.B4, U
(ap dung BDT Cauchy).
. AB, BC, C4 Swu SCBM_Scw =1(8)
" CB, AC, 3'41 Scaw Scor Susu -
AB, BC, CA
Tuong tu: e =1 )
SN B, ac. Ba, | ©
Tu (7), (8) va (9) suy ra:
4P B
9, R 3.3
P4, QB RC,
Dangthucxayrakhi 45 5 CA‘
CB, AC BA,
4B, BC, C4

CB, AC, BA,
dé M, N déu trung véi trong tdm AABC.

Bai 2.4. Goi AD.BE.CF la cac dwong phan giac
rong ciila AABC vuong tai A, AD cat EF tai K.

DPuéng thang di qua K song song voi BC cat AB.

AC lan lieot tai M, N. Chumg minh rang

\...

M 32 (AB— ACY).
Loi gigi. Dat BC=a,AC=b,AB=c,tac6:

bte <03 -ty
a

a=bh+c _>__%(b-!-c)‘Z =

C
AC

AF _
Do CF la phan gidc cia AABC nén: —— 7B BC

TOAN H
8 oC

e b = lo‘m

2 ddng thoi 6 (8) va (9). Khi

4F AC ABAC e
=AF. . o 4R= 8
AB BC+ AC BC+AC a+b
b ,
Twong ty: AE=—— (2). Taco:

a+c
S =Swo+54m

=>— : ABAC—2 -{B.ADsmBAlD-!- ACADsmCAD

V2 be
:>bc=(b+c)“4D.sin4S°:AD= e
J2AEAF  2hc
] : =— = do (2)).
Tuong o AX AE + AF 2a+b+c( 2)
Suy ra b*C¢ & MN 1 BC nén
AD ?a—'-b-'-c
MN _AK _ MN _ bsc
BC - 4D a Za+b-Lc
= MN = (b+c)
- a

Ji

(do (1)) = MiT>2Z (AB+ AC).Déu “=" xay

ra khi b—cc:>AABC vuong can tai 4.

DANG 3. BAT PANG THUC LIEN QUAN
PEN BAN KINH DPUONG TRON NGOAI
TIEP, NOI TIEP TRONG TAM GIAC

Bai 3.1 (TH&TT. T5/283). Cho A4ABC c¢ dién
fich bancr 1 (dom vi). Gor R r Ian hrot la ban kinh
duong iron ngoai nep va noi nep AABC. Chumng

‘\

! 4 ; =
minh rang: ] +=2>4427 27. Dang thirc xay ra &hi
¥

nao?
Loi giagi. Goi a,b,c 1a cac canh, 2p=a+b+c 12
chu vi va S1a dién tich A4BC. Ta c6 cong thurc:

1 abc
S—pr—za]':‘2 —bhb jCh TR
Cich 1. Tacs: 2+3-85 3larb+c)
r abe 28
Ap dung BDT Cauchy cho 4 s duong ta duoc:
2,3_85 3a 3 3
R 7 abe 25 25 2
4Jss 3a 3b 3c
abc 25 2528
=4422_
52



Vay 2.3...27
% E“L;?‘*V—:. Dang thic xay ra khi

8 3a 3 3

abc 2§ 25 25 ©°F b=c < AABC déu.

% . Jaca : 2 3 — s
Dac biét khi § =1 thi E+;24{[27'D{mg thitke
"

xay ra khi a=b=c=2i/27_
3
Cdch 2. Ap dung BDT
abcs(a+b+c)- _3r ()
27
2 3 8§ 3p ;
Ta c6 —+Z= J__ 2
R r abe 5 Két hop vai (1)
2
::+3227:S‘ 3_p
R r " S

p
Ap dung BDT Cauchy cho 4 s6 duong ta c6:

2 3_2 ;
—+32£+£+£+£244 ﬁ
S_

R r p 5§ S S
2 2
=>Z4+2> 24327 (do 5=1)
R7F
2 74
Dau*="xayrakhi a=b=c= 5

Nhan xét. Khi giai bai toan trén ta d sir dung cac
cong thirc tinh dién tich tam gidc va ap dung bat
dang thirc Cauchy cho 4 s6 duong.

Bai 3.2 (TH&TT T4/276). Cho A4BC
BC=a.CA=b,4B=c. Goi R. r lan lwor I ban

kinh dwong tron ngogi tiép va noi tiep A4BC.

voT

a¥b ¥ 2r

Chimg minh rang: >4—?. Dang

abc
thirc xav ra khi nao?

Loi giai. Dat 2p=a+b+c. Ta ¢4 cong thic
=%=Pr=JP(P—0)(P-b)(P‘°)-

_2r_ 85> _38p(p-a)(p-b)(p—c)
R pabc pabc
_ (2p-2a)(2p-25)(2

= abc

2r (b+c—a)(a+ec- -b)(a+b-c)
e =

§=85c

Suy ra:

-2c)

_a'b+ab’ +blc+ b +a‘c+ac’ -a b -¢ - 2abc
- abc

a b a c b
b a ¢ a c

2r a+b+c c)
I D AP Mo <l
R abc b)
ApdungBDT'—r+£22 vai x,y > 0taco:
y x

3 3 3
a 2 —‘1+£+2+£>6 4 ZrSa +b +c
b a ¢c a c¢c b R abc

Ding thirc xay ra khi <> a=b=c < A4BC déu

Bai 3.3. Cho A4BC noi n'ép dwrong tron (O.R).
Goi I la diém bat ki nam wrong AABC. Cdc tia
AI.BI.CI lan lugt cat BC,CA.AB tai M.N.P.

Ching minh:
 FCTRT 1 - 4

AMBN BNCP CPAM 3(R-0OI)
Lai gidi.
Ké IK 1 BC,
AH 1 BC (H.K < BC).
Ta co:
M IK S,
AM AH S,.
Tuong tu:
N _Su IP_Sy
BN.- S,.° CP Sip:
IM IN [P
Suyra: —+—+—=1
AM ‘BN CP
AM -4l BN-BI CP-CI _,
AM BN cpP
Al BI I
——+—+—=2.Tacd
AM BN CP
5 Al  BI CI_04-O0I OB-OI OC-OI
T BN cP- am | BN P
©2>(R- 01)(—¢L+L)
AM BN CP
BN A 2
< (Vi R>0I).

e
AM BN CP R-0I
Ta c6 BDT: D’+}E+Z{$§"(x+y+z)2, dﬁ'U‘E”

xay ra khi x =y =z Khideé:

1 1 1 1{ 1 1 1 )
+ + <— ——
AM BN BNCP CP.AM 3(AM+BN+CP,

TOAN HOC
*cTusitre 9
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1 £
= + # + ; < _l_ —2_
AM.BN BNCP CP.AM 3\R-0I
B 4
3(R-o01Y
Dau “=" xay ra khi AABC ddu
Bai 3.4. Cho A4BC. Goi MN_PR.OS lan lwot la
hinh chiéu vuong goc cia AB.BC.CA trén cdc
dwong phan giac ngodi cua cdc eéc C.A.B. Goi
S.rthw ne la dién tich va ban kinh dwong tron noi
tiéep A4BC. Chieng minh rang:

MN + PR+0S > 63/Sr.

Loi giai.

Goi 4D la dudng phan giac trong cua A4BC. Ta
cO PR 1 AD. Pat AB=c,AC=b,BC=a,2p=a+b+c.
Gia st AB<AC, tr B ké BE LCR,E<CR,
BE cit AC tai I. Ta c6 AABI can tai 4 nén
AB=AI. Suy ta CI=AC—-AB=b-c (néu
AB> AC thiké CF L BP).
Ap dung dinh li Pythagore c6:
PR? = BE* = BC* - CE* > BC* -CI’
= PR>a*—(b—c) =4(p-b)(p—c)

= PR>2/(p-b)(P—¢)-

Chimg minh twong tu c6:

My 22,[(p-a)(p-b);05 22|(p-a)(p-c)

Do ds: MN + PR+05 22[(p-a)(p-?)
=B +(p=)p=a) ]

Ap dung BDPT Cauchy ta co:
MN+PR+0S>233(p—a)(p—b)(P-¢)

S35 556 (10-2023)
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S’ S )
>64/~ :6&/5'—_ =63/5r.
— MN + PR+0S B 5

Déu ‘="' xay ra , _
& (p-a)(p-b)=(p-0)(p=c)=(P=c)(p-a)
@azbzcchABC deu.

Bai 3.5. Cho AABC vuong tai A. Trén tia AB Iay

diém E va tén tia AC lay : \
BE = CF = BC. Gia su M la diem nam tren
duwong tron  dwong kinh BC. Chung
MA+ MB+MC<LEF. Xac dinh vi tri diem M de

diem F sao cho

minh

dang thirc xay ra.

Loi gidi.

1) Néu M thudc cung BC khong chira 4 (ké ca
M tring v6i B hodc C). Theo dinh li Ptolemy
cho tir gic ndi tiép ABMC ta co:
MA.BC =MB.AC + MC.AB
AC AB

=>MA=MB—+MC.—.
BC BC

Suy ra:

M’A+MB+MC=MB.(£+1 +MC. iB—+1)
BC BC

AC
—mBACHBC |y AB+BC
BC BC
AC+FC
MBIl e ABVER L AR AR
BC BC BC BC
2 2
sJ(MB2 +MC2). £ +£
BC®: BC*
(ap dung BPT Bunyakovsky).
= MA+MB+MC< |BC2. AF” + AE
BC® . BC*
' =\ AE?* + AF? = EF.
Dang thirc xay ra khi
AF
m:ﬁzMC:ﬁ Qﬁﬁ-z—ﬂg.
BC BC AF AE



'x

- u

Khi 46 AMBC ~ AAFE < MBC = AFE.

2.),Néu' M thuge cung BC chita 4. Goi M' la

diém doi xing voi A qua BC . Taco:

MA<M'A,MB=M'B,Mc=M'C.

Ap dung trudng hop 1) ta co:
MA+MB+MC<M'A+M'B+M'C$EF.

Vay ta luén c6 M4 + MB + MC < EF.

Ding thirc xay ra khi M thudc cung BC khong

chia 4 sao cho MBC = AFE .

BAI TAP

1. Cho a,b,c 1a d¢ dai ba canh cia A4BC.
Chimg minh réng:
az(b+c—a)+b2(c+a-—b)+cz(a+b—c)s3abc.
2. Cho AABC v&i AB< AC va AD la duong
phan gidc trong cua tam giac. Liy diém M trén
canh AB va diém N trén canh AC sao cho
BM CN =k khong d6i (k < AB*). Xéc dinh vi tri
cua M,N sao cho dién tich cua tir giac AMDN
1a 16n nhét.
3. Cho AABC . Trén cac tia d6i cia tia BA,CA
lay thir tu cac diém E,F (khac B,C), goi M la
giao diém BF va CE . Ching minh rang:

MB MC

MF ME

AB.AC
AF AE

4. Cho AABC c¢o %.AC<AB<4.AC. Mot

dudmg thing di qua trong tim G cua tam giac
AABC cét cac canh AB,AC lan lugt tai E,F .
Xéc dinh vi tri diém E sao cho AE + AF dat gia
tri nho nhat.

5. Trong AABC liy diém M bat ki. Dat
BC=a,CA=b,AB=c. Goi h,,h,.h, lan luot la
cac khoang cach tr M dén cac duong thing
BC,CA,AB. Tim vi tri cia diém M dé tich
h.h,h, dat gid tri 16n nhét va tinh gié trj 1on nhat
do6 theo a,b,c.

6 (TH&TT, T4/269). Cho tir gidc 10i ABCD . Lay
diém M bt ki trén dudng chéo AC. Pudng thang

di qua M song song vdi AB cat BC tai P.
Puodng thing di qua M song song véi CD cét
AD tai Q. Chimg minh rang:

SRR .

MP* +MQ? ~ AB® CD"

Ping thirc xay ra khi nao?
7 (TH&TT. T5/281). Cho A4BC voi BC=a.
CA=b,AB=c.Goi r va r,,n,r. lan lugt la ban
kinh cua duomg tron noi tiép va cac dudng tron
bang tiép goc A,B,C cua tam giac AABC .
Chimg minh rang: ﬂ>—+b—_+f>—.

r r, n T

a

8. Mot duong thing d thay d6i di qua tam / cua
duémg tron (I;r) noi tiép AABC . Puing thing
d cit cac canh AB,AC lan luot tai M va N.
. BMCN _ BC*?
AM AN 4A4B.AC

9. Cho duong tron tim / ndi tiép AA4BC tiép xuc
v6i cac canh BC,CA,AB lan lugt tai D,E.F .
DPuong thing di qua 4 vudng goc voi I4 cat cac
duong thang DE,DF tuong img tai M.N.

Chimg minh ring

Puong thiang di qua B vudng goc véi IB cét cac
dudng thiang EF,ED tuong ung tai P,Q . Duéng
thing di qua C vudng goc voi IC cat cac duong
thing FD,FE tuong ung tai S,7. Chimg minh
ring: MN + PQ + ST > AB + BC + CA.

10. Cho duong tron tam O, duong kinh AB . Goi
C,D 1a hai diém lan lugt chia trong, chia ngoai
doan AB theo ti s k >1. Goi chu vi hai tam giac
chung day CD, lan lugt c6 dinh M & trén dudng
tron (O), N & trén day cung AM 1a P, va P,.
Chimg minh ring B < P, <2.4D.

11. Cho duong tron tdm O béan kinh R va day
cung BC <2R. Piém A chuyén dong trén cung
Ién BC, diém D chuyén dong trén cung nho
BC. Hiy xac dinh vi tri cic diém 4 va D dé

1 1 1
tong DA + BE D—C dat gia tri nho nhat.
; TOAN HOC
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HUONG DAN GIAI DE THI TUYEN SINH VAO LGP 10
TRUONG THPT CHUYEN, TINH HA TINH
NAM HQC 2023 - 2024

Cau 1. a) Tim cdc s6 nguvén o e
\ ‘ gu X,V thoa man l+l+_]_=0<:>ab+bc+ca=0
4x +5y" —4xv+2(2x+31)+ 4 <0 a c
b) Cho a,b. ¢ la cdc 56 thiee khdc khong thoa = @’ +2bc=a’ +bc+(-ab—ca)=(a-b)a~c).
Tuong tu:

. 1 - o
man - + 7 + "o 0. Chung minh rang b2 +2ca=(b-c)b-a); ¢’ +2ab=(c-a)(c -b).
| ] | Do d6: 1 4 1 + :
0 T 2be b +2ca ¢ +2ab

____,’_

) ) = ) y = &
a +2bc b +2ca c +2ab
1 ! 1

= + +
(a-b)a-c) (b-c)b—a) (c—a)(c-b)
1

Lai gidi. a) Ta co:
1 |

4x* +5y° -4 +2(2x+3y)+4<0 = - +
2 i (a-b)a-c) (b-c)a=b) (a-c)b-c)
¢:>[(4x —dxy+y )+2(2x—y)+1] b-c-(a-c)+a-b_,
+(4y2+8y+3)50 C(a-b)a-co)b-o)
1 1 1
ol @x-y)? +2Q2x-y)+1]+(2y +2) <1 5 + + =0.
[( y) ( ») ] (2y ) Viay a2 +2bc b +2ca c+2ab
2 2
< Qx-y+) +4(y+1) <1 Cau 2. a) Giai hé phuong trinh

- 2 2= v —
ﬁ{(zx y+ 1) +4(y+1)2 =0 . {(Hzxz y)=8

Qx—y+1)" +4(y+1)" =1 JII—4(x—y) +x*y* +1=3x)

Do 4(y+1)* 1a s6 chdn nén 4(y +1)* =0. b) Giai phuong trinh
C43x+1l-Vx+2=2x-2.

THI: 2x—y+1)° +4(y+1)*=0 o

& 4y+1)°=0 va 2x-y+1y’ =0 Léi gidi. ) PK: 11-4(x—y)> 0. Ta co:
+1=0 == —y)=

- {y - {y (thia mic), (x+2)(2-y)=8 W
2x-y+1=0  |(x=-1 JIT=4(x-y)+x*y* +1=3xp (2)

TH2: 2x—y+1)> +4(y+1)* =1 (x+2)(2-y)=82(x-y)-xy=4

o4(y+1)2 =0 va Qx—y+1)> =1 (vi x,yeZ). =2(x-y)=4+xy (3).

Bx gl =i x=:l ) ) Thé (3) vao phuong trinh (2) ta cé:
. X = 2 (khong thoa man). , . 3
4(y+1)" =0 pia] JI1-2(4+xp) +x*y* =3xp+1=0 (Vélxysi)
— 2 .2
Dol . g . & 3-2xy +x°y’ —3xp +1=0
. , o 2 (khong thoa man).
4y+1)° =0 y==1 <:>(,/3—2xy—1)+x2y2—3xy+2=0
5 _ 2(1~
Vay x=-1,y=-1. = (I~ xy) +(-)2-x)=0
J3-2xy +1

b) Véi a, b, ¢ 1a cac sb thuc khac khong, ta co:

12 T?ﬁwgce S 556 (10-2023)




e (1 --\:v)[--:_—»~- —_—2-

\/"‘ 2xy 41

Sxy=1(do — 2

k'ﬁ'—""‘.'

V3-2xp 41
Két hop véi (3) ta dugc:

xy] = ()

3
xy >0, Vxy € '2).

y=—

{ v =1 5

2 X=y —.5¢§

(x=y) 2(.“,_1)25
x

| )=
y== ‘

2.\'2 "5.\'”‘2:0 X

ﬁ

.
N 5
Vay h¢ phuong trinh ¢6 nghi¢m la:

(x;,v)=[5+m'_5+\m]

4 7 4
va  (x; y):[s—\/:ﬁ._s"\/&—l
’ 4 4

b) PK: x>-2. Ta c6:
e +3x+11=Vxs2=2x-2 (1)
V=1 +5(x+2) = Vx+2 = 2(x—1).
Ta thdy x =-2 khéng théa man PT(1).
Xét x >-2. Chia 2vé PT(1) chox+ 2 ta dugc:

[(x—l)2 L 20x-1)
0 +3 l—m.

Dit ¢ = ——

1

Nx+2

2t+120
\/t2+5—l=2t<:>\/t2+5=2t+lc:>{

ta dugc PT:

P +5=(2t+1)?

.

gt

= 2 S t=-2 ®t=§.
3P +4t-4=0 2

Véi t —-i— ta dugc phuong trinh:

x—1 2
==& 2Ux+2=3(x-1)
Jx+2 3

h' (x=1)

&> 4(x+2)=9(x-
&> 4x+8=9x’ -

SHOx? - 22x41=0 ¢

" » . v A o n
D6i chiéu voi dicu kién  thi x=

mdn con x :,I,l,.;_,ﬁ khong thoa mén. Viy tip

11+4v7
nghi¢m cua phuong trinh 14 § = {—T)—[—}

Cau 3. a) Tim tat ca cac so thue x de

5 Cg :
p= — - la so nguyen.
v—vx+2

b) Chirng minh rang voi moi so tw nhicn n lon

2024 2023

hon U thi A=n"""+n"" 40" —n+1 khong

phai la so nguyen 10,
Loi giai. a) PK: x>0. Taco:
5 5

N x+2_(\/—_}2_jz+z

4

5 20
=>0<psj=7::>pe{l;2}.

4

«Véip=1 taco:

S DY gl
x+2
\/;=]+;/1—§ 1+~/ﬁ
<> \/_ c>\/;= 2
J;:l— 13<0
2
Foof13

X= 5 (thoa méan DK);

e VGi p=2 tacé:

5
m—=2c>2x-2\/;—1=0
S48 556 (10-2023) qu“ug% 1 3




S

| +

<~ 2 (=1 ,\‘:l+\/§

-
\/;= \/3<0 2

P

56 LL khi tng d
2 ] — X on 1
cdt whau tai 1. Tinh 1y 50 1B g dien tich

hai tam gidc 1AC va IBC lon nhat.
‘ | I 2
¢) Chting minh rang Y, . o

“1& o

2+V3 .
e x= (théa méan DK).
. Loi giai.
- xe{.+\/§;7+\/ﬁ}.
2 2
b) Ta co:
A= +n™ 4 ' — 41

2024 2 202
=(n -n )+(n 03—n)+(n4 +n2+l)

=(n2 +n)(nm22 —l)+(n" +n? +l).

Ta cé: (nz + n)(nm22 —1) =(n2 +n)[(n’)674 —1}

=(n2 +n)(n—1)(n2 +n+1).B

chia hét cho n® + n+1. Lai cé:

n*+n’+1=n*+2n* +1-n? =(n2+1)2—n2
=(n2+n+l)(n2—n+1) Theo tinh chat hai tiép tuyén cat nhau ta cé
. ) MA=MC. Ma OA=0C=R, suy ra MO 1a
chia hét cho n’ +n+1 :>A:(n2+n+1) véi moi )
duong trung truc cua AC. Do H la trung diém
cua AC nén M,H,O thing hang.
Xét AMAO vuong tai A c6 dudng cao AH nén:

MH MO = MA* (1).

s6 tu nhién # Iénhon 1 (1).
Ma ta ¢6 v&1 moi n > 1 thi

2024 2023

4
n‘>n; ™ >n’; " >n

= A>n"+n+1 (2). - ’ ’

Ta c6: AEB =90°(goc noi tiep chan nira duong

tron) = AE | MB.

AMAB vubng tai A c6 duong cao AE nén:
ME.MB = MA* (2).

dwong tron (O) tai A va C cat nhau tai diém M. Tu (1) va (2) suy ra: ME.MB = MH.MO

Puwong thang MB cat AC tai F va cat duong — ME MO

tron (O) tai E (E khac B). MH MB'
Xét AOME va ABMH cb:

T (1) va (2) suyra 4 khong la sé nguyén to.

Cau 4. Cho dwong tron (O) duong kinh AB co
dinh, C la mot diem chay trén dwong tron (O)

khong vrung voi A va B. Cac tiep tuven cua
8 4

a) Goi H la trung diem cua doan thang AC.
Chirng minh tam giac OEM dong dang voi tam O/M\Echung, E _ @ s ATME < KEME.
giac BHM. MH MB

b) Goi K la hinh chiéu vuong géc cua C trén b) Ta cé: Am:c/'k\Bzgoo’ MOA = CBK (do
duing thing AB Hai dwong thang MB vi CK  MO//CB cing vuéng géc véi CA)
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= AMAO-~ACKB — €K _MA

BK A0
Laico: IK/ M4 — K _MA_MA CK
BK AB 240 28K

k=<K & ;
=5 JK = 5 hay /' trung diém cua doan thing CK

= SAH(‘ + SAB(‘I =

1 1
ESM"C = ZCK.AB 16m nhAt khi

C diém chinh gitta AB hay K trang tim O.
Khi d6 tr giac AOCM 13 hinh vudng
FI 1 1

S>—=—F[=—
FM 2 6BM

= BM =—A32\/§ = il J§

ME _CE
MC CB’
MA _EA

c¢) Tacé: AMEC ~ AMCB (g.g) > —

AMEA ~ AMAB (g.g) = ——

ME MA _CE EA_ME CE AE )

_—
MCMB CBAB MB CB AB
FE _ CE
FA AB
AFAE ~ AFBC (g. ):E=AE
FB BC
FE FA CE EA FE CEAE
=i FB 45 Cs" 7B @.
FA'FB AB CB FB CBAB
T (1) va (2) suy ra:
ME _FE
MB FB
EB+EB EB( 1 N 1
MB FB
1 1 2
= —t——=—
BM BF BE

AFEC ~ AFAB (g.g) > —

=2=

so thuwc a,b,c  thoa man

Cau 5. Cho cac

a>b>c.ab+bc+ca>0 va a+b+c=1. Tim
gia tri nho nhat cua biéu thirc
| | | 5
P= + + + .
a-b b-c a-c¢ 2Jab+be+ca

Loi gidi. Ta co:

| 1 1
+
a-b b—c

P=

2\/ab+bc+ca
> 4 + +
(a-b)+(b-c) 2\/ab+bc+ca
4 1
2\/ab +bc+ca

a—c
9 5
+

2Jab +be+ca .

g—-£
1

a-—-c

a-—c

a-—c¢
Lai co:
5 5
+
2Jab +bc+ca

S 22
- \/(a—c)2+4(ab+bc+ca)
1072
J(@+c) +4b(a+c)
ps 1072
J(@+c)a+c+4b)
o 10V2
~ JU=b)(1+3b)
10J6
J(3-3b)(1+3b)

10V6
T 3-3b+14+3b

2
=56.
Gié trj nhé nhat cia P bing 5v/6 khi
_2+V6 , 1 _2-V6

-, C=

6 = 3 6

a=c

>

Cau 6. Cho x, v, z la cac so chinh phiong.

Chieng minh rang (x+1)(y + 1)z +1) luon viét
dwoce dwoi dang [(;II\L’ cua hai so chinh phirong.
Lai gidgi. Vi x, y, z 1a cac s6 chinh phuong nén ta
co the dat: x=a’; y=b’; z=c’(a; b; ce Z).
Khido: (x+1D)(y+D(z+1)

(a2 - 1)(b2 + 1)(c2 +1)

(azb2 +a’ + b’ +1)(c2 +1)

(Xem ticp trang 17)
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PE THI TUYEN SINH VAO LOP 10
TRUONG THPT CHUYEN LE HONG PHONG, TINH NAM DINH

NAM HQC 2023 - 2024
VONG 1

(Thoti gian lam bai 120 phut, danh cho moi thi sinh thi vio trieong chuyén)

Cau 1 (2,0 diém).

1) Tinh gi4 tri biéu thirc

P =2024+ 242023 — 2025+ 242024

2) Tim toa d§ cua diém M 1a giao diém cua
duong thing y = x+1 véi truc Oy.

3) Tinh dién tich hinh tron ngoai tiép tam giac
vudng c6 canh huyén bing 2v/2 cm.

4) Tinh thé tich cua hinh nén c6 dudng sinh bang
10 cm va ban kinh d4y bang 6 cm.
Céu 2 (1,5 diém). Cho biéu thirc

pfx¥2 Ix 1 1
rx-1 x+Jx+1 oz =1 ) =1

(Vo1 x>0 va x=1).

1) Rut gon biéu thirc P.

2) Tim xdé P= %
Cau 3 (2,5 diém).

1) Cho phuong trinh

x*=(2m+1)x+4m-2=0 (1)

(v6i m 1a tham sd).

a) Tim tt ca gia tri ciam dé phuong trinh (1)
¢6 hai nghiém phan biét.

b) Goi x,x, la hai nghiém phan biét cla

phuong trinh (1). Tim tit ca gié tri cham d&

S& 556 (10-2023)

TOAN HOC
16 ¥ emsitge

x,, x, 1a d6 dai hai canh cua mot hinh chir nhét c6

d6 dai duomg chéo bing V13 .
2) Giai phuong trinh

632x+5+4vVx+2=3x+20.

Cau 4 (3,0 diém). Cho tam gidc ABC nhon
(4B< AC) ndi tiép dwong tron tam O, AD la
duong cao. Goi E, F lan luot 13 hinh chiéu caa D
trén AB, AC.

1) Chimg minh tir gidc AEDF noi tiép va
AE.AB = AF.AC .

2) Goi AP la duong kinh ctia duong tron (O).
Chung minh AP vudng goc véi EF .

3) Goi H la tryc tdm cua tam giac ABC. Puong
tron duong kinh AH cat duong tron (O) tai diém
thr hai 1a 7. Goi K 1a tryc tAm cia tam giac BTC.
Ching minh tam gidc HKT vuéng tai H.

Céu 5 (1,0 diém). 1) Giai hé phuong trinh
{m ~2y =y’ +3-22x
Vr+l+3-x=2+ m .
2) Xét hai so thuc duong x,y théa min

6x+y =2xy . Tim gia tri nho nhét cua bidu thirc

2 1 42 2
P=3x+F+;+7+(\/;+\/;) _



VONG 2

(Thoi gian lam bai 150 phiit, danh cho thi sinh thi vio chuyén Todn va chuyén Tin)

Cau 1 (2.0 dieém).

a) Cho x, y, z1a ba O thare khae 0 thoa miin

Yy =z 12 3
.\+:+»—:I VA —+ =4+ =0,
2 3 X y z

) )
>4

Chimg minh ring x* + ¥~ 4 5 .
4

b) Cho f(n)= -
V2n+1+2n-1

nguyén duong. Tinh gié tri cua biéu thirc
S=fM+ £+ f3)+...+ f(40).
Cau 2 (2,0 diém).
a) Giai phuong trinh 2(\/x—-1 + 1) =x+Vx+2.

b) Giai h¢ phuong trinh

voi n 1a sb

{xz +y =xp+x—y+2

x+y =y(x+y+4)+x.

Ciau 3 (3,0 diém).

Cho tam gidc ABC nhon (4B < AC) ndi tiép
dudng tron (0), cac duong cao AD, BE, CF dong
quy tai H. Goi M la trung diém cua canh BC, N 1a
trung diém ciua doan AH, dudng thing EF cit
duong tron (O) tai P, O va cit dudng thing BC tai
S sao cho P nam giita S va F. Chirng minh ring;

a) Tu giac AOMN 1a hinh binh hanh.
b) AP* = AQ* = AE.AC .

ido v re  QF
¢) Tir gidc DMEF no1hep vi 5 = s
Chud (1,5 diém).

a) Cho hai s& nguyén dwong a, b thoa min

a'thy b, Chimg minh (a* + 5" )iab.
b) Tim (4t ca céc ciip 86 nguyén (x;y) thoa mén

x(,r’ - y)-i-(y~--'3)(x’ +1)=0.

Cau 5 (1,5 diém).

a) Cho cac s6 thye x, y,zthdbamin 0<x,y,z<4.
Chimng minh ring:

Xy+ yz4zix+162xyt + y2 +zx’,

b) Ban déu trén bang viét 2023 s6 thyc. Mdi lan
bién ddi sé trén bang l1a viéc thyc hién nhu sau:
Chon ra hai s6 a va b nao d6 & trén bang, x6a hai

£ ; . X N A .  a+bh it
s0 do di va viét thém lén bang so6 ek Gia su

ban déu trén bang ghi 2023 s 1 va ta thyuc hién
lién tiép cac bién ddi cho dén khi trén bang chi

con lai mot s6, chimg minh ring s& d6 16n hon

1
F .
TRAN XUAN PANG
(5/7/136 Phan Dinh Phung, TP. Nam Djnh)
Gidi thi¢u

sk 3 sk s sk ke ok o sk s 3k sk sk 3k sk sk ok s ok sk sk e sk ok ok ok ok sk sk sk ke ok st ok sk sk ke ok sk sk sk sk ok sk sk sk ok sk sk sk st sk sk sk sk ok sk sk ok ok sk o ke sk ok ok ok ok ok ok s o oK ok R o

HUONG DAN GIAI ... (Tiép theo trang 15)

=[(a+b)* +(ab-1)"|(c" +1).
=[m2 ¥ nZ](c2 +1)

(v6i a+b=m,ab—1=n, m,neZ).

= (mzc2 +2mnc+n’ ) + (nzc2 —2mnc + mz)

= (mc +n)* +(nc—m)’.

Vay (x+1)(y+1)(z+1) ludn viét dugc dudi dang
tong ctia hai s6 chinh phuong.
Nhén xét. Bai toan van dung khi thay 1 boi sb
chinh phuong bit ky.
LE BA HOANG
(Phong GD&PT TX. Hong Linh, Ha Tinh)
Gidi thi¢u

TOAN HOC
" cTusitre 17
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CAC LOP THCS
Bai T1/556 (l‘,()‘p 6). Cho a va b 1a cac sb nguyén
dwong thay doi sao cho tong 4 = a® + b chia hét
cho 147. Tim gia tri nho nhat cua A.
NGUYEN TAN NGOC
(GV THCS P. Binh Dinh, An Nhon, Binh Dinh)
Bai T2/556 (Lép 7). Tim phin nguyén cua tich
2014 s6 hang sau

P=(l+i2)(l+ 1,)...(l+ ! — .
1 2° 20147

VU HONG PHONG
(GV THPT Tién Du 1, Bac Ninh)

Bai T3/556. bat

M=(1+1+1)(1+1+1)...(1+L+—1— .
13 % 4 2013 2015

Chimg minh ring 43 <M <51.
NGO QUANG MANH
(SV Truomg Pai hoc Chu Van An, Bac Ninh)
Bai T4/556. Cho tam giac ABC c6 BC < CA < AB
ndi tiép duong tron (O). Pudng phan giac trong
cta cac goc B va C lan luot cit dudng tron (O) tai
E va F. Liy K d6i ximg v6i O qua EF. Dudng tron
(K; KA) cit AB, AC lan luot tai diém thir hai P, O;
CF cit BQ & M; BE cit CP & N. Chung minh ti
giac BMNC ni tiép.
DPOAN CAT NHON
(GV THCS P. Binh Dinh, An Nhon, Binh Dinh)
Bai T5/556. Cho a, b, ¢ la ba sé thudc doan
(1; 4]. Ching minh ring
Tt 1 1%, 225
(a +b+c)(;+;+;)576_'
NGUYEN THANH HAI
(GV THCS Nam Cuong, Nam Truc, Nam Dinh)
CAC LOP THPT
Bai T6/556. Giai phuong trinh

WP —25 +5x+5-2x—=2+x -3x" ~4=0.
PHAM VAN VUONG
(GV THPT Tay Tién Hai, Thdi Binh)

TOAN HOC
v clusitpe
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Bai T7/556. Tim tht ca cac so tr nhién x va sb
nguyén y thoa man dang thic
S 2024

x +y _ 2024
log, m =x(y

_xt)_ym‘u
déng thoi x' + y' la lap phuong cia mot so
nguyeén.
NGUYEN VAN XA
(GV THPT Yén Phong so 2, Bac Ninh)
Bai T8/556. Cho mot diém 4 nam trén dudmg tron
(0). Hai diém B, C nam trong (O) sao cho

ABC=90". Mot dudng thing chuyén dong qua C
cht (0) tai D, E. Goi H, K lan luot 1 truc tim cua
tam gidc ABD, ABE. Chimg minh HK ludn di qua
mot diém ¢6 dinh.
NGUYEN VAN LINH
(GV THPT chuyén KHTN, PHOG Ha Noi)
Bai T9/556. Cho ba sb thuc duong a, b, c va n, m
13 hai sb tu nhién théa min n > m. Chimg minh
A a + b + ¢
(b+c)" (c+a)" (a+b)

\

rang

1 am bm Cm
> + + 5
27" (b+c)" (c+a)" (a+b)”
NGO VAN THAI
(T6 34, phurong Hoang Diéu, TP. Thdi Binh)
TIEN TOI OLYMPIC TOAN
Bai T10/556. Cho diy sb (x,) xac dinh boi
x,=4,x,=10
x,.,=4x,—3x ,Vn>1
Tim tat ca cic bd sb nguyén duong (m; n) sao cho
mn| (x,,x,).
NGUYEN TUAN NGOC
(GV THPT chuyén Tién Giang)
Bai T11/556. Cho ham s6 f:R—R (Rla tap sd
thuc) thoa man céc tinh chat sau:
i) 0)=1; i) f(x)<1,VxeR;

iii) f(’”%)’“f(x)=f(x+—:i]+f(x+%).

2024

Dit F(x)=) f(x+n). Hiy tinh F(2024).
n=0

VU THAI LUAN
(Vién Cong nghé Thong tin, Ha Noi)



Bai T12/5%6. Cho tam giac nhon ABC ndi tnep
dudng tron (0) (4B < AC), H 1a tryc tam tam gidc.
Goi M 1a trung diém cua BC, doan AM cit duong
tron ngoai tiép tam gidc BHC tai N. Goi X' 1a diém
doi ximg véi A qua BC va A0 cit lai ducmg tron
ngoai tiep tam giac BOC tai T. Goi U 1a giao diém
thir hai cia dudmg tron ngoai tiép tam gidc AON
vGi dudng tron ngoai tiép tam gidc AXT. Chimg
minh AU song song véi BC. .
TRAN DAI LO
(GV THPT chuyén Lé Quy Pén, Dién Bién)
Bai L1/556. Mgt con lac 16 xo gom 16 xo0 c6 dd
cing k = 160 N/m va vat nang c6 khoi luong
m = 400 g, d3t trén mat phing nim ngang. H¢ s6 ma
sat truot gilra vat va mat phang nam ngang la
u = 0,0005. Lay g = 10 m/s’. Kéo vat léch khoi vi
tri can bang mét doan 5 cm (theo phuong cua truc
10 x0). Tai ¢ = 0, budng nhe dé vat dao dong, xem
rang tan s dao dong khong ddi. Tinh thoi glan ké
tir lic vat bit dau dao dong cho dén khi vét dimg han.
VIET CUONG (Ha Ngi)

Bai 1.2/556. Nha may di¢n gif’) duoc coi la than
thién voi moi truong hon nhiéu so v&i céc nha
may nhiét dién, thay dién. Gi6 lam quay canh quat
cua cac cot dién gio, tir d6 1am quay réto cua may
phét dién va tao ra dién nang. May phat dién gi6
thuong sir dung la loai may phat dién xoay chiéu
mot pha. N&i hai cuc cua mot may phat dién gio6
v&i hai dau doan mach méc nbi tiép gom dién tro
thudn R, cudn cam thuan L va ty dién C. Khi roto
quay vai toc do 1200 (vong/phit) thi dién ap higu
dung giita hai diu dién tro dat gia tri cuc dai. Khi
roto cua mday phat quay vdi toc do 900
(vong/phat) thi dién ap hiéu dung gilta hai dau
dién tro ¢ gia tri bang U. Dé dién 4p hiéu dung
giita hai ddu dién trg ciing c6 gia tri bang U thi
roto cua may phat quay voi toc do bang bao
nhiéu?

THANH LAM (Ha Néi)

PROBLEMS IN THIS ISSUE

FOR SECONDARY SCHOOL

Problem T1/556 (For 6" grade). Let a and b be
positive integers so that 4: = a* + b is divisible by
147. Find the minimum value of 4.

Problem T2/556 (For 7" grade). Find the integral

part of the product P=(l+l—2J(1+ 22) (“ 20142)'

Problem T3/556. Let

M=(1+1+1J(1+1+—1—J...(1+—1——+L y
s S o 2013 2015
Show that 43 < M < 51.

Problem T4/556. Given a triangle ABC, inscribed
a circle (O), with BC < CA < AB. The internal
angle bisectors at B and C intersect (O)
respectively at E and F. Let K be the reflection of
O in EF. The circle (K; KA) intersects AB, AC
respectively at the second points P, Q. Assume
that CF intersects BQ at M and BE intersects CP
at N. Show that BMNC is a cyclic quadrilateral.
Problem T5/556. Given numbers a, b, c in the
interval [1; 4]. Show that ;

(a+b+c)(

+1+1) 225.
b ¢ 16

FOR HIGH SCHOOL
Problem T6/556. Solve the equation
24— 3x% 4 5x 4.5 +Y2x—2 £ X = 3x? w420,
Problem T7/556. Find all natural numbers x and
integers y satisfying the conditions
log, —

gl 2024 4 2024
s )

and x’ + * is a cube of some integer.

Problem T8/556. Let 4 be a point on the circle
(0). Two points B, C lie inside (O) so that
ABC =90". A moving line through C intersects
(O) at D, E. Let H K respectively be the
orthocenters of ABD, ABE. Show that HK always
passes through a fixed point.

Problem T9/556. Given three positive numbers
a, b, c and two natural numbers n, m with n > m.
a" b'l cﬂ

Prove that + +
(b+c)" (c+a)" (a+b)

5 1|: a” . b" ! "
27" L@ ¥ (c+a) (b |

(Xem tiep theo trang 34)

OAN HOC
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CAC LOP THCS
Bai T1/552. Tim

cdc so nguven 16 p sao cho
5" 4+ 4/)" la so chinh phicong.
Loi gidi. Gia st 5+ 4p* = @’ thi ¢6
=a"-4p* & 5= (a+2p)(a-2p).
Xét hai trurong hop:
1) V6i a—2p°> 1 thi a + 2p* va a — 2p* déu 1a iy
thira cua S, tac la
a+2p'=5"vaa-2p"=5"véim>n>1.
Trur theo timg vé hai dang thirc trén duoc:
4p*=5"-5"=4p*=5"(5""-1).
Do 4 va 5 nguyén té cung nhau nén 5 13 ugc sb
cua p’, do d6 5 1a wéc s6 cia p ma p 1a s nguyén
t6 nén p = 5. Luc d6:
P+4p* =5+4.5=5'5+4)= 53*=75"
1 sb chinh phuong.

2) Véi a - 2p* =1 thi a + 2p* = 5°. Trix theo timg
vé hai dang thuc trén duoc:
P’'=5 -1 5 -4p=1.

Xét 4 —4p’=4(4""'-p%)

=4(2" '+ p)2 ' - p).
Ta sé chimg té ring 2° ' > p véi bat ki sb nguyén
duong p > 1. Véi p = 2 thi 2° ' = 2, khang dinh
dung. Vai p >3 thi
Pl 1=2-DF*+2 P +.+2+1)>p-1
(vithng2? 2+ 27 3+.+2+ 16 p— 156 hang
ma ngoai sb hang 1 thi cac s6 hang con lai déu 1on
hon 1, do d6 khing dinh ding). Nhu vay:

P _4p® >4 —4p*> 1
voi bat ki s6 nguyén duong p > 1.
Viy sb nguyén t6 théa man dé toan lap = 5.
Nhén xét. Co thé chimg minh truong hop p*=5 -1
khong xay ra bang céc cach sau:
1) Chu’ng minh quy nap theo p rang 4p* +1< 5" véi
bat ki s6 nguyén duong p > 1.

20 T@UE,&C S 556 (10-2023)

2) Bién ddi 4p® =5" - 1 o 4p* — 4=5" -5, Dinh i
Fcrmat nho khing dinh rdng voi s6 nguyén t6 p va

s6 nguyén duong a tuy ¥ thi
a’” -a=ala

p-l_ 1)

chia hét cho p .

Su dung Pinh li Fermat nho ta thay 5" — S chia hét
cho sé nguyén té p nén tir 4p - 4=5 -5 thi
4p*> - 4 ciing chia hét cho s6 nguyen t6 p, do d6 4
chia hét cho p, nhung sb nguyén t6 p = 2 khong thoa
min déng thuc 4p° — 4=5"-5.

NGUYEN VIET HAI

Bai T2/552. Cho I la mot diém trong hinh vuong

MNPQ, biét ring IM =3J2em, IN =S cm,
IQI\/ﬁ em. Tinh s6 do géc MNI .
Lai gidgi. (Ciia cac ban gui bai)
M = ¢ 0
3)2
b 11
4 a ] ¢ D
g d
N B P

Goi a, b, ¢ va d 1a khoang cach tir  xudng 4 canh
hinh vuéng MNPQ (xem hinh v€). Theo dinh ly
Pythagore cho tam gidc vudng, ta co:

a2+b2=(3x/5)2=18 (1);
c2+b2=(Jﬁ)2=11 );

a’+d’= (5)" =25 (3).
Pem (1) tri (2) va (3) trir (1), ta c6:
a’-c*=18-11=7 va d?-b*=25-18=7.
Lwuyla a+c=b+d (*) bing canh hinh
vudng vatir a* —c? =d* —p2 =7 , Suy ra:
a-c=d-b (*¥.

Ding thitc (*) va (**) cho ta a=d,b=c. Viy
AIBN 14 hinh vudng, do d6 MNT = 452
Nhdgn xét. Chi c6 2 ban sau day c6 15i giai dung:



A ¢ ~
TP. Ho Chi Minh: Nguyén Trinh Phwong Minh,
6/'14. THCS Lé Quy Pén; Cin Tho: Dwong Ngii
Kim Lan, 6A6 THCS Poan Thj Diém. Ninh Kidu.

VU PINH HOA
Bai T3/552. Cho dg

X la

Wy .
thiee bac ba f(x) voi hé so cua

mot SO Biet
[ S =2002 Chung minh rdug fF(7)= (1)

nguven  dwong.

[a hop so

Loi giai. Bit f(x)=ax’ +bx* +ex+d véi aeN',
ta co:
FO)=fB)=(5"-3")a+(5* -3%)b +(5-3)c
+(d-d)= 98a+16b+2c.
Do f(5)- f(3)=2022 nén
98a + 16b + 2¢ = 2022.
Suyra 165 + 2¢ = 2022 — 984. Lai cé:
SMD=fO)=(T -)a+(T* -1*)b+(7-1)c
+(d —d)=342a +48b + 6¢

=342a +3(16a + 2¢)

=342a +3(2022 - 984)

=48a+6066=6(8a +1011).
Do aeN'nén 8a+ 1011 14 sé tu nhién 16n hon 1.
Suy ra f{7) — (1) 1a s6 tu nhién 16n hon 1 va chia
hét cho 6. Vi vay f{7) — f(1) 14 sb tu nhién 16n hon
1 va cé it nhdt 3 wéc sé 1a 2,3, 6 nén {7) - A1) 1a
s6 hop sb.
Nhdn xét. Bai nay cac ban tham gia giri bai déu cho
loi giai tuong tu nhu trén. Tuy nhién, mdt vai ban
1ap luan f{7) — f{1) la s6 16n hon 1 va chia hét cho 3
nén f{7) — (1) 1a hop sb, nhu vay chua chinh xac.
Tuyén duong cac ban sau c6 loi gidi lap luan chat
ch& va ngin gon.
Phi Tho: Ha Phuong Anh, 9A, THCS Nguyén
Quang Bich, Tam Néng; Nghé¢ An: Nguyén Tit
Han, 7C, Pinh A Na, 8A, Nguyén Bing Tim, 8C,
THCS Ly Nhit Quang, P6 Luong; TP. Ho Chi
Minh: Nguyén Chdnh Thién, 8/14, THCS Lé Quy
Don.

PHAM THI BACH NGQC

Bai T4/552. Trén duong tron (O) cho hai diém B,
C ¢6 dinh va diém A thay déi. Goi I la tam dwong
tron néi tiep tam gidac ABC. Trén tiép tuvén ciia
(O) tai B ldy hai diém D, E sao cho BD = BA,

BE = CAva A, D. - nam cung mot nuea mal phang
co bor la dieong thang BC. Chirng minh rang tam
dweong tron ngogi tiep tam gide IDE uon thuoc

mot duwong thang co dinh

Lévi gidi.

Trén tiép tuyén ciia duong tron (O) tai C lay diém F
sao cho CF = CA (Fva A nam cung mot nira mat
phing by BC). D& chimg minh dugc EFCB 1 hinh
thang can, nén trung tryc cua BC va trung tryc cia EF
tring nhau. Ta co6:

— ABD ACB
BDA =90°——A§D =90° ==

Hon nira, AIB=90°+ ATCB (két qua quen thudc).
Suy ra BDA+ AIB =180°. Vay tir gidc ADBI ndi
tiép. Tuong tur ta co tr gi?EﬁICF ndi tiép. Ta co:

BDI = BAI = %C =IAC=IFC.
Tir d6, theo tinh chit goc tao bai tia tiép tuyén va day
cung, ta ¢6: EFC =180° — BCF =180° —%sdl};(j’

=180° —%(3600 —sdBC) =%sd1§??= BAC, do d6:

ﬁ:ﬁ-ﬁ:ﬁ:_¥=%=@.

Vay ti gidc EFID ndi tiép, do d6 tim cia duong tron

ngoai tiép tam gidc DEI thudc trung truc cia BC cb

dinh.

Nhgn xét. Khong c6 ban nao giai diing bai to4n trén.
NGUYEN THANH HONG

Bai T5/552. Giai phwong trinh

X' +6x" +12x=16Yx +3.
Loi giai. PK: x e R. Phuong trinh twong duong

véi (x+2) -8=838(x+2)+8.

TOAN H
: cl'uﬁi%Zl
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Déta=x+2;b=i/m:b:i/§a‘+8_
a’-8=8b (1)
b'-8=8a (2)
Trir theo vé cua (1) cho (2) ta co:
a' -b =8(b-a)

Ta dugc hé: {

& (a-b)(a’+ab+b+8)=0a=b
2 2
(vi @’ +ab+b2+8=(a+§) +1§-+8>0).
Ta dugc:
X +6x7+4x-16=0
S X +4xP +2x* +8x—4x-16=0
@(x+4)(x2+2x—4)=0

x+4=0 x=—4
@I:x2+2x—4=0c>[x=—li-~/§
(thoa man PK). Vay phuong trinh c6 tidp hop
nghiém la s={-4;—1-J§;—1+J§}.
Nhén xét. 1) Voi a =b thay vao (1), ta dugc:
a3—8a—8=0<:>a3+8—8(a+2)=0
c>(a+2)(a2—2a—4)=0<:>[a .
a=1+5

Tir d6 suy ra x.

a-8=8b (1 .
2) Hé¢ { c6 dang tong quat

b’-8=8a (2
x,y)=0 .
{f( y) . Céch giai thuong gap la trir theo vé
f(y,x)=0

cac phuong trinh, dua vé dang tich:

(x—y).g(x,y)=0c>[

Céc ban sau day c6 bai giai tot:
Nghé An: Nguyé~n Van Lam, Nguye:n Trong Bao, Bui
Thi Thiry Linh, Thai B4 Nhan, 9A, Pham Xudn
Hoang, Pinh A Na, 8A, THCS Ly Nhat Quang, bo
Luong; Cin Tho: Dwong Ngi Kim Lan, 6A6, THCS
Poan Thi Piém, quan Ninh Kiéu; TP. Ho Chi
Minh: Nguyén Chanh Thién, 8/14, THCS Lé Quy
Dén, quan 3; Pha The: Ha Phuong Anh, 9A, THCS
Nguyén Quang Bich, Tam Néng.

NGUYEN ANH DUNG

x-y=0
g(x,y) =0

2 2 T?g?"uggg S 556 (10-2023)

Bai T6/552. Cho cac vo . b, ¢ diwong thoa man

Tim gia tri nho nhat cua biew thuee:

A R B
Fa—t—t—.
a b

Loi gidi. Nhdn xét. Voi x, y dwong ta luon co:
1 1 8
2 ——s (D).
Xy (x+y)
Dédu “="xayra &> x=y.
Thay vay, theo BDT Cauchy ta co:

5 1 1 _2
(x+y) 24y, 7 +—2—.
x y X

1
Suy ra: (x+y)’ (—+—J>8 =co(1).
x Yy

Dau “=" xayra < x =y.

Ap dung (1) ta c6:
ppl, 8 1, 1, 8
a (b+of o (b+c) ( b+c)2
22 22
8.8 3 8.8 64

=(2\/§a+b+c)2 ((2\/_ Da 1+2w/_J g(a)z

véi g(a)=(V2-1)a+

1+2\/§
5

Tir gia thiét 0 < a < % suy ra:

1 1 1 9
0<g(0)<g(a)< (—): —> =
£3 (a) gz(l) 32
3
, 9
Do d6: F >64.—=18.
32
(b=c
_b+c
22 b=c=72
F=18 &4 b=
a+b+c=l+2\/5 1
a=§
1
a=—
773
Vay minF = 18.



-\

Nhn xét. Da s6 céc ban tham gia giai bai ndy c6 két
qua dung vdi cach giai twong ty nhu trén. Mot s

ban mic sai 1Am khi giai nhu sau: Sir dung BPT
Bunyakovsky va BDT Schwarz ta cé:

F=L2+—l;+i2_>_l(l+l+l)-zl (+1+1)° 2
a b ¢ 3\a b ¢ 3La+b+e
2T 21 243
(a+b+C)" [lt_zﬁ]z 9+4\/5
3

oL . M8 _ 1+2V2
Vay minF = khia=b=c=
STEN Al -

PN
9

Sai lam trong 1ap luan trén 1a q =

(= 0,43)
& vi pham gié thiét a < %
Tuyén duong céc ban sau c6 16i gidi ding:
Phi Tho: Ha Phuong Anh, 9A, THCS Nguyén
Quang Bich, Tam Noéng; Nghé¢ An: Ngé Vin
Truong, 10A1, THPT Hoang Mai, TX. Hoang Mai;
Quing Binh: Nguyén Thanh Hai, 12 Toan 1, Pham
Thi My Hanh, 12 Toan 2, THPT chuyén V5 Nguyén
Giap; Thira Thién Hué: Phan Qudc Thing, 11 Ton
1, THPT chuyén Qudc hoc Hué; Pa Ning: 76 Pong
Hai, 11A2, THPT chuyén Lé Quy Dén; Binh Pinh:
Phan Trung Truc, 11T, THPT chuyén Lé Quy Dén;
Bac Liéu: D6 Van Dwong, 11CA, THPT Tran Vin
Bay, Phudc Long; Vinh Long: Nguyén Tudn Kiét,
11T1, THPT chuyén Nguyén Binh Khiém; Séc
Tring: Tiét Trong Khiém, 11A2, THPT chuyén
Nguyén Thi Minh Khai; TP. H Chi Minh: Nguyén
Chanh Thién, 8/14, THCS Lé Quy Don, quan 3; Ba
Ria - Viing Tau: Pé Tién Ding, 9A, THCS Huynh
Tinh Cua, Long Dién.

TRAN HUU NAM
Bai T7/552. Tim m dé hé phwong trinh sau day co
bon nghiém phan biét

+ \/(?xz -2y -3x+ 8)2 +(4xy-3y) =m (1).
(3x+4y)’ +(4x-3y) =100 2)
Léi giai. (Cua tac gia va tat ca céc ban) Ta ¢6:

(2) & 25(x° +y?)=100 & y* =4-x

= y:j;\M—xz (2°) voi -2<€x82.
Thay vao PT(1) ta dugc:

\/2x+5+\/4x2——3x2+(4x~3)2(4-x2)=m
<:>\/2x+5+\/ix 3 X +(4x- 3)2(4 ):

o V2x+5+204x-3=m (1)

Pé (2°) ¢6 nghiém thi —2<x<2. Véi x=12thi
y, =y, =0. V&i mdi -2 <x <2 tacé hai nghi¢m
phan biét y,, = +v/4—x*. Nhu vy, dé hé (1)-(2)
c6 4 nghiém thi (1°) phai c6 hai nghiém thudc
khoang -2 < x < 2. Xét ham 56

f(x)=+2x+5 +2|4x—3|

V2x+5 +2(4x—3) khi %SxSZ

b

w

\/2x+5—2(4x-3) khi —2<x<—

£

+8>0 khi %<x$2

1
V2x+5

1

V2x+5

; 3
Chimg t6 f(x) nghich bien khi —ZSxSZ va

f'x)=

—-8<0 khi —23x<%

<x<2. Tai x=% thi

AW

ddng bién khi

f(3)=—‘/§—_6.Ki higu f'(xo)*(f’(xo)‘) la dao

4
ham m¢t phia cua f(x) khi x —x, tir bén phai

(tir bén trai), ta co:
Y
~g=r'l2
)

f'(§)= T
nén ham sb khong c6 dao ham tai Xy =—

4
\/§+5 \/§+5
2 2

Tacd f(-2)=23; f(2)=13.
. V26
Vay vdi g <m <13 thi (1°) c6 hai nghiém:

2<% <%<x2<2.

Khi 4y hé (1)-(2) c6 4 nghiém phan biét.

523
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. : N26
Dap so: —2—<m<l3.

Nhgn xét. PT(1") c thé d& dang gii bing phuong
phap do thi nhu sau. S\t dung GeoGebra ta vé dugc
do thi cia ham  f(x)=\2x+5+2fdx-3
dudng y =m, x =+2. Khi d6 ta d& dang bién ludn sé
nghi¢m cua h¢ (1)-(2) theo m (khi nao h¢ vo nghiém,
co duy nhat nghiém, c6 hai nghi¢m phan biét,...) ma
khong can tinh todn va bi¢n lugn phirc tap (hinh
dudi).

Rl]A 7 LDOO &N 2+

s

‘ @ (y=vIiiS+2x-3 N

| . 0
S ;

, Cac

—

o

3 m——— |} @
@ «sy=7 :

eql x= -2

@® =<2=x=2

vE

by

@ rry-1 : 0\

® ay=2

Céc ban sau day da guri bai giai va c6 10i giai tot:
Binh Pinh: Phan Trung Truc, 11T, THPT chuyén
Lé Quy Pén; Quang Binh: Nguyén Thanh Hai, 12
Toan 1, Pham Thi My Hanh, 12 Toan 2, THPT
chuyén V5 Nguyén Giap; Vinh Long: Nguyén Tudn
Kiét, 12T1, THPT chuyén Nguyén Binh Khiém.

TA DUY PHUQNG

Bai T8/552. Cho tam gidc nhon ABC ngi tiép
dweong tron (O), truc tam H, trung tuyén AM (M
thuéc canh BC). Puong thang qua H vuéng goc
Vi AM cdt AM tai N, cdt BC tai T. Puong tron
ngoai tiéﬁ tam giac OMN cat lai BC tai G (G khac
M). Goi K la diem doi ximg voi G qua T. Ching
minh rang KA = KN.

Lai giai. (Theo ban Nguyén T dn Nguyén Chuong,
11 Toan 1, THPT chuyén Luong Vén Chéanh, TP.

Tuy Hoa, Phi Yén).
Goi 0'la diém dbi xtmg véi Oqua BC.
: . NM _NH
Vi ANTM ~ANAH (g.g) nén NT - NA'
TOANH ,
24 : q-umg-g S6 556 (10-2023)

Ta co O/N\G=(7AE=90° = mzéﬁrva
OMN = NTG nén ANOM ~ ANGT (g.g)

M GT
NG NI NA 00' GK 2
00 ANKG:NO'—iVQ
AHeh= NK NG’

NO NM _NH _NO'
NG NI NA NK
NO ..

—,90 ) , B
Xét phép vi tw quay S}°  (hop cua phép vi tu

(*).

Nhu vay

g NG 4 ,
tam N ti s -Eva phép quay tam N goc quay

90°%). Khi d6 tir (*) ta thay:
NO _ .

S¥" 0 G,M - T,0'— K,Hi> A.

NO .

Do d6 S¥° :HO'~ AK = HO' L AK,ma
HO'//A0 nén AO 1 AK.

Gia st AM cit duong tron (O)tai P, AOcit
dudng tron (O)tai A'. Ta giac BHAC' 1a hinh
binh hanh, suy ra H, M, A’ thing hang va
HM =A'M. Két hop véi A'P//HN thu duge t&r
gidc HNA'P 14 hinh binh hanh = NM = MP

= NOPO'la  hinh binh hanh. Tu do
KNT = 0'NM = OPM = OAP => KAN = KNA.
Viéy tam giac KAN cén tai K = KN = KA.

Nhdn xét. S6 bai giai gui v& Toa soan khong nhidu.
Ngoai ban Chwong, cic ban sau cling c6 loi giai
ding: Dién Bién: Trdn Anh Qudn, 10A1, THPT
chuyén L& Quy Pon; Ha Tinh: Lé Hitu Manh Tién,
10T1, THPT chuyén Ha Tinh, TP. Ha Tinh; Quing
Binh: Dodan Ngoc Duy, 12 Toan 1, THPT chuyén Vo
Nguyén Gidp, TP. Dong Hoi; Thira Thién Hué:
Phan Quoc Thang, 11 Toan 1, THPT chuyén Quéc



eee— 4

£ A
hoc Hué, Tli. Hué; PA Niing: 76 Pong Hai, 11A2,
THPT chuyén Lé Quy Bén, TP. pa Ning; Binh

Dinh: Phan Trung Tryc, 11T, THPT chuyén Lé Quy
bon.

HO QUANG VINH
Bai T9/552. Cho da thire P(x)ezlx| thoa man
P (x)=x~1 chia hét cho . Tim hé 56 cria +*
trong khai trién cua da thire (P(x)+ D™,
Loi giai. T d& baj, suy ra ton tai da thic
Q(x) € R[x] sao cho p? (%) =1=x""Q(x)+x.
Suy ra P(x)+1 hoac P(x)-1 chia hét cho x.
Xét hai truomg hop:
Trieong hop 1. Néu P(x)+1 chia hét cho x thi
P(x)+1=xH(x), trong d6 H(x)e R[x]. Suy
ra (P(x)+l)l°0 =x'"H'(x) nén hé sé cua x”
trong da thic (P(x)+1)" béng 0.
Truong hop 2. Néu P(x)—1 chia hét cho x thi
P(x)-1=xG(x) trong d6 G(x)e R[x] thi
tuong tw nhu trudng hop 1 thi hé sé cia x* trong
da thic (P(x)- 1)lOO bang 0. Suy ra hé sb cua x”
trong da thirc (P(x)+l)loo bang hé sb cua x”
trong da thic

0(x)=(P(x)+1)" +(P(x)-1)"

50 ) )
=2 CiP? (%).

i=0
Tir gid thiét, suy ra P?(x)=(x+ 1)(modx'°°) nén

50

O(x)=dCho (x+ 1) (modx'°° )
i=0
Chayla
50 ,
chzoio (x + 1)' = a!sox50 + a‘,gx49 +...+ax+a,
i=0

nén hé sé cua x” trong Q(x) bang 0. Nhu vay,
trong moi truomg hop thi x” trong da thuc
(P(x)+1)m bang 0.

Nhgn xét. Vi li do in 4n nén dé dung phai la
P(x)e R[x]. Ngoaira néu viét

l nl 9
P(x)=ax"+a, x" +..taxtda,
2n k
- “ k
thi I)l(‘.) - Z ll,tl/Y“I = L( ad, ’Jr ,
Is1< jsn kw0 \ =0

2 ' A 100
T do dé P’ (x)—x -1 chia hét cho x

. ta coO thé
chon: +) a, =1,

I
+) a,a, +aya, =1 kéo theo g =3
2 A l
+) a,a, +a +a,a, =0 kéo theo a, = Y

2a,a, +2a,a, =0 hay a, = -a,q, :'I—()’

Cit nhu vAy ta s& tim dugc cac hé s6 ciia P(x).
Tuong ty nhu cach ching minh trén, ta c6 thé chi ra

néu da thirc (P(x)+l)" thoa man
(P(x)+1)"sQ(x)(modx"),

trong d6 Q(x) la da thirc bac khong vuot qua % thi

ALK 3 . n A 1%
hésocua x” véi m=—+1,...,n—1 déubang 0.
© 5t

Bai toan nay khong kho, da s6 cac ban déu co 10
giai ding va theo cach da giai & trén. Dang tiéc co
mot ban giai sai do ngay tir gia thiét suy ra P(x) -1
chia hét cho x. Céc ban sau day c6 10i giai dang
Binh Pinh: Pham Trung Truc, 11T, THPT chuyén
Lé Quy Pon; Quang Binh: Nguyén Thanh Hai, 12
Toéan 1, Pham Thi My Hanh, 12 Toan 2, THPT
chuyén V& Nguyén Giap; Dong Thap: Trin Hong
Vy, 11T1, THPT chuyén Nguyén Quang Diéu; Thira
Thién Hué: Phan Quéc Thdng, 11 Toén 1, THPT
chuyén Quéc hoc Hué.

NGUYEN TIEN LAM

Bai T10/552. Véi moi s6 nguyén duong n, ta ky
hiéu (n) va o(n) lan luot la 56 cdc udc s6 duong
va tong cac woc so dwong cua n. Ching minh voi
moin>1taco

n

c(2k=1) n(n+l) &So(k?)
Zr(2k—l)< 2 <Z

k=1 k=1 T(l\z)

Loi giai (Dya theo 161 gidi cia ban Pham Thj My
Hanh, 12 Toan 2, THPT chuyén V5 Nguyén Giap,

S6 556 (10-2023) T?g?-lu‘:% 2 5



Quing Binh). DBt h = ). G sy

Qe \ »
d <d,<--<d, latatca uoc duong cua n.
Bé ad 1. r(n)Vn <a(n).

n. . £, s ”
yv——cung 1a tat ca woc
(¢
h

Chieng minh. Ta ¢6 s

G,
duong cua n. Ap dung bét ding thic Cauchy ta
co:

n) Zdz

=1 ||

h A
| N 2
e nZd‘EF >nh® =nr*(n)
i st = 4,

(khong xay ra dau bing vi d <d,<--<d,).
o\n +1
pia2, 2  ntl ().
(n) 2
Ddu bang xay ra < n la s6 nguyén 16.
Chirmg minh Vi mdii=1,.., htaco:
n
d+—<n+1 (2)
3 @
That vay: d, +d1Sn+1@(d, ~1)(d, -n)<0

(luén ding). Dau “="
d =n.
Néu n 1a s6 nguyén t6 thi » chi c6 hai wc duong
la1van. Dodd codau“="ad(l).

Xay ra < d, =1 hodc

Néu n 1a hop sb thi n c6 it nhit mot wéc d, voi
1<d, <n. Do (2)taco:
h h

242

z(n) - 2h 2h

LHEHL) .
2h 2

Tro lai bai toan: Voin= 2, 3, 4 ta co:
o(2k-1) n(n+1)

Z,: r(2k-1) 2

V&i n > 4 do trong day sb 1€ 1, 3,...,

2n—1 co it
nhat mot hop s6 (s6 9) nén ap dung bd dé 2 ta co:

no(2k-1) &2k n(n+1)
—— Ty =D k=—7—=
; 7(2k - 1) ; 2 ; 2
Ap dung bd dé 1 ta cé:
" a(kz) n

k=n(n+l).
2T

2

T‘?ﬂ’r“ug‘éce S§ 556 (10-2023)
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Nh@n xét. 1) Nhu vy trong d¢ bai cin stra “vgi
n > 1" thanh “vdin > . 4" hodc stra diu “<” thanh déu
<" trong bit ddng thire:

2, o (2k _|)

&2k -1 3
2) Co6 it ban th.un gia giai bai todn ndy Céc ban sau
diy co o1 gidi t6t: Thura Thién Hué: Phan Quoc
Thang. 11T1, THPT chuyén Quéc hoc Hué, Vinh
Long: Nmnen Tuan Ki¢t, 11T1, THPT chuyén
Nguyén Binh Khiém.

PANG HUNG THANG

Bai T11/552. Tim tat ca cac da thie P(v)eR]x)

thoa man: P (x" +2x-3)=4P(x)-3. Vxe R ().

Loi giai. (Theo y cua da s6 cac ban).
Néu P(x) la da thirc hang, thc P(x)=c,c € R, thi
tr (1)suyra: ¢ =4c-3<=c=1c=3.

Xét truong hop deg(P) = m voim > 1. T (1) suy
ra: P(x*+2x-3)-4P(x)+3=0,VxeR (2).

Nhan xét rang vé trdi cua (2) la da thirc co bic
4m > 1 nén nd khong thé c6 vo s6 nghiém thyre.
Két lugn: Tét ca cac da thirc can tim 1a
P(x)=1vaP(x)=

Nhégn xét. Piy la dang toan don gian vé phuong
trinh ham trong 16p ham da thirc thuc mot bién. Cac
ban tham gia déu nhan dugc két qua dung;
Hung Yén: Trdn Hiru Dwong, 12 Toan 1, THPT
chuyén Hung Yén; Binh Pinh: Phan Trung Truc,
11T, THPT chuyén Lé Quy DPon; Pa Ning: To
Dong Hai, 11A2, THPT chuyén Lé Quy Don; Ha
Tinh: Hoang Ba Hiru, 10T 1, THPT chuyén Ha Tinh;
Vinh Long: Nguyén Tudn Kiét, 11T1, THPT chuyén
Nguyén Binh Khiém; Quang Binh: Nguyén Thanh
Hai, 11T1, Pham Thi My Hanh, 12 Toan 2, THPT
chuyén Vo Nguyén Giap.

NGUYEN VAN MAU

Bai T12/552. Cho tam giac ABC voi trong tam G
cac dwong cao AD, BE. Goi X. Y lan heot la giao
diem cua cac tia DG. EG voi dwong tron (O)
ngoaqi !ie;;z? tam giac ABC. XY cat BC. AC lan heot
tai P, Q. Goi Oy, O, lin lwot la tam dwong tron

ngoai mp cac tam gigc CXQ va CYP. Chumg
minh rang CG vuong goc véi 0,0,



Loi giai. (Theo ban Nguyén Tin Nguyén Chuong,

N1, TH[’T chuyén Lwong Vin Chénh, Pha
Yén). Ta can c6 mot b dé.

Bb dé. f.’ho tam giac ABC, (0) la dicong tron
"gofli tiep, M la trung diém cia BC, D la hinh
chieu cua A trén BC. X [3 giao diém thir hai ciia
(0) va d’mifng thang qua A song song voi BC, G la
giao diem cuia AM va DX. Khi d6 G la frong tam
cua tam giac ABC.
Chung minh. Goi N 1A
trung diém cua AX: T
la giao diém cua MN
va DX.

D& thiy ABCX 1a hinh
thang cén (4X // BC).
Do d6 MN// DA va

MN =DA. Tir d6, chi
y rang N 14 trung diém cua AX, suy ra:

W:ﬁ:%bﬁ.
V_ﬁy Gid =7E =—Aﬁ.‘ =_l‘
GA DA DA 2

N6i cach khac, G 1a trong tdm cia tam gidc ABC.
Tré lai giai bai toan T12/552.

Trong 101 giai nay, ki hiéu mUV chi s§ do cua
cung dinh hudng uv.

Goi R, S theo thtr tur 1a giao diém cua CG va PQ,
DE. Theo bb dé trén AX // BC;BY // AC.

| = 1 =
Do do: (PQ, PB) = (XY,BC)=-mXC+-mYB

— - I = 1 =
ElrnBA-r-l—mYB (mod/r):?:—mYAr:EmCl}
2 2 2

= (AC,AB)= (AQ, AB) (mod ).
Didu 6 co nghia 1a 4, B, P, Q cung thugc mot
dudng tron. Tur d6, cha ¥ rdng A, B, D, E cung
thude mot dudng tron, suy ra PQ /| DE.

. RP _SD_RX
Vdy, theo dinh li Thales, ta c¢6 —_k—__é = E = )

Do d6 [y, = RP.RY = k_Q—-RX = Lhio)-

Két hgp véi /7., =0= [0, Suy ra:
CG=CR 1 00,.

Nhdn xét. 1) Bai toan nay khong kh6, nhung chi c6
6 ban tham gia giai, chi c6 ban Nguyén T an Nguyén
Chuong c6 10i giai ngén gon nhu trén.
2) Xin néu tén nim ban con lai: Quang Binh:
Nguyén Thanh Hai, 12T1, THPT chuyén V& Nguyén
Giap; Quang Tri: Hoang Cong Huy, 10T, THPT
chuyén Lé Quy Dén; Thira Thién Hué: Phan Quéc
Thing, 11T1, THPT chuyén Quéc Hoc Hué; Binh
Pinh: Phan Trung Truc, 11T, THPT chuyén L€ Quy
Pén; Vinh Long: Nguyén Tudn Kiét, 11T1, THPT
chuyén Nguyén Binh Khiém.

NGUYEN MINH HA

Bai L1/552. Mgt con ldc don dao dong diéu hoa
trong mot thang may chuyén dong thang dimg lén
cao chia thanh 3 giai doan lién tuc. Giai doan
mot, thang may chuyén dong nhanh dan déu tr
trang thai nghi dwoc doan duong h. Giai doan
hai, thang may chuyén déng thang déu véi toc d¢
bcing toc d¢ cudi giai doan mot va di duoc doan
duong 2h. Giai doan ba thang may chuyén dong
cham dan déu véi toc dé dau bdng toc dg chuyén
dong thang déu, dong thoi di dwge doan dwong h
roi dirng lai. So dao dong toan phan trong giai
doan mot va hai twong ing la 18 lan va 17 lan.
Giai doan ba ciia thang may thi con lac thuc hién

duwoc so dao dong toan phan bang bao nhiéu?

Loi gidi.
Giai doan I: Chu ki cta con lic T =27 1
g+a

va van toc & cuoi giai doan: v’ =2ah ;

TOAN HOC
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2h

thoi gian chuyén dong cua thang may: 7, =
a,

Giai doan 2: Chu ki cua con lic T, = 2/:\/z va
4

thoi gian chuyén dong cua thang may:

2h  [2h
tz =E—= |—= tl‘
v a,
Giai dogn 3: Chu ki cua con lic 7, =27 [
g-4

Vz

=—=a,; thoi gian chuyén dong cia thang

méy: 1, \f \F_

f
— §6 dao d4ng todn phin: N, =L s N, ==,
ong p | Tl 2 T2
t
N,=-1;
S
a, (
suyra: —-=|—
g
N _T_
N T

= N; = 16 lan.
Nhd@n xét. Chic ming cac ban da c6 161 giai ding
cho dé ra ki nay: Pham Van Anh, 11 Ly, THPT
chuyén Nguyén Quang Diéu, Pong Thap; P Van
Duong, 11A1, Trung tdam GDNN - GD thuodng
xuyén, quin O Mon, Can Tho.

PINH THI THAI QUYNH
Bai L2/552. Cho doan mach dién xoay chiéu
AMNB. Trong do doan mach AM chi chira cudn

cam thuan c¢o do ne cam L, doan mach MN chi

chira dién tro thuan R va doan mach NB chi chira

t dién co6 dien dung C. Dat dién dp

u = U2 cos(wt + @) (trong do U, w, ¢ xac dinh)

vao hai dau doan mach. Khi do dién ap tirc thoi

hai dau doan mach AN la u,y va MB la uyg dicoc
bieu thi o hinh duoi. Tinh dién ap hi¢u dung hai

dau doan mach MN.

TOﬁN H
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Léi gidi. Tir o thi di¢n 4p ta co :

U,y = 20082 cosat (V),
Upp =100\/§cos(at —%,E) (V).

Do léch pha gita U, va
ty G

l)

2
p= DUy iUy = _3_

Gian d vecto dién 4p nhu
hinh vé.

Xét tam giagc OPQ. Ap dung dinh li ham césin ta
co:

PQ*= 0Q* + OP* - 2.0Q.0PcoszT”

: 2
= U, +U. ) =U2, +U% —2U \U, cosTﬂ
=100% +4.100% +2.100% = 7.100*

= U, + Uc=1007 (V).
Ap dung dinh li ham s sin ta c6:

09 _ PO

sing ;27

U, sin 2~ 10033 i
=sina= 3 - 2 _ 3.

U +U. 1007 247

Xét tam giac vudng OPH cé: OH = OPsina
100v/3
NGt
Nhén xét. Chuc miung ban Pham Van Anh, 11 Ly,
THPT chuyén Nguyén Quang Diéu, Pong Thap da

= 65,46 (V).

= Up = Uypsina =

c6 10i giai dung cho dé ra ki nay.

NGUYEN XUAN QUANG



PRAT RIEN TU OOV VA LAP LUANTOANBOE
CHO HOG SINR THPT THONG QUA KHAL THAG UNG DUNG
VECTO TRONG KHONG GIAN

NGUYEN VAN HAU - TRAN DINH HOANG - NGUYEN VIET CUONG

THEO CHUONG TRINH \ A SGK MO GV fHP’I‘NMD‘Uﬁl_mﬁ"'_’”%'Q-“”l
(K) 2) Tir gia thiét ta c6 tam giac ABC vuong tai 4 va

22 Khai tITa'lc pll:m'ng phap vecto dé gidi bai S, e :lAB,AC=13\/5-

todn cwe trj va bat ding thire trong hinh hoc 2

khong gian Mat khac: Sy, = Saus + Samc * Sac

2.1, Giai bai todn cye tri va bat ding thice

2 : ai 0:n u.r'g tri va bat dang thic =3x+6y+3\/§z=18\/§

trong hinh hoc khéng gian nho danh d§ dai cia

vecto :>x+2y+\/§z=6\/§. Xét

Thi du 1. Cho lang v dimg ABC.ABC' ¢ ;,=(m;x)_;=(2ﬁ(Ts;zy),E=(J§W;zﬁ)

AB=6:BC =12; A4' = AC = 64/3. Goi M la dicm

nam trong tam giac A'B'C'. Goc giwa cac mat :>;‘+;+;‘;=((3+\/§)6\/§; 6\/5)

phang (MAB),(MBC),(MCA) véi mat phang

(ABC)  lan  hegrt  la  a.B.y. Pt
l 9

P=— oo . Tim gia tri nho nhat >—l——+_\;+:v|
sina sinf sing ‘ ' NE) !

Khi do: P= 6—1\5(1’;}] +]G| +|7v|)

cua P. Khi dé tinh cosin goc gitva 2 dwong thang

BM. AC =6—1\/—§(6\/§\E+6~/§)=\[l3+6\/§.

Loi giai.

C' B' Déu dang thirc xay ra khi va chi khi x=y=z
M i
% Y nghia 1a 7 la tdm dudng tron ndi tiep tam giac
ABC hay M la tim dudng tron ndi tiép tam giac
ABC. Viy minP=+13+6J3 khi M la tim
dudng tron noi tiép tam gidc A'B'C'.

e Tinh cosin goc giwa hai duong thang B'M va
AC'.

Goi K 1a chan dudng phan giac trong cua tam giac
A'B'C' ké tir B', tr K ké dudong thing song
song vai AC' cit AA' tai H, khi do:
¢=(Bm')=(m):> cos¢=\cosm‘.

Goi 7 14 hinh chiéu cia M trén (4ABC); D,E,F
ldn luot 12 hinh chiéu cia 7 trén AB,BC,CA.
Pit x=ID, y =IE,z = IF . Khi d6 ta co:

] 2 43
+

P =— = + - o 2 2 _ pt 2
sina  sinf8 sing Ta tinh dugc: cosB'’KH = BK" + I?H BH
2 NE) 2B'K KH
sinMDI sin MEI ~ sin MFI =£:>cos¢)=£.
_ MD +2ME +\3MF 4 4

M1 Thi du 2. Cho hinh lap phuong ABCD.A B,C,D,

= 6\1/_3_ (\/XT_'_ 108 +2\/?+108 +3V 22 +108), ¢6 canh bang 1. Hai diéem M, N lan luot thay doi
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trén cac doan AB, va BC, sao cho MN luén tao

voi mat phang (ABCD) mot goc 60°. Tim oid try
hé nhit ctia do dai doan thang MN
Loi giai.
bat A, D,

AV = xAB; '

-B_IV=yE—C—‘: B"\ . C
voi 0< x,y <1, M ______ M D
Ta co: ’ 7

2 c

MN = 4B + BN — AM = 4B+ yBC — xAB,
=(1-x)AB +(y - x) A4, + yAD.
=(l—x)2+(y—-x)2+y2 va
M—N.E= y—x. Vi MN tao voi mit phing
(4BCD) mot goc 60° nén (MN,A4,)=30°

Viy MN?

hodc (MN, 44,) =150°. Do dé:

y=x|=yJ(1=x) +(»
& (y-x) =3((1-x)" +5?)

— i3+
Ma 3((1—x)2+yz)z3(l—);i nén

—X)2+y 7

<:>—3—\/6S(y—x)5—3+~/6
=>3—J3s|y—x|s3+J3.
=i(y_x)2 2;(3—\/3)2.

3
DAiu bing xay ra khi

l-x= =

(y—x)223(y——;+—1)2

Suy ra: MN*

Viy minMN=¥(3—\[6_)= 23 -242.

Thi du 3. Trong khéng gian cho hai diém M, N co
dinh, MN = 2023 va hai doan thang AB. CD thay
aoi sao cho M, N luon la trung diém cia AB va
CD. Tim gid tri nho nhat cua AC + BD.

3 0 T?g'#uggce S4& 556 (10-2023)

Loi gidi.

D
C N

Vi M.N lubn la trung diém cia AB va CD nén

ta ludn co: -

AC + BD = AM + MN + NC + BM + MN + ND
=2A7N+(ZM—+W)+(7V?+W) =2MN.

Suy ra: AC+BD=‘E+|§&Z|ZE+EB,=|ZW‘

=2MN =4046.

Déu diéing thirc xay ra khi va chi khi 4 = C hoic

B =D hoic AC va BD cung hudng.

Viy min(AC + BD)=2MN = 4046.

Thi du 4. Cho hinh hop ABCD.ABC,D,. Goi

M.N.K lan lwot la diém doi xung cua A qua

C.B'.D'. Chimg minh CA<C'M +C'N+CK.

Loi gidi.

Pit C'B'=a, C'D'=b, C'C = ¢ . Khi d6 ta cé:
CA=a+b+c (quy tic hinh hép);
CM=CC+CM——a—b+c;

CN=a-b-c¢,CK=-a+b-c.

Dods: CM+C'N+CK+CA=0
- I—C’AI - |C'M +CN+ C'K[

=|-C’4 <|CM| +|C'N| +|C|
=>CA<CM +C'N+CK.
Vi cac vecto W, W, CK khéng cung hudng
nén dang thirc khong xay ra & bat déng thac trén,
vivay: CA<C'M +C'N +CK.



Thi dw S. Cho hinh chip SABC

§1=SB=SC=a vi ASB-BSC - iy
Tim trén SB dicm B va trén SC diom ¢
AB'C’
nho nhat do

Lai gidi.

sao cho

ram gildc co chu vi nho nhat Tinh oia vy

Khai trién mit bén cua hinh chép S.4BC trén

mdt mdt phang ta dugc ngti gidc SACBA' véi
SA=SB=SC=SA'=a; A'SC=CSB = BSA=30°,

Suy ra tam giac A'SA vudng can tai dinh S,

Khi d6 chu vi tam gidc AB'C’ dugc tinh bang:

P(AAB'C')=AB'+B'C'+C'A' =| 4B] |+[c

2'E+B'—C’+CT'Z"=’E’=AA'.
Pang thirc xay ra khi B’ va C' la giao diém cua
SB, SC voi AA'. Khi d6 ta c6 tam giac SAA'
vuong céan tai dinh S va S4=S4"=a, do do
Ad =a\2. Xét tam giac SAB  ¢b
SA=a, B'SA=30°, SAB'=45°=> SB'A=105°.
Theo dinh 1y ham s sin ta co:

SA B’ —
—— = SA = SB' = —— .sin SAB’
sinSB'A sinSAB’ sin SB'A
a 2a
=————.sin45°= =a ﬁ—l a
sin105° J3+1 ( )

Tuong tu ta tinh duge SC' = a(\/g = I).

Viy minP(A4B'C')=a\2 < B'e SB.C' e SC
sao cho SB'=SC' = a(x/’o7 —1).

2.2.2. Giai bai toan cwc tri va bat ding thirc

trong hinh hoc khéng gian thong qua danh gia
tich vo hwong

Thi du 1. (Trich dé hoc sinh giéi Tinh Ngh¢ An
nim hge 2022-2023) Cho ur dién ABCD co
AB =10, AC = AD = 20. Biét rang
BAC + CAD + DAB = ABC + CBD + DBA

— ACB + BCD + DCA = 180°.

i tri who nhat cua biéw thir

P = MA+ MB+ MC + MD
/-/)l \, /‘/NII |’j/;l trong /‘/,()/}.!r

Tim ¢

Ian

Loi giai.

Trai t& dién ABCD trén mat phang (ABC) ta
dugc tam giac D, D,D, .

Vi téng cac goc tai cac dinh 4,8,C cua tir dién
ABCD bang 180° nén bo ba diém 4,D,,D,;
B,D,,D,; C,D,,D, thing hang va ba diém
A,B,C lan luot la trung diém cua cac doan thing
DD,, DD,, D,D,. Do d6 theo tinh chat cua
duong trung binh trong tam giac va tinh chat cua
phép trai mat phang ta co:

DD, D,D, D,D

BC = 2 =20,CD=—22=10,BD=——2=20.

Suy ra td dién ABCD c¢6 AB=CD=10,
AD =BC =20,AC=BD=20. Do d6 ta dién
ABCD 1a tir dién gan déu.

Goi E,F,G lan lugt la trung diém cia 4D,BC va
EF . Tacd G la trong tdm cua tor dién ABCD.
Dung cong thirc tinh d6 dai dudng trung tuyén ta

15V2

tinh duoc: GA=GB =GC = GD——Z— Ta co:

P=MA+ MB+ MC + MD
_ MA.GA+ MB.GB + MC.GC+ MD.GD

M—G.(@+ GR+GC + 55) +4.GA?
B GA

=4GA=3042.
Déu bang xay ra <> M tring voi diém G.
Vay min P =302 khi M tring véi diém G.
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Thi du 2. Cho nr dien ABCD voi BC -
AB=¢. DA - a’,DB = b’ DC

(O R) la mat cau ngoai ticp nie dign. Chirng minh

a, CA = b,

. Goi mat cau

rang a’ + b+ +a” 4 b7 107 <16R.
Loi giagi. Gia st M,N 1a cac diém bét ky thudc
mit cau (O,R), ta c6:
MN® =(ON -OM)* =2R* - 20M -ON
= 20M -ON =2R* - MN?.
Goi G la trong tdm cua tr dién ABCD thi ta co:
40G=0A4+0B+0C +OD.

Suy ra: 160G = (04 + OB + OC + OD)’

=4R* +(2R* - c*)+(2R* - b*) +(2R* - o)

+(2R* —a”?)+(2R* - b ) + (2R - ")

___16R2 _aZ _bZ _CZ _aIZ _bIZ _CIZ.

Vi OG* >0 nén suy ra:
a+b*+ct+a? +b* +c* <I6R’.

Ping thirc xay ra <> 0=G < ABCD 1a tir dién
gan déu.
Thi du 3. Cho tr dien ABCD co AB =2a, tam
giac BCD vuong tai C, BD =2a,BC =a. Goi Il la
trung diém cua BD. Goi M la diem thuéc canh
BC. Pat BM =x (0< x<a). Xét mat phang («)
di qua M song song véi AB va CI, cat cdc canh
BD,Al,AC theo thir tu tai N,E.F.

a) Tim x dé ME* + NF* nho nhat.

b) Goi O la giao diém ciia ME va NF. Xac dinh
vi tri cua diém O dé téng

T =0A4>+0B* +0C’ + OD’

nho nhat.

Loi gidi.

a)Dé thay MN //CI /| EF va MF //AB//NE nén

TOAN H
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: . MN x
MNEF 1a hinh binh hanh. Ta co —CI—__ nén

a
MN = x. Tuong tw MF =2(a—x). Lai co:
W=W+W,W=W+ﬁ, suy ra:
ME? + NF? = (MN + MF) +(NM + NE)’
=2(MN’? +MF2)+2MN-MF-COSW
—2MN - MF -cosNMF

2
=2[x’ +4(a-x)'] =-§-[(5x—4a)2 + 4a2]28—:—.

, . 4a
Pang thirc xay ra <> x = <

2
Vay min(ME’ + NFZ):§‘5’— .
b) Goi G la trong tam cua tir dién ABCD thi ta
cé: 04> + OB + OC* + OD’
—(OG +GA)* +(0G +GB)’ +(0G +GC)’ +(0G +GD)’
=40G? + GA* + GB® + GC* + GD*.
Do d6 T dat gia tri nho nhat < OG dat gia tri
nhé nhit. Goi H,K lan luot 1a trung diém cua
CI,AB thi H,K c6 dinh. Ta chimg minh O
thudc HK. That vy, vi O la trung diém cia ME

nén HO=~(HM + HE)=~(HC + CM + i + IE)
2 2
el S L2
2 a a 2a

Tuong tu: KO=2L(FC"+Z). Suy ra O thudc
a

HK , vi viy OG nho nhét khi va chi khi O 1a
hinh chiéu cia G trén HK. Vay T nho nhét khi
va chi khi O 1a hinh chiéu cia G trén HK .

Thi du 4. Cho tir dién ABCD. Chiing minh rang:

(AB +CD)* +(AD + BC)? > (AC + BDY".

Loi gidi. Goi M, N, P,
0,0 lan luot 1a trung
diém cua 4B, BC,
CD, AD, AC. Ta co tit
giac MNPQ la hinh
binh hanh va diém O
khong ndm trén mp(MNPQ). Tir do, ta cé:




(AB+CD)* +(AD + BC)’

=(20N +20Q)* + (20P + 20M)?
>4NQ* + AMP? (1),
Ta lai c6:
4NQ* +4MP? = 4((W + lt_/IQ)2 + (/T[N * 7\'7’)2)
=4(2MN* +2MQ*) = 2(AC? +BD")2(AC + BD) (2).
Tir (1) va (2) suy ra dicu phai chimg minh.
2.2.3. Giai bai toan cyc tri va bét ding thic
trong h_inh hoc khéng gian nhd khai thic tinh
chit thing hang va dﬁng phing

Thi du 1. Cho t dién SABC ¢6 G 14 trong tam tir
dién, mat phang quay quanh AG cdt cac canh SB,
SC lan lwot tai M, N. Tim gia tri nho nhdt cia 1

V.
So- S AMN )
’/
S ABC S
Loi giai.
bat —§§— =X, g
SM
SC 4 é c
sv 7 Ny £
B

vai x>0, y>0.
Tacé: I = 2SE = +(SB+5C)
3 3
1 = ey — —
=~(xSM + y.SN)=Z.5M +2 5N.
3 3 3

Dol ,M,N thrfmg hang nén

£+Z=1<:>x+y=3. Ta co:
3 3
Viww  SASM SN _ 1, 1 _4
PVt A BBIBE Ay (xey)t D
4

3 3
Dau"=" xdyra<> x=y = 3 = MN//BC.

: il oy
Vay ti s0 nho nhat 1a %
Thi du 2. Cho hinh chép S.ABCD cé day ABCD
la hinh thang can, AB song song voi CD,
AB =2CD, cdac canh bén hinh chép cé do dai
bing 1. Goi O=AC N BD, 1la trung diém ciia

SO. Mt phing (@) thay doi di qua I va cat cdc

canh SA.SB.SC,SD lan teot 1ai MNP, Q.

Tim gid tri nho nhat cua biéu thie
| | ! '
T = — 4 S wou:
SM

SN®  SP
Loi giai.

— i A, B TS gy
Si-lso-1 SA+3Ac)=1(SA+—(SC—SA))
2 ) 3 2 3
15 lse-2sm+25P.
6 3 6 3
Vi I,M,P thiang hang nén ta c6

1=%+Z<:>x+2y=6

S4 SC 1 2
SM  SP SM  SP
Chimng minh tuong tu —1-+i=6
SN SO

Tac: ——+——t =+ 2 =12
SM SN SP SO

S B S 1
—_—t
SM SN SP " SQ
12 12+ 12+ 12 =10T
sM? SN? SP* . SQ
144 72

=>T2—=—. Viy minT=2,datduqckhi
10 5 5

2>122=(

5(12+12+22+22)(

LI N TR
SM SN 2SP 250

<:>SM=SN=%;SP=SQ=%.

3

Thi du 3. Cho chop SABC ¢o
SA=BC, SB=CA, SC = AB. Mjt mat phing di

hinh

qua tam duong tron ngi tiép tam giac ABC, cat
cac tia SA, SB, SC theo thir ur tai M, N, P. Churng
minh rang: SM + SN + SP > SA + SB + SC.

TOAN HOC
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Léi gidi. Djt 75\
SA=BC=a, M/ [N
sB=Cd=b, A\l O\
SC=AB=c, N e

\Y&
SM =x, \/
SNz_vv SP:Z' i

Goi 1 la tam duong tron néi tiép tam giac ABC, ta

c6 hé thirc vecto: ald + bIB + cIC=0
:>(a+b+c)-§=aST!+bﬁ+c3‘E 1.

Tir gia thiét ta c6 W, ﬂ; ﬁv, SB va 37",§5

cung hudng nén:

Si=4 57, 55-3B 55 5¢-5C5p
SN SP

Khi d6 (1) tré thanh:

(@a+b+c)SI = a—&iSM bS—SN+c£SP
SM SN SP

H? ST * S R
Do d6: (a+b+c¢)SI =—SM + —SN +—SP.
x y z
Do 4 diém M,N,P,I dong phing nén ta cé:
2 2 2
—a—+é—+c——a+b+c (2).
x y z
Theo bt ding thirc Cauchy ta cé:
2 Z 2

E—+)622a,b—+y22b,c—-%-2222.
x y Z

2 2 2

Viviy: =+ + S b x4y +z22a+b+e) ().
P y zZ

Tu (2) va (3) ta c6 dpem.

Cho hinh  chop S ABC ¢

Thi du 4. |

S a4 SB=h, SC=¢ Mol mat phang («) luon

di qua trong tam cua fant gide {BC, cat cac tig

$4.SB.SC lan leot tai A\ B "C'Tim gia trr nho
- I § .ok

nhat cua ;—] + \B' PP

Loi gidi. Goi G 1a trong tam cua tam gidc ABC'.

S§C ——

e e e et e ,
Ta co: BSG:SA+SB+SC=§.SA it SB'+ C.SC-

Ma G,A' B',C' ddng phang nén

SA' SB 'SC’
Theo BPT Bunyakovsky ta co:

N2
| 1 1 2,22, .2 e L £
(SA|2+SB|2+SCl2)(a +0 +¢ )Z(SA'+SB'+SCIJ
o 1 + ! + : ] 0
SA®  SB® SC? a*+b'+c’
1 1 1

3 e xa khi = = két
Pang thic xay ra khi SA' bSB'_ oSC'
b c
hop Véi —— +——+——=3 ta dugc:
PV 51 s sC
2 2 2 2 2 2 72
sgr=Erb e op @ Ab e g aAb e
3a 3b 3c

1 1 1 9
Viy mi sk sop - .
w mm(SA'z SB* SC'Z) a* +b +c?

(Ky sau ding tiép)
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PROBLEMS .. (Tiép theo trang 19)
TOWARDS MATHEMATICAL OLYMPIAD

Problem T10/556. Give the sequence (x,)

x =4,x,=10
X =A%, — 3% V52T

Find all pairs of positive integers (m; n) so that

determined as follows {

mnl X% )

Problem TI11/556. Consider the function
f:R — R which satisfies

) A0)=1; ii) f(x)<LVxeR;
iii) f(x+;—;)+f(x)=f(x+%)+f(x+-;—).

3 4 T?g’#uggg S48 556 (10-2023)

Let F(x)=3Y"""f (x+n). Compute F(2024).

Problem T12/556. Given an acute angle ABC
inscribed in a circle (O) with AB < AC and let H
be its orthocenter. Let M be the midpoint of BC.
The line segment AM intersects the circumcircle
of BHC at N. Assume that X is the reflection point
of 4 in BC and AO intersects the circumcircle of
BOC again at T. Let U be the second intersection
between the circumcircle of AON and the
circumcircle of AXT. Show that AU is parallel to
BC.

Translated by NGUYEN PHU HOANG LAN
(College of Science — Vietnam national University, Hano)
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PHUONG PHAP

GIRXI TONRR

& . 'ruap e xum THAG UNG DUNG
| CUA BAT DANG THUC JENSEN

CAO MINH QUANG
(G THPT chuyen Nguyén Bink Khiém. Vinh Long)

e e e e S it

Bit ding thic Jensen c6 nhiéu (g dung trong
gidi cac bai todn bt ding thic so cip voi nhiéu
pién sb. Trong bai viét ndy, chung ti xin trinh
pay mot s6 bai todn bét ding thirc dwoc giai bing
cich dp dung bat déng thirc Jensen mot cach tinh
. Bai viét cling trinh bay mot tinh chét tha vi tir
s két hop hgp gitra tinh don diéu, va 16i 16m cua
pam s trong viéc chimg minh bit dang thirc.

1. BAT PANG THUC JENSEN

Gia sur

e Cho f(x) la ham loi trén (a:b).

x,e(a:b)‘ a >0,i=1..n va Za' =1. Khi do:

i1

[Sax)<Yafix)
=] =1

Pang thicc xay ra khi x, =x,=..=x

"

o Cho f(x) la ham Ilom wén (a;b). Gia sw

x €(a;b), @, >0,i=1..n va Y a, =1. Khi do:

f(ia,x, )2 ia, f(x,).

Ding thirc xay ra khi x, =x, =...=x,.

HE qud. o Cho f(x) la ham l6i trén (a;b). Gid sit
e(a;b), o, >0,i=1,...,n. Khi d6
Za,.x Za f(x)
f i=1 < i=l
Yoo | Bl
i=l i=l
Cho f(x) la ham l6m trén (a;b). Gia sir
x, €(a;b), o, >0,i=1..n. Khi do

Sax | o)
|z E—

§ :al Zﬂ’
1=

i=l
Mot diém can lwu ¥, dé su dung duoc bat ding
thirc Jensen trong giai bai toan bat dang thirc, ta
can chuyén doi (hodc danh gia) dé mot vé nao do

cua bai toan vé dang Y f(x,). Tir day, chi can
=1

khao sét céc tinh chit caa ham sé f v6i diéu kién
rang budc cua céac bién. Trén thyc té, ta thuong ap
dung cho bai toan bét ding thuc ba bién. Cu thé,

ta dua bai toan vé dang:

Fla)+ 1 0)+ 1(6) 3]

a+b+c)

hodc f(a )+f(b)+f(c)>3f["+b“).

Sau day 1a mot s6 bai toan minh hoa

Bai toan 1. Cho a,b.c la cac so thuc dwong va

thoa man dieu kiéen a+b+c=1. Chimg minh
rang
a b c 3
R +
[ P | F = =
Vi+a= Vl+b Ni+c ~I0
Léi gidi. Ta phat biéu lai bai toan dudi dang

f(a)+f(b)+f(0)ﬁ%

10

trong d6 f(x)= \/__.__ ,Vx e(0;1).
Pao ham cap mot va dao ham cap hai cua ham s
1

)

ndy lan luot 1a: f"(x)=

TOAN HOC 35
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Do do f 1a mdt ham 1om. Sir dung bit ding thire
Jensen, ta cé:

. . . ) 1+ b+
|/ (a) +f U)) +f (() £3f L‘«»-—— 2 ) ,
at+b+c
hay — + - < ‘ —'—':_:-:_‘:.,_.—.;‘:
Vi+a® Jl+h \/ 1+¢ I (Hbﬂj
+
3
3
Jio-
: £ o o3 ; 1
Déng thue xdy rakhivachikhi a=b=¢ = 3
Bai todn 2. Cho x.v.z la cac so thue khong am
va thoa man dicu kign x+v+:x=2 Tim gia tr|

nho nhar cua bicu thwe:

o — —_—

IJ'_\*\‘:'-‘]*.\\

Lai giai. Y tuong chinh cua bai toan nay la danh
gia dai lugng m + m qua dai luong
chira x+ y. T d6 dua vé ham mot bién (theo z)
dé tiép tuc khao sat va tim gié tri nho nht.

Xét ham s& f(r)=Vr' +1, r€[0;2]. Pao ham
cip hai cua ham s nay la:

3(t‘ +4t)

720,V €[0;2].
4(\/t3 +l)
Vay ham sb A7) 16i trén [0; 2]. Sir dung bét ding

thirc Jensen, ta co:

VX +1+4y° +1 22\/(x;}

1(0)-

3
Suyra P>2 (2;2) +1+§\/2+1. Xét ham s6

3
) 2 ( ) +1+§\/z+1 Vol 26[0;2].

Ta cé:

TOAN HOC
* Clugdilre
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32-1) 5

' (2) = 5 e *(),\1: [ [(),2]
8 (“) 7\/3(2:) {l() 4\/:']

-

(BDT ludn ding vi no trong duong voi
:)‘llx(z 2) - 54(2 - 2)A 50]

125 >0,Vz €[0;2)).

§—(2-2z)
Do d6 g 14 ham ddng bién trén [0:2] . Suy ra;

8o i 2

P2 (()) = — —2*"“

Ding thie xay ra khi va chi khi
5+4y2
x=y=],Viy mnP= ————2—-~.

Bai todan 3 [Crux problem 3114). Cho a.b.c la

z=0 va

va thoa man dicu  kien

cac so thee  dwong
| | | . . :
— 2. Chirng minh rang
a+l b+l ¢+l
I I |- 51
da+1 4le 4 +I

Lai gidi. Phat biéu cua bai toan khong thé hién dai
lugng a+b+c. Ta co thé khic phuc diéu nay
khong qua khé théng qua phép ddi bién. Cu thé,

1 |
dit x= , V= 2= thi x+y+2z=2.
) a+1 Y b+1 c+1 ¥
Hon nira, a=1-x,b=1_y,c=1_z. Bit déng
X y z

thirc can chimng minh dugc viét lai duéi dang
LIPSO Y
4-3x 4-3y 4-3:

trongdé x+y+z=2 va x,y,z€(0,1).

Xét ham f(1)= ! t,te(O,l). Pao ham cép

mét va dao ham cap hai cua ham sé 1an luot la:
4 24

f' ! =*-,f" )=
) (4-3)’ ) (4-3¢
Nhu vdy f(¢) 1a ham 1i trén (0,1). Str dung bét

=>0,V1 e (0;1).

dang thirc Jensen, ta co:

1)+ 1)+ 1) 232222 =37(2)-



\ v z

lmv4 I 4 '&; 4_'3-::;1

ping thire xdy ra khi va chi khi x = y = 7 = 2 hay
. ; hay

|

a= b=c=-—.

: 2

Nhin xét.

1) Ngoai ldi giai trén, bai todn con cé mot 101 gidi
rit don gian va dep nhu sau:

Véimoi £>0, ta c danh gia (2¢-1)" >0. Do dé
A=A 412063(041)2 (4r+1)(2-1)

1 1 1
S —2—
4t+1 141 3
Suy ra:
1 1 1
+ + - - b -1=1
da+1 4b+1 4dc+1 a+1 b+1 c+1

2) Mot két qua tong quat, do tac gia bai viét nay
&8 xuét nhu sau:

Cho x,,x,,...,x, >0(n 23) va théa man diéu kién

i 1

ial x’ +l

> 1.Chung minh " n
B ,2:4x+1 4n-3

Bai toan 4 [Bosina Hercegovina, 2002]. Cho

a.b,c la cac so thuc thoa man diéu kién

A 2 2 T . M
a +b” +c” =1. Chung minh rang
a’ b’ c? 3

l+2ab 5
Léi gidi. Bai toan cé diéu kién a® + b*
Tuy nhién, & mau mdi s6 hang trong vé tréi ciia

+ +
14+ 2bc 1+ 2ca

+ct=1.
BDT chua xuat hién du cac dai lugng a*,b°,c’
Ta can danh gia dé mdi s6 hang chi chira dai
lwgng a®,b* hoidc ¢’. Tachu y, véi moi x,y e R
ta ludon co lvu ¥

1+2bc<1+b* +c . Do do:
a’ b? c? a’
+ + & =
142bc 1+2ca 1+2ab 1+b°+c
b ?
+
1+c*+a* l+d*+b
a’ b? c?
oy 2

2xy<x’+y*, va

i a
Ta cin ching minh S +
vai didu kién a® +b* + ¢
i [ . a ~A
Xéthamso f(1)= -?:—/—’—.1 e[0;1]. Taco:

Ve 2 () =
/ (’)-(2—r)"'/ ) (2-1)

Suy ra f(¢) 1a mt ham 16i trén [0;1]. Sur dung

->0,Y1 e[0;1].

bat diing thirc Jensen, ta co:
2 2 2
[ 1 2 2 | d +b” +c
fa?)+ f(p?)+ f(c )23./[-——————3
2 2
a’ N b & >}
2-a> 2-b

oy CPE

Bai toan 5. Cho a,b,c.d la cac so thire dwong.

Chitng minh rang
2b+c+d ‘4(2(‘+(/f_(ljl
2a+c+d 2b+d+a

+[2d +a+bj\+(2a+b+z‘\J"24.
2c+a+b 2d +b+c

Léi gidi. Bat dang thitc & dang thudn nhat dong
bic nén ta co thé chuidn héa a+b+c+d=1.
Pit x=a-b,y=b-c,z=c—d,t=d —a. Khido6

x+y+z+t=0. Bt ding thic can chimg minh

tuong duong vdi

3 3 3 3
(l___x + I__y +(1—Z) +(_1;t_) >4,
1+x 1+y 1+ z I+
=

Xét ham s6 f(u)=(T+—j ,ue(-L1). Ta cé:
u
o (1-u)

u)

(1+
2y (1+)z()3 “) >0,Yu e (-L;1).

Suy ra f(u) 1a ham 16i trén (-1,1). Sir dung bét

£(u)=—6

va f"(u)

déng thic Jensen, ta co:

P00+ £0)+ 1)+ £ 47 (FLE
=41(0)

S6 556 (10-2023)
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Dodo f(x) lamot ham 15m trén (0,1), suy ra:

= [:i) +[:;] +(::~] +[::) . f(a)+f(b)+f(c)s3f(£;’i]

Bt dang thire da duoc ching minh.

I} 2
Bai toan 6 [Crux problem 3444). Cho a.b.c la 23"/(§J—6'
cdc s0 thue dwong va thoa man dicu kien .
dehie=1. Chime mint Tur d6 ta co:
a+broe =1 Chung minh b be N ca géz
““(«1/1. L he 7 LLoea ! 3a:+2b+3+3b2+2C+3 3c2+2a+3 89
3a+2b+3 30 4243 3¢ 12a+3 12 =
o 2
Lai giai. St dung bat dang thirc Cauchy ta co:
ab _ 3ab Bai toan 7 |Bencze, Crux problem 32]:4]. Cho
3a® +2b+3 (3‘1'1)2 +6a +(6b +8) ABC li mort tam gide nhon. Chirng minh rang
- 3ab _ 3ab 1 tanA tanB tan C 'f 6 i
T 6a+(6b+8) 2 (3a+2)+(3b+2) Yy B c \z)
2 3ab 1 1 1 )\ 3( ab ab - A
"2 4(3a+2 3b+2) 8\3a+2 3b+2) D) AcordsBeotB+CeotC<| T
Tuong tu, ta cling chimg minh dugc: Lai gidi. Truée hét, ta s& ching minh céc két qua
be <§ be N bc J . T ,
3 +2c+3 8\ 3b+2 3¢+2) quan trong sau: Voi moi x € 0,-5 ta co:
ca Sg. ca  _ca ' i) tanx—x>0;
3¢*+2a+3 8\3c+2 3a+2

ii) xtan® x + x —tanx > 0.

Cong céc bat ding thic trén, ta thu duoc: ) e i o
Chirng minh. i) Xét ham s6 f (x)=tanx—x, vOi

ab N bc 2 ca
30 +2b+3 3b2+2c+3 3 +2a+3 xe[o;ﬁ)_ Ta 6 f'(x)= 12 _1>0. Do dé
<§(a(b+c)+b(c+a)+c(a+b)J 2

cos” x
8\ 3a+2 3b+2 3c+2

=§(a(l—a)+b(1—b)+c(l—c)J

£(x) 12 ham déng bién trén {0;%). Suy ra, voi

x>0 thi f(x)> f(0) hay tanx—x>0.

8\ 3a+2  3b+2  3c+2 , ,
ii) Tiép theo ta xét ham so

3
== +f(b)+ .
8(f(a) f(b)+1(c)) g(x)=xtan’ x + x —tanx , véi xe[O;—;E).
x(1-x) .
tr do = y 5 5 . Xét ha
ong do f(x) 3x+2 v6i x€(0,1). Xét ham Ta co: g'(x):Zx(tan3x+tanx)20, xe[O;%).
. 1- L s ;
sO f(x)=x3( +)2C),xe(0,l),tacé: Do d6, g(x) 1a ham s6 dong bién trén
i
7(x =—3x2 —4x+2 xe[O;%). Suy ra véi xe{O;%) thi:
(3x+2)2
2 g(x)>g(0) hay xtan’x+x—tanx>0.
f(x)= ) 0,vx&(0,1). Ta tr lai chimg minh céc két qua cia bai todn.

3 8 T?gpuggg S 556 (10-2023)




y £ tan x )
» Xétham s h(x) == g xe[o;ﬁ) Taco
X 2
dao ham cap mot va dao ham c¢lp hai cua ham sé
X

i . -y - tan x
ndy lan lugt 1a: A ( ) B X W
x4

2xtan x(xlan" X+ Xx—tan x) + 2(tan X - x)

.
X

h"(x) =

£ s & .e
Tir cac ket qua 1) va ii) duoc trinh bay ph?m trén,

suy ra duge 2"(x) >0 véi moi rr—:(O j tire 14
2

h(x) 1a mot ham 16i trén x e (O;%) . Str dung bat
ding thire Jensen, ta co:

h(A)+h(B)+h(C)23h(#)

2
tﬂ+tanB+tanC>9\/§>(_6_) '

ha >
Y 4B T T4

7
b) Xét ham k(x)=xcotx, véi xe(O;%j. Ta

2(tanx —x)
tan x.sin” x

sir dung bét dang thirc Jensen, ta nhan duoc

k(A)+k(B)+k(c)s3k(f+—§”§j

cling tinh dugc k"(x)=- <0.Tudo,

2
hay AcotA+BcotB+CcotC<—<(”)

7

Bai toan 8 |Crux problem 4708|. Cho a.f.y la
cdc goc cua mét tam giac. Ching minh rang
( 1
cota + cot ff + cot)
3 f 4 < cot —l— '

a /} J

bat s=—1—+—;—+—1— va f(x)=xcotx

a Y
véi x € (0;7). Str dung céc bat ddng thirc cosx <1

Loi gidi.

va sinx < x ta co:

COS XSin X — X
[(x)=——

sm X
= f nghich bién trén (0; 7). Suy ra:

f(x)< lim f(x)=1.

v 0°

inx—Xx
Si'ﬂfz—__so,Vxe(O;/r)
sin” x

Ta cting co:

"(x) = -2(1 - xcotx) “_2(,]_1_(5—)—)/0 Vx € (0;7).

sin’ x sin” x

Do d6 f1a ham 16m trén (0;7). Theo bat ding

] | .
thtrc Jensen va tir — +— +— =1 ta co:
sa sff sy

<[—l-a+—1— ﬂ+—l— }/J
—f(a)+-z/(/3)+—/(7) v

74 sy

cota + cot f#+cot A
< GOt ——r
2 l+ 11

Ding thic xay ra < a ==y <> tam giac da
cho 1a tam giac déu.
Bai toan 9 |Crux problem 4805|. (/o a.b.c [a
cac so6 thue dwong va thoa man diew kién
dabce. Chung minh rane

| . 1 N ] ’4

da ¥b e V3
Loi gidgi. Tu diéu kién ab+bc+ca=4abc , ta c6
1 1 1 1 1 1

—+—+—=4.Pit x=—,y=—,z=— thi
a b c a b ¢

ab +be + ca =

x,y,z>0va x+y+z=4.

B4t déng thic cin ching minh dugc viét lai dudi

dang x"+y” +z" 2> 4</§.

Xét ham sb h=h(t)= Khi do

€(0;4).

Inh= ln(t‘ ) =tIn¢ . Ldy dao ham hai vé theo bién

t taco: (Inh)'=(tlnz)'
hl
hay 7=1nt+1<:>h’=(lnt+l)h.
! TOA
S$6556(10-2023) ¢ cll\"uggg 39



Tiép tuc lay dao hai vé theo bién ¢ ta nhan dugc:
h"=(h')'=(h(|n1+l))'
=h

(Ine+1)+ )
l

:h((lnt+l)2 +%]>0,VI €(04).

Piéu nay chimg to ham s6 h(¢) =1 1a ham sd 13i

trén (0;4). Sur dung bét dang thirc Jensen, ta co:

f(x)*f()’)+f(z)z3f[;’{i.;’jj

X+y+z

hay x‘+y"+z:23(H++z) ' :4{/?

: 4
Dang thic xdy ra <« x=y:z=§ hay

3

a=b=c==.

Bai todan 10 [Crux problem 3182|. Cho a,b.c la
cac so thue duong va so thuc pe(0;1). Chung
minh rdzzg

= 4 b _,_¢ : ZL(a"" +b'7 .
(b+c) (a+b) 27

(c+a)
Loi gidi. Vi bat dang thirc can chimg minh ¢ dang
thuan nhét nén ta c6 thé chudn héa a+b+c=1.

Ta viét bat ddng thuc lai du6i dang:

T bb)” - 5@ b7 )
-a - -c

> 1
l-a 1-b

bat ding thirc Chebyschev va bt ding thuc

> : . Str dung
l-¢

Giast a=>b>c thi

Cauchy ta nhan dugc:

a b c
(l—a)p + +

(-
1 1 1 :
Zg(a+b+c)((l_a)p +(1—b)" +(1—c)p]

| ¥

Zﬂﬁ—z/"

J((1-a +1-b+1-¢)/3)
Dé hodn tt, ta chi can ching minh
Q"+ b P+ <3 e 1A cAn khing dinh ham
so f(1)=1"" véi te(0;1) 1a mot ham I6m. Dao
ham cdp mot va dao ham cap hai cua ham s6 nay
lan lugt la:
f(t)=(1=p)t" va /"(¢) =—p(l-p)r"".

Dodo f"(1)<0, vi moi 7 €(0;1) nén f la ham
I5m trén (0;1). Bai toan dugc chirng minh.

Bai toan 11 [IMO 2009]. Cho a,b,c la cac 56

thue dwong va thoa —man  dieu  kién
[ . ol ri
—+—+4+—=a+b+c. Ching minh rang
a b c
1 I 3
] 4 + & s

5
2

(2a+b+c)2 ‘(a+2b+c') ((l+/)+2('); 16

Léi gigi. Ta dwa bt déng thirc can chimg minh vé
dang ddng béc, cu thé:
(a+b+c)2 . (a+b+c)2 .\ (a+b+c)2
(2a+b+c)2 (a+2b+c)2 (a+b+2c)2
s(l+l+l).(a+b+c).i.
a b c 16
Chuin héa a+b+c=1. Khi d6, ta can chimg

minh:

1 1 1 3(1 1 1
B TR Y/ )
(1+a)  (146) (1+c) 16la b ¢

x
(1+x)
ham cap mét va dao ham cap hai ctia ham sé la:
, 1-x . B 2x—4
f(x): >0 va f(x): a
(1+x) (1+x)
Vx € (0;1). Vay f1a ham s 16m trén (0; 1).
Str dung hé qua cia bét dang thirc Jensen, ta co:
1 a 1 b 1 c
— f— + 5
1+c)

Xét ham s f(x)=

7, VoI xe(0;1). Pao

<0,

a'(l+a) b'(1+b) ¢

(
(Lelt)
a b c (1+y)-




Iu

rong do y=

+- 4+

o | —
0| —

1
a

Ch\'xyrﬁng 0<)'=\3\sa+b+c=l vi
1+I 1 3 3
L,

a b C

flx)=

1a ham s6 ddng bién trén (0;1).

(1+ )
Do d6
| l 1 I 1 1 1
3
(l+a)2 (l+b)’+(1+c)’<(a+b+cjf(5)
3(14_1 1
16 b+c)

ping thirc xdy ra khi a=b=c=§.

Nhin xét. Bit ding thirc trén c6 thé chimg minh
bang cdch chi sir dung bét ding thirc Cauchy. Tuy
phién, viéc st dung trigt dé gia thiét
%+%+%=a+b+c can thong qua mot sé ky
thuat xu 1y va bd dé twong déi la véi hoc sinh.
Céch tiép can chimg minh bing bat ding thirc
Jensen 6 thé sir dung gia thiét trén gon hon. Chi
y can tranh 15i khi chuin héa a+b+c=1 khéng

dan dén két qua l+l+l=1!
a b c

2.MQT HUONG PHAT TRIEN
Pinh ly. Gia su (a,b) la mét khoang nao do cé

chira cdc 56 thie dwong. Khi do

1) Néu ham f d@ong bién va loi trén (a.b) thi véi
moi x, >0, x € (a,b).i=12.....n, ta co:

X +x,+.tx
n

an[n\/r o -] ]—nf( XX,

Dang thirc xay ra khi va chi khi x, =x, =..=X,.

f(x)+7(5)++f(x, )>nf(

2) Néu ham f nghich bién va Iom trén (a,b) thi

vaimoi x, 20, x, e (a.,b),i=1.2,...n, ta co:

"(,‘!(1"“ k{‘\)~‘”/ '7,-,

L .vr»\» “\ I " P
snf v i >r1/[\4,\ Kyeo X, |

/1

Dang thiee xay ra khi va chi khi x X ==X
Vige chirng minh djnh Iy dya vao bat dang thirc

14 » . ’ ‘ >
Jensen, bét ding thirc Cauchy va tinh chat cua
ham don diéu.
Tiép theo 12 mot s6 bai toan minh hoa cho huémg
nay.

Bai toan 12 [Irish, 2002). Cho a.b.c(0.1).

i . . a b ¢
Chung minh rang + - 2
» l-a 1=-b 1-c

FF
3\,’(1/‘74

| - Jabc

Loi gidi. Xét ham f(t)=— t €(0,1). Pao ham
cap mot va dao ham cip hai cia ham s6 nay lan

lugtla: f'(¢)= lz,f"(t)= 2

(1-1) (1)
Do d6 f(¢) 1a ham sé dong bién va 16i trén
(0;1).. Sir dung dinh ly trén ta cé:

f(a)+£(b)+f(c)23 f(a+b+c)>3f(3@J

=31 (¥/abc)
a b c o 3%

+ 2 s
l-a 1-b 1-3/abe
Bai toan 13. Cho cdc s6 thwc dwong a.b.c thoa

ha
? l1-c¢

man a’ +b* +¢* =3. Chirng minh rang
1 N 1 P 1
J1+8a 1+8 1+8
1
,X€ 0;\/5 .
V1+8x ( )
Pao ham cip mét va dao ham cap hai cua ham sé

.
la: f'(x) _—(\/@)”

Loi gii. Xét ham s6 f (x) =

e e J3).
(%) (\/EE)S 0,V (oﬁ)
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Sir dung bat ding thic Jcmcn va dinh 1y trén ta
5 1 , 1 3 |
CO. —— T —= r.. eeme—

Ji+8a  V1+8b

R \/‘;'(a ff)

c 3-'***“"‘- e = l.

( x\/i"a P 7?17)
3
=z=]

Ding thirc xay ra khi x = y
Bai

l,‘.l“\‘ F1)<2

toan 14. Cho T SR () va

I
l n

- Chirng minh rang -,
76X 4 173

thi

Lai gidi. Dt y, = +—
X, +

- L 1
x,=—2ti=1,2,,n va ]y 2

3y1 i=l F'
Ta s& chimg minh eryy—zg Xét ham
f(u)= ue(0;1), ta co:
—Uu
1 2 " 4
f'(u)= S(x)=

(2-u) (2-u)
Suyra f () la ham ddng bién va 16i trén khoang
(0;1). Két hop bét dang thirc Jensen va bat ding
thuc Cauchy ta co:

2310 >nf[zy, Jo j

2nf[n@/n]2nf %J=£

Cubi cung la mét sb bai tap danh cho ban doc.

BAI TAP

112_

l

1. Cho x,y,z la céc sb thuc dwong c6 tong bang
1. Tim gié tri nho nhat cua biéu thirc

x y z

- X \/l -y -z
2 [Crux problem 4007|. Cho a,b,c 1a cac sb
thuc thoa
¢* =12 . Chimg minh rang

P=

duong va man dicu  kién

a’+b’ +

42 TOAN HOC
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(a + da+8)(b'+ 4b+8)(c’ +4c+8) <24,

3. Cho a.b,c la cac s6 thuc duong. Chiang minh

‘ a b, ¢ > -
rang (_[7—17f+(('+“)2 (a+b)2 4(a+b+c)

3 . R
) - >—= va thoa min
4 |Poland 1996]. Cho a,b,c2 2 v

didu kién a+b+c=1. Ching minh rang

a b ¢ /.2
e
a+1 b+l "+l 10

5. Cho a,b.ce(0,1) va thoa man dieu kién
c

+ >2.
1-b* 1-¢

| , . a
abc =§. Chirng minh 2 o

6.Cho n>2 va x,,x,,...,x, la cacso thuc duong

< L 1 , .
va thoa man diéu ki¢n Z 5o >1. Ching minh

1

rang Z

7.Cho m22 va X,X;5:.

6x+1 3n 3"

x, la cac s6 thuc duong

va thoa min diéu kién Z <1. Ching minh
i X +2
. LB n(n—-1
rang 2 ( )
o X, +1 n

8. Cho a,b,c la cac s thuc duong va thoa man
diéu kién a+b+c=3. Tim gi4 tri 1on nhat cua
biéu thirc

P=(a+\/1+7)b(b+m)c(c+\/i+—c2)a.

9 [Crux problem 4044]. Cho x,y,z 1a cac )

thuc duong va théa man diéu kién x+ y+z=1.

Chimg minh ring
x+1
x +1

z+1 27
z+l 7

y+1
y3+l

10 [Crux problem 4857]. Cho a,b,c la cac sb

thuc duong thoa min didu kién a+b+c =§.

Chimg minh ring a®b’ +b"c" +c‘a® > i
2



TIENG ANH QUA CAC BAI TOAN
BAI SO 97

PROBLEM.

al lloc ated to thre @ SC IIUU/\

Iwenty-four will  be
The rule is that each
school will accept at least one vo Nunteer and all
the schools will accept different numbers of
volunteers.  Then are different

allocating volunteers.

volunteers

I/IL‘I‘('

Solution: The answer is 222.

First, we focus on the condition that each school
receives at least one volunteer. We can assign one
volunteer to each school first and then the problem
is reduced to the problem “How many ways we
can distribute 21 volunteers to three schools and
some school might receive no volunteer?”.

We can place 21 stars * on a line and place two
bars | in any two spaces. For example, PEERE|EE |
*** means the first school receives no volunteer,
the second receives four volunteers and the last
receives 17 volunteers. The number of ways is

C223 _ 23%22

=253 (ways).

Second, we focus on the condition that all schools
will accept different numbers of volunteers.
There is one case that all three schools receive the

ways  of

same number of volunteers which is (8, 8, 8).

And from 1 to 24, there are 10 even numbers,

excluding 16 and 24
2.4,6,8, 10, 12, 14, 18, 20, 22,
Each of them corresponds to three ways to

allocating volunteers. For examples, number 10

will give three ways (5, 5, 14), (5, 14, 5), (14, 5,
5). Therefore there are 30 ways in which exactly
two school receive the same number of volunteers.
(Can you explain why we exclude number 16 and
number 24 from the above list 7).

Thus, there are 253—1-30= 222 (ways).

(Notice: We consider all volunteers are the same
and hence we are only interested in the number of
volunteers each school will receive).

Remark: The exercise is selected from a China

Mathematical Olympiad test.

TU VUNG
allocate : phan /)/1(51', phan phat
assign . phan cong, an dinh

NGUYEN PHU HOANG LAN

(College of Science-Vietnam National University, Hanoi)

3k o 3 ok o ok 3k ok ok sk o ke 3k ok ok 3k 3k ok 3k ok ok ok ok ok ok o sk sk ok sk ok ok ke sk sk sk ok ok ok ke sk sk sk o sk ke sk sk ok ke sk sk ke ok ok ok ok ke sk Sk sk sk sk 3k ok e ok e ke ok ok ok ok R ok sk ko Sk okok sk ok ok

BAI TOAN 95. Néu tong chiéu dai hai duong
chéo cua mét tir giac hinh con diéu bang 100 thi
gid tri Iém nhat cua dién tich te gidc hinh con diéu
do bang bao nhiéu?

Lwu y: Bai toan nay duogc suu tam tir mot Ki thi
Olimpic Toan hoc Sigapore.

Léi gigi. Dién tich tir giac hinh con diéu 1a

1 1
=800+ Sepp =—£AO><BD + —2—COxBD

~(40+C0)xBD

=1AC xBD.
2

Ta co6: (AC + BD)* > 44C.BD.

Nhung AC + BD = 100 tir d6 gia 4
tri 16n nhat cua dién tich hinh con
diéu bang YR
2
b IO 1950,

Déu dang thic xay ra khi
AC =BD=150.

C

Nhén xét. Kindy ban Nguyén Quéc Hoang Anh,
9A, THCS Ly Nhit Quang, D6 Luong, Nghé An
va ban Cao Minh An, 7A3, THCS Tran Phg, TP.
Pleiku, Gia Lai c6 bai dich tbt, guri bai vé& Toa

soan sdm. Xin hoan nghénh céc ban.

HO HAI (Ha Nji)

N H
‘ crm‘éﬁ 43
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7

BAI TOAN 76. Cho lang tru déu ABC A'B'C’ ¢6

8
\:‘\MQT%AI 'rogu *

- P

canh dav bang a va AB' 1 BC'. Tinh thé tich ciia
khoi lang tru ABC.A'B'C’,

Cdch 1. Dung hinh phu bang céch ldy E la diém
doi ximg vdi C qua diém B.

C ,.B E

Ta co: AB=%CE=a. Khi d6 tam giac ACE

vudng tai 4 = AE = CE* — AC? =af3.

Ta gidc BEB'C' la hinh binh hanh suy ra
BC' /| EB'. Do AB' 1 BC' nén AB' | B'E.

Mat khac, ta c6: BC'= EB'= AB'
AE _aV3
V2o V2

Xét tam giac AA'B’ vudng tai A" ta co:
AAI:__ ’ABIZ__AIBIZ =i\/_§.
2
_a’VJ3 a2 a6

4 2 8

nén tam giac

AB'E vudng cantai B, AB'=

Viy V

Cich 2. Dung hinh phu bang cach ldy D doi

ximg voi A' qua B'.

TOAN HOC
© Cludilre
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Xét hinh chit nhat bang nhau ABB'A" va
BCC'B', tac6 AB'=BC'. Mt khac: AB=B'D,
ABJ/B'D nén AB'DBIa hinh binh hanh
— AB'//BD,suy ra BC'LBD.Tu d6ABDC’
vudng can tai B. Theo cach dung diém D, tam
giac A'C'D vudng tai C' nén:

DC' a\/g
f — 2 _g% = 3, BD = = g
DC' =4a* —-a* =a\3 50

2
Suyra BB =+ BD* - B'D’ =——02 :
@3 a2 _a'V6

4 2 8
Cich 3. Dung hinh hp ABCD.A'B'C'D’.

Vay V =

Xét hai hinh chit nhat bing nhau A4BB'A’ va
BCC'B’ ta c6 AB'=BC'.Tu cach dung ta co
AB'=DC', suy ra BC'=DC'. Vi tir giac
AB'C'D la hinh binh hanh nén 4B’ )/ DC', suy
ra BC' L C'D. Tu &6 ABDC' vudng can tai C'.
Xét hinh thoi ABCD c6 canh bang a, ABC = 60"
suy ra BD =a~/3. Do tam giac BDC' vudng cin

tai C' suyra:



BD av3 e ‘
":~—:—;—:C('- w2 3 0\/2
e JBC? B o~

. a3 a2 @
Viy V= a\/— = f‘*\_lf{

Av

pit BA=%, BC=7, BB =z. Khi do ta co:
1% =5 =a,
AB' BC' = =0 (-X+Z)(y+2)=0

S -Xy+it=

|2|=BB' va 3.2=0, z =0,

&-a’ cos(X;y).5+BB” =0<> BB =a*.cos60°

2
@BB'2="—:>BB'=1‘/_§.

2 2
VayV=aZ 3 a\/i_ak/E

4“2 B’

Cach 5. Phwong phap toa do

Chon hé truc toa d6 Oxyz véi A=0= A(0;0;0).
C&eQy = C(0;a;0), C'(Q:azh), h >0,
A'€0z = A'(0;0;h). Do tam gidc AABC déu

aiyra: B| 2¥2.%.0| B —iﬁh
2 2 2

Ta.cé:A_B“':[‘“/5 % hJ BC'—(——3 .2, hJ

2 2 "2
ZA
A (04
Bl

Do AB"BC" =0 nén
N 12
a r L v =0h= ==
4 4 2
2 b ' J6
Viy V=4 V3 "‘/2 . ’f.\/f.
4 2 8

Chii y. Vi mdi bai todn, tim ra dugc 10i giai la
mot niém vui. S& tha vi hon nhiéu néu ta tim ra
duge nhidu 161 gidi cho bai todn do. Trong chuong
trinh toan 12, do tinh chét cua ky thi TN THPT
hoc sinh nhiéu khi bo quén viéc giai bai toan bing
nhi¢u cich ma chi quan tim dén két qua cubi
cuing, vi tit ca cac cdu trong dé thi 12 trdc nghi¢m.
Qua bai viét nho nay tac gia mubn dua lai niem
vui nho nhé ciia mot bai toan hinh thé tich vai gia
thiét cye ky ngdn gon bang viéc giai bang nhirng
cich khac nhau, T4c gia ciing mong muén ring
ddc gia tim thém nhiéu cach giai khac cho bai
toan nay.

HOANG NGQC HUNG
(GV THPT Ky Anh, Ha Tinh)

Nhan xét. Ky nay cac ban: V6 Hoang Khoi Nguyén,
10A1, THPT chuyén Nguyén Quang Diéu, Pong
Thép; Nguyén Minh Tho, 214 Di¢n Bién Phu, Q.3,
Trdn Vinh Phi, chung cu Remax Plaza, 20 Pham
Dinh Hb, phuong 1, Q.6, TP. H6 Chi Minh;
Nguyén Vian Canh, GV THCS Long Hau, xa Long
Hau, huyén Cén Giudc, Long An; Nguye:n Tha"ng,
GV THPT Bui Thi Xuéan, Binh Pinh ciing dong gép
mdt sé cach giai tdt, twong ty nhu cach gidi cua ban
Hoang Ngoc Hung, nguoi dé xuat bai toan. Xin
hoan nghénh céc ban.

LE MAI (Ha Néi)

Mai céc ban giri 10i giai BAI TOAN 78 du6i day vé
Toa soan Tap chi TH&TT trudc ngay 30.11.2023.

BAI TOAN 78. Cho wur dién ABCD 6

AB =CD =a, AC = BD = b, AD = BC = ¢ (1
dién gan déu). Tinh thé tich t di¢n ABCD.

TRUONG QUANG AN

(Xa Nghia Thang, huyén Tw Nghia, Quing Ngdi)

TOAN HOC
* cTusitre 45
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|
|
| /
b \1"-3"‘“ &
BAL TOAN 88 (IMO 1990). 7im a7 cu cdc so
2" 1

" ]
' SO Cho
n

nguyon n ld mor so neuyven

Loi giai. Vi 2" +1 1388 1¢ va
S0 18,

2" +1:n° nénn ld

Xeét n 1¢&, n > 3. Goi p 12 wéc nguyén t6 nho nhit
cuanthip>3va 2" +1:p hay 2" =-1(mod p).
nhd nhit sao cho

. . \ R va
Got 7 la sO tr nhién

2’=-l(modp). Tu 2"'=1(modp) suy ra
i<p-1.Ditn=ki+rvéi0<r<i-1. Tacé:

2" =2"2" =(-1)".2" (mod p).
Néu k chn thi 2" =2" =—1 (mod p). Suyrar=0
va 2=0 (mod p), trai véi dicu ¢ trén la p > 3.
Viy & 1é va 2" =1 (mod p). Ta chimg t6 ring r = 0.
Giasur>0,dati=r+dvédil <d<i. Tacé:
2 =272 =2' =—1 (mod p). Diéu nay mau thuin
voi vige chon i. Vay r =0 va n = ki va nii. Vi
i < p va p la uéc nguyén té nho nhit cia n nén
i=1.Suyra 2+1:p. Viy ta dugc p = 3.
Pit n=3"d véi k> 1 va (d; 3) = 1. Ta s& ching
minh k= 1. Gia sa k> 2.
Vi 2" +1:n*nén (3-1)" +1:3%. Suy ra:

k+1

3'.d =Y (-1)".C;3" chia hét cho 3%,
h=2
Luu ¥ ring s6 mii cua 3 trong phén tich cua 4! nho

TOAN HOC
& crumt':e S 556 (10-2023)
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hon h con s6 mil cua 3 trong phin tich cua
"

b:l('.‘

e do ]‘.(,'" vonh > 2,

A h
C, lonhon &+,

~

. 2 -\\ Av vO vV "qv )
Suy ra 3'''di3'"7 dicu ndy vo ly. Vay & = I va

n = 3d. Ta chimg t0 ring 1
¢ 1a udc nguyén td nho nhat cua d. Vi d 1¢é va
(d; 3) -

nhién nho nhit ma 2’ = -1 (modg). Theo dinh ly

3.Giasud = 1. Goi

Il néng=>5vdl 2" +1:g. Goij 1 so ty

Fermat bé ta coj < ¢ — 1.

Lip ludn twong ty nhu phan trén ta duge n: ).
Vin=3d 3:d)=1,j<q— 1, trong d6 g 1d udc
nguyén t6 nho nhdt cua d nén j = 1 hojc, = 3.

Do 2/ =-1(modq) nén suy ra 3iq hodc 9:q. Viy
¢ = 3, dicu ndy mau thudn vdi ¢ > 5. Suyrad = 1.

2' +1 =

=] ‘.

Viy n = 3. Thur lai, véin = 3 thi

Két lu@n: n =3 1a s nguyén cin tim.
Nhdn xét. Mot s6 ban tim duge n = 3 théa man bai
toan nhung khdéng chirng minh céc gia trj con lai cua
n khong thoa man bai todn nén 101 giai khong day
du. Hoan nghénh ba ban: Phan Dai Hoang, 11A1,
THPT chuyén Phan Byi Chau, Ngh¢ An, }6 Hoadng
Minh Khoi, 10T1, THPT chuyén Nguyén Quang
Diéu, Pong Thap, Trdn ST Phwong, 12 Toan 1.
THPT chuyén Quéc hoc Hué, Thira Thién Hué da
giai ding bai nay.

NHU HOANG

Sau ddy 1 bai tap d& nghi. Ban doc hiy guri 1di
gidi vé Toa soan TH&TT truée ngdy 30.11.2023.
BAI TAP DE NGHI

BAI TOAN 87. Cho a, b, ¢ la do dai ba canh
ctia mot tam gidge. Chimg minh ring

a@'bla ~b)+ ble(b- )+ Calc - a) 2 0.
Xac dinh eac triwong hop cho ta déing thirc.

KHANH HUU (Ha Néi)




GIAI PAP: DUNG HAY §A]
(De dang trén TH&TT s 552, thang 6 nam 202 3)

Phan tich sai lim. Lot giai trén bi nhim 1in khi
cho ring nghiém cua PT

/‘ l . )
. 4|x—m+]|+3 +.f(.\‘“ —4A'+7):0

phai 1a sO dwong, trong khi d6 x> 0chi 14 didy
kign xdc dinh cua ham s6 /£, con PT cdn tim
nghiém xac dinh véi moi x bai vi

4|x—m+l|+3>0;.>c2—4x+7=(x—2)2 +3>0.

Sau déy la 10i gidi diing. Xét ham sé
|

f(x)=log,x+3" - 3*. Pidu ki¢n xac dinh: x > 0.

Ta co: f‘(x—l)=j'[%J=log3l+3£ -3
X
—(log3x+3"—3;)=—f(x)

g ek U ¥ 1 .-
va f (x)_mw .ln3+x—23' In3>0, Vx & (0;+)
suy ra ham s6 f(x) déng bién trén khoang

!
4x—m+1/+3

(0;+ ). Do do: f[ )+f(x2—4x+7)=0

<:>f((4|x—m+1|+3)_l)+f(x2 —4x+7):0
<:>—f(4|x—m+l|+3)+f(x2 —4x+7)=0

o f(4x—m+1]+3)=f(x* —4x+7)
©4|x—m+l|+3=x2—4x+7

x* —8x+4m=0(1)
X=4m-8 (2)
Pé phuong trinh can tim c¢6 ding 3 nghiém phan
biét thi xay ra ba truong hop:

TH1: PT(1) c6 1 nghiém kép, khi d6 nghiém kep
d6 1a 4, con PT(2) c6 2 nghiém phan biét khac 4.

<i>4|1c—m+1|=(x—2)2 <:>[

Gidi h 16-4m=0 m=4 omed
a1 hé: & =4,
R Jam-8+4  |4m-8=4

TH2: PT(2) ¢6 1 nghiém kép, khi d6 nghiém kép

d6 14 0, con PT(1) co 2 nghiém phan biét khac 0.
4m —-8=0
Gidt b { ™

14m # 0
TH3: Céc PT (1), (2) c6 2 nghi¢m phén biét va c6
ding | nghiém cua hai PT giong nhau. Ta gia su

x, 1a mot nghiém chung cua hai PT (1), (2). Khi
—8x, +4m =0

I3 X ’
R
X, =4m-8

Thay x=m—1 vao PT(2), ta cé:

(m—l)" —4m-8>m —-6m+9=0&m=3.
Th lai m=3, PT(1) c6 hai nghi¢m phan biét
x=2x=6 va PT(2) c6 hai nghiém phan bict
x=2x=-2.Vivdy m=3 la mjt gia trj can tim.
Két lugn: m=2:m =3;m =414 cac gia trj can tim.
Nhdn xét. Rit tiéc 1a khong c6 ban nao phat hi¢n dugc
sai lam,

Sm=2.

v ~4m=4m-8&> x,=m—|

KIHIVI

GIA TR] NHO NHAT BANG
BAO NHIEU ?

Trong gid luyén tip thay glao cho bai toan:
Tim gid tri nho nhdt cia ham s6

y=16"" ~16.4%7 113.
Bgn Hung lén bang gidai nhw sau: Goi D la tap
xac dinh cua ham sd, khi d6: xe D < 1-x* >0

o-l<x<l1=D=[-L1]. Pat t=4"", khi do

t=4"" 5491 Xét ham f(t)=£ —16t+13
trén mién [1;+00) c6: f'(1)=2r-16=0<1=8.
Bang bién thién:

1
f'@)
/(@

+o |
= 0 + ‘

\ /+°°f

Khi d6 min y = min f(t) =-57

(-1 [li+=2)
Trong l6p mét s6 ban ciing lam ra két qua nhu
Hung. Sau khi xem 11 giai thay gido noi két qua trén
chua ding. Theo ban Hung da lam sai ¢ dau va gia
tri nho nhat can tim bang bao nhiéu?
NGUYEN THANH GIANG
(GV THPT chuyén Hung Yén)

TOAN HOC
*eTusitre 47
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YUAT BAN TU 1964

' A" .
| : §b 656 (10.2023)
\ Tap chi TOAN HOC va TUOI TRE S S e e 06w 0,
| . o7 Blén tdp:  024.35121607,
DT Phdt hanh: 024.35142649, 024.35682701

/ :‘,“.«t/;‘ Muthemuﬁ‘s and Youth M(Ig(llille gmall: toanhacluoitrevietnam@amail.com

CHIU TRACH NHIEM XUAT BAN

BAN CO VAN KHOA HOC

GS. TSKH. TRAN VAN NHUNG Téng Gigm d6c NXBGD Viet Nam
TS.NGUYEN VAN VONG HOAN(& ;igg%ﬁlet -
GS. DPOAN QUYNH Tong Bién tap :

Ry PHAM VINH THAI
PGS.TS. TRAN VAN HAO Vien truong Vién nghién cifu Séach va HLGD

PHAN XUAN THANH

HOI PONG BIEN TAP

Téng bién tap : TS. TRAN HOU NAM Phé téng bién tgp : CN. TRAN THIKIM CUONG
TS. LE HONG MAI

Thu ki Toa soan : ThS. HO QUANG VINH

TS. TRAN DINH CHAU, ThS. NGUYEN ANH DONG, TS. TRAN NAM DUNG, 8 "
TS. NGUYEN VIET HAL PGs. TS. LE QUOC MAN, ThS. PHAM VAN HUNG, PGS. TS. VU THANH KHIET,
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, 7S. PHAM THI BACH NGOC, PGS. TS. TA DUY PHUONG,
ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAL, ThS. VU KIM THUY, PGS. TS. VU
DUONG THUY. GS. TSKH. NGO VIET TRUNG.

I's. NGUYEN MINH DUC, TS. NGUYEN MINH HA,

TRONG SO NAY
a Danh cho Trung hoc Co s¢ @ Dién dan day hoc todn
For Lower Secondary School Nguyén Van Hau, Tran Dinh Hoang, Nguyen
Vi Hiru Chin — Sir dung bét déing thirc dé giai Viét Cuong — Phat trién tu duy va 1ap ludn toan
cac bai toan hinh hoc. hoc cho hoc sinh THPT thong qua khai thac
B 5 . 'mg dung vecto trong khong gian (Ky hai).
@ Huong din giai 4 thi tuyén sinh vao 16p 10 EREE g khong gian (Ky hai)
Truong THPT chuyén, tinh Ha Tinh, ndam hoc @ Phwong phép gidi todn
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CUNG TIEP BU %«L EM TGI TRUONG

HANH TRINH LAN

Nam hoc méi da chinh thitc bit dau, cac
em hoc sinh trén khdp cd nudc da co day
di sach gidao khoa dé sdn sang chinh phuc
nhiing kién thitc méi mé, hap dan. Chuong
trinh “Cung tiép budc em téi triong” véi hon
100.000 bo sach giao khoa va “Ti sdch
gidao khoa diung chung” ctia Nha xudt ban
Giao duc Viet Nam (NXBGDVN) véi khoadng
1.000 ti sach da va dang dugc trao di, gop
phan lan téa niém vui dén cic em hoc sinh
c6 hoan canh kho khan trén cd nudc.

Luon ddm bdo si ménh cung tng da
SGK phuc vu hoc sinh (HS) cd nudc, hé trg
cac em HS c¢6 hoan canh khé khan co du
SGK khi budc vao nam hoc méi cing nhu
tao nguon tai liéu hoc tap va gidng day cho
HS va GV st dung chung tai thu vién
truong hoc, nam 2023, NXBGDVN da trién
khai chuong trinh Cung tiép budc em téi
truong va Tu sdch gido khoa dung chung tai
63 tinh/thanh pho.

La mot hoat dong thudng nién vGi mong
muén giip d6 cac em HS c6 hoan canh kho
khdn trén cd nudc, nam hoc 2023 - 2024,
Chuong trinh Cung tiép budc em toi truong
cla NXBGDVN da trao tang hon 100.000
b6 sach tdi cac em.

Pai diéen NXBGDVN cho bi€t: “Quan tam,
hé trg cac em HS c6 hoan cdnh kho khé_n
la ditu ma NXBGDVN luon chi trong. Moi
bo sich duge trao di la tri thdc, la tam
long clia can by nhan vién NXBGDVN. Tam
long 4y dang dugc don nhan ¢ khap moi
mién dat nugc”. B

Pén vgi tinh Pik Ldk, noi ma 1/3 so
hoc sinh 1a cac em dan toc thi€éu so, hinh
dnh ciac em dung hai ban tay nhé bé om
chat bo sach vao long day tran trong khién
nhitng ngudi tham gia nhé mai Nhiing
trang sich méi trdng tinh con thom mui

| TOA H “”KN HP HUC

muc in la mén qua gia tri d6i véi cac em
hoc sinh noi day.

Tai 1é trao ting SGK cho HS c¢6 hoan
canh kho khan tinh Péng Thap, ba Ngo
Thuy Anh - Truéng phong Phong Gido duc
Mam non - Ti€u hoc, S§ GD - BT tinh Péng
Thap danh gia: “Pay 1a mot viéc lam nhan
van va y nghia cia NXBGDVN. Véi su hé
trd nay, gia dinh cing sé tao diéu kién
nhiéu hdn cho cac em trong qua trinh hoc
tap, gidm nguy co hoc sinh bé hoc. Ngoai
ra, don vi cing thyc hién cac giai phap
ddm bdo 100% hoc sinh c6 day di sach
giao khoa cho nam hoc méi, thuc hién theo
ding chi dao ctia Bo Gido duc va Pao tao,
g0p phan thyc hién hiéu quia Chuong trinh
Gido duc phé thong 2018".

Da/ dign NXBGDVN trao bién ting SGK cho dai dién
12 Phong GD - DT huygn, thanh phd’ tinh Ddng Thép

NXBGDVN mong muén thong qua chuong
trinh sé lan téa dugc thong diep “Hay bao
qudn, gitt gin sdch giao khoa dé danh tang
cac em hoc sinh l6p sau” duge in trén méi
cuon sach. Cac em hay gi gin SGK sach
dep. dé cudi nam co thé tang lai cho thu
vién cua trudng hoac cho cac ban hoc sinh
lgp sau. Hi vong rang mén qua nhé nay sé
la nguon dong vien, gop phan giip cac em
c6 thém diéu kién dé hoc tap that tot.

BAN TRUYEN THONG
(Nha xudt ban Gido duc Viet Nam)



PH;‘\N NGUYEN

'*‘NHA XUAT BAN GIAO DUC VIETNAM

VA UNG DUNG TRONG GIAI TOAN

Tdc gia: Nguyén Thi Hong Hanh, Nguyén Thi Binh Minh,

Ta Duy Phuwong, Nguyen Thi Bich Thuy

Sach day 303 trang, khé 16 x 24cm, gia bia 105.000 dong.

Phan nguyén (x] cua mét s6
thuc x la s6 nguyén lom nhat
khéong vuot qua x. Do tinh doc
dao khong gidng ai cua ham
phan nguyén, thi du, ham phan
nguyén kha don gian: 1a ham
hing timg khic, nhung ciing
kha phuc tap: khong lién tuc
tai cac diém nguyén vdi budc
nhay bang 1, do d6 kho sir dung
cong cu giai tich, vi vay cac bai
tap vé phan nguyén thuong la
kho.

Ngoai li thuyét dugc trinh bay
chi tiét, bat dau tir Trung hoc
Co sd, sach c6 nhiéu bai ton
thi hoc sinh gioi cap huyén,
tinh, Quéc gia va Qudc té lién
quan dén phan nguyén.

Cuén sach gdbm nam chuong.

Chuong 1 tap hop nhirng kién
thitc co ban vé phan nguyén:
Ham phé‘m nguyén va d6 thi
ham phi‘m nguyeén.

Chwong 2 trinh bay céac bai
toan s6 hoc lién quan dén phan
nguyén: Toan chia hét, ung
dung nhi thic Newton trong
giai toan voi phan nguyén,...
Chwong 3 trinh bay cac dang
toan lién quan dén phan
nguyén trong dai so: Tinh gia
tri cua biéu thirc chira phan
nguyén, chimg minh hé thirc
chira ph'?m nguyén va dac biét,
phan loai chi tiét va kha day du
vé cac dang phuong trinh chira
phan nguyén.

Chwong 4 1a cic bai todn vé
phan nguyen trong toan Giai
tich: Day so, chudi s0, gidi han
cta bidu thie c6 phan nguyén.

Chuwong 5 so lugc trinh bay
mot sb van dé lién quan dén
phan nguyén: phin nguyén va
hé dém co sb khac 10, phan
nguyén va phuong trinh ham,
phian nguyén trong Ii thuyét
ham thuec.

Nhimng kién thic va bai tap
trong sach 14 co s dé giai nhiéu
bai toan thi hoc sinh gidi khac
chua dugce dua vao sach. Ngoai
ra, cuén sach c6 thé giup cac
thdy c6 gido trong viéc thiét ké
cac bai tap va dé thi méi.

Cudn sach khong chi co ich
cho cac hoc sinh, cac ban yéu
toan va cac thdy co6 day todn
phé thong, ma con 1a tai liéu
tham khao tt cho cac sinh vién
va giang vién dai hoc, cao dang
nganh toan, ciing nhu cac phu
huynh mong muén gitp con
em minh hoc tét mén toan.

Moi chi tiét xin lién hé:

CONG TY cO PHAN SACH DAI HOC - DAY NGHE

Dia chi: 187B, Giang V&, Ha Nbi
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