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TRUNG Hoe (v T N e T

Khi giai mt bai todn, thong thuong ching ta hay
gap nhimg dau hi¢u quen thudc, tir nhimg dau hiéu
d6 hay c6 ging lién hé véi nhimg bai toan da giai,
nhimg dinh 1y, tinh chat di dugc ching minh h
oac ta da biét cach giai va hdy sir dung nhimng két
qua quen thudc da biét d6 dé giai bai toan ma ta
dang xét. Bay gio chung ta cung xét mot bai toan
kha quen thugc sau day:

Bai toan 1. Tir diem A nam ngoai diwong tron (0)
vé hai ticp tuvén AB, AC va cat tuvén ADE voi
dwong tron (B,C la cac tiép diém; DE khong di
AE). Goi M. N lan luot la
trung diém cua DE, BC. Chirng minh rang:

qua tam O va AD <

a) BC doi xing vai BM qua dicong phan giac cua
DBE; CB ddi xirng voi CM qua dwong phan giac
ctia DCE.

b) DN doi ximg véi DE qua duong phdn gidc cua
BDC: EN ddi xung voi ED qua dirong phan gidac
cua BEC.

Loi gidi (h.1).

https://sites.google.com/site/letrungkienmath

UNG DUNG CUA MOT BAI T0AN

NGUYEN ANH TUAN
(GV THCS Hoa Hiéu 2, TX. M Hoa, Ngu A»)

Xét trudmg hop diém O ndm bén trong goc BAE
(trudong hgp con lai chirng minh tuong tu).

a) Ta co A/1-5‘\0=A/C\O:/ﬂ—/1\0=90° suy ra nam
diém 4, B, O, M, C cung thugc mot duong
tron :Am:/@:m’:m

= AMB = AMC——B%lE}B—ZE—EE\C

Theo tinh chat gbc ngoai cua tam giac BME ta
c6: MBE = AMB — AEB = BEC — AEB

:lsd’B;a—lsdE’B =lsda\) = D/\BC
2 2 2

Do d6 BC déi ximg voi BM qua duong phan
giac cua DBE. Vi MBE = DBC nén

B
ABCD «» ABEM (g.g) :Q=—C
ME BE
BC
_CD _5 _CD_BN
2ME BE DE BE

= ACDE «> ANBE (c.g.c)=> DEC = BEN = EN

va ED @bi xtimg véi nhau qua dudng phan giac
cia BEC.

b) Do BC, BM &bi ximg véi nhau qua dudng

phin giac cua DBE nén DBM =EBC
= ABDM <> ABCE(g.g)
BD DM - BD _2DM _ BD DE
BC  CE BC CE BN CE
2

= ADBN «> ADEC(c.g.c) = BDN = EDC
= DN va DE &6i xing véi nhau qua duong

phén giac cua BDC.

TOAN HQOC
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Twong ty ta ¢& EN d6i ximg véi ED qua dudng
phan gidc cua BEC .

Bat toan 1 1a bai toan kha quen thude vai nhidu
ban hoe sinh va ¢d nhi¢u img dung. Ching ta s&
ding bai todn nay dé gidi mot s6 bai todn sau:

Bai toan 2. Cho tam giac nhon ABC ngi ticp

dwong ron (()) A4AB < 40). Tiﬁp ru_nfn tai A cua
dwong tron (O) cat dwong lhc}'ng BC tqi diem T.
Ké 4H L OT (H €OT), ching minh rang

BH _
CH ACY
Loi gidi (h.2).

Hinh 2
Kéo dai AH cét duong tron (O) tai diém thd hai

]a D. Tam giac cin OAD c6 OH la dudng cao
nén OH duong phan giac
— AQAT = AODT (c.g.c) = ODT = OAT =90°
— 0D 1 OT = TD la tiép tuyén cua dudng tron
(O). Theo bai toan 1 ta co:

cing la

ACH = BCD va ABH =CBD.
Xét ACHA va ACDB co:

1CH - BCD va @:zﬁ(:%m@)

CD _ BC
%) 1).
— ACHA+~ ACDB (g.8)=—— H - AC (hH
Tuong tu: A4BH <> ACBD (g.g)
BH AB
(2).
BD " BC
TOAN HOC |
2 . CTwEe S6 558(12-2023)
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o ) BT _ 4B
Mit khic: AABT «» ACAT (g.g) = o =3C
DB . »
ADBT <> ACDT (g.g) :>£—T—=——‘ Két hgp vo!
DT CD
AB DB
DT = AT ta su d —=— (3.
a suy ra dugce 3C - CD 3)

CD BH _ AB BC
CH BD " BC AC

:>BH AB BD _ AB AB _ ABZ
CH ACCD AC AC AT

Tu (1); (2) va (3) suy ra:

Ngoai ra ta co thé giai bai toan 2 theo cac cach
sau:

Cach 2 (h.3).

Hinh 3

Ta c6: AABT «» ACAT (g.8)
AT BT

=>
CT AT
Mit khac, theo hé thirc luong trong tam giac

vudng tacoé AT* =THIO (2).
Tir (1) va (2) = TBTC =TH.TO = BHOC 1a ti

gidc i tiép = THB = OCB = OBC = OHC.
Xét ATHB va ACHO cé: TBH = HOC (do tu

gifc BHOC ndi tiép); THB =OHC (theo chimg
minh trén) ATHB «> ACHO (g.g)

— AT? =TBIC (1).

_HB_TH _TB _ HB TH _T8'
HO HC CO _ HO HC CO°
HB TB* HO

= A3).

= = ,

HC CO* TH
HO HOOT OA’
TH THOT AT?

Mat khac: (4).
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T (3) va (4) suy ra:
HB _TB® 04 TB® AR’
HC CO* AT ~ a1~ AC?

(do A4BT <> ACAT nen BL - 48,

AT AC ™
Céch 3 (h.4)
A /'/ ‘-—_«‘\\
q
; \
B C
Hinh 4

Kéo dai AH cit BC tai diém K, theo cach 2 ta
c6 THB=OHC nén HT la duong phan gidc
BH TB

ngoai cua tam giac BHC = —=—
g T, (.
Ta co: AABT < ACAT (g.g) = =4L 48
AT CT AC
BT AT _AB* _ BT _AB’
—~ B )
AT CT  AC CT AC
. BH AB’
T (1) va(2) suyra — = .
(va@suyra Zo=25

Bai toan 3. Tir diém A nam bén ngoai duong tron
(O) vé hai tiép tuyén AB, AC va cat tuyén ADE
voi dwong tron do (B, C la cac tiép diém; DE
khong di qua tam O va AD < AE). Tir D vé duong
thang vuéng géc véi OB, duong thing nay cat BC
tai H. Tia EH cdt AB tai P va cat dwong tron ‘(0)

tai diéem Q. Chirng minh P/er = PEA.

Lai gidgi (h.5).
Kéo dai DH cit BE tai M va goi I la trung
diém cua DE . Vi DH 1L OB nén DH // AB

:>B/DT{=ZB7)=%sdB/_D\=§EI.

https.//sites.google.com/site/letrungkienmath

Hinh 5
Ma DBC=EBI (theo bai toan 1). Do do
DH BH
ABDH «» ABEJ (g.g) = —— ="~ (1).
(e) e P

Ta c6 DH /| AB = MHB = ABH =%sd§6’.

Mit khac: BID = IBE + IEB = DBC + IEB
=lsd56'+lsdﬁB=lsdl/~lz'.
2 2 2

Do d6 MHB=BID . Xét ABDI va ABMH cb:
DBI = MBH (do DBC =EBI) vi MHB = BID
MH _BH

— ABDI <> ABMH 2).
(gg)= =5 2

T (1); (2) va két hop v6i DI=EI suy ra

DH = MH .

DH EH HM

AP EP BP

= PO.PE

= AP = BP

Vi DM /| AB =

(do DH = MH )=> AP* = PB
AP _PE
= —
PQ AP
— PAQ = PEA.

= AAPQ <> AEPA (c.g.c)

Bai toan 4. Tir mét diém A nam bén ngoai duong
tron (O), ké cac tiép Iuyén AB, AC voi duong
tron (B, C la cac riép diém). Trén cung nho BC ldy
diém D sao cho BD > CD, tia AD ct duong tron
(O) tai diém E (E khac D). Ké BH vuéng goc véi
DE tai H va ké EK vuong goc voi BC tai K.
Puong thang HK cat dwong thang CE tai M.
Chimg minh dwong tron ngoaqi tiép tam giac BEM
di qua trung diém cua doan thang CK:

TOAN HOC 3
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Huwdéng din (h.6)

Hinh 6

Cdch 1. Goi N, I lan lugt la trung diém cia CK
va DE . Ta can chimg minh BNMC 1a t&r giac noi

tidp < CMN=CBE < CMN=DBI (do
DBI = CBE ) <> ACMN > ADBI < M _ DB
CN DI
©%=%<:>ACA/H<V’ADBE
CK DE

< CKM = DEB <> BHKE 1a tir gisc ndi tiép
(diéu nay dung).

Cach 2. Goi N, P lan lugt 1a trung diém cua
CK va CB. Ta cin chitmg minh BNMC 1 tir gi4c

ndi tiép
< CM.CE =CN.CB < CM.CE = CK.CP
oM _CP L AMCK > APCE
CK CE

< CKM = CEP <> HKB = DEB
(do CEP = DEB )

< BHKE 1a ti giac ndi tiép (diéu nay dung).
Bai todn 5. Tir mot diém A nam bén ngoai duong
tron (O), ké cdc tiép tuyén AB, AC va cat tuyén
ADE véi dwong tron d6 (B, D la cac tiep diém;,
AD < AE va diém O nam bén trong B/A\D). Trén
tia d6i cua tia DB ldy diém M sao cho DB = DM.
Qua diém M vé duong thang song song voi AB né
cat duong thang BC tai diém N. Chitng minh
DN // BE.

TOAN HOC
4 * Cluditre SO 558(12-2023)
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Loi gidi. Cdach 1 (h.7)

Hinh 7
Qua D ké duong thing song song vdi AB, duong
thing nay cit BC va BE lan luot tai F va G.
Khi d6 theo cach giai bai toén 3 ta c6 DF = FG.
Kéo dai MN cat BE tai P. Vi DG//MP nén ta

co:
DF _BF _GF _, MN=PN (do DF = FG).
MN BN PN

Khi d6 DN la duong trung binh cia tam giac
BPM = DN //BE.

Cich 2 (h.8)

Hinh 8

Goi K 14 trung diém cua DE, theo bai toan 1 ta
¢6 DBC = EBK = ABCD <> ABEK (g.g)
BD KB MD KB
D——=—D——=—
CD KE CD KD
Miit khac: BKD = KBE + KEB = CBD + KEB
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=5MCD+ 4BD - %sdBC - BEC = MDC.
Tir d6 suy ra:

AMDC > ABKD (c.g.c) = DMC = KBD (1).
Vi MN// AB = BMN = ABM =%sd§l3 = DCB
= DMCN 1a tit gidc noi tiép = DMC = DNB (2).
Vi DBC = EBK (bai toan 1)=> KBD = EBC (3).
T (1):(2) va (3) suy ra DNB = EBC = DN //BE.

Cdch 3 (h.9)

Hinh 9

Goi 7 1a trung diém cua BC, khi d6 DI la
duong trung binh cia ABCM = DI//CM
— BDI = BMC (1).

Mit khac: DMCN 1a tir gidc ndi tiép (dd chung
minh & cach 2) nén DNB = BMC (2).

Theo bai toan 1 ta co:

BDI = CDE =%sd@=£§2’ 3).

T (1); (2) va (3) suy raDNB = EBC = DN //BE.
Bai toan 6. Cho tam giac ABC c¢6 ba goc nhon
(AB < AC), noi tiép dieomg tron (0) Tiép tuyén
tai A ca dwong tron (O) cdt dwong thang BC tai
diém S. Goi I la chdn duong vuong goc ke tir diém

O dén duong thang BC.

a) Chieng minh tir gide SAOI la te giac noi tiép.
b) Goi H, D lan leot la chin cac duong vuong
goc ke e diem A ¢ en cac duomg thang SO va SC.
Chitng minh OAH = IAD.
¢) Vé duong cao CE cua tam gidc ABC. Goi Q la
trung diém cua doan thang BE. Duong thang oD
cat dwong thang AH tai diem K. Ching minh
BO.BA = BD.BI va dwong thang CK song song
voi duong thang SO.
(Dé tuyén sinh vao I¢p 10 THPT TP. Ha N1,
nim hoc 2023-2024)
Céu a) va ciu b) cua dé thi tuong d6i don gian.
Sau day tac gia chi néu loi giai cua céau c) béng
cach str dung bai toan 1.

Léi gidi (h.10).

Hinh 10
Taco: ABDA~ ABEC(g.g :@zﬁ
BE BC
32:2 (do BE=2BQ va BC =2BI)
BO BI
= BQ.BA=BD.BI.
B
u 80 = ADBQ <> A4BI (c.g.c)
BO BI ,

= BDQ = BAl = KDC = BAI (1).
Kéo dai AH cit dudng tron (O)tai diém thir hai
la P, khi d6 ta dé dang chung minh duge SP 1a
tiép tuyén ctia duong tron (0). Theo bai toan 1 ta
co BAI=CAP (2).
Tir (1) va (2) suy ra KDC = CAP = ADKC 13 t&
gidc ngi tiép = AKC = ADC = 90° = AK | CK
= SO//CK.

TOAN HOC
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Bai toin 7. Cho tam giac nhon ABC (AR« AC),
noi H‘(:.,I’ dieomg 1ron (()) co cac dwong cao Bl va
CF. Tiép tuven tai B vad C clia dieong tron (0) cdt
nhaw tgi My AM cat BC tai 1. Goi K la trung diém
cua BC, N la giao diem cua AK va LI Chimge
minh rang NI L BC.

Lov giai (h.11).

1 K c

M
Hinh 11

Ta c6 BEC = BFC =90°=> BFEC 1a tir gidc noi
tiép= ABC = AEF.
Mit khéc: CAK = BAM (theo bai toan 1).

AN  AE
Do d6 A4BI «» AAEN(g.g) = —=2="(1).
0% (e2) TR I
Ta lai c6: AEK =180°— KEC =180°— KCE
360° —sd AB

=180° — ACB =

=%Sa@=m.

AE AK
g)=>—=—— (2).
Do d6 AAEK <> AABM (g.g) TR ()
Tir (1) va (2) suy ra:
2 - = NI/KM = NI 1L BC.
Al AM
Bai toan 8. Cho dwong tron ( ()) va day cung BC

c6 dinh khéng di qua tam O. Goi A la diém di

TOAN HOC
6 *cusige
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ABC
ABC

dong trén cung lon BC sao cho tan grac
nhon. BE, CI la cae dwomngy cao cua [am wlad

. ‘ Ep—— ; 1/
va 1 la trung diem cua EF Ching minh rang;

Tuon di qua mor diem co dinh

Loi giai (h.12).

M

Hinh 12
Goi K 1a trung diém cua BC; tiép tuyén tai B,
C clia dudmg tron (O) cit nhau tai M. Vi dudng
tron (O) va day cung BC cb dinh nén diém M
¢ dinh. Theo bai toan 1 ta c6 CAK = BAM (1).
Mit khic: AABC «> AAEF (g.g)
AC_AF _ 4C_AF
BC EF KC IF
= AMCK < AFI(c.g.c) = CAK = FAI (2).
Tir (1) va (2) suy ra BAM = FAI. Do d6 ba diém
A, I, M thing hang. Vay Al luén di qua diém cé
dinh M dugc xac dinh nhur trén.
Bai toan 9. Cho tam giac ABCco ba goc nhon
(AB < AC) tryec tam H, ni tiép cwong tron (O)
voi ba duong cao AD, BE va CF. Goi | la trune
diém cua doan rh(?'ng EF. Duong thang Al c¢dr
duomg tron (O) tai diém P khac A, deong thane
PD cdt dirong tron (()) tai diém G khace p. Chirng
minh rang dieong thang GH di qua trung diem ciiq
doan thang BC.



Loi gidi (h.13),

Hinh 13

Goi M 1a trung diém cua doan thang BC, ta c6:
CAM =FAI (theo bai 8)=> BAP=CAM va
B/A\M = C/DED Ta cé:

g 1 | i S > —
BDG = 5(sdBG + sch) — GAB + CAP

= GAB + BAM = GAM
= tor giadc AGDM la tor giac ndi tiép
= AGM = ADM =90°.
V& duong kinh AK cua dudng tron (O), ta 6

AGK =90°. Tir d6 suy ra ba diém G, M, K
thang hang (1).

Ta dé dang chimg minh dugc t& gidc BHCK la
hinh hanh nén ba diém H, M, K thang hang (2).
Tu (1) va (2) suy ra bdn diém G, H, M, K thing
hang. Vay duong thaing GH di qua trung diém
cua doan thiang BC.

Bai toan 10. Cho tam giac ABCco ba goc nhon
(AB < AC) truc tam H, noi li("’p dwong tron (O)
v&i ba dwong cao AD, BE va CF. Puong thang EF
cdt dieong thang AD tai diém Q. Goi M va I lan
lieot la trung diém cua cac doan thang BC va AH.
Puwong thang IM cat dwong thang EF tai diém K.
a) Chirng minh tam gidc AEK dong dang voi tam

giac A BM.

b) Puong thang EF cat duong thang BC tai diém
S, dwong thang SI cdt dwong thang MQ tai diém
I Chirng minh bon diém A, T. H va M cung nam
(rén mot duong tron.

¢) Tia TH cdt dwcng tron (0) tai diém P. Ching
minh ba diéem A, K va P la ba diém thdng hang.
(D¢ thi tuyén sinh vao Iop 10, THPT chuyén toan,

TP. Ha Noi, nim hoc 2023-2024)
Huéng din (h.14).
b) Ta co IM L EF (tinh chét cia duong ndi tam)
va ID 1 SC nén Q la tryc tim cua tam gidc /SM
=MT LIS. Kéo dai SH cat AM tai N
= SN L AM (két qua quen thudc).
Mt khac: [H® = IE* = IK.IM =IT.IS

I
SH B i o ASIH (cgo)
IT IH

— THI = HSI (1).
Ta co tir gidc STNM ndi tiép nén
TSN =TMN (2).

Tir (1) va (2) suy ra THI =TMN = ATHM la tx
giac ndi tiép.
c) Goi L la giao diém cua tia S4 va duong tron
(0); G la giao diém thtr hai cia AM véi dudng
tron (O0); P' 1a giao diém thir hai cua LD véi
dudng tron (O). Ta ¢ SL.SA=SB.SC = SE.SF
nén ALFE la tir gidc noi tip. Ma AFHE 1a t&
giac ndi tiép nén nam diém 4, L, F, H, E cung
thoe mot dudng tron=> ALH = AFH =90° (1),
Mit khac bén diém D, M, E, F thuc dudng tron
Euler cua AABC nén ta co:

SD.SM = SE.SF = SB.SC = SL.SA.
Do d6 ALDM la t& gic ndi tiép, cho nén:

ALM = ADM =90° (2).

TOAN HOC
& crudicé

S6 558(12-2023)
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Tir (1) va (2) suy ra ALM = ALF nén ba diém L, H.P thing hing = P'=P. Viy ba diém 4. K
H, M thing hang. va P thing hang.
Vi ALDM 1a ti gidc ndi tiép=> SLD=LAM Cdch 2 (h.15)
o=~ = | ,— = —
:;(deBJrsdPC):EdeBG = BG=CP
:Eﬁ'z(’}z‘:ﬁ"zCAM 3).
Miit khic: AACB <> AAFE (g.g)nén
AC AF  AC AF
_:_:_:._

= AACM «» AAFK (c.gc)

= CAM =FAK (4).
Tu (3) va (4) suy ra BAP' = FAK nén ba diém A,
K, P' thing hang.

Hinh 15

¢) Goi P' la giao diém cua TH vé&i dudng tron
(STNM), ta co:

NTM = NSM = MAD = MTH
—N va P dbi ximg voi nhau qua BC
— BPC = BNC.
Ta c6: SH.SN = SE.SF = SB.SC

= BHNC la tir gidc ndi tiép

P=P' G — BPC = BNC = BHC =180° - BAC
= BPC+BAC=180° nén BACP la to giac

Taco: ADBH <> ADAC(g.g) noi tiép, suyra P=P’.

DH DB Mit khic: ME L IE=>ME 1a tiép tuyén cua

= —=—>=DADH =DC.DB;
DC DA . 2 5
duong tron (I) = MC" =ME" = MN MA
DM DH
ADMH «» ADAS (g.g) :>—D—A—=—D—S- MC MA
= ——=—"=>ACMN <> AAMC (c.g.c)

MN MC

— DADH = DM DS.
= MAC = MCN = MCP

Tir d6 suy ra: DC.DB =DM .DS = DL.DP
do DC.DB=DL.DP | G
(do ) ) =-sdBP=BAP (3),
nén SLMP’ la ti gidc ndi tiep. 2
Tiur d6 suy ra bay diém S, P, M, N, K, T, L cang  Talai c6: MAC = FAK (4) (do AMC > AAKF).
nam trén mot duong tron . . s e
— MTP = MLP = MAD = MTH nén ba diém T, KVéPthfmghémg,




HUONG DAN GIAI DE THI TUYEN SINH VAO LOP 10
TRUONG THPT CHUYEN TRAN PHU, HAI PHONG
NAM HOC 2023 - 2024

Bai 1. a) Cho bicy thire

Rut gon biéu thirc 4 va chung minh A<2.

b) Cho phieong trinh:
X =2a+Dx+ad'-2a+1=0
(x/a an. a la tham so).

Chieng minh néu a la sé chinh phicong thi phieong
trinh da cho c¢6 hai nghiém ciing la nhimg so
chinh phuong.

Loi giai. a) Ta co:

x+2 Jx 1 J'\/;H

A= + - .
[x x+1 x—vJx+1 Jx+1) 2Vx

_x+2+\/;(\/;+1)—x+x/;—l-\/;+1
) (Vr+1)(x=vx+1) 2x

_ (‘/;“)2 .\/;+1= 2Jx
(\/;-I-l)(x—\/;-i-]). Wx  x-Jx+l
Do do:

2Jx

x+1

<2 20x<2x-2Jx +2
x—

& (Vx ~1) 20 (luén ding).
Viy A<2.
b) Taco: A'=(a+1)’ —(a’ -2a+1)=4a>0.
Khi dé:
x =(a+1)-VA' =(a+)-2Va=(a -1}
x, =(a+)+Ja'=(@a+D)+2Va=(a+1).
Do a la sé chinh phuong nén Ja 1a sé nguyén,

viy nén x;; x,1a s6 chinh phuong.

Bai 2. a) Giai phwong trinh:

. — R
(3_1' 4.«4,\'+())\/3\' +4x+5=27x +5x

b) Giai h¢ phieong trinh:

Loi gidi. 3) Dat V3x* +4x+5=a>0, 3x=b.
Khi d6 phuong trinh tr¢ thanh:
a+a=b+b
o (a-b)a’ +ab+b’+1)=0a=b

-

2
(vi a2+ab+b2+l=(a+§J +3—i-+1>0)

S V3x +4x+5=3x
x>0
A 2
6x"—4x-5=0
2+/34
s
b) BKXD: x>0; y>0.
PT thi nhit < [y =Vx+1-Vx ().

PT thir hai < (y/y +2) =(x+1-Vx) .

eTHI: Jy+2=x+1-Vx o Jy=x-Jx-1.
Két kop vai (1) ta co:

s/:ﬁ=x-l<:>{

x>1

x’=3x=0

& x=3;y=7-4J3 (thoa man DKXD).
e TH2: [y +2=-x-1+x

volyvi Jy+2>0,—x-1+Vx<0).

Viy x=3y=7-43.
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Bai 3. Cho tam giac nhon ABC khéng cdn noi tiép
dieomg von tdim O Vé dwomg kinh AT cua
dwong tron (O) va lav diém P trén doan thang

OT(P=T). Goir E va F neang  wng  la
hinh chicu vuéng goc cua P trén cd dwomg thang
AC va AB. Goi H la hinh chiéu vuong géc cua A
tren canh BC.

a) Chumg minh (i‘;B = Ht{\(' va hai dwong thang

BC. EF song song voi nhau.

b) Cho AH va EF cat nhau tai U diém Q di dong
wrén doan thang UE (Q=U. Q= E). Puong
thang vuong goc voi AQ tai diém Q cdt cdc dwong
thang PE. PF twong umg tai M, N. Goi K la
wim dwomg tron ngoai tiép tam giagc AMN. C hirng
minh bon diéem A, M, N.P cung thugc mot
dwong tron va OAH = K/A\Q

c) Ke KD vuong goc voi BC (D e BC). Chimg
minh dwong thang di qua diém D va

song song voi AQ luon di qua mot diém co dinh.

Léi gidi.
4 L
J
Xy K ‘
d
LY
F, — E
N —
B H D C

a) Ta ¢6 BAH = OAC do ciing phu voi ABC . suy
ra PAF = HAC.
C6 AEPF 1a t gidc ndi tiép, suy ra AEF = APF.
Co APF =90" — PAF va ACB=90" — HAC.
Suy ra AEF = ACB = EF //BC.
b) AQEM la tir giac noi tiép

= AMN = AEF = APN

= A,M N,P cung ndm trén mot dudng tron.
Ta c6: AMN = ACB . tuong ty: ANM = ABC.

OAH = 0AB - HAB=(90" - ACB)~(90° - 4BC)
=(9%0° -_4MN)—(90°—M)=K77V—@47\'=K’,TQ,
¢) Goi L la chan dudng vudng goc ha tir diém A
xubng duong thing KD. Ta OAH = KAQ suy ra:
KAO = KAQ — OAQ = OAH — OAQ = OAH.
Goi I 1a trung diém cua doan thang AP vaJ la
giao diém cua duong thing qua D song song voi
AQ va duong thing qua / vudng goéc voi BC.
— OAH = JDL = KAO = JDL. Do tit gidc AIKL
noi tiép (ALK = AIK =90°) nén

KAO = KAl = ILK, suyra ILK = JDL.

Miit khéc ta c6 IJ / LD nén dé suy ra tr giac ILDJ
(hodc IJLD) 1a hinh thang can. Suy ra I va J déi
xung véi nhau qua trung truc cua DL, hay qua
trung truc cua AH.
Dé thiy ALDH 14 hinh chir nhat. Tir day, vi / 1a
diém cb dinh va trung truc cia 4H la duémg thing
c6 dinh nén J 1a diém cd dinh.
Bai 4. Cho cdc s6 thuc a.b.c thoa man

a+b+c=0. Tim gia tri nhé nhat cua biéu thirc




Laoi giai. Ta co:
Pa3= (al+ 1y . (b‘+ 1)’ ) (c+1)?
a+2 b +2 P42
% (a‘+ b+2)  (c+1)
(@ +b)+4 * 42
Trong ba s6 a, b, ¢ ludn ¢6 hai s6 cung khong am
hodc cung khéng dwong; do dé khong mit tinh
tong quat, ta gia s\ ab > 0. Khi d6:

1{,+32(a+b+2)1+((~+1)2
(a+b)*+4 42
_(c=2)" (c+1)
=
c'+4  c*+2
Ta ¢6 sy twong duong:
(c=2) (c+1)’
. +
c'+4 42
c>c2(c—2)2

53
2
>0
. 3, . .
Vay P27;dau dang thirc xay ra ching han khi

a=b=c=0 hoic a=b=-1,c=2.
Do d6 minP=_73.

Bai 5. a) 7im cac so nguyén to a, b va so nguyeén

dwong m thoa man a” +b° +18ab=4.5".

b) Cho 8 diém phdn biét én mét duwong tron.
Panh s6 cdc diém do mét cach ngau nhién bai cac
so 1,2..... 8 (hai diém khdc nhau dwoc danh so
boi hai so khdc nhau). Moi ddy cung noi
hai diém bat ky dwoc gan véi gia tri tuyét doi cua
hiéu cac s6 o hai dau mut. Chieng minh rang luén
tim duoc bon ddv cung, @éi mét khong co diém
chung, sao cho tong cua cdc so gan Vi

bén day cung do bang 16.
Léi gidgi. a) Ta co: (a—b)’ =4.5" —20ab:5
= (a-b):5=(a-b)":25.

a,b222a2+b2+18ab=4.5"280=>m22

= 20ab = (a - b)* -4.57125
a:$

= 20ab:25 = ab:5 = [bES

= a,:S:>a=b=5;m=3.
b:5

b) Goi X la tap 4 diém dugc gin céc s0 1. 2.3, 4
va Y 1a tip 4 diém con lai. Ta sé chi ra ring ton
tai 4 ddy cung khong c6 diém chung, moi ddy
cung ndi mot diém cua X va mot diém cua Y. Mot
cach ndi nhu vdy thoa man yéu cdu bai toan vi
tdng céc sé twong img v6i 4 diy cung nay bang
546+7+8-4-3-2-1=16.

Dé& thiy ring c6 mét diém cua X nam ké mét
diém cua Y. Ké day cung néi 2 diém nay roi loai
b6 2 diém danh diu nay lan day cung di, ta con lai
6 diém dugc danh diu trén duomg tron va 2 tap
con X,, ¥, tuong img, mdi tip gom 3 diém dugc
danh dau.

Bay gio, lap luan twong ty, ta cling suy ra c6 mot
diém cia X, ké nhau véi mét diém ¥, trén duong
tron da bo di 2 diém trude d6. Ké diy cung ndi 2
diém nay rdi loai bo 2 diém danh dau nay lan diy
cung di, ta con lai 4 diém dugc danh dau trén
duong tron va 2 tdp conX,, Y. tuong tmg, mdi

tap gém 2 diém duoc danh diu.

Lap luan twong tu, ta cling suy ra c6 mot diém cua
X, ké nhau véi mot diém Y, trén dudng tron da
bo di 2 diém truéc do. Keé day cung ndi 2 diém
ndy ciing nhu diy cung ndi 2 diém con lai. Bay
gid, khéi phuc lai cic diy cung ban dau. D2 thdy,
4 day cung dugc ké doi mot khong c6 diém chung.

LE PUC THINH
(GV THPT chuyén Tran Phi, Hdi Phong)
Gidi thigu
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DE THI TUYEN SINH VAO LGP 10 THPT CH

UYEN, TINH BAC NINH

NAM HOQC 2023 - 2024

(Thoi gian lam bai 150 phuit, danh cho thi sinh thi vao ¢

Cau 1. (2,0 diém)
1) Rut gon biéu thire
P=+\3+2J2 -\3-242.

2) V& dudng thang d 1a dd thi ham sb
y=2x-4. Tinh khoang cach tir géc toa d6 O
dén dudng thing d.

Céu 2. (2,0 diém)
1) Giai hé phuong trinh
6x+6y = 2023|xy|
x—-2y=3xy '
2) Giai phuong trinh
2X+34+VAx  +9x+2 =2Vx+ 2 +JA4x +1.

Cau 3. (3,0 diém)

1) Cho tam gidc ABC néi tiép dudng tron (0),
c6 ba goc nhon, 4B < AC, hai duong cao BE va
CF. Céc tiép tuyén ctia (O) tai B va C catnhau
tai . Goi M la giao diém cua BC va SO.

a) Chirng minh rang tam gidc EAB dong dang
voi tam giac MBS, tir d6 suy ra tam giac AEM
dong dang v6i tam gidc ABS.

b) Goi N la giao diém cua AM va EF, P la
giao diém cua S4 va BC. Chung minh ring NP
vudng goc voi BC.

2) Cho hinh chir nhat ABCD. Ly cic diem

E,F thuoc canh AB (E nam giita 4,F); G.H

S 558(12-2023)
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huyén Todn)

thuoc canh BC (G nam gitta B,H); 1,J thujc

canh cD (I ném gn'Ia C,J)’ K’M thUC}C C@Hh

D,M) sao cho

DA (K nam gila
EF.GH.IJ KM doi mot phéan biét va khac
céc dinh cua hinh ch@r nhat ABCD, déng thai
hinh da giac EFGHIJKM c6 cac goc bang nhau.
Chimg minh réng néu do dai céc canh cua hinh da
gisc EFGHIJKM la cac s6 hitu ti (theo don vi
cm) thi EF =1J.
Cau 4. (1,5 diém)
Cho céc sb nguyén duong x,y,z thoa man
2 +y -z =18(x+y+z)_
1) Chitng minh rang x + y +z chia hét cho 6.

2) Tim gi4 tri 16n nhat cua biéu thic F = xyz .

Céu 5. (1,5 diém)
1) Cho céc sd thuc duong a,b,c thoa man
a+b+c=3. Ching minh ring

15

—_—2>6- :
ab+bc+ca abe

2) Trén mit phang cho 2008 didm bt ki sao cho
khoang cach gitra 2 diém tuy ¥ luon 1on hon 1.
Chimg minh ring mdi hinh tron 6 ban kinh bing
I chi chira khéng qua § diém trong 2008 diém da

cho.

NGUYEN VAN XA
(GV THPT Yén Phong s 2, Bic Ninh)
Gidi thiéu
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THEO CHUONG TRINH VA SGK MO

Niam hoc 2022-2023 1a ndm hoc déu tién Bo gido
duc va Bdo tao thye hién chuong trinh mai déi voi
hoc sinh 16p 10. Tuy c6 mét sé bd ngd va kho
khan nhung hoc sinh va gido vién ciing dan quen
véi chuong trinh méi va chu dong bit nhip kip.
Noi dung hinh hoc phéang 16p 10 kha hay trong d6
¢6 hinh hoc toa d¢ phing la ndi dung chinh. Trong
bai viét nay, chung t6i manh dan khai thac sau chi
dé su dung tinh chat déi xung trong hinh hoc
phing dé giai toan.

1. Tinh doi xirng qua dwong phan giac

Thi du 1. Trong mat phang véi hé toa do Oxy, cho
tam giac ABC co phwong trinh dwong cao BH:
3x+4y+10=0, phwong trinh dwong phan giac

trong AK:x - v+1=0, diém M(0:2) thupc duong

,_

thang AB va MC =V2.
tam giac ABC.

Tim toa do diem C cua

13

&,
\25°

D. C(1:-1).

' 3
A. C(1:1) hodc C(3 -_3_\,
25 25

C. C(1:D)

e Phan tich bai toan

- Pau tién ta nhan théy r?mg khi c6 phuong trinh
duong cao BH néu trén dudng thing AC c6 toa do
mot diém ta s& 1ap duoc phuong trinh duong thing
AC.

- Khi di c6 phuong trinh duong thing AC ta dé
dang tim dugc toa do cic dinh cua tam giac.

- Vay mau chdt bai toan la lam sao trén AC xic
dinh toa do mot diém, dé 1ap phuong trinh AC?

- Ta dé y ring néu goi M 1a diém doi ximg v&i M
qua dudmg phan giac trong AK. / la giao diém
MM’ va AK lc dé M thude AC va I 1a trung diém
MM,

- Ta sé lap dugc phuong trinh MM~ di qua M va
vudng goc vai AK, tr do tim dugc toa do diém /.
ma / 1a trung diém MM nén ta suy ra toa do M.

Lai gidi.

B % C

Goi M’ la diém ddi xung cia M qua dudng phan
giac trong AK, luc d6 M thuoc AC: I 1a giao diém
MM’ va AK.

Ta c6 duong thang MM’ di qua M va vudng goc
vdi AK c6 phuong trinh la: x+ v—-2=0. Luc do

toa do diém 7 13 nghiém cua hé:

1
2:1(
3

Ma 7 la trung diém cua MM’

X=

x+y+1=0
&
x+y—-2=0

1o | —
o | W
N

[§9]

suy ra M'(l:1).
Puong thing AC di qua M’ va vuéng goc vai BH
c6 phuong trinh la: 4x -3y -1=0.

Luc d6 toa do diém A 1a nghiém cua hé:

TOAN HOC
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X=y+1=0 x=4
4"‘-_3},_1.:0@{)"5:A(4;5).

Suy ra dudng thing 4B di Qua 4 va M ¢6 phuong
trinh: 3x-4y+8=0,

Luc d6 toa d diém B 13 nghiém cua hé¢;

3x+4y+10=0 *=-3 |
3x-4y+8=0 ik T 138(3‘2]-

V==

4
Mit khdc diém C thuge duong thing AC nén goi

C(c:‘k—

C|— 113 . Ch
“ 25 on A.

1 "
), tr MC =42 suy ra C(1;1) hodc

Ghi nhe.
- Mot cdu hoi ma hoc sinh thuong hay thic méc vi
sao thdy lai ldy diém déi xung qua dudng phan
gidc 1a M ma khéng phai 1a B hay C. Néu em chon
diém ddi ximg clia B hay C qua duéng phin gidc
lidu co dugc khong ?

- O day ta can xac dinh mét diém trén canh AC,
nén ta sé lay diém ddi xing qua duong phan giac
AK cuia M hodc B. Ma toa @6 B chura biét nén hién
nhién ta phai tim diém d6i ximg véi M qua AK.

- Hoan toan tuong tu thi du 1, thi du 2 sau day,

mét lan nira khic siu cho ta dang toan nay.

Thi du 2. Trong mat phang véi hé toa dé Oxy, cho
hinh chit nhdt ABCD co D(-1:3), phwong trinh
phadn giac trong goc A la (d): x—y+6=0. Tim
toa d¢ diéem B biét v, >0, Ix.|=|v.|. va dién

tich hinh chir nhat la 18.

A. B(—3:—13) B. B(—S:()) hoac B(—S:—l?_)
C. B(-3:6) D. B(—S:ll).
Loi giai.

1470 ANHOC o conn.sono

C
D E

Goi D’ la diém dbi ximg cua D qua dudng théng
(d), lac do D’ thuoc AB. Goi / la giao diém cua (d)

va DD’. Lic dé twong tw thi du 1 ta s& tim dugc

toa do diém I(-2;4). Ma [ la trung diém cua DD’

suy ra D'(-3;5). Dé thay tam giac AD/ vudng can
tai I suy ra Al =DI =2 Lic do toa d6 diém 4
12 nghiém cua hé:

{x -y+6=0

(x+27+(y-4' =2

Suy ra A(—I;S) (loai do gia thiét |x_{| = |y,,|)

hoiac  A(-3:3) (théa man).
Vay duong thing 4B di qua 4 va D’ c6 phuong

trinh x+3=0, suyra B(-3:b).

Mat khac AD=2:>AB=i=%=9. suy ra:

,/(b—3)2=9<:>|b—3|=9©[b:6 .
b=-12

~

= B(-3;-12)(loai, vi yz < 0) hoac B(-3:6)
(théa man). Chon C.

2. Tinh d6i xing cia hinh vudng, hinh chir
nhit, hinh thoi, hinh binh hanh

Ta biét rang hinh vudng, hinh chix nhat, hinh thoi,
hinh binh hanh luén nhan giao didm hai duomg
chéo lam tim ddi ximg. Ta s& st dung tinh chit

ndy de xét cac thi du sau:

Thi du 3. Trong ma: phang v hé toa do Oxv,
hinh ciir nhdt ABCD ¢ 1(6:2) voi Il

g > »
la Ql(l ) Jiem



1C va BD, dicm M (1.3) thuoc AB va trung diém

E cua Ch

A idy + 3y -0 - g ;
( \ _\.\ l~ = ” l]('[ i’hi"l!”f," l'fl?l’l ‘I"“”’,‘\'

thid dirony thang

thang AB.

A. v=-5=90 B. - 5=0 hodgc x-4y+19=0

C.x-4v+19=0 p, . yx-4y-19=0

Phdén tich bai todn,

L - A .

- Muon viét phuong trinh dudng thing AB ta cin
biet mdt diem thuge né va mot vecto phap tuyén
hodc ta tim mot vecta chi phuong rdi suy ra vecto
phap tuyén.

- O day gia thiét da cho toa do diém M. Do d6 ta
tim toa d§ vecto phap tuyén hodc vecto chi
phuong cua 4AB.

- Ta & y rang hinh chir nhat c6 diém 7 1a tim di
ximg, do d6 néu ta goi N 1a diém ddi ximg véi M
qua tdm /, lac @6 N thudc CD va [ 1a trung diém
MN. Ta tim dugc toa do diém N.

- Néu tim dugc toa do diém E thi do EN // AB
nén EN 1a mét vecto chi phuong cua dudng
thing 4B, luc d6 sé suy ra vecto phap tuyén cua
duong thing AB. (chii y: Néu u(a,b) la vecto chi
phicong ciia dwomg thing AB thi n(b,—a) hodc
n(-b,a) la mot vecto phdp tuyén cia dwong
thang AB).
- Ta thdy viéc tim toa do diém E la dé dang, that
vay do E thugc (A):4x+3y—12=0 nén ta goi
E(m;5-m), va do IE LEN < IEEN =0 ti d6
ta s& tim toa d diém E.
Loi giai.
Goi N la diém ddi ximg cua M qua / thi N thude
CD. Liac d6 I la trung diém cua MN suy ra

N(11;-1). Vi diém E thugc duong thing A nén
goi E(m;5-m), suy ra:
Tf(m—6:3-m);;;v71::(m-ll:6—rn).

y M B

D

Tacé: IE L NE < IENE =0

o m=6hoac m=7.
Véim = 6 suy ra E(6;-1) lic do ta co duong
thing 4B di qua M va cé vecto chi phuong EN ¢6
phuong trinh y-5=0.
Véi m =7 suy ra E(7;-2) hic d6 ta c6 dudng
thing AB di qua M va c6 vecto chi phuong EN co
phuong trinh x -4y +19=0. Chon B.
Chii y. Néu thay hinh chir nhét trong bai toan trén
bang hinh vudng thi cach giai bai toan hoan twong
tu. Cu thé ta xét thi du 4 sau:
Thi du 4. Trong mat phang véi hé toa do Oxv, cho

hinh vuong ABCD c6 tam I| =:— |, cdc duong

19| W
19| —

thang AB. CD lan lwot di qua cdac diém
M (—4:-1):N(-2:-4). Tim toa do cac dinh cua
hinh vuong biét B c6 hoanh do am.

Phan tich bai toan.

- Dau tién khi doc bai todn ta ¢6 suy nghi ring néu
viét dugc phuong trinh duong thang 4B, hic do
néu goi H 1a hinh chiéu vudng goc cua / trén 4B ta

sé tim duoc toa d¢ cua H. Lai co tam giac 4H/
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vudng cin tai H nén /H = 4H tr 46 ta tim dugc
toa dj diém A.

. I?o H 1a trung diém 4B nén ta tim duge toa do
diém B.

- Khi da tim duoc toa 4§ diém 4, B ta 43 dang tim
duoc toa 4§ cac dinh con lai cua hinh vudng.

Loi giai.

v R_____,_*__ﬂ ‘

N c

Goi N' lan luot 1a diém déi ximg cua N qua tim
I, luac d6 N’ thude AB. Tir / 1a trung diém cua NN°
suy ra N'(5:5). Luc d6 duong thing 4B di qua
M. N’ c6 phuong trinh 2x-3y+5=0. Goi H la
trung diém cua 4B lac d6 IH L MN". Vi H thudc

f

,
AB nén HLm; =ms

). Ta co:

IHIMN' S THMN =0 m=%:> H(%;z).

2a+5

Goi A(a; ), do tam gidc AH vudng can tai

Hnén HA=HIsuyra a=3= A(2;3).
Ma H la trung diém 4B suy ra B(-1:1). D& dang
tim duge C(1:2); D(4:0).

Két Iugn.

Qua thi du 3 va thi du 4 trén ta rit ra m§t nhan xét
rﬁng néu dé bai cho toa dd tim ddi ximg 7 cia hinh
chit nhat hay hinh vudng va toa dé 2 diém M, N
lin lrgt thude hai canh ddi thi thuong ta s lay M’
déi ximg véi M hodc N’ d6i ximg vdi N qua tam .
Lic d6 ta sé tim dugc toa do M’ hodc N’ va két
hop véi tinh vudng goc hodc méi lién hé giira do

dai cac doan thang dé giai quyét bai toan.

TOAN
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MOT SO BAI TAP TU LUYEN

1. Trong mdt phing V&I hé toa ¢ Oxy, cho tam

giac ABC voi A(1;-2), phuong trinh dudng cao

CH : x+ y-5=0, phuong trinh dudmg phan giac

trong BN :2x+y+3=
2. Trong mat phing VvOi hé toa d6 Oxy, cho tam
A, ¢6 dinh C(—4:1), phan

0. Tim toa dg B va C.

gidac ABC vuong ftai
gidc trong goc A ¢0 phuong trinh x+y-5=0.

Viét phuong trinh dudng thang BC, biét dién tich

tam gidc ABC bang 24 va dinh A c6 hoanh d¢
duong.

3. Trong mat phang v&i hé toa do Oxy, cho tam
gidc ABC cé dinh B(—4:1). trong tam G(L1) va
duong thing chira duong phan giac trong géc 4 c6
phuong trinh x—y—1=0. Tim toa do dinh 4 va
C.

4. Trong mat phang véi hé toa dd Oxy. cho hinh
binh hianh ABC c6 phuong trinh dudong phan giac
trong CD:2x+y+5=0, phuong trinh dudng

cao AH:2x+yv+11=0. Canh AC &

qua
M (0;-14) Tim toa d¢ cic dinh cua tam giac
ABC, biét rang dién tich tam giac ABC bang 16.

5. Trong mit phang véi hé toa d6 Oxy, cho hinh
vudng ABCD. Goi M la trung diém canh BC, N la
diém trén canh CD sao cho CN = 2ND. Gia sit

11 1 . :
M (?EJ va duong thiang AN c6 phuong trinh

2x-y-3=0.Tim toa d¢ diém A.

6. Trong mit phing véi hé toa d§ Oxy, cho hinh
vudng ABCD c6 diém M Ia trung diém AB va N
thude doan AC sao cho AN = 3NC. Viét phuong
trinh dudng thing CD, biét rang M (1;2) va
N(2-1).



MOT

e

I BAI TOAN HiNH HOG HAY....
VA NHONG v o LiEw QUAN

~

L. DAT BAI TOAN

Xét bai toan phing tong quét sau:
‘Cho truoce am giic 6 dicn tich bang 1. Goi k I
so tw nhién ¢o tinh char lg trong k diem dicoc dat

.
! " . . ’ :
ben trong tam giac luon ¢é 3 diem la dinh cua tam

e s A 1
giac co dién tich khong virot qua —. Hay xac dinh
4
SO k nho nhat c¢é thé (k. y»»
mn " °

Néu trong k diém c6 3 diém thing hang thi tam
gidc 18p boi 3 diém nay s 1a doan thing va c6
dién tich bang 0, khi d6 bai toan dit ra s& khong
con y nghia. B&i vdy ta quy udc trong k diém da
cho khong c6 ba diém nao thing hang.

Trude hét ta hiy xem liéu c6 ton tai k hay khong?
St dung nguyén ly Dirichlet v& cac chudng chim,
ta dé dang giai duoc bai toan sau.

Bai toan 1. Cho 9 diém trong mét tam gidc (nghia
la o bén trong hodc trén canh) co dién tich 1,

chirng minh rang co ba diém trong so 9 diem do

. i e o]
tao thanh mot tam gidc co dién tich lom nhat la Z

Chirng minh. Cac duong trung binh phén chia
tam gidc da cho thanh bén tam gidc bang nhau c6

dién tich %(h.l). Céc hinh tam giac bang nhau

nay la nhing chudng chim va cac diém da cho 1a
cac con chim. Vay la chin con chim dang bi nhot
trong bbn chudng chim. Vi 9=2x4+1 nén ¢6 it
nhéat mot chudng chim chira it nhét ba con chim

(diu phai chimg minh).

Hinh 1
Viy la sd & trong bai toan ban dau Iuén ton tai.

bing céch cai tién dang chudng chim ta c6 thé

giam k tir 9 xubng 7.

Bai toan 2. Cho 7 diém trong mot tam giac co

dien tich b(ing 1, chimg minh rang ba diem trong

56 do tao thanh mét tam giae co dién tich lom nhat
o

la —.

Chirng minh. Vi 7=2x3+1, nén chi can cét tam

giac ban dau thanh ba chudng chim la du: boi s&

¢6 it nhat mot trong 3 chudng chim c6 chira it nhat

ba con chim, va bai toan da dwoc giai quyét.

Phuong phép cit cia ta la chi can dung hai duong

trung binh cua tam giac da cho la xong (h.2).

Hinh 2

Ba 16ng chim cua ta gdm 2 tam gidc bang nhau c6
dién tich i— va hinh binh hanh c¢é di¢n tich %

Néu 3 diém cho truéc nim trong mdt 16ng tam
giac thi bai toan da dugc giai xong. Chi con lai
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trwomg hop hinh binh hanh chig 3 di¢
Khi do, sir dung két qua sau:
cua mot tam giade noi tié

m did cho.
“Dién tich lon nhit
P trong mot hinh binh

. .
hanh co di¢n tich N la [,(;,,g 1 "
4

s

(Ban doc ¢o thé dé dang chimg minh két qua nay

xem nhu mot bai (dp nho). Vi (g cd didy phai

chung minh.

Va k c6 thé giam duge nita khong? Bay gi thi
cdu hoi khong con don gian nira rdi, Co6 thé thiy

ring k s& khong thé bing 4 duge. Thét vay, déi

v6i 4 diém da cho ta dat 3 diém ¢ 3 dinh tam gidc,
con diém thu 4 duge dit tai trong tim cua tam

gide. Vi viy 4 diém da cho tao thanh 3 tam giac

v i b 4F N I
nho ¢6 di¢n tich bang 3 va chinh tam gidc ban
dau co dién tich 1. Chang ¢6 tam gidc ndo co dién
T :
tich 1é6n nhat 1a Z ca. Viviy, k khong thé b@ing4

dugc. Vay k,,, s&bing bao nhidu? N6 s& bing 5!
Béy chinh 13 ndi dung mét bai toén trong ky thi
trong mot khoa hoc giai quyét vin dé gianh cho
hoc sinh trung hoc nang khiéu dén tir mot sé quéc
gia nhu: Nhat Ban, Israel, My, Canada, Thuy Si,
Phép va nhimg nu6c khac do Alexander Soifer
(M$) t6 chic vao thang 8 nam 1987. Bai toan
duoc goi la Bai todn 5 diém.

Bai toin 3 (Bai toan 5 dieém). Cho 5 diem trong

tam giac co dién tich 1, chirng minh rang c¢o ha

diem trong so do tao thanh tam giac co di¢n tich

lom nhat 1>(§ng 1

Chirng minh (Cua Royce Peng, mot thi sinh trung
hoc tham dy ky thi d6). Cac duong trung binh
phan chia tam gidc da cho thanh bdn chudng chim
(h.3). it nhat mot trong sb cac chudng chim phai

¢6 it nhat 1a hai trong nam diém da cho. Néu tam

TOAN HOC
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gide ¢ giita MNK chira hai diém cho truge ¥y va
V, (h.3) thi ta dd hodn thanh vi¢c chirng minh.
Thit viy, mét trong chc tam gidc & goc (gia su
AMBN ) phai chira it nhét mot diém V3 trong ba
diém con lai da cho va chiing ta co6 thé bao quanh
ba diém V,, Vi, va V3 boi mot hinh binh hanh

MBNK o6 dién tich ! Tur 16i giai cua Bai toan 2
2

dam bao ring dién tich cua AVl le nhatia
|
h

Hinh 3
Biy gid gia sir mdt trong cac tam gidc ¢ goc (gia
st AAMK) chira it nhat hai diém cho truéc V; va
V, (h.4).

Hinh 4
Quy tich tit ca cic dinh K cua AVKV, c6 dign

ep Loy o :
tich 2 la mot cip dudmg thang /, va /, song song

voi ViV, Nhung [ va [, c6 thé nim & dau?

Chéng han ching c6 thé giao véi MN khong?
Vi moi tam

AV, MV, AVNV,, AV,KV, AV, 4,

giac

dugc  chba



trong hinh binh hanh AMNK ¢6 dién tich % nén
moi hinh tam gidc nay ¢6 dién tich nhiéu nhét la
1 , " :

¥ Do d6, céc diém A,M,N va K déu phai nim

gitra hodc trén cdc dwong thang /, va /, . Phan nao
cua tam gidc ABC c6 thé ndm bén ngoai dai gioi
han boi cac dudng / va 1, ? Chi mot manh P cua
AMBN hodc ANCK'! (Ban doc c6 thé chimg
minh dugc ring cic manh cua ca hai hinh AMBN
va ANCK c6 thé khong ndm bén ngoai dai).

Bay gid thi ta ¢ thé hoan thanh viéc chirng minh:
Mot trong cac diém da cho V3 nim giira hai dudng
thing /, va I, (hodc trén / hodc trén /,), va khi

do6 dién tich cua AV,V,V, bang p hoac nho hon

(tai sao?), hodc ca ba diém V., V,, Vs da cho con
lai ndm trong manh P cuia AMBN (hodac ANCK)
thi khi d6 dién tich AV,V,V, chic chin nho hon

hoic bang dién tich AMBN ding bing % !

Bai toan da duoc giai xong. Vay ta c6 &, =5.
Mot 1oi giai khac cua bai toan 3 ban doc c6 thé
tham khao trong cudn sach [4].

II. LAM CHAT THEM KET QUA BAI TOAN

Trong phian I, bai toan phang di duoc giai quyét
tron ven ! Nhung ciu chuyén van chua dimg lai ¢
do.

Matthew Kahle cing la mét thi sinh da tham du ky
thi do Alexander Soifer t6 chic vao thang 8 nim
1987. Anh thira nhan minh da khéng giai dugc Bai
toan 5 diém, nhung bai bai toan van cir 4m anh
anh nhiéu nim sau d6, va anh quyét tim tra bang
dugc “moén ng” ay. Nam 2008 M. Kahle da cong
bé mot bai bao trong d6 chirng minh két qua sau,

cai thién két qua cua Bai toan 3 ¢ trén.

Dinh Iv Kahle. Bat ki S diém nao trong tam giac
h | cang chira 3 diém tgo thanh tam

: : 6
oidc o dién tich nhiéu nhaf la o

co dien i

Do 1:0.25>2"_5:o,z4 nén dinh 1y M. Kahle
4

manh hon két qua cua Bai toan 3. Tuy nhién
chimg minh cua Kahle kha phic tap va dai dong
nén khong thé trinh bay o trong bai bdo nay dugc,
ban doc quan tam c6 thé xem trong [1].

Sau khi chimg minh dinh ly cua minh, Kahle da

néu mot cau hoi rat ty nhién nhu sau.

Bai toan Ma. “Tim a nho nhat sao cho 5 diem
hat kv trong tam giac co dién tich 1 luon chua ba
diém tao thanh tam giac c6 dién tich lon nhat la

a’.

Kahle d3 xac dinh dugc gigi han dudi cua «
|

trong bai toan mo la a > P Diéu nay duoc suy ra

mét cach hién nhién boi ciu hinh hinh 5 xép dat
khéo 1éo bai Kahle dudi day.

Hinh 5

Céc diém B va E 1a trung diém cua céc canh bén.
trong khi C va D chia day tam giac déu thanh ba
phan bang nhau. Cac tam gidc ABC, ADE. BCD

va CDE déu c6 dién tich bing %.

Tat nhién, dinh ly Kahle cho ta gigi han trén:
6 A

a _<_2—5. Va Kahle da dua ra phong doan gia tri

chinh xac cua a;
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Phong doan Kahle. a = ;l‘

Co thé v& lai cau hinh cua Phéng dodn Kahle nhu
sau.

Hinh 6. Phong doan cua Kahle o = -
6

Tuy nhién, gin ddy hai nha todn hoc Phap la
Francesco De Comité va Jean-Paul Delahaye cua
Pai hoc Khoa hoc va Cong nghé Lille da dua ra
mot phan vi du cho Phong doan Kahle va dong
thoi cling néu ra mot phong doan méi cho gia tri

cua o. Ho ciing d3 dua ra cau hinh dudi day (h.7).

a2 -2)
—
a(1-2)

Hinh 7. Mgt phong doan méi cho N =35 :
a=3-2v2 (Nlasé diém)
Hinh 8 cho thdy mot cach sip xép méi gbm 5
diém bén trong mgt tam giac déu c6 dién tich don
vi, chung cho tha‘iy réng
a>3-242~0,17157287...
(tht ca cac tam gidc dugc tao bai 3 diém trong s6 5

diém da cho cé dién tich 16n hon hodc bang

3-22).
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Ho cing da chimg minh dugc  rang
a<121/625=0,1936. Mot chirng minh phire tap,

ban doc quan tam c6 thé xem trong [2].

I11. MO RONG RA KHONG GIAN

Hodn toan ty nhién ta co thé xét bai toan tuong ty

trong khong gian:
“Cho triece tie dien ABCD co thé tich bang V. Goi
k la sé tu nhién co tinh chat la trong k diem durgc

dat bén trong ur dién luon c6 4 diem la dinh cua

. N
o s o thé tich khong vwot qua —. Hay xac
e dién co thé tich khong vuot g = ;

dinh s k nho nhét co thé (k)7 (%)

Néu trong k diém co 4 diém ddng phing thi tir
dién tao boi 4 diém nay c6 thé tich bang 0, khi do
bai toan dat ra sé khong con y nghia. Boi vay ta
quy udc trong k diém da cho khong c6 4 diém nao

ddng phang.

Dé c6 thé xac dinh sy ton tai cua k trong bai toan
khong gian (*), ta vAn c6 thé s dung nguyén Iy
Dirichlet v& cac chudng chim, va ta c6 két qua
sau.

Bai toan 1°. Cho 25 diém trong mét ti dién
ABCD (nghia la ¢ bén trong hodac tren cac mat)
6 thé tich V, chirng minh rang cé bon diém trong

so 25 diém do tao thanh mot nr dién co the tich

[ém nhat la K.

Chitng minh. Gia st ABCD 1a tir dién c6 thé tich
V, duong cao ha tir dinh 4 c6 d dai h. Ta xiy
dung céc 10ng chim nhu sau: Trén canh AB ta dat
7 diém B (i=1,...,79 sao cho
48 _ i (i=1,7). Sau d6 d it phang di
TR 7). ung 7 mat phang di
qua B va song song véi day BCD cua tir dién
ABCD . Cic mit phing song song d6 cit cac canh
AC va AD tuong Wmg tai cic didm C va D
(xem hinh 8).

R .



Hinh 8
T cich x3dy dung trén ta suy ra ngay:
ABC,D, ~ABCD (i=1,..,7) véi hé sb ty 1& 1a

3 .
il » i A % \ s
S tuong ng. Cling vay dudng cao A, ha tir dinh

N S TR
A cuatirdién AB,C,D, ciing co ty 1& ;‘ g Tu
d6 suy ra thé tich Viscp cla ti dién ABCD, va
thé tich ¥ cua tir dién ABCD c6 ty 1é:

4 i)
ABCD, =[£J =2 (i=1..,7).

v 2 8

Vi thé 7 mat phing song song & trén da chia tir
dién ABCD thanh 8 phan c6 thé tich bing nhau
va bang ¥ /8 (bao gém 1 tir dién va 7 khbi chép
tam giac cut). D6 1a 8 chudng chim cua ta. Vai 25
diém nim bén trong tr dién, theo nguyén ly
Dirichlet s& luén c6 mot phan chira it nhét 4 diém,
do phén d6 c6 thé tich bang ¥ /8. Nén Bai toan
1’ da dugc chimg minh.

Vay la k tOn tai. Van dé 1a liéu ta c6 thé giam sé
25 diém xudng nira khong? Cau tra 10i 1a giam
dugc. Van st dung nguyén ly Dirichlet ta c6 két
qua sau.

Bai toan 2°. Cho 16 diém trong mét tir dién ABCD
(nghia la o bén trong hodc trén cac mat) co thé
tich V, chieng minh rdng co bon diém trong 50 16
diém do tao thanh mét tir dién co thé tich 1om nhat

g e

Chiing minh. Vin st dung hinh 8, nhung bay gio
ta chia tir dién ABCD thanh 5 phéin bao gom: tir
dign AB,C,D, c6 thé tich ¥ /8, hinh chop tam
gidc cut B,C,D,.BCD c6 thé tich ¥ /8, va 3 hinh
chép tam giac cut BC,D,.B,,C,,,D,, (i=13.5)
c6 thé tich V' /4.

Khéong khé khan 1im ta c6 thé chitng minh ring:
“T& dién nodi tiép trong hinh choép tam giac cut
BCD,B,,C,,D,, cb thé tich lén nhat khi day

cia n6 la AB,,C,,D,,

42142

ABC,D,”. Goi thé tich 1on nhét cua tir dién noi

va mot dinh thudc

tiép do 1a V.

Tur chimg minh cua Bai toan 1’ ta thy rang duong
cao hinh giac  cut
BCD,B,,C,,D,, (vacing la duong cao cua tir

i+27i+2

cua chop  tam

dién noi tiép trong né co thé tich 16n nhat) la

—~ |h . Vi thé ta suy ra rang:
: 2] —

' 2 2 2

]ZXV (i=l,3,5).
v (%/H_z %/?J[Q/H_z]z

2 2

Do d6: —+=
vV 2

_i+2 Ji+2)

i=1,3,5
2 ( )
Voii=1 taco:
5_2_3_9<§_3 2 3 2.1
yV 8 8 8 8 8 8 §
Véi i =3 taco:
5_;_%/7_5<§_343_§ 4 1
V 8 8 8 8 8 8 8§
Véi i =5 taco:
5_1_\/’245<1_’63_7 6 1
V¥ 8 8 8 8 8 8 8

Cho nén 7, <% (Vi=13,5) (*).

Theo nguyén 1y Dirichlet véi 16 diém trong tir
dién ABCD dugc chia thanh 5 phan nhu trén thi

TOAN HOC
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ludn ¢6 mt phan chira it nhéit 4 didm. Néu phén
d6 1a tr dién 4B,C\D, ¢6 thé tich ¥ /8 hay hinh
chép tam gide cut B.C,D,.BCD c¢6 thé tich ¥ /8
thi bai todn duc chimg minh xong. Con néu phin
d6 1la mét trong hinh  chép cut
BCD,B.,C.,D., (i=13.5) cb thé tich v /4,
thi theo ching minh trén bon diém dé tao thanh tir

cac

dién c6 thé tich 16n nhét 1a ¥’ <%(,~ ~13.5). Bai

todn 2” da dugc chimg minh xong.
S6 16 c6 the giam duoc nira hay khong? Hién tai
ngudi ta van chua biet, boi thé Bai toan khong
gian (*) & trén van la mét dai todn mé.

Pé xac dinh chian duédi cua k.

chu v t&i Bo dé sau.

, trudc tién hay

Bé dé. Cac doan néi cdc dinh cua nr dién véi cac
giao diém cua cac dirong trung muvén cua cac mdt
doi dién cat nhau tai mot diem — goi la trong tam
cua nr dién va dwoc no dwoc chia wai diem nay
theo tv lé 3:1, tinh tir dinh.

Chirng minh, Cho tr dién 4BCD, O la la giao
diém cia cic duong trung tuyén cua tam gidc
ABC, P la giao diém cua cic duong trung tuyén
cua tam giac BCD, R 1a giao diém cua cac doan
thing DO va AP (h.9).

D

2 P
S

0 o

Hinh 9
Xét tam gisc AQD. Cac diém O va P chia cic
canh tuong img theo ti I¢ 2:1. Ta chimg minh ring
diém R chia DO va AP theo ti I¢ 3:1. Trong
tam giac APQ, vé OS song song Vo1 AP. No s&
chia doan PQ theo ty ¢ 2:1. Néu doan SQ duge
lay la 1, thi doan PS sé bing 2 do vdy doan DP

22 "Ooge_sssseun-zon

& bing 6. Cic doan DR vd RO giong nhu DP
va PS.ticla DR:RO=6:2=3:1. Tuong tu. ta
ciing chimg minh dugc rang diem R chia doan
AP theo ti 1¢ 3:1. Doan ndi cac dinh B va C véi
trong tim cua cdc mat 46i dién cung sé chia doan
DO theo ty 1¢ 3:1 va do d6 chung sé di qua diém
R. Diy chinh la diéu can phai chung minh.
Tir Bd dé trén ta c6 ngay RO:DO =1:4. theo ty
56 nay ta d& dang suy ra thé tich cua tr dién RBCD
bfmgl thé tich cua tir dién ABCD. Tuong tu the
4
tich cia ba tir dién R4ABC, RABD, RACD ciing
bing 1 é tich cia tir dién ABCD. Béi vay néu
4
v&i 5 diém da cho ta chon 4 diém trung v&i 4 dinh
cua tr dién va 1 diém trung voi trong tim R cua
tir dién ABCD thi khong c6 4 diém nao trong s 5
- y Voo
diém ay tao thanh tr dién c6 thé tich < —8— ca. Do
dotaco k_, >5.
Mot s6 tinh chat thi vi cua tir dién, ban doc 6 thé
tim thdy trong tai liéu tham khao [3].
Ban doc than mén! Viy thi k__ cua bai toan
khéng gian s& bang bao nhiéu? Chi biét ring vai
nhing két qua dat dugc ¢ trén thi: S< k.. <16 .
Va Bai toan van chd cac ban tré yéu toan cua
TH&TT s& cung tiép sic dé giai quyét. TH&TT
hy vong s& nhan duoc 16 giai cua bai toan nav.
Chuc cac ban thanh cong!
TAI LIEU THAM KHAO

[1] Matthew Kahle. Points in g triangle forcing
small triangles. arXiv:0811.2449v

(2] http://www.lifl. fr/~decomite/triangle triancles.html

[3] NMowapun A. I1. Tpeyroasamky 1 TeTpasIphl.
[4] Alexander Soifer. How Does One Cur 4 Triangle.
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CAC LOP THCS
Bai TU/SS8 (Ldp 6) Tim céc s6 nguyén a, b, ¢
sa0 cho a-bc=8 va qe+b=6.
PHAM TUAN KHAI
(Ha Néi)
Bai T2/558 (Lop 7). Cho tam giac nhon ABC
(AB < AC) va O 1a giao diém cta ba duong trung
Wc Cua ba canh. Ké AH vudng géc voi canh BC
tai H. K§ BK vudng gbc voi tia 40 tai K. Goi M la
trung diém cua canh BC. Chimg minh MH = MK.
HUYNH THANH TAM
(CB Bueu dién TX. An Nhon, Binh Dinh)
Bai T3/558. Tim tit ca cac cdp s6 nguyén duong
(x, y) thoa man
42 ~Tx-221=",
HOANG NGOC MINH
(GV THPT chuyén KHTN, DPHQG Ha Nogi)
Bai T4/558. Cho tam gidc ABC c6 dudng cao AH
(H thudc canh BC). Goi M la trung diém canh BC
(M # H). Biét BAH =CAM =40°. Tinh sé do géc

MAH.

CAO NGQC TOAN
(GV THPT Tam Giang, Phong Pién, Thira Thién Hué)

Bai T5/558. Giai phuong trinh

16— x* +319683—x* =31.
DOAN VAN SOAN
(GV THPT Ly Thuong Kiét, Viét Yén, Bc Giang)

CAC LOP THPT
Bai T6/558. Gia sir P(x) va Q(x) la cac da thirc véi
hé sb nguyén sao cho a va a +2023 déu 1a nghiém
cia P(x) (a la sb nguyén). Biét ring
0(2022) = 2024, chimg minh khong ton tai s0
nguyén b sao cho Q(P(b)) = 1.

BUI VAN BINH
(GV THPT chuyén Lam Son, Thanh Hoa)

- RN T R

Bai T7/558. Giai phuong trinh

54
4y’ = -"8.\7’ L. .
x X

NGUYEN VAN XA

(GV THPT Yén Phong 50 2, Bdc Ninh)

Bai T8/558. Cho tam gidc ABC ndi ticp duong
tron tim O béan kinh R. Cac duong phén giac trong
AA,, BB,, CC, cua tam giac ABC lan luot cat
dudng tron tam O tai A,, By, C,. Ching minh rang

3R
A4, + BB +CC 2=

PHAM DUY KHANH
(GV THPT Quy Chdu, Nghé An)

Bai T9/558. Giai hé phuong trinh:

95
{\/2_—2(y+1),x’yeR.

2% =2x
TRAN VAN LAM
(X6m Tién Bé, xa Tan Phii, TX. Pho Yén,
Thai Nguyén)
TIEN TOT OLYMPIC TOAN
Bai T10/558. Tim tat ca cac s6 nguyén duong n
sao cho ¢(n)=12, & diy ky hiéu ¢(n)la ham
Euler cua n.
(Nhic lai ring ham s Euler cia mot s6 nguyén
duong n, ky hiéu la ¢(n), la s6 cac sd nguyén
dwong nho hon n va nguyén t§ ciing nhau véi n.
Vidu: @(9)=6 vico 65s6:1,2,4,5,7,8nho hon
9 va nguyén tb cung nhau véi 9).
NGUYEN BUC TUONG
(TP. Pleiku, Gia Lai)
Bai T11/558. Tim tat ca cac ham s0 f:Z—>Z
thoa man
f(2f(a)+f(b))=2a+b—4,Va,beZ.
HO THANH LAI
(GV THPT chuyén Lé Quy DBén, Binh Pinh)
Bai T12/558. Cho tam giac ABC c6 truc tam H.
M, N lan lugt la trung diém cia AC, AB. Pudng
tron ngoai tiep tam gidc HMN cat duong tron

TOAN HOC
' Tusitge 23
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ngoai tiép tam gide BHC tai K khic H. HK ckt BC
tai J. Gia sir dudng tron ngogi tiép tam gidc BHN
1iép xuc voi duong tron ngoai tiép tam giac CHM.
Chimng minh rang JA = JK,
NGUYEN VAN LINH
(GV THPT chuyvén KHTN, DHQG Ha Ngi)
Bai L1/558. Trong thi nghi¢m giao thoa song trén
mdt nude v6i hai ngudn két hop, cang pha S, va
Sy v&i 8,8, = 4,2 em. Khoang céch gitra hai diém
gdn nhat dao dong cyc dai trén S,S, 14 0.5 cm.
Piém C di dong trén mit nuée sao cho CS, luén
vudng goc voi CS,. Khoing cich 16n nhét tir S,
dén C khi C ndm trén mot van giao thoa cyc tiéu
1a bao nhiéu?
VIET CUONG (Ha Ngi)
Bai 1.2/558. DPoan mach dién 4B mic ndi tiép
theo thr ty 1an luot gdm cudn day thuan cam, bién
trg va tu dién. Dt vao hai ddu doan mach dién ap
xoay chiéu c6 gia tri hiéu dung khong ddi va tan
s6 goc ® (v6i 50°LC =3). Khi R=R, thi cong
sudt tiéu thu trén doan mach dat cuc dai. Goi M va
N lan luot 1a diém nédi gitta cudn cam thuin véi
bién tré' va bién tré véi tu dién. Biét dién 4p & hai
ddu MB c6 biéu thirc la

PROBLEMS I

FOR SECONDARY SCHOOL
Problem T1/558 (For 6" grade). Find the integers
a, b, c such that a—bc=8 and ac+b=6.

Problem T2/558 (For 7" grade). Given an acute
triangle ABC (4B < AC) and O is the intersection
of its perpendicular bisectors. Assume that AH is
perpendicular to BC at H and BK is perpendicular
to the ray AO at K. Let M be the midpoint of BC.
Show that MH = MK.

Problem T3/558. Find all pairs of positive
integers (x, y) satisfying
X +2x -Tx-221=5"

O ubige_ ssssuz-s0s

" CTusilye

24

290f2_ cos(a)t = %) (V).

Viét biéu thirc dién ap 0 hai diu doan mach AN.
THANH LAM (Ha Néi)

***************************

piNH CHINH.

Do so sult khi chon bai nén bai T12/557 (thang

11/2023) da tring v&i bai T12/554 (thang 8‘/2023).
an xin thay bai T12/557 bang bai

UMB —

Yo vk o o o e ok o o ok ok ke ok

Do vdy Toa so
T12/557 m6i nhu sau:

Rai T12/557. Cho tam giac nhon, khong can ABC
néi tiép duong tron (0), H 1a tryc tam va BE, CF
la cac dudng cao cua tam giac. M, N lan lugt la
trung diém cta AH, EF. P d6i ximg v6i N qua BC.
a) Chirng minh rang BMP=NMC.
b) Goi K la giao diém thir hai cua AN va (O).
Ching minh ring dudng tron ngoai tiép cla cac
tam gisc PBF, PCE cing di qua mot diém trén
MK.
LUU CONG PONG
(GV THPT chuyén BDHSP Ha Noi)

Thanh that xin 13i tac gia va ban doc.
TH&TT

N THIS ISSUE

Problem T4/558. Given a triangle ABC with the
altitude 4H (H belongs to the side BC). Let M be
the midpoint of BC and assume that M = H.

Suppose that BAH =CAM =40°. Find the
measurement of the angle MAH.

Problem T5/558. Solve the equation

V16— +19683_ »* =31,

Problem T6/558. Given polynomials P(x) and
O(x) with integral coefficients. Assume that both
a and a + 2023 are solutions of P(x) (a is an
integer). Given that 0(2022) = 2024. Prove that
there does not exist an integer b such that

Q(P(b)) = 1.

(Xem tiep theo trang 43)
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Bai TVSS4. Tim tat ca cac cip so nguyén (m; n)

\Ye{d cho

4 o) o y
20" +16n° 4300+ 1S=m" (*).

Léi gidi. Bién dbi VT(*) nhu sau:
n*+2n° + 161 + 300 + 15
=n*+2n’ + n* + 150>+ 30n + 15
=n’(’ +2n+ 1)+ 15(n°+ 20 + 1)
=n’(n+ 1)° + 15(n+ 1)?
=(n+ 1) (n*+ 15),
tir 46 dang thirc (*) trd thanh:
(n+1°(n* + 15) =m® (**).
S6 n*+ 15> 15 nén khi m = 0 thi (n+ 1)*= 0, suy
ran=—1.
Xét m khac 0 thi n+ 1 khac 0. Do (n+ 1)* 12 uéc
caa m’thi n+ 1 12 uéc cia m,datm = (n+ 1)a véi
a 1a sb nguyén. Thay vao dang thirc (**) duoc:
(n+ 1) (n*+15) = (n+ 1)’a*,
ma n+ 1 khac 0 nén c6 n’+ 15 =a", tir d6 co:
a®—n*=15, hayla (a— n)(a+ n)=15.
S615=1.15=3.5= (- 1)(- 15) = (- 3)(- 5).
Cho tich (a— n)(a+ n) bang timng cip s6 trén, suy
ra n c6 thé bﬁng 1;-1;7,—-17.
Véin =1 thay vao dang thitc (**) suy ra:
m*=4%2% nén m = 8 hoic m = -8.
Véi n = — 1 thay vao ding thic (**) suy ra:
m*=0nénm=0.
Véi n =7 thay vao ding thirc (**) suy ra:
m*=82.8% = 64% nén m = 64 hoic m = — 64.
Véin =— 7 thay vao dédng thic (**) suy ra:
m? = 8%(— 6)* = 48” nén m = 48 hodic m = — 48,
Thir lai , ta théy cac cap s6 nguyén (m; n) sao cho
nt+20% + 16n° +30n + 15=m" la:

(0; — 1), (8; 1), (— 8; 1), (64; 7), (- 64, 7),
(48; — 7). (- 48, 7).

Nhdn xét. Mot vii ban nhim dAu khi bién doi hodc
khi liét ké cac cap sb nguyén (m; n). Cén cht ¥ ring
khi ab = 0 thi @ = 0 hodc b = 0 ma khong can xét dén
thira sé chinh phuong. Cac ban sau c6 loi giai dung.
Pht Tho: Nguyén Truong Giang, 7B, THCS
Nguyén Quang Bich, Tam Noéng; Son La: Doan
Thity Duong, TA1, THCS Chat lugng cao Mai Son;
Hai Dwong: Nguyén Lan Ngoc, 7B, THCS Tan
Quang, Ninh Giang; Nghé An: Nguyén Thdo Nhi,
7A; THCS Thanh Lam, Thanh Chuong; Ddng Ba
Khéi Nguyén, 6D, THCS Ly Nhat Quang, Do
Luong; Quang Ngii: Luong Thanh Nhad, 7B, THCS
Hanh Trung, Nghia Hanh; Binh Duong: Nguyén Thi
Quynh Anh, TN4, THCS Tréan Dai Nghia, TP. Thuan
An.

NGUYEN VIET HAI

Bai T2/554. Tim 56 x sao cho

|x—2021|+|x=2022|+|x 2023
=2(2022x +1)—(x* +2022%).
Loi gidi. Ta co6:
VP =2(2022x +1) - (x* +2022%)
=—(x* +2022* -2.2022.x) + 2
=2-(x-2022)"<2.
Ping thirc xay ra khi va chi khi x=2022.
Ap dung |a| >+qa vao vé trai ta co:
VT =[x —2021| +|x — 2022| +|x — 2023|
> (x—2021) +|x - 2022| + (2023 - x)
=2+[x-2022|22.
Ding thirc xay ra khi va chi khi x=2022.
Vay bai toan c6 nghiém duy nhét 1a x =2022.
Nh@n xét. Cac ban sau ddy co 101 giai dung:
Ha Tinh: Nguyén Tién Hung, Tran Gia Bdo, 9B,

Bdng Anh Thu, 8C, THCS Binh Thinh, D¢ Tho;
Bic Ninh: Nguyén Nhdt Humg, 7A6, THCS Trin

S 558(12-2023)
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Qubc Toan P. Ninh Xa; Som La: Dodn Thity Dirong,
TA1, ~TH('S Chét lugng cao, Mai Son; Ngh¢ An:
Nguyén Cong Linh, Nguyén Thi Bding Tdm, 7C,
Dang Ba Kh6l Nguyén, 6D, THCS Ly Nhat Quang,
D6 Luong; Ha Noi: Dodn Hai Duong, TA6, THCS

Thanh Xuin; Quéang Ngai: Liong Thanh Nha, 78,
THCS Hanh Trung,

VU PINH HOA

Bai T3/554. Xét so nguyen dueong o - 2" P ovaion
la so nguyen dwong va p la so nguyen 16 le. Goi §
la tong cac woe so duong cua cia a ma cac wée

so nay nho hon a. Hay so sanh gia tri cua S va a.

Lai gidi. Do p 14 s6 nguyén t6 1¢, nén tbng tat ca
chc wde sb dwong cia a = 2"p va nhé hon a 14
S=(1+2+22+.+2"
+(1+2+22+.+2"p-2"p
=(1+2+22+.42"(1 +p) - 2'p.
Pat D=1+2+22+.+2" thi
2D=2+2*+2%, .+ 2™,

SuyraD=2D-D=2""_1.Vivay:

S= Q" -1)(1+p)-2"p
=2n+l_1+2n+lp_p_2np
=2~ 1-p+2"p=2"~1-p+a.

Dod6S—a=2""-1-p.

Xay ra cac trudng hgp sau:
)Néup=2""-1thiS-a=0,teclasS=a;
2)Néup>2""-1thiS-a<0,ticlaS<a;
3)Néup<2™' —1thiS—a>0,thclaS>a.

Vidy: Véia=2.3,p=3=2"-1thi
S=14+42+3=6(S=a).
Véia=211,p=11>2’~1 thi
S=1+2+4+11+22=40(S<a).
Véia=2%5p=5<2"~1thi
S=1+2+4+5+10=22(5>a).

Nhdn xét. Bai nay chc ban tham gia giri bai déu cho
loi giai twong ty nhur trén. Tuyén duong céc ban sau
c6 10 giai lap luan chit ché va ngén gon:

Ha NI Dodan Tlai Dieong, TA6, THCS Thanh

Xuin: Trdn Thanh Tung, 7C, THCS Nguyén Du;
Nghé An: Nguyén Tdi Han, 8C, THCS Ly Nhit
Quang, DO Luong; 1o Tang Lam, 9C, THCS Ho
Xudn Huong, Quynh Luu; Ha Tinh: Tran 1Lé Nam
Anh, 9H, THCS Nguyén Du.

PHAM TH| BACH NGOQC

Bai T4/554. Cho hinh thang ABCD co A/, D

('/) ~AB<CD. Goi I va I lan Lot la trung dicm

ciia che duong chéo AC, BD. Qua I

I/ui)z;r d, vuong goc vari AD, qua I ve duong thang

ve duong

d vuong goc voi BC. Hai diong thang d; va d, cat
nhau tai O. Chimg minh OA — OB
Loi gidi.

D

Goi / 1 trung diém cta CD. Céc duong thing IE, [F
cit AB tai M, N tuong (mg.

D& thdy IE // AD va IF // BC (tinh chat duong trung
binh). Do 46 ADIM, BCIN 1a céc hinh binh hanh, nén
¢6 AM = DI = CI=BN.

Mit khac, tir két qua quen thugc, £ va F nam trén
dudng trung binh clia hinh thang ABCD, do d6 E, F
tuong (g a trung diém ctia /M va IN.

Két hop véi gia thiét, suy ra OE, OF lan luot I4 trung
trirc ca /M, IN. Do d6 O thude trung tryc cia MN.
Hon nifa, tir AM = BN, suy ra O thugc trung truc ciia
AB. Tird6 ta c6 O4 = OB.

Nhdn xét. Cac ban sau day c6 1i giai tht.

Ngh¢ An: Trinh Ba Hiéu, 9A, THCS Lé Hong Phong,
Hung Nguyén; Bii Thi Thiyy Lin, 9A, Nguyén Tat Han,

8C, THCS Ly Nhit Quang, D6 Luong; Ha Tinh:
Nguyén Thira Long, 9D, THCS Dai Nai, TP. Ha Tinh.

NGUYEN THANH HONG



Bai TS/S54. Cho a, b, ¢ 14 cic sé thwe dwong.

Chumg minh rang ta luon ¢6

& 4 _/d" o PR I R 21
\u*(wd I: q(‘,”) S +(a+h)

Loi gidi. Ap dung bt ding thie Cauchy, voi s0
thyc duong x, ta co:

\/1+A _\/

l—r+x )

1+ x 2 2
S( \)+( x+x):1+x_.
2 2

Déu dédng thirc xay ra khi va chi khi

l+x=l-x+x" o 2x=x’ ©x=2.
Sir dl,mg bt ding thirc trén, ta co:

\}a + b+c f b+c b+c

b +c* a +b2+c

2
a

1+
Déu dang thirc xay ra khi va chi khi
b+c

a ©a=b=c
b=c

b3 3 bZ

Tuong tu, ta co: > ;
& b3+(c+a)3 (12+bz+C‘2

3 2
Cc
¢ >

T +b+

e’ +(a+b)3

Cong theo vé ba bét dang thuc trén, ta dugc:

a’ b’ c’
3+ 3+ 3 3
@ +(b+c) \b'+(cta) \c’+(a+d)

2 2 2
S a +b” +c
Vay

T a+ b+t
3
__ﬁ___?+
a’+(b+c)

=1.

\f I N
b’+(c+a)3 \!c3+(a+b)3—

DAu déng thirc xay ra khi va chi khi a=b=c. Bai

toan dugc chimg minh.

Nhan xét. 1) Piéu then chét cua 10i gidi 1a ching

minh

2
a’ a

= 2 .
at +bt+c

a +(b+c)J

Hau hét c4c ban c6 két qua dang Jam theo céch trén.

b +a*
<

hi b+cY
2) Bit ding thirc 2\ 2 ‘—"—‘az

= (b+c)2 < 2(b2 +cz) < (b—-c)2 >0 dang.
D4u ding thirc xay ra khi va chi khi b =c.
3) Mot sb ban dat

)= b+c c+a a+bJ
(x9yaz - a ’ b ’ e ’
bét ding thirc phai chirng minh tuong voi
1 1 1
+
J+x 14y 142

Luu y ring bat dang thirc nay khong dung véi x, y, z

>1 (x,y,z>0).

duong bat ky. Chéng hankhi x=y=2z>2.

Céc ban sau day c6 bai giai tot:

Pha Tho: Ha Thi Hong Hai, 9A, THCS Nguyén
Quang Bich, Tam No6ng; Nghé An:
Bang Tam, 7C, Bui Thi Thuy Linh, 9A, THCS Ly
Nhit Quang, D6 Luong; Ha Noi: Ngé Minh Chan,
9A3, TH & THCS Archimedes Pong Anh; TP. Hb
Chi Minh: Nguyén Chanh Thién, 9/12, THCS Lé
Quy Dén, quan 3; Ha Tinh: Tran Lé Nam Anh, 9H,
THCS Nguyén Du, TP. Ha Tinh .

NGUYEN ANH DUNG

Nguyén Thi

Bai T6/554. Véi x, y la cdc so thiee thay doi thoa
man 13x° +y* +36x+ y<0. Tim gia tri nho nhat
cua biéu thirc P= y(y +4x~9),
Loi gigi. Cach 1. Vi 0213x° +y* +36x+y nénta
co: P> y(y+4x—9)+13x2 +y? +36x+y

=45 +4xy+y*)+(y* -8y +16)

+9(x* +4x+4)-52
=Q2x+y) +(y—4) +9(x+2)*-52

>-52.
SG558(12-2023) ¢ cpuggg 27



2x+y=0
P=-52 khi {y-4=0 @{“‘2_
xX+2=0 y=4
Viy minP = -52.
Cach 2. Ta cb:

P2y(y+4x-9)+13x" +y* +36x +y
=2(x"+y" +4+2xy—4x—4y) + 1 1( +4x+4)-52
=2(x+y-2)" +11(x+2)* -52>-52.

xX+y-2=0 {x=—2
=

P=-52 khi {
xX+2=0

y=4
Vay minP = -52.
Nhén xét. Cich danh gia qua tong cic binh phuong

(nhu 2 céch giai trén) c6 1€ 1a c4ch gon gang hon ca dé
gidi bai todn. Cdc ban tham gia déu c6 16i gidi ding véi
cach giai tuong tu. Danh sach cé4c ban c6 1o giai ding
la:
Séc Tring: Trwomg Vinh Tho, 10Al, Tiét Trong
Khiém, 11A2, THPT chuyén Nguyén Thi Minh Khai;
TP. H6 Chi Minh: Nguyén Chdnh Thién, 9/12, THCS
Lé Quy Don, quan 3; Quang Binh: Podn Ngoc Duy,
Nguye:n Thanh Hai, 12 Toéan 1, Pham Thi My Hanh, 12
Toan 2, THPT chuyén V6 Nguyén Giap; Vinh Long:
Nguyén Tudn Kiét, 11T1, THPT chuyén Nguyén Binh
Khiém; Ha Tinh: Nguyén Thira Long, 9D, THCS Pai
Nai; Binh BPinh: Phan Trung Trwc, 11T, THPT
chuyén Lé Quy Pon; Nghé An: Trinh Ba Hiéu, 9A,
THCS Lé Héng Phong, Hung Nguyén, Ngé Vain
Truong, 10A1, THPT Hoang Mai, TX. Hoang Mai; Ha
Noi: Ngé Minh Chan, 9A3, TH&THCS Archimede
Dong Anh; Pa Niang: 76 Péng Hai, 11A2, THPT
chuyén Lé Quy Dén.

TRAN HUU NAM
Bai T7/554. Giai phuong trinh

.rﬂ(,\‘(’—27):(9x4+x+2)\/;+_2 ().

Loi gigi 1 (Cua Ha Thi Hong Hai va Nguyén Ha
Ngan). Diéu kién dé phuong trinh (1) c6 nghia la:

28 T?g?uggg Sé 558(12-2023)

Y+220x2-2 (%)

Phuong trinh (1) tro thanh

X =27 =9x*x+ 2+ (x +2)Vx+ 2.
hay
()c’)3 4—(—3)c)3 +(—\/;:_E)
3(x)(-3x)(—Vx+2)=0 (2

Ap dung ddng nhét thirc

a’ +b’ +c¢* -3abe

=%(a+b+c)[(a-b)2 +(b=c) +(c-a) |
thi phuong trinh (2) twong duong vdi
(x* -3x-Vx+2)x
x[(x3+3x)2+(—3x+m)2+(-m-x3)zj|:0
X -3x-JYx+2=0x-3x=Vx+2 (3)

X =3x20e—/3<x<0,x>3 (4)
(x3 —3Jc)2 =x+2. (5).

3)=
Taco: (5) & x° —6x* +9x* —x-2=0
<:>()c—2)(x2 +x—l)()c3 +x? —2x—1)=0.

* x =2 thoa man (4) va (*) nén la nghiém.

-1+
. x2+x—1=0<:>x,‘2= 1—2\/5 Chi ¢o6
-1-v5
X = 2\/_ thoa man (*) va (4) nén la nghiém.

o x’+x* -2x-1=0. Giai trén may tinh dién tur
khoa hoc Casio fx-580VN ta duoc:
X = 1.246979§04;
x, =—0.4450418679;
x; =-1.801937736.

Chi c6 x, ~—0.4450418679 thoa min (4) va (*)
nén la nghiém.
Vay phuong trinh d3 cho ¢ ba nghiém la

1

2 ]

X, = —0.4450418679.



Lai binh. DOi V6i hoc sinh THCS, 161 giai nay Ia
o, Néu sur dung luong gidc, ta c6 1i giai sau.
Loi gidi 2 (Cua tdc gia va nhidu ban). Vi x> 2
i v >4x. Do dé

2 -3x-Jx+2 >x-Jx+2

2
xt—-x-2

_ (x+ l)(.r—Z) 50
X+Vx+2
\Viy phuong trinh khéng c6 nghiém x>2. Két
hop Vi diéu kién x> -2 suy ra phuong trinh chi
¢6 nghi¢m trong khoang -2 < x<2.
Vai —2<x<2 aa

phuong trinh (3) tr¢ thanh:

x=2cost, 0<t<n,

8cos’t —6cost —/2(1+cost) =0

5 I t
o 2cos3r = 4cos‘5c>cos3t=c055

o 0<r<r=0<t<Z—cost>0)
272 2

<:>3t=i%+k27r, O<t<rz, k=01+112,.

Ar 4r

on=0, =—, t,=—.
s 7

Pdp so6: Phuong trinh da cho c6 nghiém la

4;t

7

4 1+v[3:

;, =2C0S—=—
5 2

X, =2,x,= ZCos‘—‘S—,xs 2co

Nhdgn xét. Nghiém va

X, = 200547” =~ —0.4450418679.

Tét ca cac ban da giri bai co 16i giai tot:

Ha N@i: Ngé Minh Chdn, 9A3. Archimedes
Academy Pong Anh. Ha Tinh: Nguyén Thira Long.
9D, THCS Dai Nai, TP. Ha Tinh. Pha The: Ha Thi
Héng Hai, Nguyén Ha Ngdn, 9A, THCS Nguyén
Quang Bich, huyén Tam Néng. Quang Binh: Hoang
Kim Léc, 11'Toan 1, Nguyen
Thanh Hai, 12 Toan 1, Pham Thi My Hanh, 12 Toan

Doan Ngoc Duy,

2, THPT chuyén Vo Nguyén Giap. Séc Trang: Ti¢,
Trong Khiém, 11A2, THPT chuyén Nguyén Th;
Minh Khai. Vinh Long: Nguvén Tudn Kiét, 1171,
THPT chuyén Nguyén Binh Khiém.

TADUY PHUQNG

Bai T8/5584. Cho hinh vuong ABCD. Trén canh
BC lav diem E. Goi F la chan u’!f«m; VHONEZ 0«
ha tie D xuong AE. Tia BF cat AD i G. CG car

DF tai H. Chimg minh HE / AB

Loi giai. (Theo ban Hoang Kim Loc, 10 Toan 1,
THPT chuyén V& Nguyén Giap, TP. Dong Hai,
Quang Binh).

D

Goi I 1a giao diém cua DF va BC. Su dung dinh
ly Menelaus cho tam giac GBC vai cat myén IFH

ta duoc:
FG IB HC_ _ FG HC _IC B
FB IC HG FBHG 1B
Mat khac GD // BC nén
HC _ HI ):
HG HD

FG_FA_D4_BC 3).
FB FE IE IE (

beé y rang AFBI la tr gidc ndi tiép, ta co:

EAB=DIC = ABE~ AICD (g.g)

TOAN HOC
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:>AB C = ABCD=BE.IC=BC?*=BEIC
BE CD
= (IC-IB)BC=BEIC=IBBC=ICEC
SIC_E 2)
IB EC
Tu (1), (2). (3) va (4) suy ra:
HI EI
HD EC

Do d6 HE // CD, hay HE |/ AB.

Nhén xét. Mot 5o ban sir dung phuong phap toa do
ciing di dén diéu can chimg minh. Tt ca cc bai giai
gri vé Tod soan déu ding. Ngoai ban Léc. cac ban
sau ciing c6 11 giai tot:

Di¢n Bién: Nguyen Ngoc Diép, 10A1, THPT chuyén
Lé Quy Don, TP. Dién Bién Phu; Nghé An: Ngo
Van Trwomg. 10A1, THPT Hoang Mai, TX. Hoang
Mai, Phan Dai Hoang, 10A1, THPT chuyén Phan
Bo6i Chau, TP. Vinh; Ha Tinh: Nguyén Thira Long,
9D, THCS Dai Nai, TP. Ha Tinh; Quing Binh:
Poan Ngoc Duy, Nguyén Thanh Hai, 12 Toan 1,
Pham Thi My Hanh, 12 Toan 2, THPT chuyén V4
Nguyén Giap, TP. Pong Héi; Quang Tri: Tran Van
Durc, 11A1. THPT Hudng Hoa, huyén Hudng Hoa;
Pa Ning: 76 Péng Hai, 11A2, THPT chuyén Lé
Quy Dén, TP. Pa Ning.

HO QUANG VINH
» ! . 1 . _
Bai T9/554. Cho a.b.cg| gt Hay nm gia tri
lém nhat cua biéu thiec
ab{a—b)y<bctb—cY+calc—a)

ab¢

Léi gigi. Vi vai tro cia a.b.c la nhu nhau nén
; . 1
khong mat tinh tong quat, gia s 3 <a<b<c<2.

Ta co:
ab(a~b)+bc(b-c)+ca(c—a)
=(a—b)(b—C)(a—c)

i(a-b)(b-c)(a-c)!
abc

nén P=

30 'crlﬁlEQ S3 558(12-2023)

L2

b .
Cdch 1. Dat x=—‘;._v=— thi x,y e[1;4]

>0

va P=(.r—l)(y—l){l—$}_

Ap dung bét ding thic Cauchy. ta co:
(x-1)(¥-1)= xv—(x+y)+1

5.0'—2v’;\-’+1=(\/;-1‘)2-

Kéo theo
p V€D t=\/;3—'=\/Ee[1?2]'
7 a
1—1) (1" -1
Khio sat ham f (f)=(——L_) v

-
7(0)= 2(e-1) (31' +1+1) 0

t

e[2] a co:

nén f(r) dong bién trén [1;2].

3 L .
Do do, f(1)<f(2) =5 Dau “=" xdy ra ching
) 1 . 3
han khi a=—2-,b=1,c=2. VaymmP=Z.
Cach 2. Ta co:
(c—b)(é—lJ 1—3)
P= = g
b
( 1)
b 3
2-p) Z _2
(2-0) T 11 ZJ
< 2 =3(2 b)(2b-1)
b 4b
_32(B-1+b 35 3
4 “4p 4
Dau‘._yxayrachénghankh] =l,b=1.t=3
2
Vv mi 3
aymmP=Z.

Nhdn xét. Bai toan nay khong kho, co nhiéu ban
tham gia giai. Tat ca cac ban g 161 giai to1 Toa
soan déu dung. Danh sich cac ban la:

—seancn W i) OV LAR Sl



Ha N@i: Ngé Minh Chdn, 9A3, TH&THCS
Archimedes Dong Anh; HA Tinh: Nguyén Thira
Long, 9D, THCS Dai Nai, TP. Ha Tinh; Vinh Long:
Nguyén Tuan Ki¢gt, 11T1, THPT chuyén Nguyén
Binh Khiém; Sé¢ Tring: Tiér Trong Khiém, 11A2,
THPT chuyén Nguyén Thi Minh Khai; Binh Dinh:
Phan Trung Truc, 11T, THPT chuyén Lé Quy Dén;
Quiang Binh: Nguyén Thanh Hai, Poan Ngoc Duy,
12 Toan 1, Pham Thi My Hanh, 12 Toan 2, THPT
chuyén V6 Nguyén Giap.

NGUYEN TIEN LAM
Bai T10/554. Tim gia tri nho nhat cua biéu thirc
E=d’ +b trong do a. b la cdc s6 nguyén dirong
sao cho a* + b chia hét cho 2023.
Loi gigi (Ctia ban Nguyén Thanh Hai, 12 Toan 1,
THPT chuyén V6 Nguyén Giap, Quang Binh)
Taco: 7|2023|a* + b*. Ta chimg minh ring 7|a va
7|b. Gia str trai lai. Khi d6 7 ciing khong la uédc
cua a va cua b. Theo dinh 1y Fermat nho ta co:

a®=1(mod 7); b®=1(mod 7)
= a® +b° =2 (mod 7).
Laico: 7|a®+b*|a® +b°
= a® +b° =0 (mod 7).
Thanh thir 2 =0 (mod 7) tirc 1a 2 chia hét cho 7.
Vo ly. Vay 7lava 7lb = 7% |a*; 7% | b
=49|a* +b.
Lai c6 289]2023|a® +b*. Vi ged (289,49) = | nén
289.49|a® +b* hay 14161|a” +b’

=a’ +b’ 214161.
Véia =56, b= 105 thi a* +b*=14161.
Viay minE = 14161.
Nhgn xét. Cic ban sau diy c6 1i giai tot: HA N
Ngé Minh Chdn, 9A3, TH&THCS Archimede Dong
Anh; Kién Giang: Duong Thach Duy, 11T2, THPT

chuyén Huynh Man Dat; Quing Binh: Nguyé,
Dang Khiém, Hoang Kim Loc, 10 Toan 1, THPT
chuyén Vo Nguyén Giép; Ha Tinh: Nguyén Thirq
Long, 9D, THCS Pai Nai; Vinh Long: Ngttyén Tudn
Ki¢t, 11T1, THPT chuyén Nguyén Binh Khiém.
PANG HUNG THANG
Bai T11/554. Tim (it ca cac ham so f: Q—Q
thoa man f(1) = 3 va
fp)+2f(x+y)=/(x) /0 )+2, Ve, yeQ (1).
Léi gidi (Theo da sb cac ban). Gia st /1a ham s6
thoa min céac diéu kién bai toan.
Cho y =1 trong (1), ta thu dugc:
flx+D)=f(x)+1LVxeQ (2)
vatr(2)suyra: f(t—1)=f()-1,VteQ (3).
Tu (2) va (3), sit dung phuong phap quy nap ta
thu duoc:
f(x+n)=f(x)+nVxeQ,neZ (4).
Dod6 f(n)=n+2,VYnel.

Thay x=n va y—l véi neZ’ vao (1), ta thu
1 1 1
dugc: f( —)+2f( —jzf(n)f(—)+2
n n n
1+2(f(l j (n+2)f( )
n
<:>f(1]—1+2 ).
n) n

. 1
Thay x=meZ va y=— neZ" vio (1) va su
n

dung (5), ta thu duoc:

7(2)e2s(med)- romr(1)+2
o f(2)ear( ]+zm—(m+2>f( =

@j‘(m)=ﬂ+2
n n
Suyra: f(x)=x+2,VxeQ.

Thir lai, ta thay ham sd ndy thoa man cac diéu
kién bai ra.

TOAN HOC
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Két lugn: Tht ca cc ham cin tim 1a:
S(xX)=x+2,VxeQ.

Nhdn xét. Diy 1a dang toan co ban vé phuong trinh

ham véi cp bién tu do trén tap hop céc sé hitu ty.

Cac ban giri bai giai dén Toa soan déu c6 1oi giai

ding.

Binh Pinh: Tran Ngoc Tuyén, 10T, Phan Trung

Tryee, 11T, THPT chuyén Lé Quy Dén; Pdng Thép:

Tran Hong Vy, 10T1, THPT chuyén Nguyén Quang

Diéu; Gia Lai: Phan Tran Ngoc Hai, 10A7, THPT

Chi Lang; Thira Thién Hué: Phing Hoang Hiru
Phu, 11T1, THPT chuyén Quéc hoc Hué; Kién
Giang: Duong Thanh Duy, 11T2, THPT chuyén
Huynh Mén Dat; Nghé An: Phan Pai Hoang, 11A1,
THPT chuyén Phan Boi Chau; Quang Binh: Nguyén
Thanh Hai, 12T1, Pham Thi My Hanh, 12T2, THPT
chuyén V& Nguyén Giap; Séc Tring: Tiét Trong
Khiém, 11A2, THPT chuyén Nguyén Thi Minh
Khai.

NGUYEN VAN MAU

Bai T12/554. Cho tam giac nhon khéng cian ABC ngoai lié}) dwong tron (I). D, E, F lan luot la //'é’P
diém cua () va BC, CA, AB. P la hinh chiéu vuong goc cua D trén EF. DP cdt (/) tai diém thir hai K, L

la hinh chiéu vuong goc cua A trén [K. Puong tron ngoai tt'é;) cdc tam gidac LEC, LFB cat (1) lan thir hai

twong g tai M, N. Chimg minh rang M, N, P thang hang.

Loi giagi.(Dua trén 101 giai cua ban Phan Trung Truc, 11T, THPT chuyén Lé Quy Pon, Binh Dinh)

A
Z M E
L K
1
X F
Y B D C

Trong bai ky hiéu (XYZ) la duong tron di qua ba
diém X, Y, Z. Goi X la giao diém thtr hai (khéac
1) cia dudng tron (AEF) va IP; Y la giao diém
tht hai (khac L) cua cac duong tron
(LFB),(LEC). ME cit NF tai Z.

T
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Dé théy cac diém 4, L, E, F cung thudc mot
duong tron. Ta co:
(YL,YB)=(FL,FB)=(FL,FA) = (EL,EA)
=(EL,EC)=(YL,YC)(mod ).
Suyra Y,B,C thing hang. Ta co:



(KL.KD)=(IL,14) = (FL, FA) = (FL. FB)
=(YL.YB) = (YL.YD) (mod 7).
picu d0 €0 nghia Y.L K.D cing thude mét
dudng tron.
Vi Z la im ding phuong cia cic dudmg tron
(LFB).(LEC),(I) nén cic diém Z.¥.L thing
hang. Vi Z la tim ding phuong cia cic dwomg
won (LYDK),(LEC),(/) nén cic diém Z.K.D
thing hang. Ta cé:
(YZ,YD) = (YL,¥D) = (KL,KD) = (KI,KD)
=(DK,DI) = (I4,ID) (mod ).
Chu ¥ ring YD LD, suy ra YZ LI4 Do d6
YZ LZD (1).
Vi IK* =JE* = IP-IX (két qua quen thuc), nén
IK tiép xic v&i duong tron (XKP). Ta cé:
(XK. XI) = (KI,KP) = (IL.14)
= (XL, X4) (mod 7).
Dicu d6 c6 nghia
(XK, XL) = (XI, X4) = -g(mod 7) Q).
Tir (1) va (2), ta co:
(ZL.ZK) = (XL, XK) (mod 7).
Suy a L,X.Z,K cung thugc mot dudng tron.
Khi d6: (XL, XZ)=(KL,KZ)=(IL,I4)
= (XL, X4) (mod 7).
Viy Z, K, P thiang hang.
Xét cuc va ddi cuc qua dudmg tron (7). Vi moi
didm 7. ki hidu A, la duong ddi cuc cia diém T
d6i vai duong tron (7).
Vi IXJP=IE}, nén X €A, Ma PeEF=A,,
nénAeA,. Dodd A, =4X.
Vi ZeAX=A,, nén Ped,. Chi y ring
EF,MN,A, dong quy, tasuyra P thudc MN.
Nhgn xét. 1) Day 1a bai todn khong khé nhung chi
6 8 ban tham gia giai. L& giai cua m@t sO ban con

dai va phy thude vilo hinh v& b1 khong sur dung goc

dinh hudng (ké ca ban Trwc).
2) Xin néu tén ca 8 ban: Ha Tinh: Tran Duy Humg,
10T2. THPT Chuyén Ha Tinh. Quing Binh:
Nguyén Thanh Hai, Dodn Ngoc Duy. 12 Toia 1,
Pham Thi My Hanh. 12 Toan 2. Hodng Kim Loc, 11
Todn 1, THPT Chuyén VO Nguyén Giap: Binh
DPinh: Phan Trung Trwc. 11T, THPT Chuyén Lé
Quy Pon: Kién Giang: Luwomg Gia Humg. 12 Tin,
THPT Chuyén Huynh Man Dat: Ba Ria — Ving
Tau: Lé Thanh Pai, 11 Toan 1, THPT Chuyén Le
Quy Pon.

LUU CONG PONG
Bai L1/554. Mor var dao dong dieéu hod co do thi
ctia van toc theo thoi gian nhie hink dwoi. Hay viér

phicong rrinh cua gia roc cua vai

A v(cm's)

Lov giai. Phuong trinh dao dong cua vat co dang:
x=A4cos(owt + ). Tu dd thi ta xac dinh dugc:
Vo = @A =107 cs.
Tai théi diém 7= 0 vat ¢6 van tde v= 5713 cm's.
Vi v >0 va dang ting dan. do vdy vat dang & phia
dm cua hé truc va chuyén ddng vé vi tri cin bing.
Diéu nay nghia la khi 7 = 0, ta cé:
{.\' = 4cos@ <0

1\' =—dosing=573>0

i'cos¢<0
:lsin<p=—\':‘:¢— 3
ssssau-zm0 e 50C 33




A
Khi d6 x = 3 theo chidu duomg.

1 gL
Sau -5 SVt vitix=0vayv = v

1 T
Ta suy ra §=E=T=4s
2 o
Do=—=—= (rads)

Tx v, = mA=lOtr:A=l—01= 20 cm.
@
Suy ra phuong trinh dao ddng cua vit:
5
X= &OCOS(E' - —;)(Cm)
Phuong trinh gia téc:

. 2 x 2z
a=-5x° oos(;t - T) (cnv’sz).

Nhgn xét. Chic mung cic ban Pham Van Anh, 11
Ly, THPT chuyén Nguyén Quang Diéu, Ddng
Thap; Hoang Ngoc Huy, 11 Ly 2, THPT chuyén
Qudc hoc Hué, Thira Thién Hué: Hira Vink Ting,
11E1, TH&THCS, THPT L& Thinh Téng TP. Hd
Chi Minh; Trwvong Phiic Vink. 12 Ly, THPT chuyén
Tién Giang, Tién Giang; Pham Xudn Khdnh. 11A2,
THPT Tam Phudc, Bién Hoa, Péng Nai. di co 1ai
giai ding cho dé ra ki nay.

PINH THI THAI QUYNH

Bai L2/554. Cho mach dién xoay chieu nhw hinh
dwran.
R Lr
—
A M N B
Biér dién tro thuan R = 120\3 Q. dién o th wan

cua cuon dav r = 30v3 Q Dién ap hai dau doan
mach ¢o biéu thire: U 5 = gu“loo T (V). Aigu
N la

Jdiem M. B la

7;

@i " I " h 7 j:u‘.{ ul( l" A.

hieu dung

L
Uy =300V »a gida hai

‘z.!{S =60\3 V. Pién ap nic ihoi U iéch pha
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t . 3 Vier dieu vuee dien ap et
— X Vi U gy :
5

dau ,n.'dt.'i?»

by 22

Lai gidi. Ta co:

tan @ ¢y -fan Qyzp = —1

L

1 ) '. N

‘J(r+R)2+(zL)“= ;

5 2 _Uws
:‘){JF-+(ZL—Z(‘) = ]

2, Z,-Zc

kR+r r

(Jr+ R +(Z)7 Uy
{2 -2c)? Vs

ZL Z1-2c__,

(R+r r

JUs03’ (2, 300
— o T
S INGW3Y +(Z, -2 603

Z, Z,-2¢
_ L-C_
15073r 3043
(Z, =150 Q
Z-=240Q Z o1
>Up=1Zz\2
=V2y(15043)2 +(90)? =603 V.

Suy ra biéu thirc cia dién dp giira hai diu doan
mach: u =60v42 cos(100mr) (V).

Nhén xét. Chic mimg cac ban Pham Van Anh. 11
Ly, THPT chuyén Nguyén Quang Diéu, Péng
Thiap: Trwong Phuc Vinh, 12 Ly, THPT chuyén

Tién Giang, Tién Giang d3 co 134 gidi dung cho dé
ra ki nay.

NGUYEN XUAN QUANG
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Trong nhimg ky thi TST Viét Nam, Olympic sinh
vién todn quoc hay ky thi Hoc sinh gioi cip tinh tir
nim 1993 dén nay, ching ta ludn thiy c6 su xuét
hi¢n cua cac bai toan tim gidi han cua diy sb.
Chang han, véi day s (u ), hdy tim gi6i han
}’m%, lir_gn" (u, —a),véi a 1a mot sé thuc nao

do  va trong cac truong hop

llmu =o0; limu, =a.

n—sa
Vi khudn khd bai viét ngén, bai bao nay s€ xau
chudi lai mot s6 mach kién thitc vé dinh 1y néi
tiéng Cesaro-Stolz va hé qua cua né. Qua dé giup
cho hoc sinh va sinh vién c6 cach nhin tong quat
hon vé bai toan tim gidi han cua day sd, gitp cac
em 6n tap t6t trong cac ky thi Hoc sinh gioi cac

cap.

1. Pinh ly Cesaro-Stolz. Xét hai day cdc so thuc

la (u,), va(v,) , saocho

a) v, tang thuc su va khong bi chan;

: uv» —un
b) lim-—=l—=

n—r y) - X))
‘n-l ‘n

=a hiru han.

Khi do day so (u J héi tu vé a.

n
neu

(a“ )

. a
lim(a,,, —a,)=a thi lim =~ = a, véi a hitu han.

n—a n->r p

Hé¢ qua 1.1. Cho day so

a,), néu lima, =a thi

n—-n

Hé qua 1.2 Cho day s6 (

lim — ZaL =a, voi a hiru han.
R

2. Mt s6 két qua va ap dung
u 3\
Néu don thuén tim gi¢i han cua —’;—' hay nu, thita

d& dang dung ngay dinh 1y Cesaro-Stolz, hé qua
1.1 hay hé qua 1.2. Nhung néu tim gidi han cia
cac diy sé c6 dang (2.2) hay (2.3) bén dudi thi
viéc giai quyét bai toan tr nén phtrc tap hon.
Truée khi dua ra mét sé két qua chinh ching ta
nhéc lai ménh dé sau, ménh dé nay dugc suy ra
truc tiép tir dinh nghia dao ham tai mot diém va sé
dugc s dung xuyén suét cho bai viét nay.

Ménh dé 2.1. Néu ham so f(x) co dao ham tai ()
thi khi do voi moi day so (x,) hoi tu ve 0, ta co

(x )= £(0
fim? )=/ (@) )_ o) (21).

Pinh ly 2.1. Cho a,b,a la cac so thuc duong va

day so (u,) dwoc xac dinh boi cong thire truy hoi

u =a
(2.2)
W, =k +—, Azl
u
n
“l-Aa
Khido lim——=b(1+a).
n—yc ’/’
L4 . ! 4 b &
Chirng minh. Ta c6 u, , —u =—>0. Nhu viy
ul )

diy s6 di cho tang.
Gia s ddy s bi chin trén, khi d6 ton tai

[ =limu, , ta dugc phuong trinh:

b b N
l=l+l—a<:>1—a=0 (mau thuan).

Vay ta co limu, = +o0. Ta bién dbi:

n—®©

OAN H
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l+a
- u. - LS
1 1
Ty ea
L] ‘l'
1

" I+a

ménh dé 2.1 ta dugc:

o f (1+x ) £(0)
Diéu d6 c6 nghia la:
hm(

a—->x

=" (0)=b(1+a).

l-n

ulll —u,'f")=b(l+a).
theo h¢ qua 1.1 suy ra:
l+a

lim—=

I—DQ"

=b(l+a).

Pinh Iy 2.2. Cho (5)" ,(a),

dwomg cho mwoc. Xét day so (u,) xdc dinh boi

17“; =a>0
- h'

cong thiec y R
(u_,, =u, 4 -
a U

Gid sir @, =min{a,\.l €{1.2.---.m}. Khido

lea

.ou,
lim

= n

2}"..(1-3-(7‘, )

Chirng minh. Dé dang chimg minh dwoc diy sé
trén ting va khong bi chdn trén, nghia la
limu, =+ . Ta bién ddi:

- b I+q,
leg l+q, ] 1@,
ulul L ] - uu + a, _ua
=l ll.
l+q,
= b, _ I+a
u, + Z—q u!
=l "-
u:""'
1
ul®

36 o srmn

la hai bo m so

i=1 “-‘.
EYEN
=1 U, f
B = b ',Z,:u:' ’
o |

thi limx, =0, f(x)=(1+x)"°

n—»x

Pit x, - 3

=] =

thi nhu chimg minh trén ta co

. f(x)-f(0)
=lim
n—x i b' —x x':
i=1 “.l.‘ai
=f(0)=1+a,.
Talai ¢ lim Z =b,. Do dé:

R r-]‘l

lim(u""- —u")=b(1+a,).

m-1
rax

Ap dung hé qua 1.1 ta c6 didu phai chimg minh.

Thi dy 1 (Chon Dji tuyén HSG Truwomg THPT
chuyén, DHSP Ha Nai, 2020)

Cho dav s0 (u,) dwoc xac dinh boi cong thuc

(u, =1

truy hoi < u .
T | =——, n2l
\ u_ +1

\

Chimg minh rang hm(nu, ) =0.

Loi gigi. D@ thay
giam thyc sy. Ta ching minh bing quy nap r‘fmg

u,>0,Vn21 va day (u,)

g s . 1
voimoin21thi u, <— (%).
n

That vay, véi n = | thi (¥) ding. Gia sur (*) ding
VOl n, ta ¢o:



u, |
Uy = ’ =7—*“_<—J——S~L-
un+l — 4+ 1 ) n+\/;l. n+l1
u u
(donz 1).

Vi vy (*) ding v6i n + | nén (%) ding véi moi
neN". Do d6 cho n — oo thi limu, =0.

) 1
Pit »,=——.Yn21. Khi do day (y,) la ddy ting

thue su (do (u,) 1a day giam thyc sy) va
limy,=+. Ddt x =nVn>1. Theo dinh ly
Cesaro-Stolz ta cé:

lim(nu") =0

n+l T

Thi du 2 (Romania 2007). Cho day so (u,) duoc
xac dinh boi cong thire truy hoi:

a, €(0:1):a,,, :a”(l—af), nxl.

Hay tim gidi han cua ddy sé (Nna,).

Loi gidgi. Trudc hét bang quy nap ta chimg minh
ring a, €(0;1),Vn>1. That vay, véi n=1 thi
dinh  trén  dung.
a, €(0;1),vn<k véi k=1 nao do. Khi do ta s&

khing Gia st rang
chimg minh a,,, €(0;1) dé hoan tit chimg minh.
Ta co:q,,, =aq, (1—a,f)>0 va ap dung bit ding
thuc Cauchy thi

1
a,., =ak(1—af)=5ak(2—2ak)(l+ak)

<l a, +2-2a, +1+aq
T2 3
Tir dé ta khing dinh a, €(0;1),Vn21.

] =%e(0;1).

A . 3
Tir cong thirc truy hoéi ta co: a,, —a, =-a, < 0,
do d6 day sb giam va vi vay n6 héi tu (tinh bi chan

di c6 & trén). Goi /= ll)r+n‘m a, thi

/=1(1_/2)@1=0.

Bay gio ta di vao tim gidi han cua dé bai. Ta co:

1 1) _ e

| 1
lim| —-— |=1m|— N2 2
oy bdb a:” a, N4 a’ (1 _ (l" ) a"

_,.lial}l;z— (1—03)2_]
= lim 24, =2,

(a2

Do d6 4ap dung hé qua 1.1 ta co:

1
a | . 1
lim % = 2 = lim — =2=> lim na} =~
n—+o pn n—+0 na" n—+w 2
J2
= lim x/;a" = —2—

Thi du 3. Cho day so (x,) duwoc xac dinh boi

cong thire truy hoi:

x=ag<l
"-IMI :3—\/_9—_7\‘”_» n 2 l

Chirng minh rang lim nx, =—6.
U

Loi gigi. Dé dang ching minh bang quy nap rang
voi moi n ta c6 x, <0. That vay, ro rang la
x,=a<0. Khi d6 gia st rang v6i moin<k,

k>1 nao dodtacéd x, <0, lac nay vi

J9-6x, >v/9-6.0=3

nén x,,, =3-,9-6x, <3-3=0 hay x,, <0.

n+l
Vi vay theo nguyén 1y quy nap gitip ta khang dinh
x, <0véimoi n>1.

Tir cong thirc truy hoi ta co:

6x, 6
xn+ —'xn = -—x"=xn _ 1
‘ 3+./9-6x, [3+./9—6x,, ]

3- 9—6xn X

’ nerl

—x".3+\/§Txn=3+\/§t6_x">0‘Vn21.

TOAN HOC
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Vivay tacé x,,, ~x, >0 hay (x,) la ddy s ting.
Tir ddy s6 ting va bj chan trén boi 0 nén day s6 da
chohdituvé /<0.Ta dugc phuong trinh:

1=3-V9-6l<3-1=\9-¢/

3-7120
= . &1=0.
9-6/+1°=9-¢]

Ta dugc limx, = 0. Xét gi¢i han:

n—»o0

. | 1 . 1 1
lim —— = lim/| — —
n— 40 xn*l x" n—>+ erI xn

Jo-6x, -3

, ( 3+9-6x, 1)
= li -—|=lim
n—y+x0 6x" X, n—+m 6Xn
= lim —6x,
"l 6x, (O —6x, + 3)
= lim -—;l‘ = —_l
| (Jo-6x, +3)] 6

1
-1
~=— ha
n—+w n 6 y
lim nx, =-6.

Thi dy 4 (Olympic 30/4, 2000). Cho day 56 (u,)
duoc xac dinh boi cong thire truy hoi:
f u, = 2000

1 .
'umzu +—, n21

n 2

u

n
3

] . u
Tim lim—=
n—x ,’

Léi gidi. Ap dung dinh Iy 2.1 v6i b=La=2 ta
3
duoc limi =3,
n—w n

Thi dy 5 (TST Viét Nam, 1993). Cho daiy s6

(u,) diroc xac dinh boi cong thiec truy hor:

[u, =1,
J

\,u”] =u, +—, nxl.
‘ u

n

TOAN HOC
38 ' Cl'udlt;e Sé 558(12-2023)

vemermy R BE TR O SRS SRR VECSORMe e

, : . | ]
Tim tar ca cac so thue [ dé cho dav so l(> f
) .

co gior han hiru han khac 0.

Loi gidgi. Ap dung dinh ly 2.1 ta duoc
3
2 . )
f=1+1=3. Kni 46 tim¥ =3, Pidy d6 6
2 2 e 2

A
3 0. s U, n- 2
nghia la néu ﬂ<5 thi ddy so (7) hoi ty vé 0

i
va f >% thi ddy sb ("—) khéng cé giéi han hitu
n

han. Vay g = la gia tri can tim.

Thi du 6. Xér day so (u,) xac dinh boi cong thire

J u, = 2020
2 3
lun | S, =k, AZ]
u, u,
. . 3 ’ U,f
Chirng to rang lim—- = 4,
Lo ]

Loi gidi. Ap dung dinh 1y 2.2 v6i @, =1;b, =2 ta
duoc diéu phai ching minh.
Thidu 7. Cho a la 56 thyc dicong bat ky va day sé
(u,) xdc dinh boi cong thire

u =a

2 .
U, =U, +—+—, n>]|

n

+ n b
P
| u, JJu,

g ; S - £ 5 ox u,
Ching minh rang day so ( v,) voi v, =—=

co
z

6 3
n
giot han hitu han va tinh gici han do.

Léi gidi. Ap dung dinh 1y 2.2 cho b =2;b, =5 va

L
5
n

o =—;a =l . Taco lim

2 5 n-wo p

=556
5

Suyra lim v, =n1ir£1mu—;= V6.

n ng
Dinh ly sau 1a mot dang khac, tuy nhién ky thuat
tinh todn la tuong tu.




pinh 1y 2.3. Cho a. p

la cic so nguyen dwong va

da) \U (”r' ) diroc xae dinh boi cong thire truy /,,;,’:

!u, = ]

4 n“
l“”" =u, 4 . nx>|
u

(2.4).

41
AT 1
Khido him — = 2 /LL‘

n ‘ ’I ' a ‘F l

pé chimg minh ket qua trén, chung t6i c6 bd dé
sau

A aA
Ba dé.

Vaimoi a >0, 1a co

[0;1] .Tacé:

: : 1 & (kY
lim " k% = lim — (_j
n—+x0 na l; nto p =\ n
1< k
= lim — x
ijZf[)
‘ 1
= dx =——
_([f(x) * a+l

Vi vay bd dé duoc chimg minh.
Bay gio ta di ching minh dinh 1y 2.3.
Véi moi s6 nguyén duong n, ta co:

p+1
a
B+l _ n
un+1 - (un + 7}
u'l

=u’" +(B+1n” +ZC},+1 f“ Lk

(2 5).

vi vy ta viét lai:
B+l al

n
uly =ul" +(B+n +Z ﬂ+l—ﬂ+—1(1T)(2‘6)‘

Tasuyra: u”" >ul' +(B+1)n* (2.7).

n+l —

Tu (2.7) ta suy ra:
WA 2P L (BADY KT =1+ (BHDY K (2.8).
k=1 k=1

n+1 =
Ta c6 danh gia: u?; 2 Zk“, Vnel'.
=1

Va bing quy nap ta cé thé chimg minh dugc:

a+l
n

,Vnel'.

n
k2

e a+l
That véy, voi n=1 thi ménh dé can chung minh

a+l
n n
‘e o M a Z»' .
dung. Ta gia su rang ;k 2 porl ne Khi
do ta co: |
+] n n”+
n & l)
=3 k" +(n+1) >———+(n+

A / : / A
Do viy ménh dé can chimg minh dang néu ta

kiém tra dugc:

a+l
e B (n+1)
—a—+—1'+(n+l) Z_—a—+1
il (n+1)a+1
*_Ai 7 >0 (*).
<:>a+1+(n+1) 1 (*)
o g % . (x+1)
Xét ham sé g(x)= +(x+1) T

a+l

vGi x>1. Taco:
g'(x)=x"+a(x+1)" —(x+1)".

Xét ham s h(t)=(1-1)" +at véi te[0;1]. Ta

c6: h'(t)=a[1—(1—t)““]zo,we[o;l] nén ham

s6 h(t) ddng bién trén [0 ; 1].

vay h(t)=h(0)=1. Ap dung diéu nay véi

1
t =——, ta dugc:
x+1

1- ) ) +a L >l == +a:—1 >1
x+1 x+1 x+1 x+1

o X +oz(x+1)"_l >

Tr day suy ra g'(x)ZO hay ta duogc
l 2a+1 1 i

>2g(1)= +2% — - . Ba
g(x) g() a+1 a+1 a+1>0 o

dang thic sau duge suy ra vi o 1a sb nguyén
dwong. Do d6 bit ding thirc can chimg minh dung
theo nguyén 1y quy nap.

a+l

o Bl s B
Suyra: u),| 2
a+l

, VneZ* (2.9).

T két qua (2.6) va (2.8) ta co:

TOAN HOC 39

S8 558(12-2023) & Tusilye




& TeT RA Ria-Vii 3 20). Cho da)
ulil Sul (BN +(a+ 1)5)@ L (210) Thidu8(TSTBS Btja-tins T 2053)
i . $0 (l/ ) xac dinh boi cong thirc:
Suy ra: ! )
u =2
pu < p+1 %: J .
uiy Sul™ +(B+1)n” +(a+1) Lo == (2_11)‘ ’l” = u ‘__ﬁ,’ n>1
n " u,
Vi vay ta dugc:
’ . u, ..
‘hime minh rang day so (vy) vot v, =—- c0 giol
W<+ (B+DY & i Chirng min 2 »
n#l (ﬂ )Z +(a + 1);, 2 [iol ] —a-| 2 12) . i
Theo bd d& & trén t han hiru han va tinh giot han do.
eo bo d¢ & trén ta co; ' ;
Loi glél- Ap dung dlnh l},' 2.3 V(,Yl a= ﬂ =1 taco
hm M [1 +(B+ I)Z k® } = P (2 13). diéu phai chimg minh.
n gl Thi du 9 (TST Pai hoc Vinh 2020). Cho day 5o
Vi C < i ) ) :
Z:‘; Pt kl_a . ;, = Al k‘ a (un) dwoc xdc dinh boi cong thirc truy hoi:
u, =1
< a-1 !
B max (Cpa) 2k
U, =u,+— n=>1
cho nén ta co: n
n B+l Chir i ke ”,,_l
z:,; B+l k"" 0 —ﬂzglgm{ 541 } ne! ung minh rang lim bbb
= B max {C}m }na‘ Loi gigi. Ap dung dinh 1y 2.3 véi a=£=2 tacod
e . diéu phai ching minh.
u do ta co:
, Thi du 10 (Ba Ria-Viing Tau 2022). X¢r day so
n—»d—m alat 1);; i plmal = 0 (2.14). (u,) xdc dinh boi cong thiee:
Do d6 theo cac két qua (2.8) va (2.12) ta c6: u =1
n 2 .
L+(B+D ke <ul) oo St + 4 2]
5 Bl [ 1 n
<1+(,B+1)Zk"‘ +(« +1)chﬁ+1 e Chirng to rang llm— cO gioi han hiru han va
et =2 n—x0 \/’—1
Bing céach chia cho n**', ta dugc tinh gici han do.
u’!! Lo gidi. Phuong phap giai gibng nhu dinh 1y 2.3.

<+ (B D= ke m{u L2

Tir ddy theo nguyén ly kep va sur dung cac két qua

1 1 &,
nmﬂﬂ“)ﬁzk S—na+}1

V&1 moi s6 nguyén duong », ta co:

k=

2
» ) =i +4+ 2 (215),

" n

k=1 1=2

n /
+(a+1) n“ icpu X Vivaytaco két qua ul, >1+4n (2.16)

Tir d6 va cong thire truy hoi ta duoc:

. L. . . 2 _ g2, B 2n 4
(2.13) va (2.14) ta c6 diéu phai chimg minh. B R b S 2 (2.17).

40 T(?g?-w,g S8 558(12-2023)
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Do véy, tf €Ong thire (2.16) dé tign cho danh gis

2 : 2
tac(,the coru,” 2n dodo tr (2.17) ta co:

e St —=+ 2.18).
n n\/; "2\/; ( )
’l2 1 2n 2 4
0 wS<———g 5. 4n_ 4
Ta n4 n n\/; n,nz\/;S; (2]9)

cho nén ta ¢ ket qua: Uy, <u’ +4+2+i.

n n

Tu d6 suy ra:
Wi, Sl4edns [_+2) 2.20
2 7/ (220
n+l
Vi hmZ( )—hmZ(i):]im

k=1

theo hé qua 1.2 ta c6 1imlj(3] ~0.

n o k
Tvong tu nhu vay vi

85 )

Do do, theo cac cong thirc (2.16) va (2.20), ta co:

P ol+4n . 1 (9 2]

< + —+—
n+1§(k \/l;

n+1
2

Do d6 theo nguyén ly kep, ta c6 lim "+’1 =4 hay
n—wo n

1+4n < ant

n+1 n+l

" u"
L In
BAI TAP REN LUYEN
Bai 1 (TST Quing Ninh 2023). Cho ddy s6 (x,)
duoc xac dinh boi cong thic truy hdi:
2023

- ——

5175022
20235, )

X, =M_+—l, 2

a) Véi moi s6 nguyén duong n, dat

=Z":(x —1). Ching minh rﬁng day ) (y,) co

gi6i han hiru han.

b) Tim tit ca cdc 56 thuc duong a sao cho day s§
u = ia‘(x _1) c6 gioi han hiru han.

Bai 2. Cho ddy sé (u,) dugc xdc dinh bai cong

1 2
{ A = —: = —a-,n21.
thice truy hoi: a, = 2.0,.4 a,—a,

Hay tim gi¢i han cua day sé (na,) .
Bai 3. Cho day sb (u,) dugc xac dinh bai cong

thire truy hoi: 2a,,, —2a, + a:=0n=0,1,2,"-

a) Chimg minh ring day s6 da cho la day s6 giam.
b) Néu a, =1, tim gi6i han cua ddy s6 da cho.

c) Trong trudong hop day sb c6 gigi han hiru han,
hay tim gidi han cua day s6 (na,).

Bai 4. Cho ddy s6 (u, ) xac dinh béi cong thirc:

u =1

Ju: +2019u, + .
Ny, u, u"’ i

n+l 25

a) bat v, —Z—— Tim limyv,.

n—x
k=1 U,

b) Tim lim ==

n—x n

Bai 5. Cho diy s (u,) xac dinh bai cong thirc:

u, =
1
o, =0 +—, #Zl
2u,
Ching minh ring

a) n<u’<n+n. b) lim(u_—\/;)=0.

n—>x

TAI LIEU THAM KHAO

[1] Hoi Toén hoc Viét Nam, Ky véu Olympic Sinh
vién 2015, nam 2015.
[2] Hoi Toan hoc Viét Nam, Ky yéu Olympic Sinh
vien 2017, nam 2017.
[3] Hoi Todn hoc Viét Nam, Ky yéu Olympic Sinh
vién 2018, nam 2018.
[4] Hoi Toan hoc Viét Nam, Ky yéu Olympic Sinh
vién 2019, nam 2019.
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TIENG ANH QUA CAC BAI TOAN
BAI SO 99

PROBLEM. The below box and whiskers plot

shows the information about the shoe sizes of
peapie i a community. Determine the first and the
third quartiles and also determine the outliers

using 1.5I0R criterion,

I —

|
N TR W U N N N N U N O I
T T
1 2 3 4 5 6 7 8 9 10 11 12 13 14

Shoes sizes

Solution: From the box and whiskers plot we get :
- The first quartile Q, =4

- The third quartile 0,=10;

Then 1.5/0R=1.5(0,-0Q,) =

The shoes sizes which are smaller than

Q, -1.5IQ0R or bigger than @, +1.5/QR are
consider the outliers. In this case, the shoes sizes

which are bigger than 19 are the outliers.

TU VUNG

box and whiskers plot : bieu do hop va ria

the first quartile : e phan vi thu nhat

the third quartile s tie phan vi thie ba

outlier : phan ne ngoai bién

NGUYEN PHU HOANG LAN
(College of Science - Vietnam National University, Hanoi)

*******##******************************#********************************#**#*******

BAI DICH SO 97

BAI TOAN. Hai mucoi bén tinh nguyén vién diroc
phdn bé cho ba trwong hoc. Cach phan bé la moi
trieomg sé nhan it nhat mét tinh nguyén vién va tat
ca cac truomg nhdn sé tinh nguven vien khac
nhau. Co bao nhiéu cach khac nhau dé phin bo
cac tinh nguvén vién?

Loi giai. Cau tra loila 222.

Dadu tién, tap trung vao diéu kién mdi truong phai
nhan it nhat mot tinh nguyén vién. Ta c6 thé phan
b6 mét tinh nguyén vién vao mdi truomg trudc, va
sau do bai toan da cho dwugc rut gon thanh bai

toan: “Co6 bao nhiéu cach phan bo 21 tinh nguyén

vién cho ba truwong hoc va mgt so truong co thé

khong nhan tinh nguyén vién?".

42" cmtgé S8 558(12-2023)

Ta c6 thé dat 21 ngdi sao * trén moét duong thing
va dat hai thanh | trong hai khong gian bat ky. Vi

[FE*E[XX *** 6 nghia 13 tnromg dau tién
khong nhan tinh nguyén vién, truong thu hai nhan
4 tinh nguyén vién, va truomg cudi cung nhan 17
tinh nguyén vién. S6 cach la:

, 2
Ci= 3’;22 =253 (cdch).

Thir hai, ta t3p trung vao diéu kién 1a tit ca cac
truong nhan duge sd tinh nguyén vién khac nhau.

C6 mot truomg hop ca ba truong déu nhan duoc sb
tinh nguyén vién nhu nhau d6 1a (8, 8, ).

Va tir 1 dén 24 ¢6 10 s6 chin khong bao gom 16

va2d: 2,4,6,8,10, 12, 14, 18, 20, 22.

&

s



pROBLEAIS IN, (fz(p theo trang 24)

problem T7/558. Solve the equation

4x’ = pl8x’ +72 5?
¥

problem T8/558. Given a triangle ABC inscribed
in the circle with the center O and radius R. The
interior angle bisectors A44,, BB,, CC, of the
riangle ABC intersect (O) respectively at 4, B,
C;, Show that

A A4, + BB, +CC2212}E

Problem T9/558. Solve the system of equations

{E=2(y+l)

27 =2x
TOWARDS MATHEMATICAL OLYMPIAD

- R

Problem T10/558. Find all positive integer n such

that @(n)=12, where ¢ is the Euler function.

{Recall that the Euler function ¢ is defined on the

set of positive integers with ¢(n) is the number

of positive integers which are smaller than n and

are coprime with n. For example, ¢(9)=6 since

there are exactly six numbers 1, 2, 4, 5,7, 8 which

are smaller than 9 and are coptime with 9).

Problem T11/558. Find all functions f:Z—>Z

satisfying
f(2f(a)+f(b))=2a+b——4,Va,beZ.

Problem T12/558. Given a triangle ABC with the
orthocenter H. Let M and N be the midpoints of
AC and AB respectively. The circumcircle of
HMN intersects the circumcircle of BHC at the
second point K which is different from H. Assume
that HK intersects BC at J and also assume that
the circumcircle of BHN is tangent to the

circumcircle of CHM. Show that J4 = JK.

Translated by NGUYEN PHU HOANG LAN
(College of Science — Vietnam national University, Hanoi)

*******x******r****"‘*'k'k'}'***ﬁ**-l-*:“x*******x**Y*********x***********************r****x"r**

& MB>i s6 trong chung tuong img voi ba cach
phan b tinh nguyén vién. Vi du, s6 10 s& cho ba
cach

5.5, 14), (5, 14, 5), (14, 5, 5). Tir 46 6 30 cich
dé co6 dtng hai truong nhan duge sb tinh nguyén
vién bing nhau (ban ¢ thé giai thich tai sao ta
loai s6 16 va s6 24 khoi danh séch trén khong?).

Vivayc6253-1- 30 = 222 (céach).

(Chii y: Ta xét tit ca cac tinh nguyén vién déu nhu
nhau va tir d6 chung ta chi quan tdm dén sb céc
tinh nguyén vién ma mdi trudng sé nhan).

Luwu y: Bai todn ndy dugc swu tam tr mot dé thi
Olympic Toén cua Trung Qudc.

Nhdn xét. Kindy ban Nguyén Quéc Hoang Anh,
9A, THCS Ly Nhét Quang, D6 Luong, Nghé An

c6 bai dich tot, guri bai vé Toa soan sém. Xin hoan

nghénh ban.
HO HAI (Ha Néi)
, TOA
S0 558(12-2023) & c#‘g% 4 3



BAI TOAN 78. Cho ABCD  ¢6
AB=CD=a,AC=BD =b,AD = BC = ¢ (& dién
gdn deéu). Tinh thé tich ni dién ABCD. |
Cach 1. Dung hinh chép D.4A'B'C' sao cho
A,B,C lan luot 1a trung diém cua &C, C'4,
A'B'. Khi d6 hinh chép D.A'B'C'c¢6 b4, DB',
DC" @61 mot vudng gbc voi nhau.

dién

1 1

Ta b Vipep = Vpmc =  DA'DB'DC'. Ma

DA? +DC? =4p* | DA” =2(a’+b* =)
DA” + DB" =4a®> = {DB” =2(a’ -b* +*) .
DB” +DC"” =4c* | pc (~a® +0 +c?)
Khi do:
Vo= [ 45 @ 5 )& 5 )
Cich 2.

4 4 Tc‘)gpugt;e S& 558(12-2023)

Dung hinh lang try AMN.BCD. Tir gia thiét ta c6
CDNM 1a hinh thoi; c4c tam giac ACN, ADM
1a cac tam gidc can tai A4, suy ra:
Al 1L NC,Al L DM = Al 1 (CDNM).
1 1

Taco: Vipep =Veuw = EVA,MNDC = -2—.4VA‘,MN
1
=2V, pn = 3 —IAIM IN = él-h.m.n.
( 2 _ a’-b+c?
W +m?=c 2
2 b 3
Ma (A’ +n*=b’ c>Jn2 =Qb;c
m*+n’=ad’ 2
R PR L
2
Khi do:
ABCD =£J(_az +b +C2)(a2 ~b? +cz)(a2 +b? __cz)

Céch 3. Dyng hinh hop chit nhat AMCN.PBOD

co cac kich thudc 1a m,n, p .

Ta co:

1

MABC = VQBCD = VNACD = g VAMCN.PBQD .

=V,

VPADB

1
Suy ra: Ve, = 3 < Vamen.paop =§m.n.p.
( , at+br-¢t
m=— "
m* +n* = b? 2
2,42, 2
Ma {m’+p*=a’ & {n? =9 t0 +C
pl+n’=¢’ ’
2 _a-b+c?
| 2
Khi d6:

—g\/(—a2 +b +cz)(a2 -b*+c*)(a® +b’ -c?)

Visco =

- e - “ EIGRODME  Riak s



cich 4 S8 dung cong thirc

a5 :gAB.CDd(AB,CD)Sln(AB,CD) .

["4[](,

Goi 1./ 1an luot 1a trung diém cia 4B va CD.
MBC=ABAD = IC=ID = [J 1 CD
MCD=ABDC = JA=JB=1J | AB

AC* +BC* 4B CD’

r=IC*-CJ* = i 5 7
P+l -d
2

(4B CD)JADZ +BC'-4C*-BD"| |’ -bZ[’

’ 24B.CD . &

L 1 bZ 2_ 2 CZ_bZ 3

Khldo:VABCD=gaz. +02 < 1—( = )
_\E 2 2 2 2 _ 2 2 2 2_ 2
- (—a +b"+c )(a b +c )(a +b°—c )

Goi 1,J,M,N,P,Q lan luot la trung diém cua
AB,CD, AC,BD,AD,BC. Ta thdy tr gidc MINJ
4 hinh thoi. Ta chimg minh duge PQ vudng goc

voi AD va BC nén PQJ_(MIN./).GQi G la
giao diém cua cac duong [J,MN,PQ. Taco:

1
= 2.1 PG.% IJ.MN = EPQ.IJ.MN,
3

VI’MINJQ =2V yins

1

i a ==V nén
Vi Vp =V = VCQMJ =Voens g ABCD

= - Vo +V, )
Vemmo =Vasco (V e T Vamo tVcoms + Vorns

1
==V .
o asco

1
Suy 1a: Ve = Wy = PO MN.

Ta tinh duoc: LJ? = IC* - CJ*
AC?+BC* AB* CD* b +c’-a

2 4 4 2
B +a’-c a-b+c
Tuong tw: PQP =———— MN* =—————
2 2
Khi do:

2 N2 _p2 2 2\ A2 2 B2 o2
V sco =1—2-\/(ia2+b2+c )(a -b*+c )(a +b’>—c )
TRUONG QUANG AN

(Xa Nghia Thang, huyén Tu Nghia, Qudang Ngai)

Nhén xét. Ky nay cac ban Nguyén Van Lam, Pham
Xudn Hoang, 9A, THCS Ly Nhat Quang, D6
Luong, Nghé An; Nguyén Hung Cuong, xa Nhon
My, TX. An Nhon, Binh Pinh ciing dong gop mot
sd cach giai twong tu nhu céc cach trén cua ban
Truong Quang An. Ban Tran Pirc Phuong, GV
THPT Giao Thuy, Nam Pinh dua ra 7 cach giai
trong d6 5 cach tuong tr nhu trén va c6 thém hai
cach trong d6 c6 sir dung cong thirc tinh thé tich cua
khéi tir dién theo cac canh va goc phing tai dinh 4
cua tir di¢n. Xin hoan nghénh cac ban.

LE MAI (Ha Néi)
Moi céc ban giri 161 gidi BAI TOAN 80 dui day vé
Toa soan Tap chi TH&TT truéce ngay 31.1.2024.

BAI TOAN 80. Gidi phwong trinh

Xhdtta. 48

\fxz—-l

NGUYEN VAN XA
(GV THPT Yén Phong sé 2, Béc ninh)

TOAN HOC
v 45
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BAI TOAN 87 (IMO 1983). Cho a, b, ¢ la do dai

cac canh cua mot tam giac. Ching minh rang

a’bla-b)+b’c(h-c)+ cta(c - a)>0.

Loi giai. Cach 1. Pat a=y+z b=z+x,
c=x+Yy (x,, zla cac doan tao nén do cac tiép
diém cta duong tron ndi tiép tam giéc chia cac
canh cua tam gidc). Sau khi bién déi bat ding thirc

codang: xy’ + yz’ +2x° > xyz(x + y + 2).
Bt dang thirc nay twong duong vai:
2
(0’ +y2’ + 2 ) (x+ y+2)> [,/xyz(x+y+z)] *).

Str dung bt déng thirc Bunyakovsky ta co:

[\/x; (x+y+ z)]2
= (Jyz + vz 4o )

S(x+y+2)(X’z+y’x+2°y).
Vay bat dang thic (*) ding.
Déu “=" xay ra khi

xxz z\/— =
b f Nt

hay khi tam giac 1a déu.

z

Cich 2. Ta c6 thé giai bai toan nay mot cach truc
tiép nhu sau:

Gia str ¢ 1a canh nho nhét ctia tam gidc, khi do:
a=c+m, b=c+nvéim,n>0.
Thay céc gia tri nay vao vé trai bt ding thirc can
chirg minh rdi bién déi ta dugc:
S =(m-n)’c* + mnc? +|:m3 +n(m- n)z]c

+m*n(m - n).

" CTuditpe S& 558(12-2023)

pé chimng minh biéu thirc na
truomg hop:

THI1: Néu m > n thi két qua la r6 rang, tat ca cac
s6 hang cua tong S déu khong am (m = 0,n =0,

m—n=>0);S=0Kkhi m’ +n(m—n)* =0, tir do:

m=0,n=0vaa=b=c.
TH2: Néu m < n thi dua vao bat dang thirc tam
gidgc b <a+c, taclan<c+mtaco:
m—-n>—-c<>c>n—m.
Suy ra:
S =(m-n)’c’ +mncc+ (m’ +n’ +m’n— 2mn*)c
+m’n(m—n)
>(m- n)2 ¢ +mn(n—m)c
+(m* +n* +m*n—2mn*)c—m’nc
=(m-n)’c? +(m* +n’ —m’n—mn*)c
=(m-n)’c® +(n* —m*)(n—m)c >0 (vin>m).
Bai toan dugc chirng minh.
Ciéch 3. Sau khi bién d6i dai sb, bat ding thirc co
dang:
a(b—c)*(b+c—a)+b(a-b)(a—c)a+b—c)>0 (**).
Do bt ding thirc khong dbi khi hoan vi vong quanh
(a; b; ¢) nén ta c6 thé gia sir: a > b, a > c. Bt ding
thic (**) dng vib+c-a>0vaa+b-c> 0.
Ding thuc xayrakhia=b=c.
Nhdn xét. Hai ban: Phan Pai Hoang, 11A1, THPT
chuyén Phan Bi Chau, Nghé An va Nguyén Hing
Cuong, xa Nhon My, TX. An Nhon, Binh Pinh da
¢6 161 giai dung. Xin hoan nghénh hai ban.
B NHU HOANG
Sau ddy 1a bai tip dé nghi. Ban doc hay giri 15
giai vé Toa soan TH&TT truée ngay 31.1.2024.

BAI TAP PE NGHI

BAI TOAN 89. Cho O, 4, B, C la cdc diém di

dong ~ trong < mdt phing sao cho
OA=4,08=243,0C =VB2. Tim dién tick I6n
shat ¢6 the ¢6 ciia tam giac ABC.

'KHANH HU'U (Ha No?)

Ay khong am ta xét hai

Te



GIAI DAP: SAO LAI THE NHi °
(Dé dang trén TH&TT 56 554, thing 8 nim 2023)

Phén tich sai laim, L&i giai sai & bude tim didu
kién cua phuong trinh do do khi giai da xét thiéu
truong hop, dan dén thiéu nghi¢m x= —?
Loi giai dung nhuw sau:

Piéu kién ctia phuong trinh xac dinh nhu sau:

5 x<-1
x“+x20 x<-1;x=>0
s = & x=0
x°=2x20 x<0;x>2

x>2

«Néu x=0thi (1) luén ding

e Néu x>2 thi

(1) & x(x+1) +x(x-2) =2xx
=4 x+l+m=2\/)—c
& 2x =142 (x+1)(x=2) = 4x
S WP —x-2=2x+1

S 4(x* -x-2)=(2x+1)

S x= 3 (loai).
o Néu x<-1 thi
(D) & () (=x 1) +(=x)(2—x) =2/(=x).(~x)
o V-x-1+{2-x=2J=x
S 2x+1+2\(x+1)(x-2) = —4x

S 2x —x-2="2x-1>1

& 40P —x-2)=Q2x+1)

-9
oSx= 2 <-1 (thoa man).

Vay tap nghiém phuong trinh sé 1a S = {0;%9}_

Nhdn xét. Chic mimg ban Nguyén Xudn Hong, 9A,
THCS Nguyen Quang Bich, Tam Nong, Pha Tho da
phat hi¢n duoc sai lam va dua ra loi giai dung.

KIHIVI

KET QUA PA DPUNG CHUA?

Trong gid luyén tap vé tinh don diéu cua ham so
thiy gido cho bai toan:
Tim m dé ham s6 sau dong bién trén (0;+0)

_xz—(m+l))c+4m2 —4m -2

x—(m-1)
Ban Ha lén bdang giai bai toan nhw sau:
Vx>0 taco:

;X =2(m-Dx-3m*+4m+1_ f(x)
- (x +1—m)’ T (x+1-m)*’
Dé ham s6 dong bién trén (0;+) thi
f(x)=0,Vx>0.
f(x) c6 A'=4m’ —6m=2m(2m - 3).

Néu A’SO@OSmS% thi
f(x)20,¥x= f(x)20,vx>0
=m e[o;ﬂ 1a gié tri can tim  (1).

m<0

Néu A'>0< 3 thi f(x)céd nghiém x,;x,
m>— -

(x, <x,).Khi d6 f(x)20,Vx>0e f(x) co

nghiém thoa man x, <x, <0

3
m<0;m>—

2 m<0
<<85=2(1-m)>0 S92-47 <2+ﬁ
P=—3m>+4m+1>0 3 T3

<:>2_3ﬁ3m<0 ).

Tir (1) va (2) ta c6 gid tri m can tim la:

Smsé.
2

Theo ban két qua ciia ban Ha di diing chwa?
NGUYEN THANH GIANG
(GV THPT chuyén Hung Yén)

TOAN HOC
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GS. TSKH. TRAN VAN NHUNG
TS. NGUYEN VAN VONG
GS. DOAN QUYNH
PGS.TS. TRAN VAN HAO

CHIU TRACH NHIEM XUAT BAN

Téng Gidm déc NXBGD Viét Nam
HOANG LE BACH
Téng Bien tap NXBGD Viét Nam
PHAM VINH THAI
Vién truong Vién nghién ciu Sich va HLGD
PHAN XUAN THANH

HOI PONG BIEN TAP

Tong bién tdp : TS. TRAN HUU NAM
Thu ki Toéa soan : ThS. HO QUANG VINH

Phé tong biénm tip : CN. TRAN THI KIM CUONG
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TRONG SO NAY

@ Dvinh cho Trung hoe Cosi
For Lower Secondary School
Nguyén Anh Tuan — Ung dung cua mét bai

-

toan.

@ Huong din gidi 4é thi tuyén sinh vio 16p 10
Trudng THPT chuyén Tran Phu, thanh phd Hai
Phong, nim hoc 2023 - 2024.

@ o: i wyén sinh vao 16p 10 Truong THPT
chuyén, tinh Bic Ninh, nim hoc 2023 - 2024.

0 Dién dan day hoc todn
Tran Van Puc — Khai thac tich chat ddi ximg
trong hinh hoc phing dé giai toan.

G Ban c6 biét
Hodng Pirc Tén — Mot bai toan hinh hoc hay
va nhimg van d¢ lién quan.

9 Dé ra ky ndy

D

-y N . c v T c Joereod
Probiems in This I5suc

T1/558, ..., T12/558, L1/558, L2/558

-~ € Giai bai ki truve

Solutions to Previous Problems

T1/554, . T12/554, L1/554, L.2/554.

9 Phuong phap giai toian

Huynh Thanh Ludn — Tran Minh Vi — Gisi
thi¢u dinh ly Cesaro-Stolz va ap dung.

Q Tiéng Anh qua cic bai toan — Bai s6 99 — Baj
dich 6 97.

@ nidu cich gisi cho mét bai toin - Giai ba;
todn 78 — Dé bai toan 80.

0 Du lich thé giéi qua cic bai tosn hay — Giai
bai toan 87. D¢ bai toan 89.
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NHA XUAT BAN GIAO DUC VIET NAM TRAO HOC BONG
CHO HOC SINH VUQOT KHO HOC TOT TAI GIA LAI

\ W

v ISZ11 /72003
AW \ W NDA xwat ban Gido

dee VXU Nam phat hap wit S8 Giao due
L Ddo ! O\
v e RO GD-DD tinh Qla Lai QAng

5

hoe Dong aho hoe sinhy VT RO hoe 1ot

yaey O L2 R Y :
am hoe 2023-2024 tren dia ban tinh.

ham W chwong tinh o6 cde ong: Le
Dy RN - Tinh dy vidn, Giam doe S&
GD-DT Nqydn e Dang - Phoe Tong
cong iy & phan Sdach va
et Bl Glaoe due midn Trung cang dai
Jxn cac em hoe sinh nhan hoe bong.

N

al chakong  trinh,

NS b4
ORM @

Qe sy quven

aa Ahd xuatl ban Gido due Vet Nam.

Qang ty phan Sach va Thiet bj Giao
dre micn Trung da  trao bang  tiing

g @ng 128 sudl hoe bang cho hoe
sinh ngh¢o Vgt kKhd hoe ot cia tinh
i

NICS 86
anh

trong A6, bac tidu hoe 31 seat,
Al va NHOT 41 suat. Ding oy,
dao S8 GD-DT va KAnh dao Cong v

& (rae [@Ang hoe bang cho 6 hoe sinh

J.ka: d“."_‘n O MAt tai budi K.

o ~rn DT Oym™ % I
- dbc S8 GD-OT L& Day Dioh (b ¢
S 5

) -!béo. Lt ‘;

e

By M 287 W9 TG g W 8 Jén NXBGOW

Don nhan bang tudng trung wr don vy,

Giam doc¢ S GD-DT Lé Duy Pinh cam
¥ e L S -~ ’ »
fn si quan tam «da Nha xwit ban Giao

¥ 2l

duc Vit Nam, Cong ¥ ¢ phan Sach va

hiet bi Giao due mien Trang dén hoc
sinh kho khan ata tinh Gla Lai
doe 8§ GD-DT Rhdng dinh: "Nhimg suat

hoe bing nay A mon gua o ¥ nghia
)
L

Giam

thit thae, gop phdn ticp siie oho hoe
sinh kho khan ada tinh nd hve vaeom fen

rong hoc @ap™.

Bk T ey .
Lanh 220 S& GD-OT tivh Gia Lar v OOng &y o8 phd
N » wrd TADE \ 3 ) - 2
SEoh vd THiet & Giad dec men Trung a0 hoc ddng

o
~ " 2 s » '3
oM © HoC Imh 31 & 'ef Y 00 Mt B dudi B

Trude do. nhdan dip kKhai giang nam
hoe mdi 2023-2024, Nha xuat ban Giao
duc Vict Nam cung da trao @ang 15 wi
sach giae Khoa dung chung (twong duong
1.920 b sdach giao khoa) cho cac tridng
hoe vang kKhe ca tinh Gia lLai va
18.722 by sdch gido khoa (tong tri gia
hon 6 11 dong) cho hoe sinh c6 hoan
canh khdé khan.
2.000 bo
chiiimg trinh "Cung t¢p budc em tdi
cda Nha xuat ban Giao duce Vit
Nam: hdn 16000 bo sdch duge trao
nghi cia Doan dai bicu Qudc

rong sé& nay. hdn

sach dude trao ang theo
truong”

theo &é

i tinh Gia Lai danh cho hoce sinh 0
hoan canh kho khan.

BAN TRUYEN THONG

(Nha xudt ban Gido duc Vielt Namd

. S

3
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TAP CHi TOAN HOC VA TUOI TRE

PHUONGITRINH NGHIEMINGUYENIVA KINHINGHIEMIGIA

(Tai ban Ian th(r hai) Cla tac gia NGND. VU HO'U BiNH
Séach day 224 trang, khd 17 x 24 cm, gia bia 42.000 dong

0i dung clia sach trinh bay
céc phuong phap i phuong
frinh voi nghiém nguyén, von
&-mt 3é tai ly tha cla SG hoc va Dai s5,
tir cac hoc sinh nho vGi nhing bai toan
nhu 7ram trdu rdm co dén cac chuyén
gia toan hoc vai nhing bai toan nhu dinh
I lon Fermat.
Sach gom 5 chuong:
Chuong | gion thiéu cac phuong phap
thuang dung dé giai phuong trinh nghiém
nguyeén.
Chuong Il gioi thiéu nhing phuong trinh
nghiém nguyen duoc sap xEp theo tung ngay.

Chuong |li giar thiéu nhing bai toan dua
vé giai phuong trinh nghiém nguyén,
trong do co nhimg bai toan vui, bai toan
thuc té.

Chuong IV gion thiéu mét s6 phuong
trinh nghiém nguyén mang tén cac nha
toan hoc nhu Pell. Pythagore. Fermat,
Drophante, ...

Chuong V giai thiéu nhing phuong trinh
nghiém nguyén chua duoc giai quyét va
nhing budc tién cua Toan hoc dé giai
nhimg phuong trinh nghiém nguyén,
trong do co nhimg dong gop cua Andrew
Wiles chung minh dinh ly Ién Fermat va
Giao su Ngé Bao Chau chimg minh B
dé co ban trong Chuong trinh Langlands.
Phuong trinh nghiém nguyén 6 s§
phuong trinh it hon s6 4n nén doi héi
Ngudi gidi todn phai van dung kién thuc
sang 120, vi thé phuong trinh nghiém
nguyén thuong c6 mat trong cac dé thi
hoc sinh gii tir bac tiéu hoc, trung hoc co
S0 dén trung hoc phd thong. Cudn sach
danh mét phan thich déng néu nhing
nghiém nguyén nhu céch phan tich bai

todn, cach suy luan dé tim huong giai,
cach phan chia bai toan thanh nhing bai
todn nho dé gidi quyét hon, cach “duz
kho vé dé, dua la vé querT, cach lién hé
tinh hudng dang gii quyét voi nhing van
dé méi, cach chon huong di phu hop vo
timg bai toan dat ra ...tat ca nhimg diéu
d6 déu 1a nhing ki nang ma méi nguo
cén c6 trong hoc tap, trong nghién ciu va
Vi nhiing cau tho & d4u mdi chuong, vo
cach trinh by 1o rang, dé hiéu, tuoi mat
vGi nhing théng tin cap nhat, véi nhing
kinh nghiém thuc 1§ trong béi dudng hoc
sinh giéi va viét sach, tac gia cudn sach,
NGND V& Hias Binh s& dem dén cho ban
doc nhing kién thic hé théng va nhing
loai toan kho & bac phd thong.

Tin rdng cudn sach khong chi hiu ich
cho hoc sinh va théy cb gido, ma con la
tai héu tham khdo t6t cho sinh vién va
ging vién céc trung Dai hoc va Cao
ding nganh Toan, ciing cac phy huynh

06 nguyén vong giip con em minh hoc
Toan 16t hon.

BAN DOC CO THE MUA AN PHAM TREN TAI:
TOA SOAN TAP CHi TOAN HOC VA TUOI TRE
DA CHI: 1878, GIANG VO, HA NOI
DIEN THOAI PHAT HANH: 024.35142649 - 024.35682701




