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FRUNG BOC €O SO
Trong céic d& thi c6 nhimg bai todn rdi rac,
ching thude 16p bai todn hay va kind. Trong bai
viét ndy, ching t6i xin phin tich va khai thac
mot s6 bai thuje dang todn nay.

(. Thi du 1. Xeér 100 so neuven dicong bat ky ¢o

v 1O Chinge minh rang ta co the chon

TR /'.:’"/

trong chung met vai so sao cho tong cua chung
100.

Loi giai.

Cdch 1. RS rang khong thé xay ra tit ca cic sb

bing nhau dugc. Vi vy gia sit 100 sé nguyén

/‘.1/11‘

duong d6 1a: a, # a,,a,,....,a,, .

Ta xdy dung day:
a, a,, &, +a,, a+a,+a,,...,

a,+a, +a,+..+ay,,.
Biy gior xét ddy trén gom 101 s khac nhau va
nhan gia trj trong doan: [1; 101] nén phai c6 56
100. Tir ddy c6 duge diéu phai chitng minh.
Céch 2. Gia sir 100 s6 nguyén duong d6 la:

@i By By v s

Khéng giam tinh tdng quat, gia sir:

188 88,58, 8.3

Q49

Néu a, 22 =2<a,<a,<...<ay,
Suy ra:

a,+a, +a, + ...+ a,, 22.100 = 200.
Vo ly, viy a; < 2, suy ra a, = 1, do d6:

02+a3+a4+as+...+a100= 100.

Nhgn xét. Ta thiy 100 sd nguyén duong bét ky
c6 téng bing 101. Thir dat cau hoi ligu sb 16n
nht trong 100 s d6 c6 thé 1a bao nhiéu?

D& thdy sb 16n nhit trong 100 s6 d6 khéng vugt
qua 2. Quan tdm t&i loi gidi trén, chang ta thay
dé c6 gia thiét nay thi phai ton tai 99 s6 1 va
mot sb 2.

Boi néu s6 16n nhét trong 100 s6 d6 vugt qua 2
thi tong 99 s6 con lai nhd hon 99, suy ra vo ly.
Tir d6 ta c6 bai toan sau:

Bai 1.1.
tong bang 101.

Yét 100 so nguyén dwong bat ky co
Chirng minh rang ta co thé chon
trong chung mot vai so sao cho tong cua chiing

bang 99.
Nhdn xét. Ta c6 thé tong quat bai toan ban dau:
Bai 1.2. X¢ét n(n =

tong bang n + |

2) so nguyeén dieong bat ky co
Chirng minh rang ta co the
chon trong chung mot vai so sao cho tong cua

chung bang n.

Nhdn xét. Néu ta thay 100 sé nguyén duong bét
ky thanh 100 s nguyén duong phan biét thi két
qué thay d6i thé nao ? Ta nhén thiy tong 100 sé
nguyén duong phéan biét nhé nhat 1a 5050. Dya
vao thi dy 1, cho phép ching ta d& xuét bai sau:

Bai 1.3. Xét 100 so nguyen dwong phan biét co
tong bang 5051. Chung minh rang ta ¢6 the
chon trong chung mot vai so sqo cho tong cua

chiing bang 5050.

Bai 1.4. X¢ét 100 s6 nguyén dwong phan biét co

tong bang 5051. Chung minh rang ta co thé
chon trong chung mot vai so6 sao cho tong cua

chiing bang 4950.

Tuong ty nhu trén, ching ta hoan toan cé thé
tong quat hai bai todn nay. That vay:
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Bai 1.5. Xér n 6 nguyen duong phin biét

(n > 3) ¢6 tong hang f-__'f:.g‘ Chieng minh
2

rang ta co thé chon trong chung mot vai s6 sao

cho tong cua chung bing _n_(n N ”

Bai 1.6. Xét n 56 nguyén duong phan biét

(n > 3) c6 tong bing u-:—z Chirng minh

rang ta c6 thé chon trong chung mgt vai sé sao

cho t6ng cua ching bang b l)‘

2. Thi dy 2. Cho 69 56 nguyén duong phin biét
moi s6 khong viegt qua 100. Ching minh rdng
ton tai 4 56 sao cho trong chung c6 mot 56 bcfng
tong ba s6 con lai.
Phaén tich. Phan tich két luan cua bai toén, gia
sir ton tai a, b, c, d thudc 69 sé nguyén duong
phan biét khong vugt qua 100 maa=b+c+d
thi a — b = c + d. Do d6 ¥ tuong xét hai day sb:
- Déy thir nhat cac sé c6 dang: ¢ + d.
- Day thir hai cac s6 c6 dang: a — b.
Sau d6 chirng to ton tai mgt phan tir thude ca hai
day.
Hurdng din gidi,
Gia sir 69 s6 nguyén duong phén biét d6 1a:
1<a,<a,<a;<..<ay, <100.

Quan sét diu tién s& thiy ngay: g, <32.
Xay dung hai diy s6 sau:
- Xét day sb:

l<a,+a <a,+a <..<ay,y+a s132.
Nhung tir ddy nay ta di rat ra dugc diéu gi
chua? Nhé lai ring dé bai yéu cau chi ra 2 déi
twong bing nhau nén ta sé& xay dyng thém mot
day nira.
- Xét diy sb:

1<a;-a,<a,-a,
Viy ta d3 xay dung 134 s6 hang nim trong doan
tir 1 dén 132 nén s& c6 2 s6 hang cia 2 day nay

G <y —ay <132,

2 T?ﬁruugmé S3 559 (1-2024)

béng nhau va 2 s6 bang nhau ndy thugc 2 day
trén. Tir ddy c6 dugc diéu phai ching minh.
Nhén xét. Tir ki thujt trén, ching ta c6 thé giai

dugc bai sau:
Bai 2.1. Cho 2015 so nguyén duong phdn biét

khing vugt qua 3019. Chumg minh trong 2015 50
do ton tai bon so a,b,c,d saocho a+b+c=d.

(Tuyén sinh l6p 10, THPT chuyén TP. Ha Noi,

nam hoc 2015 - 2016)
Loi gigi. Goi 2015 sb nguyén duong d6 la
@30y 5Qy5eens Aoy -
Khoéng mét tong quat, gia sir
0<a <a, <a, <...<ay, £3019

=30192a,., 24 +1+1%..+1
201446 1

= a, <3019 -2014=1005.

batu, =a, +a, n=3,2015
DU, <u, <...<uy,, <3019+1005=4024 (1).

bitv,=a,-a,, n=3,2015
=V, <V, <...<vy,,, £3019<4024 (2).
Vi (u,),(v,)1a hai diy sé6 duong phan biét, gbm
tong cong 4026 sb nén tir (1), (2) va theo nguyén
ly Dirichlet ton tai i, €{3,4,...,2015} sao cho:
U=v,oa+a=a,-a,

{i;ej
=

a,=a +a +a, (dpem).

Nhdn xét. Ta c6 thé tng quat bai toan ban diu

Bai 2.2. Cho n 56 nguyén duong phan biét (n > 4)

2 - . -3 .
moi so khong vuot qua . Chumg minh trong

n sé do ton tai bon s6 a, b,c,d sao cho

a+b+c=d.

Ldi gigi. Goi n s nguyén duong d6 1a:
a,,a,,a,,...a, .

Khong mit tdng quat, gia sir:



n-5
0<a <a,<a,<..<a, <~

3n-5
2

=

2a,2a,+]+1+..+1
n-1861

In-

=a < 5—n+l.

bat ¥, =a, +a, k=3—,;

Duy<u, <..<u, S3n~5+3n—2:—5‘"+1
=2n-4 ().
bit v, =q, —a,, k=3,n
3n-5

<2n-4 (2).

>V <y, <..<y,£q,<

Vi (u,),(v,)1a hai day sé duong phén biét, gdm
tong cong 2n — 4 sé nén tix (1), (2) va theo nguyén
Iy Dirichlet ton tai i, j € {3,4,...,n} sao cho

u=v,&a t+a =a,-a,

{i #J
(dpcm).

a,=a,+a +a,
Nhan xét. Néu két ludn tdn tai 3 s6 ma mét sb
bing téng cua hai sb kia thi gia thiét thay ddi
thé nao?
Véi y tudng cla thi du 2, ching ta chi cn xiy
dung hai diy c6 dang sau:
- Diy thir nhit cac sb c6 dang:

1<a <a,<a;<..<a,<x.
Diy thir hai céc sb c6 dang:

1€a8,—¢ <a, -8, <..<a,~a, <X.
Vay chi cin tim dugc x theo n dé ton tai mot
phan tir thudc hai ddy, ching ta s& dugc bai toan
méi. Ching han:
Bai 2.3. Cho 2020 s0 tw nhién déi mt khac nhau
va nhé hom 4038. Chimg minh ton tai ba s6 trong
2020 56 d6 ma mét s6 bang tong hai sé kia.
Loi gidi.
S#p thir ty 2020 sb da cho:
0<aq, <a, <....<a,,, <4038 (nhém I).

. A D=

Xét thém 2019 sb:
b=a,-a,b=a,-a,b=a,-a;..,
bagrs = A0 = @
Taco: 1<h <b, <...<by, <4038 (nhom 2).
Tap hgp gdm 4038 sé cua hai nhom trén (tnr a;
cia nhém 1) nhin 4037 gia tr {1;2;....;4037}.
Theo nguyén 1i Dirichlet c6 hai ) bing nhau
nhung khéng cuing mét nhém 1 hodc nhém 2, tirc
1a phai thugc hai nhoém. Gia sir 46 1a
a,=b(i=23,.,2020, j=12,.., 2019)
=a =a -a,=a =a+a (k=2,3;...2020).
Ta c6 diéu phai chimg minh.
Bai 2.4. Cho 2014 s6 tw nhién déi mgt khdc nhau
va nho hon 4026. Chirng minh ton tai ba so trong
2014 5o do ma mot so bang tong hai so kia.
(Tuyén sinh l6p 10, THPT chuyén bak Lik,
nam hoc 2014 - 2015, vong 2)
Loi gidi.
Sép thir ty 2014 s d3 cho:
0<ag <a,<...<a,, <4026 (nhém 1).
Xét thém 2013 sb: b, =a, —a;;b, =a, —a;;
by=a,—a;..by; =ay,, —a.
Taco 1<h <b, <...<b,,, <4026 (nhom 2). Tap
hop gdm 4026 s6 cua hai nhém trén (trir @, cua
nhém 1) nhén 4025 gié tri {1;2;..... ;4025}. Theo
nguyén li Dirichlet c6 hai s§ bing nhau nhung
khong cung m¢t nhém 1 hogc nhém 2, tirc 1a phai
thudc hai nhom. Gia sir d6 la:

a =b, (i=2;3;....;2014.5 =1 2;...;2014)
=a,=a,-a>a =a+a (k=2;3;..2013).
Ta c6 diéu phai chimg minh.

Nhdn xét. Ta c6 thé tdng quat bai toan trén:

Bai 2.5. Cho n 56 tu nhién déi mét khic nhau
(n > 3) va nho hon 2n —2. Chimg minh ton tai ba
s6 trong n s6 d6 ma mét s6 bang téng hai sé kia.

Lai gidi. Sip thi ty n sé di cho:

TOAN HOC
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0<a <a,<..<a,<2n-2 (nhém ).

Xétthémn - 150: b =a, -, b, =a, -a,
bj=a,-a,...b_=a -a,.

Taco: 1<h <b, <..<b_ <2n-2 (nhém 2).
Tép hop gom 2n - 2 s cua hai nhém trén (tnx a
cua nhom 1) nhan 2n - 3 gid o {1;2;...;2n-3}.
Theo nguyén li Dirichlet c6 hai s bing nhau
nhung khong cung mét nhém 1 hodc nhém 2, tirc
1a phai thudc hai nhém. Gia sir d6 1a:

a =b (i=23...5n,j=12.5n-1)

=a,=a,-a,=a,=a,+a (k=23;...;n).
Ta co di¢u phai chimg minh.
3. Thi du 3. Moi lan cho phép thay thé cap so
(a. bj thu¢c 1ap hop

M = {16.4).(6.10).(8.12).(20.14)!

ing cap so la — c. b = d) trong do cap so (c, d)
cung thuoc M. Hoi sau mot sé hiuu han lan thay
thé 13 co the nhan dicoc tdp hop cac cap so

W =(2020.504).{426.360).(2021.120).(342.274))

nay khong?

Moi cip s (a, b) thudc tip hop M thi a, b déu la
s6 chin, nén sau mdi phép thay thé thi moi cap
cia M; cic sb cing la s chin. Mit khac
(2021,120) c6 s6 2021 la sb 1é. Vay khong thé
nhén dugc M, sau mét s6 hiru han lan thay thé.

Nhdn xét. Thyc chat cia bai 3 13 sir dung tinh chit
bat bién. Tac la trong d6 tdn tai mot thudc tinh
khéng thay ddi sau mdi lan thyc hién phép thay
thé. Va tinh chat bat bién trong bai luén 1a sb
chin.

Khi tinh hudng thay ddi thi goc nhin ciing thay
@6i. Ching han:

Bai 3.1. Moi lan cho phép thay thé cap s6 (a, b)

thuce tap hop M = 1(16.4).(5.9).(8.12).(21,15)}
bdng cap o6 (a ~ ¢, b+ d)trong do cap so (c. d)

TOAN HOC
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M. Hoi sau mot so hiew han lan tha

cHny f"/"' (N
) O ,’(';‘ "H‘ni 'n .;',':'-‘: ap /.’-"7' Ao« ’}’ \‘;

- 7451\

V= 1(2020,504),(427,360),(2021,120),(342.275);

] I
avyv Aong

//!(H' /IN' ( -':l/‘ .'44; (a, !,')

o

R.II ". \/‘ l;\l'.‘ ( /lr /"/H D
ol P ]
e “",}‘ ”(7!3‘

Ve (16.4) (24.8).(76.12).(104,20)]

I~ - [l /
bang ¢cap So (d o0

tod) trong do cap so (¢, d)
cing thuoe M. Hoi sau mot o hitu han lan tha
the ta ¢6 thé nhdn dweoc tdp hop cdac cap so

M, = 1(2020.504),(424.1016),(574,1008),(232,404 )}
hay khong?
Loi gidi.
Xét (a, b) thugc tip M, ta cd|a—b| chia hét cho 4
=|(a+c)~(b+d)| chia hét cho 4 (vi (c, d) € M).
Suy ra moi cip s cia M, déu c6 tinh chat néu
trén. Mit khac (574,1008) e M,
1008 —574| =434 khéong chia hét cho 4. Vay
khéng thé nhin dugc M, sau mot sd hiru han lin
thay thé.

nhung

Nh@n xét. Linh hoat trong bién ddi, ching ta c6
thé giai dugc bai sau boi tinh chét bt bién luén
chia hét cho 7.
Bai 3.3. Moi lan cho phép thay thé cap sé (a, b)
thuoc tap hop
M ={(16,2),(4,32),(6,62),(78,8)|

hcfng cap so(a+c b+ d) trong do cap s6 (¢, d)
cung thugc M. Hoi sau mot 56 hiru han lan thay
the ta co thé nhan dugc tap hop cdc cap so
M, ={(2018,702),(844.2104),(1056,2176),(2240,912)}
hay khong?

(Tuyén sinh 16p 10, THPT chuyén DPHKHTN,

nam hoc 2009- 2010, vong 2)

Loi gidi.
Xét (a, b) thudc tap M ta cé |a—b| chia hét cho 7
=|(a+¢)~(b+d)|chia hét cho 7 (vi (c, d) € M),

Suy ra moi cip s6 cua M, déu c6 tinh chét néu
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trén. Mat khac (2240,912) e M,
|2240-912|=1328 khong chia hét cho 7. Véy
khong thé nhan duge M, sau mdt s& hiru han 1an
thay thé.

Nhin xét.

- Nhu viy, cich séng tao cua dang todn ndy la
chon céc s c6 cung sb du trong phép chia cho m
& gid thiét, con két luan thi chon 1 cdp khéc s6 du
trong phép chia cho m véi céc s6 con lai.

- Str dung tinh bat bién, chung ta c6 bai todn dio
sau

nhung

Bai 3.4. Moi lan cho phep thay the cap so (a, b)
thuoc tap hop
1=1(2018.702).(844.2104),(1056,2176).(2240,912),

bang cap so (a + ¢. b + d) trong do cap so (¢, d)
cung thuoc A. Hoi sau mot so hieu han lan thay the
ta co the nhdan dwoc tap hop cdc cap so

B=1(16.2 )‘|‘4_3:).[(u,6:),(7&8‘)} hay khong?

4. Thi du 4. Trong tdp hop cac so tw nhién ti 1
dén 2013 ¢o thé chon ra nhiéu nhdt bao nhiéu sé
phan biét thoa man tong ba so bat ky trong tdp
hop cac so dwoc chon deu chia hét cho 10.
(Tuyén sinh l6p 10, THPT chuyén Béc Giang,
nam hoc 2012- 2013, vong 2)
Loi gidgi. Goi n 1a s6 phan tir cua tap hop dugc
chon n>3,neN.
D& thdy 4 s6 10, 20, 30, 40 théa min yéu cau cua
bainénn >4.
Giasu a,, a,, a,,a, la bdn sb bt ki trong tap hop
n s6 dugc chon. Ta cé: (a, +a, +a;):10,
(a,+a,+a,)}10,(a, +a, +a,):10, (a, +a; +a,):10
=3a, +2(a, +a, +4,)!10=>4,:10.
Tuong ty ta c6: a,:10, a,:10, a,:10.
Trong tap hgp cac sé tu nhién tir 1 dén 2013 c6
201 sb chia hét cho 10. Do d6 tép hop céc sé tu

nhién chia hét cho 10 tir 1 dén 2013 1a tép hop 16n
nhét théa mén yéu ciu cia bai.

< )’ L ¥ ' 4 t

Két luan sb chn tim 1a 201.

Nh@n xét. Dya vao ky thudt cua loi giai, ching ta
c6 thé sédng tao ra bai todn sau

Bai 4.1. Tronge ,nj,» hop cac so tw nhicn (e | den

2020 ¢6 thé chon ra nhicu nhat bao nhicu 0 phan

hict thoa man tong ba so hdt ky trong tap hop ca

so dicoc chon déu chia hét cho 10.

Lo gigi. Goi n 13 sd phan tir cla tap hgp dugc

chon n>3,neN.

D& thiy 4 sb 10, 20, 30, 40 théa man yéu cau cia

bai nén n >4,

Gia s a,, a,, a,, a, 12 bbn s6 bat ki trong tap hop

n sb dugc chon. Ta ¢6: (g, +a, +a, ):10,

(@ +a,+a,)10,(a, +a, +a,):10, (a, +a, +a,):10
= 3a, +2(a, +a;, +4a,):10= q,:10.

Tuong ty ta cé: a,:10, a,:10, a,:10.

Trong tap hop céc sb tu nhién tir 1 dén 2020 c6

202 sb chia hét cho 10. Do d6 tap hop céc s tu

nhién chia hét cho 10 tir 1 dén 2020 1a tap hop 16n

nhét théa man yéu ciu cia bai.

Két ludn s6 can tim la 202.

Nhan xét. Thay dbi mot chit két luan, chung ta c6

thé sang tao ra bai toan sau

Bai 4.2. Trong tdp hop cdc sé tw nhién tir | dén

2020 ¢6 thé chon ra nhiéu nhat bao nhiéu sé phan

biét théa man tong ba sé bat ky trong tdp hop cadc

s6 dwoc chon déu chia hét cho 5.

Léi gigi. Goi n 1a s6 phin tir cua tip hop dugc

chon n>3,neN.

D& thiy 4 s6 5, 10, 15, 20 théa mian yéu cau cia

bai nén n > 4.

Gia st a,, a,, a,, a, 12 bon sb bt ki trong tip hop

n s6 dugc chon. Ta c6: (a, +4a, +4a,):5,

(a,+a,+a,)5,(a +a,+4a,):5, (a, +a, +a,)i5
=3a,+2(a,+a,+4a,)i5=> a5,

Tuong ty ta co: a,:5, 4,35, a,:5.
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Trong tép hop céac sb ty nhién tr 1 dén 2020 cb
404 s6 chia hét cho 5. Do d6 tap hgp cc sb tw

nhién chia hét cho 5 tir 1 dén 2020 14 tap hop Ién
nhat thoa méan yéu ciu cia bai.

Két luan s cAn tim 1a 404,

Nhdn xét. Thay d6i mét chit gia thiét, ching ta c6
thé sang tao ra bai toan sau

Bai 4.3. Trong tdp hop cdc so te nhién tir 1 dén
2020 c6 thé chon ra nhiéu nhat bao nhiéu sé phan
bi¢t théa man tong bon sé bat ky trong tp hop
cac s6 duoc chon déu chia hét cho 5.
5. Thi du 5. Cho 13 s6 thuc théa man diéu kién:
Tong cia 6 s6 bat ky trong ching nhé hon tong
ca 7 56 con lai. Chieng minh rang tdt ca cdc sé
da cho déu dwong.
(Tuyén sinh 16p 10, Pho thong Nang khiéu,

PHQG TP. Ho Chi Minh, nim hoc 2006 - 2007)
Phén tich. V6i diéu kién tdng 6 sb cua 6 sb bét
ky trong ching nhé hon téng cia 7 sb con lai.
RAt tu nhién chung ta nghi téi viéc tdng 6 s6 16n
nhit nho hon tdng 7 s6 nhoé nhit. VA chi cin
chimg té sb nhoé nhét trong 13 s d6 13 s6 duong 14
xong. Do viy viéc sa"xp xép thi ty 13 s6 12 diéu can
thiét.
Loi gidi. Goi 13 sb di cho la: By 5 By 5 By » 0y g
Khéng mat tinh téng quét, gia st

a2a,2a,2..2a,.
Tir gia thiét
a+a,+..+a,<a;+a;+..+a;

=a,>(a+a,+..+a)=(a +a+...+a;)
Mi g 2a,2a,2..2a; Suy 1a diéu phai chimg
minh.
Nhin xét. Néu ta dic biét hoa 13 s6 thyc thanh 13
sé ty nhién phén biét va chu y ring a, —a, 2 6.

Ta s& dugc bai toan sau

S48 559(1-2024)

Bai 5.1. Cho 13 s tw nhién phdn biét sao cho
tong cua s¢ bat ki trong chiing lon hom tong cua
6 sé con lai. Chirng minh rang tat ca 13 so da cho

déu khong nhd hom 37.

Nhdn xét. Loi gidi bai 5.1 s tuong tyr 10 giai 5.2
sau day:

Bai 5.2. Cho 5 s6 tw nhién phan biét sao cho tong

ctia ba 50 bat ki trong chung lom hon lo‘hg cua hai

s6 con lai. Chimg minh r(fng 1t ca 5 s6 da cho

déu khong nho hon 5.

(Tuyén sinh 16p 10, THPT chuyén Thai Binh, nim
hoc 2017 -2018)

Loi gidgi. Goi 5 sb di cho la: a, a,, a,, a,, as.

Khéng mét tinh tong quat, gia sir

a, >a,>a,>a,>a;.
Tir gia thiét
a +a,<a,+a, +a
=a,>(a,-a)+(a,—a,).
Mi ag—az=a1—-ay+ta—az>1+1=2;
G—-a=ar—aztaz—as=>1+1=2

=>a;>(a,—ay)+(a,-a,)22+2=4=0a,25.

Ta c6 diéu phai chirng minh.

Nhdn xét. Néu ta thém diéu kién thi bai toan sé

dic sic va khé hon.

Bai 5.3. Cho 2k + 1 56 tw nhién d6i mot khac

nhau (k >Lke N') thoa man té'ng‘cu’a k+ 156t

nhién bdt ki trong cac s6 da cho Ién hon tong ciia

k 56 con lai cong voi 2020. Chung minh rﬁng méi

s6 tw nhién trong 2k + 1 da cho lon hon K + 2020.

Hudng din gidi.

R& rang véi mdi k> 1 c6 vo s6 bd 2k + 1 sé thoa

mén diéu kién da cho. T d6 hoc sinh gip khé

khan khi tim 1&i gidi cho bd 2k + 1 thda man didu

kién bai toan.

Do mbi b 2k + 1 sé ty nhién hiru han nén c6 thé

sép xép chung theo thir tu ting dan: Gia sir

@ <a,<ay....<a, <a,,, (1).



Tr d6 c6 thé didn dat lai bai toan nhu sau: Cho
2k + 1 56 ty nhién théa man diéu kién (1) va téng
cua k + 1 s6 bat ky ldy trong (1) 16n hon téng ciia
k s6 con lai cong véi 2020. Chimg minh ring mdi
36 trong céc sb 1Ay tir (1) 16n hon k + 2020.
Vé&i cach dién dat trén s& xuét hién y twéng chimg
minh 14 chi ra a; > k + 2020. N6i cach khéac, phai
chimg t6 s6 bé nhat 16n hon & + 2020. Khi d6 ta c6
ki thudt chimg minh nhu sau:
a,,+a, +.+a,, +2020<a +a,+...+a,,
< (a,,-a)+(a,,,-a)+..+(ay,, —4,,,) +2020< q
Do mdi sé hang trong ddu ngodc & vé tréi 16n hon
hojic bing 1 (hiéu hai s6 tw nhién khac nhau) do
¢6 k s6 hang trong ngodc nén a, > k +2020.
Nhgn xét. Néu ta thém diéu kién déc biét, biét
phin tir bé nhit thi bai toén s& la va khé hon.
Ching han:
Bai 5.4. Cho tdp hop A gom 21 phan tir la cac
50 nguyén khdc nhau théa man tong 11 phan tir
bdt ky lén hon téng 10 phan tir con lai. Biét cac
56 101 va 102 thugc tdp A. Tim tdt ca cac phdn
tir cua A.
(Thi hoc sinh gidi I6p 9, TP. Hai Phong,
nam hoc 2016- 2017)
Loi gigi. Gia st A ={a;a;a,.;a,} Vi
@ a0, €l Va8 4 <, <l.<a,.
Theo gia thiét ta c6:
a+a,+a;+..+a,>a,+a,+..+a,
Sa>aq;,—atay-a+..+ta, —a; (D)
Mat khac véi x, yeZva x<y thi y>2x+1, suy
m: a,—a, 210, a, —a, 210,...,4,, —a, 210 (2).
Nén tir (1) suy ra:
a>10+10+...+10=100
= a,= 101 (vi 101 €4)
=101>a,, —a, +a,; —a; +...+a, —a, 2100
=a,—-a,+a,—-a,+..+a, —a, =100.
Két hop véi (2) ta duge:
a,-a,=a,—a,=..=a, —a, =10 (3)

AR TV ’

=10=a, -a,
=(a, —a,)+(a, —a,)+..+(a;,-a,)210
=a,-aq,=a,-a,=..=a,—-a,=1 (4).
Tacd a,=101 ma 102 €4 = a,= 102.
Két hop vai (3) va (4) suy ra:
A={101,102,103,...,121}.

Bai 5.5. Cho 21 56 nguyén déi mét khdc nhau thoa
man diéu ki¢n tong cua 11 so tiy y trong chung
{uon lom hon 15ng cuia 10 56 con lai. Biét trong 21
$6 nay cé mét so bang 101 va s6 16m nhdt bang
2014. Tim 19 50 con lai.

Goi 21 sb

Loi gidi nguyén do la

N S . va gia str rang
a4, <a, <a;<..<ay <ay, thiagy =2014.
Theo gia thiét ta co:

B ¥, T & Pt e T 05 0 o L,

nén 4, >(a, —a,)+(a, —a;)+...+(ay —a,).
Mai hiéu s6 & vé phai bat ding thirc khong nho
hon 10 va c6 10 hiéu sé nén a; > 100, suy ra
a > 101.
Vi a; 12 sb nguyén nho nhit nén a; = 101 va
100> (a,, —a,)+(a; —a,)+...+(a, —a, ) 2100.
Suy ra 10 hiéu s6 nay d&u bing 10. Do d6:
a, =a, —10=2014-10=2004.

Tir a;; = 2004 dén a,, = 2014 c6 11 s6 khac nhau
nén diy sb @;>@3»-8y la diy cic sb nguyén
lien tiép @, =2005, a;, =2006,..., a,, =2013
suy ra: az = aIZ -10=2005 - 10= 1995,

a,=a,;—-10=2006-10=199,.. .,

a,, =a,, —10=2013-10 = 2003.
Viy 19 s6 phai tim 14 c4c s nguyén lién tiép tir
1995 dén 2013.
Bai 5.6. Cho 5 s6 nguyén phan biét sao cho téng
cta ba so bat ki trong ching lom hom tong ciia hai
s6 con lgi. Tim giG tri nho nhdt cua tich 5 sé

nguyéen do.
S8 559(1-2024) T?ﬂclﬁllgt;é 7
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N L ] 1. .
Yo nguyen khac nhaw thoa man tong 21 phan tu
"‘u’) )’\\ /H'l e {ony 1

s0 401 va 402

) 4 ]
U phan te con lai. Bict ca

1o« phan

ap A. Tim tar ca cac /

e cua A.
(' hoc sinh 2101 16p 9, tinh Kon Tum,

2019 - 2020)

nam h\_n‘

6. Thi \!l'l 6. Cho 7 \..v

neuven dwone Ahae nhau

ma mot so hhong vieot qua 1706, Chieng minh

rang [on rQr (rong « ,/l.';'.'ltg (¢

/ ]
1 NO d, 0, C SAO Cho

a<b+ 4a.

Loi gidi. Xét 7 sb nguyén duong khic nhau ma
mdi s6 khong vugt qua 1706,

Khéng gidm tinh téng quat, gia sir 7 sé di cho la:
a <a,<a,<a,<a;<a;<a,.

Gia sir khong ton tai trong ching ba s6 a, b, ¢ ndo

ma a < b + ¢ < 4a. Diéu nay nghia 13, véi moi 3 sb

a, b, ¢ trong ching thia > b+ chodc b+ ¢ > 4a.

R& rang trudng hop a > b + c 1 khong thé xay ra.

Xéttruong hopb+c2>4a. Taco :

a2a+l;

a, +a,24a,24(a +1)= a, 23a, +4;

a, +a, 24a, 24(3a, +4)=a, >11a, +16;

as +a, 2 4a, 24(11a, +16) = a; 243a, +64;

ag +a, 2 4as 2 4(43a, +64) = a, 2171a, + 256;

a, +a, 2 4a, 2 4(171a, +256)

= a, 2 683a, +1024 > 683.1+1024
=1707 (doa, 21),

mau thuin véi a, <1706. Viy gia st trén 12 sai,
Do d6 trong 7 s6 nguyén duong khéc nhau ma mdi
s6 khong vuot qua 1706 ludn tim dugc 3 sb a, b, ¢
théamin a < b + ¢ <4a.
Nhdn xét. Thay d6i mot chit két ludn, ching ta c6
thé sang tao ra bai ton sau:
Bai 6.1. Cho 7 s6 nguyén dwong khdc nhau ma
méi sé khéng vugt qud 364. Chirng minh rcing ton
tai trong chung ba s6 a, b, ¢ sao cho

a<b+c<3a.

TOAN HOC
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Loi gml. Xét 7 sb nguyén dwong khic nhau ma
mdi s6 khong vuqt qué 364. Khéng giam tinh tong
quat, gia sir 7 s6 dé cho 1a:

a <a,<a,<a,<a;<a,<a,.
Gia str khong ton tai trong chung ba sb a, b, ¢ ndo
ma a < b + ¢ < 3a. Piéu nay nghia 13, véi moi 3 56
a, b, ¢ trong ching thia 2 b + ¢ hodc b + ¢ 2 3a.
R& rang trudng hop a 2 b + ¢ 1a khong thé xay ra.
Xét trudng hgp b + ¢ 2 3a. Ta co:
a, =a+1;
a, +a, 23a, 23(a, +1) = a, 2 2a, +3;
a,+a, 23a,23(2a,+3)=>a, 254, +9;
a, +a, >3a, 23(5a, +9) = a, 2144, + 27,
a, +a, >3a; 23(14a, +27) = a, 2 41a, +8];
a, +a, >3a, 23(41a, +81)
>122a, +2432122.1+243
=365 (doa, 21),

=a,

méu thuin v6i a, <364. Viy gia s trén 1a sai.
Do d6 trong 7 sé nguyén duong khac nhau ma mdi
sé khéng vugt qua 364 ludn tim duge 3 s6 a, b, ¢
théamadn a < b + ¢ < 3a.

Nhdn xét. Tuong tu nhu trén, ching ta c6 thé giai
duoc bai toan sau

Bai 1. Cho 8 s nguyén duong khac nhau ma mdi
s6 khong vugt qua 1097. Chimg minh ring ton tai
trong chiing ba s6 a, b, ¢ sao cho a < b + ¢ < 3a.
Bai 2. Cho 7 s6 nguyén dwong khac nhau ma mdi
s0 khong vugt qua 32. Chimg minh ring ton tai
trong chiing ba s6 a, b, ¢ sao cho

a<b+c<2a.
Nhin xét. Néu ta gilr nguyén két ludn cua thi du 6,
ta tong quat gia thiét thi dugc bai toan sau:
Bai 7.4. Cho n s nguyén duong khac nhau

. , n-2
(n > 3) ma moi so6 khoéng vuot qua M

Chimg minh ring tdn tai trong chiing ba s6 a, b, ¢
sao choa<b+c<4a.
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Cau 1. 1) Rut gon bicu thie

22

2) Vé duwong I/u}ng d la do thi ham so v =2x -4,

) /'\7 Y ’\ /
! =Yt eNg '\.3

Tinh khoang cdch ne goc tog do O dén dwong
thang d.

Loi gidi.

1) Rut gon duge P=2.

2) Khoang céch tir géc toa 49 O dén dudmg thing

bing 1\5/—5—

Cau 2. 1) Gidi h¢é phuong trinh
6x + 6y = 2023|xy]
xX—2y=3xy .
2) Giai phweong trinh

2x+3+VAxT +9x+2 = 2Jx+ 2 + JAx 41,

Léi gidi. 1) Xét hé phuong trinh
{6x +6y =2023|x)|
x—2y=3xy
Néu xy >0 thi

(1).

(6,6 5003 [1_2032
Wi o’ 2
1 2 12005
v x x 18
(18
2005
=9 9
Y= 2032

(thoa mén xy >0).
Néu xy <0 thi

6.8 503 l=_29§'_4
TS E !

1z, 1 2041

y x x 18

(loai, vi khong thoa man xy < 0).
Néu xy =0 thi tir (1) ta tinh dugc x=y =0.
Viy hé phuong trinh (1) c6 ding 2 nghiém (x; »)

a (0;0) va (ﬂ;i .
2005 2032
2) Giai phuong trinh
2x+3+V4x* +9x+2 =2Vx+2 +V4x+1 (2).
DK:xZ—%. Ta c6:

(2) & 2x+3+J(x+2)(dx+1) =2x+ 2 +ax+1.
Dt t=2Vx+2 +/4x+1 (v6i t>+/7 ) thi

t? =8x+4(x+2)(4x+1)+9

t*-9
hay 2x+\/(x+2)(4x+1) =T.
c sy, ££=9
Phuong trinh (2) tré thanh: +3=¢

St -4t+3=0&t=1 hojic t=3
Két hop voi diéu kién +>/7 taldy t=3.
Véi t=3 thi
2Wx+2+V4x+1=3 20+ J(x +2)@x+1) =0
& J(x+2)@dx+1) = -2x

{x <0
=
(x+2)(4x+1)=4x?

2
Sx=-=,
9

Viéy phuong trinh (2) c6 nghiém duy nhit x = _é )

TOAN HOC
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Ciu 3. 1) Cho tam giae ABC noi tiép dwong tron

(O). o ba AB < AC,

go¢ "}“n;\

hat uwomg cao

Y b OF Chr i & . i s (PN
BE va CF. Cac #ép nnvén cua (O) 1gi 8 va C cat

nhaw 131 S Gei M Ik BCva SO

a) Chimg mimh » ang tam giac EAB m'lg dang
v tam giac MBS, mr 3o swv ra ram gldc AEM
iac ABS

b) Go: N id giao diem cua AM va EF., P
diém cua SA va BC. Chimg minh rang NP vuong
goc van BC

2) Cho kinh chiz nhdt ABCD. Lav cic diém E. F
thuge canh 4B (E nam gita A, F); G,.H thuoc

kn]‘ z(f’f(u

Jo ng dang voi tam g

la giao

canh BC (G nam giiea B.H)Y; 1.J thugc canh CD
K. M thuoc canh D4 (K
nam gira D M) sao cho E.F.G.H.I.J K. M

(I nam giwa C,J);

diot mot phan bi¢t va khac cdc dinh cua hinh chie
nhdit  ABCD, giac
EFGHIJKM c6 cac goc bang nhau. Chimg minh
rang néu d6 dai ecdc camh cia hinh da gidc
EFGHIJKM la cdc 56 hiru ti (theo dom vi cm) thi
EF=1.

dong thoi  hinh  da

Lai gidi.
1)a)
A
E
F 18]
L
¢
B P\ M
g

TOAN HOC
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Ta ¢6 OS L BC tai trung diém M cua BC nén
BEA = SMB = %0°.

Ma BAC = SBC =%sd§(\‘ Suy ra AEAB dong

dang v&i AMBS (g.g).
Hai tam gidac EAB MBS ddng dang nén

AB _ BS
AE BM’
Tam gidc BEC vudng tai E, EM li trung tuyén
AB BS
ME. S =
nén BM = uy ra £ ME .

Tam gidc MEC can tai M nén MEC = MCE.
Mat khac

ABS + ACB =180° = AEM + MEC
= AEM + ACB

= ABS = AEM (2).
TV (1), (2) suy ra hai tam gidc AEM,ABS dong
dang véi nhau (c.g.c).
b) Hai tam gidc AEM, ABSd6ng dang nén
BAP = EAN; AME = 4SB (3).
Ma tir gidc BCEF ngi tiép dudng tron dudmg kinh
BCnén ABP=AEN. Suy ra hai tam gidc

NE

AEN,ABP déng dang, din téi ﬂ=3— ().

AP
Ta co:

NEM + ABC+ ACB = NEM + AEN + MEC =180°.
Suy ra NEM = BAC = SBP (5.
Tir (3) va (5) suy ra hai tam gidc EMN, BSP déng

NE MN
Dol — =6}
dang PS()

BP
Tir (4) va (6) suy ra:
AN NM AN AP
4P~ Ps TN ps O NPIMS.

Talaico SM L BC. Vay NP L BC.



2)D§t EF=a; FG=b,GH=c. HI=d. U =e¢
JK=f; KM =g; ME =h (theo dom vi cm, v(n
a.b.c,d,e f.g h la cic sd hiru ti duong).

Do cac gdc cla hinh bét gidc EFGHIJKM bing
nhau nén mdi goc trong cua hinh bét gidc do ¢ s6
do la:

(-2.180°_
8
4, E = F\is
| ‘ b
i G
vr _/ k C}
MY H
¢ /]
e i
D

J I
Suy ra mdi goc ngoai cua hinh bat giac nay la
180°— 135°= 45°,
Do d6 cac tam giac MAE; FBG;CIH; DKJ la cac
tam giac vudng can.

Tacod MA:AE:L;BF=BG=L;
2 2
d f
CH=CI=—; DK =DJ =,
V2 2
h b f d
Vi AB=CD nén — =—=+e+—
R R 2
o (e—a)V2=h+b-f-d.
Néu e—a=0 thi \/_=—”M, diéu nay
e—a
St - i a R s el

e—a
hiru ti.
Vay e—a=0<e=a hay EF =1IJ (dpcm).
Cau 4. Cho cdc s6 nguvén dwomg x,y,z thod
man ‘

Py +2 =18(x+y+2).

1) Chieng minh rang x+ y +z chia hét cho 6.

2) Tim gia tri lom nhat cua biéu thue F = vz
Lo gidi. 1) T\r gia thiét ta c6:

( —x)+(_v“ —-_\')+(z’ -z)=17(x+y+2).
Tich cua ba sé nguyén lién tiép luén chia hét cho
6 nén x -x=(x-1)x(x+1)i6. Tuong ty:
»' =16, 2" —zi6. Suyra 17(x+y +2)i6.

Ma 17 va 6 nguyén t6 cing nhau nén x+ y + z:6.
2)Tacd x+y+z=6m, x' +)’+2 =108m, véi
meN".

+y; +7 2(x+;r+z)3 b

L] (6—'") o m Sg,suyra m<2
3 3 2

Vi

=Szx+ptzs 1L

3 3
Lic nay F=ms(“;’”) s(%) =64 (1).

Te X +)y +2° -39z
=(x+y+z)(x2 +y'+7? —xy—yz—zx) suy ra:
108m - 3F = 6m(36m* —3(xy + yz + zx))
= F=36m-—6m(12m2 —(xy+yz+zx)).
Do d6 F:6 (2). Tir (1) va (2) suyra F <60 (3).
Ding thirc & (3) xay ra, ching han khi
x+y+z=12
60 =72-12(48 - (xy + yz + zx))
xyz =60
x+y+z=12
Sy +yz+zx =47
xyz =60
& (x;;2)1a hoén vi cia (3:4;5).
Véy gid trj 16n nhét cia F 1a 60, dat dugc ching
han khi (x;y;z) 1a hoan vi cia (3:45).

TOANH
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2 + od

ang cho 2008 diem bat ki sao cho
ang cach guea 2 diem wy v luon lon hon |
7 oty - - '~ - - T8, . 3 ] J 2
Churng minh rang moi hinh tron co ban kinh bang

] )} N . A ~
| chi chiea khong qua 5 diém trong 2008 diem da

Lo gidi. 1) Ta sé chimg minh
(3-2a)(3-2b)(3-2c)<abc (1).

Néu (3-2a)(3-2b)(3-2c)<0 thi (1) ding.

Néu (3-2a)(3-2b6)(3-2¢)>0 thi

3-2a>0,3-2b>0,3-2c>0(doa+b+c=3).

Ap dung bat dang thuc Cauchy ta c6:

( (3—2a+3—-2b)2 p
2

Il

(3-2a)(3-2b)<

b2

J(3 2a)(3-2¢)<

3- 2a+3 2c)

a

(
(3 2c+3- 2b) 2

(3-2¢)(3-2b)<

=(3-24)(3-25)(3-
Déau “="¢ (1) xayrakhi a=b=c=1.
Ta ¢6 (1) twong duong véi
27-9(2a+2b+2c)+3(4ab+4bc+4ca)—8abc < abc
< 27-9.6+12(ab + bc + ca) —8abc < abc
(doa+b+c=3)

2c) < abc.

= abcz—;i(ab+bc+ca)—3.

Ap dung bt ding thirc 3(ab+bc+ca)<(a+b+c)’

15
ta co: abc+———
co- 4 ab+bc+ca
4 12 3
—(ab+bc+ca)+ + -3
23( c+ca) ab+bc+ca ab+bc+ca

4 12 9
22,2 (ab+b =3
223(ab+ C+ca)ab+bc+ca+(a+b+c)2

=8+1—3=6.

TOAN HOC
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15
ab+bc+ca
Déu “=" xdyrakhi a=b=c=1.

2. Ta chimg minh bai toan bdng phuong phép
phan chimng.

Gia st ton tai hinh tron tim O bén kinh bang 1 ¢6
thé chira dugc n diém trong s6 2008 diém da cho,
neN,n>6. Goi 6 diém trong s8 n diém 46 1a
AB,M,N,EF.

TH1: Mt diém trong cac diém 4,B,M,N,E,F
tring véi O. Khi d6 5 diém con lai s& cach tim
O mét khoang bé hon hoic bing 1, mau thuin véi
gia thiét.

Suy ra >6-abc (dpcm)

c

TH2: Céc diém 4,B,M,N,E,F khong tring tim
O. Khi d6 vé cac ban kinh cua dudng tron (0O) di
qua 6 diém trén. Vi c6 6 ban kinh nén tdn tai 2 ban
kinh tao thanh mét géc bé hon hodc bing 60°.
Gié sir 2 ban kinh OC va OD lan lugt di qua 4
va B, AOB < 60°.

Tacé OBA+OAB=180°— 40B >120°.

Suy ra mét trong hai géc @, OAB phai 1é6n hon
hogc bing 60°. Khong mét tinh tong quét gia
sit OBA>60°, suy ra AB<OA<OC=1, mau
thuan v6i gia thiét. Tir hai truong hop trén chimg
to khong ton tai hinh trdn tim O bén kinh bing 1
chira dugc nhiéu hon 5 diém trong s§ 2008 diém
da cho. Vay moi hinh tron c6 ban kinh bing 1 chi
chira khéng qué 5 diém trong 2008 diém d3 cho.

NGUYEN VAN XA
(GV THPT Yén Phong 56 2, Bdc Ninh) Gidi thigu




DE THI TUYENSINHVAO LOP 1O THPT CHUYEN, TINH BAC GIANG

NAM HOC 2023

- 2024

(Thon gian ldm bai 150 phiit, khong ké thoi gian giao dé)

Ciau 1.(5,0 diém).
1.1. Rut gon biu thirc

o e i
x+y+yx=y J'-y—x+y ) xi-y?
VE+y+yx-y |x'-) I

vin x> y>0.
1.2. Cho dwomg thing d 6 phuong trinh:
y=(3m+1)x-6m—1, m Ia tham s6. Tim m dé

khodng céch tir gdc toa 49 dén dudmg thing d 14
16m nhit.

1.3. Tim tit ca céc gid trj cua tham s6 m dé
phuong trinh x* -2(3m-1)x+m’ -m-4=0 c6

hai nghi¢m phén biét x,,x, thoa man

,.r, +X, +,/;,;]+l.:, +X, — /XX, [=2008.

Ciu 2. (4,0 diém).

2.1. Giai phuong trinh:
4x+3-Jx-1=x+7.
2.2. Giai hé phuong trinh:
{.\" +x-2y=2
x'+x —4:"‘y=4—4.t2y2

Ciu 3. (4,0 diém).
3.1. Tim céc b ba 6 nguyén duong (x;y;2) thoa
miin ding thirc dudi diy: -
4y +x (3y+22)+y (3x+22)
+z’(x+y)+4xyz =2023.
3.2. Trén miit phiing cho 2 x 2024 diém phan biét,

trong @6 khéng c6 bit ky 3 diém nao thing hang.
Ngudi ta td 2024 diém trong céc diém da cho

bing mau d6 va td 2024 diém con lai bing mau
xanh. Chimg minh ring, bao gi¢ ciing tdn tai mot
cich ndi tit cd cdc diém mau do voi tit ca céc
diém mau xanh boi 2024 doan thing (mdi doan
thing cd hai diém diu mut 1a mét cip diém 6 -
xanh) sao cho hai doan thing bit kv trong d6
khéng c6 diém chung.
Ciu 4. (6,0 diém). Cho dudmg tron (O;R) va diy
cung BC c6 dinh cia duomg tron thda man
BC <2R. Mjtdiém 4 di chuyén trén (O;R) sao
cho tam gidgc ABC c6 ba goc nhon. Céc dudong cao
AD,BE,CF cia tam giéc ABC cit nhau tai H.
Pudmg phin gidc cia CHE kéo dai vé hai phia cit
ABva AC lan lugttai M va N.
4.1. Chimg minh tam giac AMN cin tai A.
4.2. Goi I,P,Q0,J lan lugt 13 hinh chiéu cua D
trén céc canh 4B, BE,CF, AC. Chimg minh ring
bon diém /,P,0,J cing nim trén mdt dudong
thing vudng goc véi AO.
4.3. Dudng tron ngoai tiép tam gidc AMN cit
dudmg phén gidc trong cia BAC tai diém thir hai
K. Chimg minh ring HK luén di qua mét diém
c6 dinh.
Céu 5. (1,0 diém). Cho x,y,z la céc s thuc
duong vi théa min didu kién x+ y+2=xz. Tim
gié tri l6m nhit cua biéu thirc
pol L 1
NGUYEN ANH TUAN
(Trwong THPT chuyén Bac Giang)
Gidi thigu
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THEO CHUUNG TRINH VA SGK MO

Trong chuong trinh, Sich gido khoa nim 2006 va
trong chuong trinh GDPT ndm 2018 ndi dung
dinh 1y cbsin va dinh ly sin chiém mét vj tri kha
quan trong trong chuong trinh GDPT mon Toén
I6p 10. Viéc khai thic img dyung cua dinh 1y cdsin
va dinh 1y sin ¢6 thé giip hoc sinh phat trién cac
ning lyc tri tué¢ nhu: quan sit, ghi nhd, tri twdng
tugng, tr duy dc lap, linh hoat, sing tao, vén
dung kién thirc di hoc dé giai quyét van dé dit a
mot cach tdt nhit khong chi trong ni b todn hoc
ma con biét van dung kién thirc di hoc dé giai cic
bai todn dit ra trong thyc tién. Gop phan phit trién
ndng lue tr duy va lip ludn todn hoc cho hoc sinh.
Gitp cic em ngdy cing tién by va cim thdy vui
khi nhén ra ¥ nghia hoc Todn rét c6 ich cho cude
sbng hing ngiy.

Noi dung cia dinh Iy cdsin va dinh ly sin dugc
phét biéu nhu sau:

Dinh Iy cosin. Trong tam gidc ABC bét ki véi
BC=a,CA=b,AB=c ta

co: A
a’=b"+c* -2bccos 4 c b
b =c® +a® -2cacosB /
B- S c
A =a* +b* -2abcosC
bl v 2
Hé qud. oosA=—:—;gc—g—:
Pl o
cosB = 2ea :
a+b-¢t
C=
o 2ab

2

A T So Umtaly 2 e M e 7. N [ SR el - 4
ey (0 N B e NN F N SRR Sk T

Dinh Iy sin. Trong tam gisgc ABC bat ky vdi
BC=a,CA=b,AB=c va R la ban kinh dudng
a b ¢ _
sinA sinB sinC

trénngogitiép,taoé:

a b ¢
2sinA 2sinB 2sinC’

e a=2Rsin A,b=2Rsin B,c = 2RsinC.
P LR . N

2R 2R 2R
Sau diy la mdt sb img dung cia dinh 1y cdsin va
dinh 1y sin trong hoat dng gidi todn:
1. Tinh cdc yéu td canh. géc va bin kinh dudmg
tron ngoai tiép tam gidc

Hé qua.e R=

Bai 1. Cho 1am giac ABC co d6 dai ba canh
. - i 3

a.b.c rthoa man — 4~ = . Hav

a+bd b+c a+b+¢ '

tinh 56 do géc B.
Loi gidi. Tr gia thiét ta c6:
a+b+c+a+b+c_
a+b b+c

c a c a
+l+——=3 L A
a+b b+c c>¢z~|-b+b+c :
©be+c’ +a’ +ab=ab+ac+ b +be
QC1+az—bz=m :
Ap dung dinh Iy césin ta duge:
2 2 2
cosB =< - Maa.. - 1 )
zm 2m—5¢58=60.

o1+

~

1o u
Bai 2. (ko tam giagc ABC <6 J()‘ dai ba s"i.lﬂi‘
9=9,0=5.c=8. Hay tink gid tri bicu tharc

P=sind+3sing -3sinC.




Lai gigi. Ap dung dinh ly sin ta c6:
a 4b 3c _a+4b-3c 4+20-24

—_t— 0

2R 2R 2R 2R 2R

Bai 3 (D¢ thi chon HSG Toan 10, S¢ GD&DT
Ha Tinh, ndm hoc 2022 - 2023). Cho tam giac
ABC khong vuong cé dg dai dwong trung tuyen
ke ir A la m_ =35, do dai cac duong cao ké tie B

va C lan luot la h, =8 va h.=6. Tinh cos A.

h 8
Lo"igiéi.Tacé:sinA=—b—=§=>c=. ;
c cC sin 4
sinA=£=E:>b= ,6
b b sin 4
2 2 2
25— =2 ;c _a a2=2(b2+c2)—100.

Ap dung dinh 1y c6sin, ta co:
Byt —gt 100-(b+c?)

cosA=
2bc 2bc
100 - ( - 3? + —%—)
sin“ 4 sin“ 4 25 .,
= = cos” A.
6 8 24
"sin A sin 4

Suy ra cosd= —% (vi cosd#0 do AA4ABC
khong vudng).

Bai 4 (Dé thi chon HSG Toan 10, S& GD&DT
Hiai Duong, nim hoc 2022 - 2023). Cho tam gidc
ABC ¢6 dp dai ba canh la BC=a,CA= b,

D% ocsiB~1)

AB= ¢; goc A =60" va
a+c

Tinh s6 do cdc goc B va C.

Léi gidi. A=60° nén ap dung dinh 1y cosin ta co:
P+t —at=bce>a’ -b* =c*-bc (1)

hay ¢*—a*=bc-b" (2).

b-c

Lai c6: =2(cosB-1)

a+c
b—c a*+c*—b*-2ac

—_—

a+c ac

b-c 2c*-bc-2ac
& =

a+c ac

b-c 2c-b-2a
= —

a+c a

& (b-c)a=(a+c)2c-b-2a)

< 2ab-ca=2(c*-a*)-cb (3).
T (2) va (3) ta dugc:

2ab - ca = bc - 2b*
& (@+b)(2b-c)=0<c=2b.

Thay vao (1) dugc: a® +b*> =c¢*. Vay tam giac
ABC vuéng tai C va khi 46 B =30".
2. Chirng minh céc ding thirc lién quan dén yéu
t6 canh, géc, ban kinh duong tron ngoai tiép,
ban kinh dwong tron ndi tiép trong tam gidc
Bai 5. Chirng minh rﬁng trong moi tam giac ABC
ta luon c6 acos B+bcos A=c.

Loi gigi. Ap dung dinh 1y c6sin, ta co:

2 2 2 2 2 2.
a“ +c”-b b°+c” —a
acosB+bcosAd=a. +b.
2ac 2bc
_a2+c2—b2+b2+c2—a2_c
2c ’

Chu y. Ngoai cach giai trén, 4p dung dinh ly sin ta
c6: acos B +bcos A=2R(sin Acos B+ cos Asin B)
=2Rsin(A4+B)=2RsinC=c.

Bai 6 (Pinh ly Stewart). Cho tam giac ABC, D
la mét diém bat ky trén canh BC. Pt AD=d,
BD=m, DC =n.. Chirng minh ring

ad® =mb* + nc* — mna.
Loi gigi. Vé duong 4
cao AH. Ap dung
dinh 1y cosin d6i véi
tam gidc A4BD va 5
ACD ta c6: H
¢ =d* +m* —2dmcos ADB=d* +m* —2m.HD (4).
b* =d? +n* —2dncos ADC = d* +n* + 2dncos ADB

=d’ +n’ +2n.HD (5).

g D
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Nhén ca hai vé cua (4) va (5) lan lugt véi n va m
roi cdng lai, ta cé:

nc +mb* =d* (m+n)+mn(m+n) (6).
Do m+n=a nén tir (6) ta thu dugc:

ad’ = mb* + nc’ — mna.
Chii y. « Néu AD 1a dudng trung tuyén, khi dy

2
m=n=2 tacé: a.m’ =£(b2 +c2)—a.5—
2 7 4
2 2 2
=>m:=b = N.
2 4
(7) 1a cong thir tinh d§ dai duong trung tuyén.

e Néu AD 1a dudng phan giac trong, khi d6 ta cé:

& ac ab
—_—=— = — = N
n b b+c b+c
2
Suyra: ad? =25 p? ab -a. abcz"
b+c b+c (b+c)
A
be[b +c'-a +2bc] %60085

odi =
b+c

(b +c)
Piy 1a cong thirc tinh d§ dai duomg phan giac
trong goc A .
Bai 7. Ching minh rang trong moi tam giac ABC
ta deu co:
asin(B—C)+bsin(C— 4)+csin(4-B)=0 ().
Léi gigi. Ap dung dinh ly sin cho A4BC, ta c:
VT (8) = 2R sin Asin(B - C) +sin Bsin(C - 4)
+sinCsin(A-—B):|
=2R[sin(B+C)sin(B—C)+sin(C+4)sin(C~4)
+sin(A+B)sin(A—B)]
=R(cosZC—cos2B+cosZA—cos2C+cos2B—cos2A)
=0=VP(8) (dpcm).
Bai 8. Cho tam giac ABC. Goi H la triec tam tam
gidgc; R,R,,R, twong img la cac ban kinh duong
tron ngoai tiép cac tam gidc HBC,HCA, HAB.
Chimg minh rang R, =R, =R, =R.

TOAN HOC
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C
Ap dung dinh 1y sin d5i véi tam giac HBC ta co:
BC

= (9)
ZSmBHC
Do BHC + A =180° nén tir (9) suy ra:
a
= 10).
K 2sin 4 (10)

Ap dung dinh 1y sin i v6i tam gidc ABC ta co:

Tir (10), (11) suy ra R =R. Lap luan tuong tr
nhu trén d6i véi cac tam gisc HCA,HAB ta cb

R,=R,=R Viytacé R =R, =R =R.

Bai 9. Goi O, r lan lwot la tam, ban kinh dwong

tron noi tiep tam giac ABC. Goi R ,R,,R, neong
ung la cac ban kinh dwong tron ngoai u‘éﬁ tam

gidc OBC,0CA,OAB.. Chimg minh rang:
RR.R, =2R'r.
Loi gigi. Ap dung
dinh 1y sin d6i vai
tam gidc OBC ta cé:
BC o

2sin BOC B c
B+C

R =

Do BOC =180° —

nén

BC
R=—lr
2sin 2cos§

Lap luan twong ty ta co:
b
R=—no

2¢os§
2

Ryl

2cos—
2




abc

Suyra: RR,R, = (12).

8c0s“—cos — cos —
2 2 2

Ap dung dinh 1y sin dbi cho A4BC tir (12) ta

3 . % .

duge: RR,R, = R’ sin Asin BsinC
B C

COS — COS — COS —

2 2 2

=8R33in£sin§-sin£ (13).

2 2 2

2 . . .

L o8 r=£= 21.2 smA.smBsn‘)C
p R(sinA+sinB+sinC)
_ Rsin AsinBsinC

Y, C =4Rsinﬁsin£sin£ (14).
2C0S—COS — COS — 2 2 2
2 2 2

Tur (13) va (14) ta duge: R R,R, =2R’r (dpcm).

3. Nhén dang tam gidc theo canh, theo géc, theo
cic véu to canh goc
Bai 10. 7am gidgc ABC la tam gidc gi néu théa
ad-b-c
s . @ E——
man dieu kién: a—b-c
<l2sin AcosC =sin B
3 3 3
Léi gidi. Ta co: a* =2 =2 =¢
a-b-c
sa —(b+c)a2 =q’ —(b+c)(bz —bc+cz)
&b+ —a’ =be.
Ap dung dinh 1y c6sin cho A4BC, ta c6:
b*+c*-a* bc 1~ g
cos A= = == A4=60" (15).
2bc 2bc 2
Tiép tuc ap dung dinh 1y sin va césin cho A4BC,
ta co:

) a a+b*-c* b
2sin AcosC =sin B < 22—R.T=-ZE
Sa+b -t = a=c (16).

Tir (15) va (16) suy ra tam giac ABC déu.
Bai 11. Tam gidc ABC la tam gidc gi néu théa
man diéu kien:

Jsin B= (\/5 —cos(")sin A

]sin (':(\/i —cosB)sm A.

TR e TSI o i

Lai gidgi. Ap dyng dinh Iy cbsin va dinh Iy sin cho
AABC, tir gia thiét ta thu duoc:

2 42 _ 2
b{f_ic_]a

2ab

2, 2 2
O e
2ac
- b +at-ct=22ab |3b*+a*—c? =22ab
o
3 +a*=b* =2{2ca (b—c)[w/i(b+c)—a]=0

(do \/E(b+c) >2a>a)

- 3b* +a* —c? =2J2ab
b=c

= 2 20 9
o a—\/ib: b* +c¢ —a.
b=c b=c

Vay tam gidc ABC vuéng cén tai A.

Bai 12. Goi a,b,c la dp dai cdc canh cua tam

giagc ABC va a*,b*,c* la do dai teong vng cua

cac canh cua tam gigc A'B'C".

a) Hay xac djnh dang cua tam giac ABC.

b) So sdnh géc bé nhat cua tam giac ABC va goc

bé nhit ciia tam gigc A'B'C".

Loi gigi. a) Do a®,b’,c” 1a 6 dai ba canh cia tam

giac A'B'C' nén
a<b’+c* [P+t -a’>0

b'<c+a’ o {t+a*-b>0

ct<at+b® at+b>-c*>0

2bccos A>0 A4<90°
< {2cacosB>0<<{B<90°.
2abcosC >0 C <90%

Véy tam giac ABC nhon.

b) Khéng mét tinh téng quat ta gia su

a<b<c=>a*<b’<c’.Suyra 4 va 4' lan luot

12 hai goc bé nhat cia AABC va A4'B'C'.

b* +c* -a*
2b*c?

b’ +c* -a’

l_ A =
Xét cos A'-cos he

OAN
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A

b +c'-a' -be(b’ +¢ -a*)
2b’c?

(¢ -F)(c-b)+a*(bc-a’)
p)
=cosA'2c0sA=> A'<SA (do 4 va A' cung
nhon). Viy goc bé nhit cila A4BC sé Iém hon hodc

bing goc bé nhét ciia A4’B’C".

20 (doa<b<e)

4. Chimg minh cée bit ding thire lién quan dén

canh va goc trong tam giac

Bai 13 (TH&TT, T8/494). Cho 4.B.C ia ba goc

cua mot tam giac khong vuéng ABC. C hung minh
sin4 smB . sinC -

rang +

" tanB tanC tanA4

Loi gigi. Ap dung dinh 1y sin va dinh 1y césin
trong tam gidc ABC ta co:

a a+ct-b
sindA _sindcosB _J2R" 24

tan B sin B b
2R
_a(az+c2 —bz)
© 2abe
. 2,72 2
Twngtgxhoé:iﬁ:b(a.;ic < ),
SinC_c(bz"‘Cz_az)
tand  2abc

Bat ding thirc can chimg minh twong duong véi
a(a*+* -b*)+b(a* +b* —c )+ c(b* +" —a*)23abe
od+b + +a’b+bc+c’a
~(ab® +bc +ca’)>3abe (17).
Ap dung BDT Cauchy cho hai s6 duong ta c6:
@ +cta>2a’c,b’ +a’b>2b%a,c’ +bc>2c’h.
Suy ra:
VTI(17)2d’c+b’a+c’b> Wa’ch’ac’h =3abc.
Déu bing xay ra khi tam gidic ABC déu.
Bai 14. Chumg minh rﬁng trong moi iam giac

ABC ta ludn co
2(acos A +boosB+¢ cosC)<a+b+c.
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Léi gigi. Ta sé chimg minh
acosA-O-b(XSBSC (18).
That vy, 4p dung dinh Iy cdsin, ta c0:
acos A+bcosB<c
2 2
Bic-a  cra b
2bc 2ca
& a’b +a’ct —a* +a’b +b ? —b* < 2abc’
<:>(a’c’—Zabr:’+bzcz)—(a‘—202b2 +b‘)$0
& (ac—be) —(a* -5') <0
& (a-b)[¢* ~(a+b)' | <0 luon dng.
Chimg minh twong t ta cé:
boosB+ccosC<a (19).
ccosC+acosA<b (20).
Céng theo vé cac bat ding thirc (18), (19), (20) ta
thu dugc diéu phai chimg minh.
Déu bing xay ra khi tam gidgc 4ABC déu.

Bai 15. Cho tam giac ABC nhon. Chimg minh

rang
¢ b Y ( a c \
; -~ —a x| - -bix
\cosB cosC ¢ \cosC cosA
{ b a 3
Xt ——+———¢ 227abc.

Lcosd4 cosB
Léi gigi. Ap dung dinh 1y cdsin cho AABC, ta cé:
c b - 2c%a b 2b’a
cosB cosC - a*+c*-b a’+b*-¢
b'+c’-d b+ -a°
2 2 2 +1“l
a+c -b a’+b' -¢?
V¥+-a® b +-a°
=a 2 2 1+ 2 +l -
a+c-b ad+b -2

+1+

Chimg minh twong tir ta c6:
a 4+ ' o3 i cz+a2_b1*al+cz_b2 ]
cosC cosA b2+62—azfa2+b2—c2+l ;

2 2
Lot IO 2 )
cosA cosB P+E-F Pid-o

x=g +b* -ct

it  y=b" +¢* -a’ . Do tam giéc ABC nhon

z=c’+a* -p?



T aw

v.2>0. BDT can

duong vin

nén chimg minh tuong

\
X X Wy v Mz =
| =+=+1l L4241

\y z \z X X ¥
Ap dung BDT Cauchy ta ¢
\\» y-y Yz z )

X X

_——4 _‘—_-l .._4.__...]

vV oz NZ X \x y

2 [42 {2

233332 33 - 27 (dpem).
vz Vxx L B33

Dau bang xay ra khi A4BC déu.
5. Giai cac bai toan dit ra trong thuyc tién

Bai 16. Muon Jo chiéu cao cua 'iIJP Cham Po

Klong Garai ¢ Ninh

B wr B tebw aa e
1 vYa D ren mai

7§ :.1..7: n ’.“LT a lay ':;:,' di iem

g . pp i R —
dat co khoang cach AB=12m

s 29150 kano P 8 Y sl Tha
ung thang aung var chan C cua Thap
in cua giac ke co ¢
hai diem A, B,

(v D) 12 Fr 92 ks T.n 2579 -
ol U g aun [1ap va cung
% S

ang hang voi C, thugc chiéu cao CD cua Thap
= -
Ngwoi 1 do dwgc goc DAC =49 va

Lo giagi. Taco: C.DA =90°—-49°=

41°;

C,DB, =90°—35°=55°

nén 4DB =55 —41°=14°.

Ap dung dinh Iy sin d6i véi A 4 DB, , ta co:
AL 4D

smnADB,  smABD

Xét AC,A D vuong tai C,,ta co:

c,D

AD

= C,D=ADsinC,AD=28,455in49°=21,47m

12.sin35°

= AD= =28, 45m.

sinl14°

sinCAD=—"—

=>CD=CD+CC, =22,77T m.

HEC lagu InUY Cung Xuai nnal e Mo

i trr 4. 4r ::'_« ne ‘A'v't { .:;”*j nurome Qo von nhau g
e 3 < = L3 & 3¢ @iy T an
&0 T aii ,:? Wy YOr 100 'f:) _H nay o mot T, 1 ald
C chan o 15 hai i mot gio. Sa g
15
7 T u bao ni 13 }«U J

Loi giai. Sau 2 gio tau B di duoc 40 hai li, tau
C di dugc 30 hai li. Vay tam giac ABC co
AB=40, AC=30 va A=60".
Ap dung dinh li césin vao tam giac 4BC. ta co:
a =b"+c —2bccos A
=30" +40° - 2.30.40.cos 60°
=900 + 1600 —1200=1300.

Vay BC =+/1300 =36 (hai li).
Sau 2 gi, hai tau cach nhau khoang 36 hai li.

Bai 18 (Dé thi chon HSG Tosn 10, S¢ GD&DT

Vinh Phiac niam hoc 2022 - 2023). 7rén ndc ma:

i

10a nha co mét cor ang-fen cao Sm. Tir vi o

guan sat A cao 7m so voi mat dai, co thé nkin

thay dink B va chdn C cug cét ang-ten lan heot

dudi goc 50° va 40° so voi phuong nam ngang

. B3 . . a " z
Tinh chiéu cao cua toa nha (két gua lam tron deén

hang phan chuc).

=] =] =]

- =

=] = =) =) =)

=) w] m] =] =)
=] =] =] =) -
=] S) =] =] =)

=]

TOAN
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Tu gia thiét, suy ra B:TC=50°—40° =10° va
A’BT)=180°—(B’A\D+A"D79)=1so"—(50°+90°)=4o°,

Ap dung dinh li sin trong tam giéc ABC , ta cé:
BC  AC
sin BAC - sin ABC
BC.sin ABC
sin BAC
. ()
=%‘% ~18,5m.

Trong tam giac vudng ADC , ta c6:

= AC=

sinE,Tz):i—‘g: CD = AC.sinCAD =11,9 m.

Viy CH =CD+DH =11,9+7=18,9 m.
BAI TAP TU LUYEN

321 1. Cho tam giac ABC c6 ba canh a,b,c thoa

min a:b:c=+3
a) Tinh sb do céc goc cua tam giac ABC;
b) Khi a=2+/3, tinh d¢ dai ban kinh duong tron
ngoai tiép tam giac ABC.
Bai 2. Chimg minh rang trong moi tam giac 4BC

ta luén co
a) 2abc(cos A+ cos B)

=(a+b)(c+b-a)(c+a-b);
b)(b’—c’)cot,4+(c2—az)cotB+(a2 —bz)cotC=O.
Bai 3. Cho tam giac ABC c6 cac géc 4,B,C thoéa
min hé thic sin®B+sin’ C=2sin’ 4. Chimg
minh 4<60°.
Bai 4. Cho tam gidc ABC théa mén diéu kién
b +¢* —a® +4S|=2v2bc. Hay tinh s6 do gbe

A cua tam giac ABC.

9 0TOF!N HOC
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Bai 5. Cho tam giac ABC co6

l+cosB __2a+¢
4a* - c*

sin B

Chimg minh tam gidc 4ABC can.
BAi 6. Cho tam gidc ABC théa méan diéu kién

sinA-(\/g—l)(sinB+sinC) =0

sin A+sinC —/3sinB =0
Chimg minh tam gidc 4ABC vuéng. Tinh sb do
céc gbc cua tam gidc do.
Bai 7. Cho tam giac ABC. Goi O, tuong Ung la
tam dudmg tron ngoai tiép, ndi tiép; R,  lan lugt 1
béan kinh dudng tron ngoai tiép, noi tiép tam giac.
Pt /=10 . Chimg minh ring: /> = R* —2Rr.
Bai 8. Chimg minh ring trong moi tam gidc ABC
ta ludén co

cosB
ccosA+acosC

cosC ) [ P |
et el
acosB+bcosA 2\a b c

Bai 9. Cho tam giac ABC théa min

cos A
bcosC+ccosB

azcosB_C bzcosC;A czcosA—B
- i
. A . B
2s1n5 2s1n5 2sin%
=a? +0% + .

Chimg minh tam gidc ABC déu.

Bai 10. Trhai vitri 4 vA B cua mdt tda nha,
nguoi ta quan sat dinh C ciia ngon nui. Biét ring
d0 cao AB=70m, phuong nhin AC tao véi
phuong ndm ngang géc 30° phuong nhin BC tao

v6i phuong nim ngang géc 15°30'. Tinh dd cao
cua ngon nli so v&i mit dit,



CAC LOP THCS

Bai T1/559 (Lop 6). Tim tat c4c cac sb nguyén td
P, q sao cho p"2 +1 ciing 1a s6 nguyén t4.
VUGONG THI HAI
(GV THCS Ly Nhét Quang, D6 Luong, Nghé An)
Bai 12/559 (Lép 7). Cho tam gidc ABC c6 46 dai
cac duong cao vé tir 4, B, C lan lugt 13 6 cm, 7,5
cm, 10 cm. Hay tinh chu vi tam giadc ABC.
NGUYEN BUC TAN
(TP. H6 Chi Minh)
Bai T3/559. Chimg minh ring

Pl G

lu6n 14 s6 v6 ty véi moi sb ty nhién » 16m hon 1.
PHAN QUANG LINH
(GV CLB CMATH, Ha Ngi)
Bai T4/559. Cho P 13 diém nim trong tam giac
ABC. Céc duodng thing AP, BP, CP cét cac canh
BC, CA, AB tuong umg tai A',B',C'. Tim vi tri
cua diém P sao cho
PA PB PC (PA’ PB' PC’)
+ + =4 + + .
PA' PB' PC' PA PB PC
NGUYEN VIET HUNG
(GV THPT chuyén KHTN, PHQOG Ha Nji)
Bai T5/559. Giai phwong trinh
3(2x% +1) = 5V8x* +1.
THAN THANH NAM
(GV THPTDL Tién Du, Bdc Ninh)

CAC LOP THPT
Bai T6/559. Cho 4 s6 thyc a, b, ¢, m thoa min

(2m* + m +2024)a + (m* + m+2023)b
+(3m* +m+2025)c=0
va ham 86 f(x) = ax’ + bx + ¢c. Chimg minh ring

phuong trinh f(x) = 0 lu6n c6 nghi¢m.
NGUYEN QUANG NAM
(GV THPT Qup Hop 2, Nghé An)
Bai 17/559. Cho a,b,ce[0;3] thoa min
a+ b+ c=4. Tim gi4 trj 16n nhat cia biéu thirc

P=-!§a2 +b* +3c¢* =2b-23¢-10.

NGUYEN HOAI NAM

(GV THPT Dwong Qudng ham, Hung Yénh)

Bai T8/559. Cho hinh chép S.4BC. Mit phing (o)
di qua trong tim G cuia tam gidc ABC lan luot cit
cac tia S4, SB, SC tai A',B’,C’. Chimg minh ring

I/ts‘.A'B’C’ 2 VS.ABC .

DAO VAN TRUNG
(GV THPT Huynh Thiic Khing, Nghé An)
Bai T9/559. Hay tim cip sb thuc dwong (x,;¥,)
sa0 cho x, 1a sb thuc duong nho nhét va (x5 ¥) 12
nghiém cta phuong trinh
1 1 1 1
s i i
2 2y" By) 81

LE HUY
(1114, khu phé 1, phuong 7, TP. Bén Tre, Bén Tre)
TIEN TOT1 OLYMPIC TOAN
Bai T10/559. Tim tit ca cac sd nguyén duong n
sao0 cho ton tai duy nhit ham s§ f:R — R thoa
man f(2023)=-1 va

F®)2f(»)+y"f(x) véimei x,y eR.

CHAU HOA NHAN
(GV THPT Go Den, Long An)

Bai T11/559. Cho s6 thyc a va diy sé (x,) dugc
xé4c dinh bai:

TOAN HOC
' eTusitre 2 1
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X, =a
{(n +2024)x,,, =nlog,(x’ +2)+2024. neN"’
Xac dinh a dé day s6 (x,) ¢6 gi61 han hiru han va tinh
gidi han do.
NGUYEN LAI
(GV THPT chuyén Lwong Van Chanh, Tuy Hoa, Phu Yén)
Bai T12/559. Cho tam giac khong déu 4BC. 1,, I,
I theo thir tyr 1a tdm dudmg tron bang tiép cac goc
A, B, C cua tam giac ABC. J,, J, J. theo thi ty la
tam duong tron ndi tiép cac tam giac I,BC, I,CA,
IAB. Chimg minh ring duong thing Euler cua céc
tam gidc IoJpJc, I/, IJ,J, dong quy.
LE VIET AN
(Nha 15, xom 2, thon Ngoc Anh, Phi Thuong,
Phi Vang, Thira Thién Hué)
Bai L1/559. Trén mat thodng cua mét chit long,
mét mii nhon O cham vao mat thoang dao dong

thoang vai budc song A = 3cm. Xét hai phuong

truyén song Ox va Oy vuéng goc vai nhau. Goi 4

la diém thude Ox cach O mot khoang 48 cm va B
thugc Oy cach O la 36 cm. Tinh s6 diém dao dng
cung pha vai nguon O trén doan AB.

VIET CUONG (Ha Nogi)

Bai 1.2/559. Cho mach dién xoay chiéu R, L, C
méc néi tiép theo thir tu d6 (cuén cam thuan).
Pién dung C c6 thé thay doi dugc. Dieu chinh C
dé dién ap & hai dau tu dién C la 16n nhat. Khi d6
dién 4p hiéu dung o hai dau dién tro R 1a
1002 V. Khi dién ép tirc thoi & hai du doan
mach 1a 100v2 V thi dién ép tirc thdi giira hai
diu doan mach chua dién trd va cudn cam la
~100v2 V. Tinh gia tri dién ap hiéu dung & hai
d4u doan mach 4B.

diéu hoa véi tan s /. tao thanh séng trén mat THANHI AM(Ha nox)
¥ kv Ohe PROBLEMS IN THIS ISSUF.? T
o gt AR
FOR SECONDARY SCHOOL FGR HIGH SCI{OOL

¥ B

Problem T1/559 (For 6 gmde) “Find all prime
mminspaﬁQSOthat is also a prime number.

Problem T2/559 (For 7" grade). Given'a mgle
ABC with the lengths of the altitudes from 4, B, C
respectively are 6 cm, 7,5 cm, 10 cm. Find the

perimeter of the triangle ABC.
Problem T3/559. Prove that the number .
P -=.~Jl,~fz N

»evepyinteg&nwhmhts

!

fame ©

Problem T51559 Solve the @ﬂ‘m" :

325 +1).=5J8r" g

) 2TOt‘le HOC
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Problem T6/559. Given four real numbers a, b, ¢,
(2m* +m+2024)a+ (m* + m +2023)b

sy sl peow ede mdn Grd ik 2025)c=0
Showﬁmtiheequﬁﬁon a? +a:+é’ =0 dways
L R e
Problem T7/559. Given a,b ce[v;s] such that

a+b+v—4 Fmdthemaxnnnmvahnofthe
expression

v,l

; ,3”+$’+3c2 2b- 23c-10.

r(\“

Problem T8/559 Given a. 2% +1 MM
A plane (o) wh‘chmthrmghme centroid G
ozmmbABCmMﬂnenysSA SB, SC
Cat o ANBLC Show  that

g B ‘s."

V&l'ctzys_mi ey 5 5
%rﬁ&wwﬁ:
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Bai T1/555. Tim sé c6 bon chir so  abed hiet
\ 4 ’ - \ T T A
atb+c+d=17 cd-ab=3 va 7.abcd la mot

so chinh phirong.
Léi gidgi. it n = abed . T\ ¢d — ab =3 cb:

10c +d—10a~b=3 hay 10(c—a)=b—d+3.
Do b < 10 nén chi c¢6 thd b — d + 3 = 10 hoic
b-d+3=0.
Néub-d+3=10haylab=d+7, mia>1th
tr7=a+b+c+d c67>1+7+2d+c, didu
nay khong xay ra vi ¢ > 0 va d > 0. Vay chi c6 thé
lab—d+3=0,haylab+3=d vac=a.
Tdx7=a+b+c+d c67=3+2b+a+chayla
4=2b+2a.Txcd —ab=3thic=a>1, lic
d64>2b+2,hayla2 >2b,suyrab = 0 va hodc
b=1.Néub=1thitht4 =2b+2acod 2=2a
nénchicothba=c=1,thclan=1114.

Dé 7.abcd = 7n 1a mot sé chinh phuong thi
n = 1114 phai chia hét cho 7, nhung diéu nay
khong xay ra nén n = 1114 khong théa mén deé
bai. Néu b =0 thi d = 3. Tir 4 = 2b + 2a ¢cb
a=c=2,thclan=2023.
Xét 7.abed = Tn=7.2023 =7>.289

=72 .17%= 119?
14 mot s chinh phuong, théa mén dé bai.
Vayn=20231a s6 can tim.
Nhin xét. Mt vai ban dua ra khing dinh vé cac chir
) nhung khong 14p luén chi tiét. Céc ban sau co 1oi
giai dung. Vinh Phic: Trén Manh Phong, 6E,
THCS Vinh Tuong, Vinh Tudng; Nguyén Minh Dai,
6A1, THCS Phiic Yén; Nguye’n Thi Ngoc Linh, 6A6,
THCS Yén Lac; Nghé An: Nguyén Thi Phuong Chi,
6A, Tran Ha Giang, Nguyén Kim Tudn Kiét, Thdi

Tung Qudn, Ding Ba Hoang Minh, Nguyén Thai
Diing, Nguyén Sy Bdo Long, 6B, Nguyén Thj Kim
Ngadn, 6D, Dang Ba Khéi Nguyén, 7D, THCS Ly
Nhat Quang; Nuwée CH Ao, TP. Graz: Lé Bach Hai
Dang, 16p 1B, Trudng Quéc té Song ngir cap 2, 3
GIBS.

NGUYEN VIET HAI
Bai T2/555. Cho giac  ABC c¢o
BAC =125", ABC =25". Lay diém D sao cho A vd
D nam vé hai phia cua dwong thang BC, ngoai ra
BAD =40° CBD =75,
Loi gidi.

tam

Tinh s6 do cua géc ADC.

D!

B
D

Ta c6: ADB =180° — DBA— BAD
=180° —(4o° +25° + 75°) = 40°.
Vay tam giac ABD cén tai B. Lay I d6i ximg véi 4
qua BC, c6 ABI =24BC =50° va BA = BI.
Ta co:
IBD=A4BD -@:(Rﬂﬁ)-m
= (25° + 75°) ~50° =50°.
Suy ra AABI = ADBI (c.g.c).
Tir d6 ta c6 14 = ID (*).
Mit khic ACB=180° — BAC — ABC =30°, cho
nén IAC la tam giac déu, do 46 14 = IC = AC.
Do (*) nén ta ¢6 I4 = ID = IC. Lay D’ d6i ximg
véi D qua 1. Do gbc ngodi tai dinh tam gidc can
gip d6i cac goc trong con lai nén ta co:

ADD' = —;—A/IB
CDD' = %(,/‘5

S& 559(1-2024)
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Suy ra: ADC:EAIC=3OO'

Nhén xét. Céc ban giri bai déu c6 dép sé ding:
Ngh¢ An: Lé Viét Bdo, 7A, THCS thi trdn Thanh
Son, Pham Quang Thang, 7C, THCS H3 Xuin
Huong, Quynh Lwu, Trdn Ngoc Pirc, 742, THCS
Nghia Xuin, Quy Hop, Nguyén Bio Duy, Nguyén
Quynh Anh, 7B, THCS Ly Nhat Quang, B6 Luong;
Ha N§i: Phan Nhdt Minh, THCS Tin Dinh, Hoang
Mai; Nam Bjnh: Tran Ma; Phwong, 7A, THCS Tréin
Huy Li¢u, Vu Ban; Thanh Héa: Hoang Thdi Son,
7A, THCS Nguyét An, Ngoc Son.
Co6 mét ban gui bai giai khéng ghi tén ho ciing
khong ghi tén trudmg 16p.

VU PINH HOA
Bai T3/555. Chumg minh vﬁng ton 1ai vo so s6 e
nhién n thoa man 2024" +2: p
Nhgn xét. Do so suit, nén khi chon bai chung t6i da
khong phét hién ra mét “I15 héng” trong chimg minh
cua tic gid. Khong c6 ban nao giai duoc bai toan
ndy. Vi ddy van con la bai toin mé ch 161 giai cia
ban doc: Ton tai hay khéng vé s6 sé tw nhién n thoa
man (2024" +2)in ?
Tuy nhién sir dung dinh 1y Fermat bé, mot sé ban c6
nhan xét sau:
Ton tai v 56 56 56 tw nhién n dé

2024 -1 chia

hét cho n.

Thét viy v6i p la s6 nguyén 6, véi moi aeN’,
(@, p) = 1, theo dinh ly Ferrmat bé ta co:
a” =1(mod p), hay a”
s6 nguyén t6 p nguyén t6 cing nhau Véi
2024=2°.11.23 nén chon n = p thi ta duwgc nhin xét
trén.

:p. Do tdn tai vd sb cac

TA DUY PHUQONG

Bai T4/555. Cho BC la dav cung ¢ dinh cia
diweomg tron (O; R). (BC = 2R). A la diém chuvén
Jdng\nén cung lom BC sao cho tam giac .-IBC
nhon. H la truec tam tam gidc ABC. Duong thang

——

) 3 7 y J: /. .4' ~ 3 » = - =
qua H vuong goc voi nia phan giac goc BAC cart

24 T?g'l:ggcé S8 559(1-2024)

e v o
tam dwong tron

trung diem AH

4B. AC lan heot tai D.E Goilid
P 'Faln Y
ngoai tiep tam gidc ADE, R 1@

a - 7
Chirng minh K1 luén di qua mot

diem co dinh

— o ~
/;/,// ".\ \ \\\\
/I )
N D &
/ o f l
r/ 1\ S

Léi gigi. Ké dudng cao BN, CM cia tam giac ABC.
Goi F 1a giao diém thit hai ctia dudmg tron (K) duong
kinh AH véi duong tron (O).
Ta c6: FMB=FNC va F/'BA\I=I‘{C\W, suy ra
AFMB v AFNC (g.g), dan dén:

FM MB

N - NC (1.
Lai ¢ AADE cén tai 4, do 46 ta c6 cac cdp tam
gidc dong dang: AMHD v ANHE (g.g);

AMHB > ANHC (g.g).
Teds: D ML MO o
NE NH NC

Tur (1), (2), tacé: FMD=Fnc, ME _MD
NF _ NE®

nén AMDF o> ANEF.
Suy ra FDA = FEA, do 86 tit gidc AFDE ndi tiép.
Theo tinh chat dudng néi tim — ddy cung chung
cua hai dudmg tron ta ¢6 :

Ol L AF va OK 1 AF.
Tir 46 suy ra O, X, I thing hang. Do d6 X7 luén di
qua diém O cd dinh.
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Nhgn xét. Cac ban sau day c6 161 giai tit:
Thanh Hoa: Nguyén Bdo Khdnh, 9C, THCS Nhir B4
Sy, Hoang Hoa; Ngh¢ An: Trjnh Ba Hiéu, 9A, THCS
Lé Héng Phong, Hung Nguyén;

NGUYEN THANH HONG
Bai T5/388. Cho

man

X, v la eace 8o thee thoa

I nne naal cua 0eu

Loi gigi. it S =x* + y* . Ta cé:
25 =2(x*+)")2(x+y) =4=>2<5<10;

2.\}':(.1»4.);):_("2+},2)=4_S:xy=¥'
DOdé: x3 +y3 =(x+}')(xz +))2 _..x-y)

_2(5—473) 35 -4

x4yt =(2 +)%) — 20t =82 —2(425)

_S:+SS-16
——2 .
Ta duorc :
2 —_—
p=x4+y4_(x3+y3)=s_+82ﬂ_(3s_4)
_S’+ZS—8
SRR A
Vi 2<5<10 nén
8<S?+25<120=>0< P<56.

Viy max P =56, gia tri d6 dat dugc khi:

ki + =2
Xy =-—

=-1 x=3
c{x hoac {r .
F=2
4-2

y=-1
min P =0 khi S:2:>xy=—2—-1

+y=2
hay {x 4
xy=1

Sx=y=1.

O CRRSRATITS  sou

o [x+y=2
Nhgn xét. 1) Ta co ’

nén x, y la cic
xy=-3

nghi¢m cua phuong trinh bac 2:

2) C6 thé giai bai toan theo nhimg cach khac:

a) Pbat r=xy; ching minh -3<r<]1,
P=20 -10t+8=2(1-1)(4-1);
0< P<56.
b) Thay
~1<x<3; taduge P= f(x) roi chimg minh véi

tr d6 tim dugc

y=2-x; tr X+y*<10 suy ra

~1<x<3 ¢6 0< f(x)<56.

Céc ban sau day c6 bai giai tot :

Phu The: Tran Ngoc Tii, 8A, THCS Nguyén Quang
Bich, Tam Nong; Nghé An: Ho Tung Lam, 9C,
THCS Hb Xuan Huong, Quynh Lwu, Trink Bd Hiéu,
9A, THCS Lé Hong Phong, Hung Nguyén; Thanh
Héa: Nguyén Bdo Khdnh, 9C, THCS Nhir Ba S¥,
Hoing Hoéa; Hung Yén: Lé Tudn Hiép, 8C, THCS
Doan Thi Piém, Yén My; TP. Hd Chi Minh:
Hoang Thi Thanh Thao, 10A1, THCS-THPT Lé
Thénh Tong, Tan Phu.

NGUYEN ANH DUNG
Bai T6/555. Tim rdt ca cdc cdp so te nhién (m: n)
de wlvzm*rt: trinh
X emn = (T mrn+ U\ —(arn +mn

s man+m+n=0 *)
co nghiem nguyven.
Lai gidi. Bién d6i phuong trinh (*) vé dang
xz(xz—mnx+m+n)+m2(x2—mnx+m+n)
+@—mnx+m +n)=0
= (xz—mnx+m+n)(x2+m2+ D=0 ().
Do x>+ m’ + 1> 0 nén tir (1) din dén:
X—mnx+m+n=0 2).
Phuong trinh (*) c6 nghiém nguyén khi va chi khi
phuong trinh (2) c¢é nghiém nguyén, ta goi hai
nghiém nguyén cua (2) 1a x; va x; (x; > x3). Theo
dinh Ii Viete, ta cé: {x‘ TR
XX, =m+n

TOAN HO(
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Suyra: vy +x—-xyva=mn-m-n

S -De-D+m-1)n-1)=2 (3).
Dom.n eNnénmneN m+n eN suyra:

xy+x;eNva xy;eN. Viviyy, x;eN.
-Néumn=0¢:>m=0hoécn=0thiphucmg
trinh (2) tro thanh +* = —p hodc x* = —m. Dé
phuong trinh ¢6 nghiém nguyén thi n = 0 hoic
m = 0, va khi d6 nghiém nguyén 1 x, = x2= 10, suy
mm+n=0.kéthqp\"('Timn=Osuyram=n=0.
-Néumn>1thim>1,72>1,dodéx+x,>1va
22 . Suyraxg>1, x> 1. Vi vay:

(xy = Dx2—= 1) va(m - D(n-1)

1a cac s6 tu nhién.
Két hop véi (3) xdy ra cac trudmg hop sau:

(m=1)n-1)=0
a){(.\'l “1)(x, —1)=2"

T (xy — I)x2 - 1) = 2. Do xj, ;;eN va x, >x
suyrax;=3,x;=2.Tedomn=Svam+n=6.
Tatimduwocm=1,n=5hoicm=5n=1 (thoa
min diu kién).
b m-D(n-1)=2

{(x1 -D(x,-1)=0
Ta(m-1)(n-1)=2,dom,neNvam>1,n>1
nénm-1=2,n—1=1lhodac m-1=1,n-1=2,
suyraam=3,n=2hoacm=2,n=3.
Khi 6 phuong trinh (3) c6 hai nghiém x, = S,
x; =1 (thoa man la cac sb nguyén).

(m-Dn-1)=1

) {<x.—1>(x2—1)=r
Tt (m-1)(n—-1)=1,dom,n eNvam=>1,
n>1nén m = n = 2. Khi d6 phuong trinh (3) co
hai nghiém: x; = 2, x, = 2 (thoa man la cic sb
nguyén). ‘
Viy ¢6 6 cap s tu nhién (m, n) thoa min dicu
kién bai toan la:

(05 0), (1; 5), (55 1), (2; 2), (2; 3), 35 2).
Nhén xét. Bai nay cic ban tham gia giri bai déu cho
161 giai twong ty nhu trén. Mot sé ban sau khi bién
doi dén phuong trinh (2), dd tinh A va s dung

TOAN HOC
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phuong trinh (2) c6 nghiém nguyén khi Alé' )
chinh phuomg, dé dua dén giai phuong trinh nghiém

nguyén tim ra m, n. Tuyén duong cac ban sau c6 101

giai lap lun chat ché va ngin gon.
Thanh Hod: Nguyén Bao Khanh, 9C, THCS Nhi
Ba Sy, Hoang Hoa; Gia Lai: 7ran Ngoc Hai, 10A7,
THPT Chi Liang; Quang Binh: Hf)dng Kim Léc, 11
Toan 1, Poan Ngoc Duy, Nguyén Thanh Hai, 12
Toan 1, THPT chuyén Vo Nguyén Giap.

PHAM THI BACH NGOQC

5 2 a .
2, 3. ... N5 gom n sc

Bai T7/555. Cho tap X = {1
nguven dirong dau tién.
a) Véi n = 10, hav chi ra 10 tap con cia X, ma;
tdp c6 ding 3 phan ne va 2 tdp bat ky trong 10 gp
nay cé chung nhau khong qua 1 phan nz.
b) Véi n = 15, chimg minh Jﬁng ton tai it nhat 333
tdp con cua X. moi tdp c6 ding 6 phan ueva 2 1dp
bdt ky trong do c6 khong qua 4 phan tir chung
Léi gigi. a) Vi du vé 10 tap hop thoa min diéu
kién d€ bai la:
4,={1,2,3},4, ={1,4,5} .4, ={1,6,7} 4, = {1,9.8},
4, ={57,9},4,={2,4,10},4,={2,6,9},
4, ={2,58},4, = {3,4.9}.4, = {3.10,5}.
b) C6 tat ca 1a C, =5005 tap con 6 phén tir cia
X. Ta chia 5005 tdp con nay thanh 15 nhém.
nhom thy 7, ki hiéula N, gém cac tap con ma khi
chia téng phan tir cua mdi tdp con cho 15 dugc sb
dulai voii=0,1,2,...,14.
Ki hiéu ]N,[ lasé tdp con trong nhom N vatacod
14
D IN,[=5005. Ta chimg minh véi hai tap hop
i=0
bit k¥ Y.Z cung thudc mdt nhém N, thi
|Y¥ nZ|<4. That vay, r6 rang 1a |Y ~Z|=6 nén
ta chi can xét [Y NZ|=5 tic 1a v,z chung nhau
ding 5 phan tir. Khi 6 goi hai phén tir tuong tmg
con lai cua ¥,Z 1a y,z(y= z). Theo dinh nghia
cua nhom N, thi ta phai c6 y =- (mod 15), tic 1a




o R L

v =2 chia hét cho 15. Ma 0 <|v - 2| <15 nén phai
¢d v =z, mau thuan.

14

Vi Y IN = 5005 nén tdn tai i (0<i<14) sao

i=Q

1. 5008
cho %\!: T 333, T ddy suy ra ton tai it

nhat 333 tAp con cua X" ma hai tap con bat ky co
Khong qua 4 phan chung.

Nhgn xét. Cac ban sau c6 1o gidi tot: Nguyén Thanh
Hai, Poan Ngoc Duy, 12 Toin |; Pham Thi My
Hanh, 12 Todn 2, THPT chuyén Vo Nguyén Gidp,
Quing Binh.

NGUYEN TIEN LAM

Bai T8/855. Cho dwong wron (1) tiép xuc trong voi
Jwong tron (O) 1ai T. Day cung AB cua (O) tiép
xue voi (N tgi E. TA car (D tai diém N khac T va
TB cat (I) tai diem M khdc T. Biét AM cat BN tai
J. Chimg minh rang TE la phdn gidc ctia goc
ATB va EI la phan gidac cua goc TE].

Loi giai. (Theo ban Lé Thanh Dat, 11 Toan 1,
THPT chuyén Lé Quy Pén, TP. Ving Tau, Ba
Ria — Viing Tau).

T
Goi X la giao diém thir hai cua TE véi (0), d1a
tiép tuyén tai X cua (0). TJ cat MN, AB theo thu
tr tai H G.

S - N R VDY = i

LR RN, RIS T

e Do (/) tiép xuc trong vai dudmg tron (O) tai
diém 7. nén tn tai phép vi tu tam T bién duong
tron (/) thanh dudmg tron (O). Ki hiéu phép bién
hinhdo la f,.

N A
Tacod: f,: M—B
E—- X
MN +— AB -
= f.: MN > = MN//AB//d.
T quomg AB— d

Ta c6: OX Ld = OX L AB=> X 1a diém chinh

gira cung 4B khong chira T cua dudmg tron (O)
— TE 1a phin gidc cia goc ATB.
e Xét hinh thang ABMN. Ap dung bé dé hinh
thang ta thu dugc H, G lan lugt 1a trung diém céc
doan thing MN, AB. Tir 46 suy ra ba diém I, H, E
thing hang.
Xét tir giac toan phan TMJN.BA véi ba dudomg
chéo TJ, MN, AB ta c6 hang diém dicu hoa co
ban sau:

(GH;JT)=-1= E(IJ:IB)=(TJ:HG) = -1.
Suy ra (EG, EI, EJ, ET)=-1.Ma EI 1 EB, nén
theo tinh chit cua cham diéu hoa ta thdy EJ1a

phan giac cua goc TEJ (dpem).

Nhén xét. Tit ca cac bai giai g vé Toa soan déu
sit dung tinh chat cia hang diém diéu hod, chum
diéu hod va Bé dé hinh thang dé giai quyét bai toan
trén. Ngoai ban Dat, ciac ban sau cing co 11 giai
tot:

Quang Ninh: Vi Hai Van, 11 Toan, THPT chuyén
Ha Long, TP. Ha Long; Thanh Ho4: Nguyén Bdo
Khanh, 9C, THCS Nhir Ba Sy, Hoiang Hoa; Nghé
An: Phan Dgi Hoang, 10A1, THPT chuyén Phan
Boi Chau, TP. Vinh; Ha Tinh: Bui Van Ding,
Nguyén Dang Piec Tudn, 10T1, Tran Duy Hung,
10T2, THPT chuyén Ha Tinh, TP. Ha Tinh: Quang
Binh: Hoang Kim Léc, 11 Toan 1, Poan Ngoc Duy,
Nguyén Thanh Hai, 12 Toén 1, Pham Thi MV Hanh,
12 Toan 2, THPT chuyén V3 Nguyén Giap, TP.
Ddng H6i; Thira Thién Hué: Trwong Duy Thdi,
10T1, Podn Van Hoang Lan, 12 Toan 1, THPT
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chuyén Quéc hoc Hué, TP. Hué; Ba Rja - Viing
Tau: Pé Tién Dring, 10 Toan 1, THPT chuyén Lé
Quy Don, TP. Viing Tau; Pa Ning: 76 DPéng Hai,
I1A2, THPT chuyén Lé Quy Dén, TP. Pa Ning;
Kién Giang: Dwong Thanh Duy, 12T2, THPT
chuyén Huynh Mén Dat, TP, Rach Gi4; Vinh Long:
Nguvén Tudn Kiét, I12T1, THPT chuyén Nguyén
Binh Khiém, TP. Vinh Long.

HO QUANG VINH
by s | l ]

dieu Kien - - Y R . |

I+b+

Bai T9/555, thoa man

Chirnge
l+c+a )

>a+ b+,

Loi gigi. Cach 1. Ta cé:

1 + 1 + 1 =
l+a+b 1+b+c l+c+a

a+b o b+c " c+a
l+a+b l+b+c l+c+a

S>2=

Do a, b, ¢ duong va theo BPT Schwarz ta cé:
a+b b+c c+a
= + +
1+a+b 1+b+c l+c+a
(a+b)? (b+c)
a+b+(a+b) b+c+(b+c)

(c+a)’
c+a+(c+a)

2

S 4(a+b+c)’
" 2(a+b+c)+2(a® +b* +c*)+2(ab+bc+ca)

& a+b+c2ab+be+ca (1).
Dén day, lai 4p dung BPT Schwarz ta ¢ :

_______ t,(a+bro)?
b ¢ a ab bc ca ab+bc+ca
“°>“)(a+b+c)
a+b+c
Diu ding thirc xdyrakhi a=b=c=1.
Cdch 2. Theo BDT Bunyakovsky ta co:
(ab+bc+ca) =(l.ab+VbAlbc+eNca)
<(1+b+c)@b* +bc +ca®)

=a+b+c.

1 < a*b* +bc* +cad®
l+b+c_ (ab+bc+ca)

1 . b¢ +ca’ +ab’
(ab+bc+ca)’

Tuong tr:

28

l+c+a
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2
1 cla* +ab’ +bc
.

m - (ab+bc+ca)2

Cong céc BDT trén ta duoc:
1 1 i 1
=—H+
" l+a+b l1+btc l+c+a
2B+ b+ +2(ab’ + bc* +ca®)
< (ab+bc+ca)’

& (ab+be+ca) <a’b’ + pic? +ca® +2(ab’ + b’ +cd)

2 2 2
& ablc+abct +a*bc<ab” +bc” +ca

©3+2+£2a+b+c (dpcm).
c da

Nhan xét. 1) Co nhidu céch dénh gid dé co BDT(1).
Ching han sir dung BDT Bunyakovsky ta co:

1 . +a+b
l+a+b (a+b+c)’

(1+a+b)(c* +a+b)2(a+b+c) =

1 a2+b+c 1 <b2+c+a
Tuong tw: 14p4c” (a+b+c) l+c+a (@a+b+c)’
. - 1 - L
l1+a+b 1+b+c l+c+a

< a®+b*+c*+2a+2b+2c
"1 (a+b+c¢)?

Do do: 1=

S(a+b+c) <+ +F +a+b+c

< ab+bc+ca<a+b+c.
2) Bai ndy dugc nhiéu ban tham gia giai véi nhidu
cach giai khac nhau. Cach giai sir dung bién ddi truc
ﬁépcﬁamétsébancbndéi.Cécbansaucélbigiéitét
Nghé An: Thdi Bi Nhdn, 9A, THCS Ly Nhit Quang,
Do Luong, Ngé Van Truong, 10Al1, THPT Hoing
Mai, TX. Hoang Mai; Ha Tinh: Nguyén Minh Quén,
10A1, THPT Nghén, Can Lgc, Nguyén Bing Purc
Tuan, 10T1, THPT chuyén Ha Tinh; Thanh Héa:
Nguyén Bdo Khanh, 9C, THCS Nhit Ba Sy, Hoang
Héa; Quang Binh: Poan Ngoc Duy, Nguyén Thanh
Hai, 12 Toan 1, Pham Thi My Hanh, 12 To4n 2, Hoang
Kim Loc, 11 Toédn 1, THPT chuyén V3 Nguyén Giép;
Quing Tri: Lé Quang Duy, 11A1, THPT Hudmg Héa,
Huéng Hoéa; Thira Thién Hué: Truwong Duy Thdi,
10T1, THPT chuyén Quéc hoc Hué, TP. Hué;
TP. Hd Chi Minh: Lé Hodng Gia Phuc, 10E2, TH,




THCS&THPT Lé Thanh Tong; Phi Yén: Trin Gia
Huy, 10 Todn 1, Nguyén Tan Nguvén Chirong, 11 Todn
I, THPT chuyén Luong Viin Chénh; Binh Bjnh: Trin
Ngoc Tuyén, 11 Toén, THPT chuyén Lé Quy Dén; Ba
Ria - Viing Tau: B3 Tién Diing, 10 Toén 1, THPT
chuyén L& Quy Don; Séc Triing: Tiét Trong Khiém,
12A2, Doan Trong Quy, 11T2, THPT chuyén Nguyén
Thi Minh Khai; HA N§i: Hoang Minh Hién, 9C1,

THCS Archimede Academy.
TRAN HUU NAM
Bai T10/588. Cho hai dév sa (¥ Yvd (v ) thoa
TR W va vor moi ne N,
2N2x . =(¥3+Dx. = (3 =-Dy ‘
B N (1.
2N2y =(v3—1)x J(\‘}'“‘-'
Chiig mink rang ton tai TeN sao cho

ik R > - R \N, 4
- =V . voi moi neN,

Loi gidi. (Theo da s cac ban)
Nhan xét rang tir ding thirc

3_ oz

T=cos—=200s2£—1=1—2sin2£

ta co: cos£=—ﬂ,sm£=[ﬂ.
12 227 12 22
Ta viét (1) duéi dang:
X, —J§+1x —Jg—ly =cos—x, —siniy
"2 227" 127t
3-1 B+l T &
= + y, =sin—x, +cos— V.

= X,
Ynat 5 ‘/E " \/5 12 12
Tiép theo, ta ching minh bang phuong phap
quy nap cong thirc sau:

Xpet = cosglil)_ﬂ' o —sin = -1'-21‘)”' Yo
12 neN ().
. (n+D)x (n+Drm
Vpuy =S 2 Xy +COS———— ),

Khi n=0 thi (3) hién nhién dung. Gia st (3)
dtng khi n=k e N. Khi do:

V4 .
Xy = cos'l'z'xm —SIN = Ve

12

b3 (k+Dm . M
=cosﬁ[cos—-—ij x, —sin T Yo

(. (k+D)r (k+Drx
‘(qm'( 12—"‘“”05—12*”)

. (k+ l);t)x0

+1 .
= (cos l—’%cos—(k i - §1n——Ssin

12 12 12

r . (k+Dhmr . 7 (k+|)zr)

_ a + sin—cos

(coslzsm T sm]2 0 2 Yo
k+2

12

(k+2)x

= COS Xo — 0

Tuong tu:

. (k+2)r

k+2
Vis2 ’-‘-'SIHTXO +COS(——i}'

0°

Viy (3) dugc ching minh. Tir (3) ta chi can
chon T = 24 thi thi hién nhién x_,=x, va
Vyezs =¥, vOimoi neN.

Nhén xét. Day la dang toan vé diy sb tuan hoan giai
bing phuong phap bién doi luong giac. Cac ban
tham gia giai déu nhin dugc két qua ding. Dic
biét, cdc ban con su dung truc tiép ding thirc
%o

2, 2
VX + Yo

dé ching minh (3) bing phung phap quy nap cho

cos’a+sina =1 véi cosa= ,acl0,7]

phép giam bot @ cdng kénh cua biéu thirc bién doi
dai s6 tuong mg.

Céc ban sau day co 101 giai ding:

Kién Giang. Dwong Thanh Duy, 12T2, THPT
chuyén Huynh Min Pat; Quang Binh: Hoang Kim
Léc, 11T1, Nguyén Thanh Hai, 12T1, Phan Thi My
Hanh, 12T2, THPT chuyén V5 Nguyén Giap.

NGUYEN VAN MAU
Bai T11/555. Tim s6 thue a nhé nhar dé

.

) oy 0. G- 1

[(X)=—"x"+——"" 4+
n+3 n+2

- x+2024

n+1

dong bién trén [a:+0) voi moi s6 nguven diong n.
Léi gigi (Dya trén 161 giai cua ban Phgm Thi My
Hanh, 12T2, THPT chuyén V5 Nguyén Giap,
Quaéng Binh)
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TSR TR R O R TI—"

Gia sur a 12 56 thye thoa man didu kién bai todn.
Suyra: f(x)=x""+2x""+x"_1>,

Vx e (a;+x),neN".

Vay véimoi ne N thi

lim(x"? +2x"" +x" =)

x-sa’

n

=a""+2a"" +a" -120 (1).
eNéua<0 thi Vne N',a"? + 22" + 4" ] 50
@VneN',a"(aH)z—lZO.
Léyn= ltaco: a(a+1)* <0
=-1>a(a+1)’ =12 0, mau thuin.
eNéul<a<l thi tir (1) cho n — = ta co:
lim(a""* +2a™" +a" —1)=~12> 0, mau thuin.
Thanh thta2>1. Vi Vx e (1,4+0) ta cé:
L(x)=x"2+2x"" 43" ~12350

do d6 f,(x) ddng bién trén [1,+o0)véi moi sb
nguyén duong n.
Viy a=11a gia tri nho nhat thoa man diéu kién
bai toan.
Nhdn xét. Cac ban sau day c6 161 giai tot: Quéang
Binh: Doan Ngoc Duy, 12T1, Hoang Kim Léc,
11T1, THPT chuyén V6 Nguyén Giap; Phda Yén:
Nguyén Tan Nguyén Chuong, 11T1, THPT chuyén
Luong Van Chanh; Pa Ning: T6 Péng Hai, 11,
THPT chuyén Lé Quy Pon.

PANG HUNG THANG
Bai T12/555. Cho tam giac ABC nhon, khong can
noi n'é'p duong tron (0O), co AD la duéng phan
gidc goc BAC. Piém I thuéc AD sao cho BI cdt
AC tai E, CI cit AB tai F va IE = IF. Goi J la tdm
ducmg tron ngoai tiép tam giac AEF va N la giao
diém cua Al va EF. Goi G la giao diém cua EF
Vo1 tié:p Iuyé'n tai A cua duong tron (0); goi L la
giao diém thir hai cua hai dwong tron (O) va (J).
Chimg minh GL di qua diém chinh gitta cung

EAF.
Léi gidi. Ta cin c6 mot bd dé.

TOAN
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Bé db. Cho tam gidc ABC khong cdn tai 4 va

diém M thujc phan gidc 89¢ fitie S, et

MB = MC. Khi d6 tii gide ABMC ndi tiep.

Phép chimg minh bo d4é trén rat don gian, khong
trinh bay tai day.

Tro lai giai bai toan T12/555. )
Vi tam gidc ABC khong can tai A nén tam giic
AEF khong cén tai 4. ’

Do dé, theo bd dé 1, tir giac AEIF noi tiep (1).

Tir d6, cha y rang GA tiép xtic voi (0); theo dinh
li sin; chu y rang AD, BE, CF dong quy; theo dinh
li Ceva; chu y réng EA\B =5E : cac tam giac
BFL, CEL dong dang, suy ra

GE S, AG.AEsinGAE
GF S,; AG.AFsinGAF

_ AE sinABC _ AE AC
 AF sinACB AF 4B
AE CD BF AC BD CE

CE BD AF AB CD BF

DC BD CE _CE _LE
~"DBCD BF BF LF
Piéu d6 c6 nghia ring LG la phan gidc ngoai cua
tam giéc LEF.

Vay LG di qua diém chinh giita ciia cung E4F.

Nhdn xét. 1) Bai toin nay khong kho, nhung chi ¢6
5 ban tham gia giai. Mgt vai ban cho 1di giai qua
phuc tap.

2) Xin néu @n i 5 ban: Quang Binh: Nguyén
Thanh Hai, Doan Ngoc Duy, 12T1, Pham Thi My
H(.mh, 12T2, THPT chuyén V3 Nguyén Giép; B'fl
Nang: 76 Dong Hai, 11A,, THPT chuyén Lé Quy
Don; Phi Yén: Nguyén Tin Nguyeén Chuwong, 11T1,




THPT chuyén Luong Vin Chanh. Ba Rja - Viing
Tau: Lé Thanh Dar, 1ITI, THPT chuyén Lé Quy
bén.

NGUYEN MINH HA

Bai L1/5ss, Mot con lac dom ¢6 chiéu dai day

reo 1 = 20 cm, dwoe treo tai mot diém cé dinh
Keéo con lac khoi phuwong thang dimg mot gie bdn
0.1 rad \'l: vhia heén :’”i;‘” roi !,A”“i” cho noé mot
‘“.;"-‘ foc 14 cmv's theo phicomg vuong goc véi day
ve phia vi ri cdn bdng. Coi con ldac dao dong
dicu hoa, (Ui;‘fﬂm?tg trinh dao dong doi voi li do
dai cua con ldc. Chon ‘Q(S‘( toa do tai vi tri can
bang. chiéu dwomg hwéng nr vi tri cdan bang sang
phia bén phai, goc thoi gian la lic con lac di qua
Vi tri cdn bang lan thie nhdt. Cho gia 1oc trong

trwong g =98 m's°,

L1 gidi. Phuong trinh dao dong tdng quat cua con
lac don: s = Sycos(wr + @).

TénSégéC' Q=F= —9-’§=7 rad/s.
I 0,2

Ap dung dinh luit bao toan co nang:

W= Wd+ th
mwzsg _ mm2s2 " mvz
2 2 2
2
2_2.,7V
S5y =S +—2.
@

Véis=ol, v=14 cm/s = so=22 cm.
Tgithbidiémt=0thiconl§cquavitricénb§ng
lan thir nhat nén s =0, v <0:

= se=0 cosp=0

s soco.(p &5 .q) :q>=£.

v=—0sinp<0 sin@<0 2

Viy phuong trinh dao dong cua con lic la:
s=2J2 cos(?t + g) (cm).

Nhgn xét. Chic mimg cic ban sau da c6 161 giai
ding cho dé ra ki nay: Pong Thép: V6 Hoang Minh
Khéi, 10T1, Pham Van Anh, 11 Ly, THPT chuyén
Nguyén Quang Diéu; Thira Thién Hué: Hoang
Ngoc Gia Huy, Tran Lé Thi¢n Nhdn, 11 Ly 2, THPT

chuyén Quéc hoc Hué; Binh Dinh: Ly Nhdr Nam, 11
Iy, THPT chuyén L& Quy Dén; Quing Binh: Do Th
Thanh Thdo, 12 Toan 1, THPT chuyén V& Nguyén
Giép; Pdng Nai: Pham Xudn Khanh, 11A2, THPT

Tam Phudce, TP. Bién Hoa.
PINH TH] THAI QUYNH
Bai LL.2/8858. Hi¢u suat truvén tai dién nang mor

cong suat A 1w may phat dign den noi tieu thu la

35%. Néu sie dung may bién ap i twong co 6 so
gitra cuon thir cap va cuén so cap la — =5 de

tang dién ap truvén tai thi hiéu suar truvén tai sau

khi str dung may bién ap nay la bao nhiéw?

Léi gidgi. Theo bai ra ta co:

i=2=5 (1)
Ul Al
PR
Mat khac: fo=fl, Sy (2
U, cos
R
I—Hz— :y) S 3):
Ulcos'g
1-H U,
Tir (2) va (3) suy ra: L=| = 4).
u (2) va (3) suy 1_H, [Ul] (4)

Thay H, =0,35vio (4) va két hop véi (1) ta tim
duoc H, =0,974.

Viy hiéu suét truyén tai sau khi su dung may bién
ap 1a 97,4%.

Nhégn xét. Chic mumg cac ban sau di c6 loi giai
ding cho dé ra ki nay: Pong Thap: V6 Hoang Minh
Khoi, 10T1, Pham Van Anh, 12 Ly, THPT chuyén
Nguyén Quang Diéu; Thira Thién Hué: Trin Lé
Thién Nhan, 11 1y 2, THPT chuyén Qudc hoc Hué;
Binh Pinh: Ly Nhdt Nam, 11 Ly, THPT chuyén Lé
Quy P6n; Quang Binh: D6 Thi Thanh Thdo, 12
Todn 1, THPT chuyén V5 Nguyén Giap; Tién
Giang: Trwong Phic Vinh, 12 Ly, THPT chuyén
Tien Giang.

NGUYEN XUAN QUANG

S6 559(1-2024) ' CTudifre




-] o PHUON mmnmm BANG mm FHAP

o L\ ( A
p— ,.‘. o
PHLAONG P AP» mm
GaRT TOAR |\ (ammmm"mmm
Phuong trinh ham 14 dang toan hay va kho, thuomg ~ v; P(f(x),y) vasu dung (2), ta co:

xudt hién trong céc ky thi Olympic. Cé nhiéu
phuong phép giai khac nhau cho bai toan phuong
trinh ham. Trong bai bdo nay ching t6i mudn trao
ddi voi ban doc mét phuong phép rét hay va hiéu
qua ma chung t6i tam goi la “Phwong phap thac
trién mién gid tri”. Ching ta cung tim hiéu
phuong phap nay qua tirng thi du sau

Thi du 1. Tim 1dr cd c

b opoa X g >
ac nam so thoa man

fix=1 (_‘V”; 371 (,\7.‘— :,\—.7 |»]‘).‘»“\‘_.\-:- .

Phan tich. Phuong trinh d3 cho dugc viét lai nhu
sau:
f(x—f(y))—3f(x)=—2x—f(y),Vx,yeR.
C6 dinh y thita tha“'ly vé phai cua phuong trinh
nhdn giad tri trén R vdi moi VxeR .Ngoai ra
x—f(y) cing nhdn gid tri trén R véi moi
VxeR. Do d6, v6i mdi teR, déu ton tai
u,veR sao cho t=f(u)-3f(v). Tu d6 ta c6
nhu cau di tim f(f) hay la tim
f(f(«)=37(v)). Taco 16i cho bai toan giai nhu
sau
Léi gidi. Gia sir ton tai ham s6 f théa man diu
kién bai toan. Goi P(x,y) la phép thé gid tri cac
bién x,y vao phuong trinh:
f(x=f(»)=3f(x)-2x-1(»),¥xyeR ().
Véi P(f(y),y), ta co:

£(0)=37((»)-3/(»).rR

F(7()=f () +5 W eR(a=7(0)2)
3 ZTM%H&C S6 559(1-2024)

f(f(x)-£(»)=3/(f ()) 2f(x)-/(»)
(f( )+a,Vx,yeR( ).

Véi P(f(x)-S(»), )vasudung (3).ta co:

F(£(0)-27(»)=(f(x)-27 () +3,

vx,yeR (4).
Véi P(f(x)-2f(»),y) vasirdung (4),taco:
F(f(x)=-37(»)=(f(x)-3 f(»))+9a.vx,yeR.
Suy ra f(t)=t+9a,VteR. Thay vao phuong
trinh (1),ta dugc a=0. Vay tit ca cic ham s
cintimla f(x)=x, VxeR.
Thi du 2. Tim tdt ca cdc ham so

%)
!

man

flx=f{»))=fx)+xf(y)+ flf(y)).Vx.vekR

Loi giai. Trong thi du nay, cai khac voithidu 1l ¢
chd, hé sé cia 4n x 1 f(y) khong phai 1a hing
s6.
Gia sir ton tai ham sb f thoa man bai toan. Goi
P(x,y) 1a phép thé gia tri cic bién x,y vio
phuong trinh:
f(x=F )=+ (»)+ £ (f(»)).¥x,yeR (1).
Nhén thdy f(x)=0,vxeR théa min bai toan.
Xét f(x);t 0, khi dé ton tai y, sao cho
S (») %0, suy ra:
f(x=SO)) - F @)= (3)+ F(f(3)) €R,
VxeR.

- o



Do d6, véimdi € R, du tdn tai u,ve R sao cho
=f(u)-f(v). Véi P(/(»),v), taco:

F(r(y)=- fzéy) +—(21,Vy eR,(a=£(0)) (2).

Véi P(f(x),y) va sir dung (2), ta co:
(F0)-70)
5 A
VyeR, (3).

S(S(x)=f()=-

2

t
Do do6 f(t)=—?+a,‘v’telR,(4). Thay (4) vao

(1), ta duge a=0. Vay tét ca cac ham sb cin tim
la

x2
f(x)=0,VxeR va f(x):—?,‘v’xeR.

Thi du 3. Tim tat cd cac ham s6 f:R —> R thoa

man

2f(3x=2£(y)) =31 (x) -4/ (1 (¥))=3x~1,

Vx,yeR.
Loi gidi. Gia st ton tai ham sé f thoa man bai
toan. Goi P(x,y) la phép thé gié tri-cac bién x,y
vao phuong trinh:
2f (3x-21 () =31 ()= 41 (f (»)) -3,
vx,yeR (1).

véi P(f(y),
2/ (£ () =31 (f())-47 (£ (»)-3f () -1
&31(f(»)=-3f(y)-LVyeR (2).
V6i P(f(x),y) vasit dung (2), ta co:
2/ (3f ()27 (9) =37 (£()) -4/ (£ ()
~3f(x)-1

-‘31(3f(y)+1)—2

) ta co:

=—6f(x)+
=203/ (x)-2/ (") -5

Suy ra:
FB7()-21 () =~/ (9)-2/ () -5 ¥y <R,

- %)+ 2 (x)

hay f(t) =~ —%,\ﬂ eR. Thir lai ta thiy thoa
mén. Viy ham cén tim la
1
f(x)=-x —S.Vx eR.

Thi (ll_l 4., Tim tat ca cac ham so [ R >R thoa

man

/(/{\ 3’/{)}1,75‘.'—

)+ y)=f1S(x)-y)4
Léi gigi. Gia st ton tai him s6 f thoa man bai
toan. Goi P(x,y) la phép thé gié trj cac bién x,y
vao phuong trinh:
F(f(x)+9)=1(f(x)-y)+4f(x).y,Vx,y€R (1).
D& thdy f(x)=0,VxeR thoa man bai toan.
Xét f(x)#0. Véi P(x, f(x)), taco:
f(21(x))=1(0)+41% (%)
=4f*(x)+a,VxeR (a= f(0) (2).
Véi P(rx,f(x) ~2f(y)) vasir dung (2), ta cé:

fr(x)-2£(»)=r(21(»)+
‘ +4f(x)(f(x)-21(»))
=4(f(x)—f(y))2 +a,Vx,yeR
hay f(t)=t+a,VteR. Thu lai ta thiy théa
mén. T4t ca cdc ham can tim la:

f(x)=0,vxeR va f(x)=x"+a,VxeR.

Thi du 5. Tim tat ca cac ham so f:R - R thoa

man

+/(»)=
voi f7(x)= (f(\’)) :

Loi gigi. Gia sir ton tai ham s§ f thoa man bai

fly+f(x)).¥x,yeR,

toan. Goi P(x,y) 1a phép thé gia tri céc bién x,y
vao phuong trinh:

FA(x)+2yf (x)+ f(»)=f(y+ f(x)).Vx,yeR (1). D&
thiy f(x)=0,VxeR théa man bai toan.

Xét f(x)#0. Liy x,eR sao cho f(x)=0,

suy ra:

S48 559(1-2024)
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S+ S () =7 ()= 1 (x) + 25/ (x,) e R
,VyeR.
Do d6, véimdi t€R, déu tdn tai u,ve R sao cho
t=f(u)-f(v).Véi P(x, 0), ta co:
f1(x)+£(0)= f(f(x )) VxeR (2)
Véi P(x,f(y)—f(x)) va sir dung(2), ta co:
L)+ 2AS D)= ()1 (x)+ £ (£ ()~ 1 (%))
=f(f(y)),\7’x,yeR
S S(10))-1 (1 ()= (x))
= f2 (x )+2f( ) f f(x)- 2f2(x) Vx,yeR
& 1)+ (0)-1(f(»)-£(x))
=2/(x)/(»)-1*(x),vx,y eR
@ (S (0)-1®)=(f()~1(x)" +£(0).9x,yeR
Txdosuyra f(t)=¢*+a,VteR (a= f(0). Thi
lai ta théy théa man. Viy c4c ham thoa min dé
bai la:
f(x)=0,vxeR va f(x)=x*+a,VxeR.
Thi du 6. Tim tdt cd cdc ham sé f:R =R théa

F(7(x)+3)=£(5

Loi gidgi. Gia sur ton tai ham s6 f théa man bai

—y2)+4f(x).y,‘</x,yeR.

toan. Goi P(x,y) 1a phép thé gia tri c4c bién x,y
vao phuong trinh:

f(f(x)+y)=f(x2 —y2)+4f(x).y,Vx,ye]R (1).
Dé thdy f(x)=0,VxeR thoa man bai toén.
Xét f(x)#0. Dat f(u)=v=#0. Ta ching minh

céc khing dinh sau:
1) Véi VxeR,3a,beR

x=f(a)- f(b). Thét vay:

sao cho

a) Véi P(u,8 ) thi

T?ﬂ}“u;',gce S§ 559(1-2024)
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_ 2| thi
b) Vai P(u 8v)

f[v—.g"—v):f(uh(g’a ]——;,VxeR
Tir (a) va (b) suy 1a:
f(g_) f[é—)
2) f 1a ham chén. Thét vay:
a) Vi P(x,f(»)), thi
S+ f()=s(x

— 2 ())+4S(x)-£(»)
,Vx,yeR.
b) Véi P(x,—f(y)), thi

F(Fx) -1 () =1 (3 =1 (9)-4S(x) S (),

Vx,yeR.
¢) Véi P(y, f(x)) thi

S+ 7)) =17 =S (0)+41 (x)-£ ()
,Vx,yeR.

d) Véi P(y,—f(x)) thi
F(FG)-F @)= (" -1 (2)) =4S (x).£ ()
,Vx,yeR.
Léy(a)—(b)—(c)+(d),ta duoc:
fF(Fx)-f()=f(f(3)-F(x).VxyeR
= f(x)=f(-x),vxeR.
3) f(x)=x= x=0. That vay:
Véi P(x,—x) thif(f(x)-x)=f(0)-4xf(x).
Do d6,néu f(x)=x thi
£(0)=£(0)-4x> = x=0.

4) f(0)=0. That vay:
Vi P(0,0) thi f(£(0))=£(0)= f(0)=0.
5) Khéng c6 nghiém ham. That vay:
V6i P(0.u) thi f(u)=f(-u”) = £ (u?).
V6i  P(u,0)thi f(f(u))=f(u2), Vay ta co
F(f())=1(u)= f(u)=0, vo1y.
Vay bai toan da cho c6 nghiém ham duy nhat 1a

f(x)=0,vxeR.




Thi dy 7. Tim tdr cd cde him sé £ R >R BAI TAP LUYEN TAP

thoa man
A ) TR ,_

| Bhdde Sl f(x=f(»)=2f(x)+x+f(y).¥x,yeR.

1. Tim tit ca cdc ham s6 f :R — R thoa min

SR, Gid gt the tai ham s5 S théa miin bai 2. Tim tht ca cac ham sé f :R — R théa man

todn. Goi P(x,y) 1 phép thé gia tri ién x,y
- gia trj cdc bién x, y
vio phuong trinh: f(f(x)+y)=2x+f(f(y)-%).VxyeR

[f( )) X () /(f(x)).vxyeR" (1).
V6i P(x,1), ta co:
F(£()=7)/(f(x)).VxeR* = f(1)=1. 4 Timthtcacichimso f:R >R thoa min
Vo P(xf (). e P+ 1) =1 () + 25 (5)+ £ (=),

1= 7 ()= 1 ()1 A ) weer yeR

3. Tim tit ca c4c ham sé f:R — R thoa man

fl(‘)*2”(‘)‘*f(Y)=f(y+f(X)),Vx,yeR.

5. Tim tt ca cac ham sé f :R — R thoa man

f(/(x)= (2)

‘ ul f(x+f()=7(0)+45f(y)+65° 1 (¥)
Véi P(x,f(y)) vas dl,mg(Z), ta dugc: +4xf>(y)+ f(-x),Vx,y eR.
f[f(( D FO) () (f(x) 6. Tim tit ca cic ham sé f :R — R thoa min

L 7O f(x=21(y))=5(x)-4x-2f(»),Vx,yeR.
=f 3
) Jf(y) Jf(x f(x) 2 7. Tim tht cé cic ham sé f:R — R théa min
Phuong trinh d3 cho d &t lai duéi dan
e f(:)c © due il g f(2x+1())=1(22)+f (29)+ F(/ (7)),
f(T) Vx,yeR.
S ,Vx,yeR".
f(») o (f(x)).vxy e 8. Tim tht ca c4c him s f:R — R thoa man
C6 dinh xeR* va cho y chay trén R",ta suy ra 1
v6i moi s thuc duong ¢ € R* ludn viét dugc dudi f(x+f(y))=f(x)+§xf(4y)+f(f(y)),
Vx,yeR.
dang t=f(u),u,ve]R". Bre
f(v) 9. Tim tAt ca cic hamsé f:R — R théa man
Tir d6 va sir dung (3) ta co:
f()_ [70) _ S+ £ () =1 (57 +3)+25f (3)+ £ (x)-3,
f(t) f(f( )) f(u) J' Vx,yeR.
hay f(x)=T ,VxeR". Thi lai ta thiy thoa 10. Tim tét ca cac ham sb f:R* 5 R" théa mian
man. (xf(y)) (f()’)) Vx,yeR".
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Trong qua trinh tim tdi, nghién clru t6i phat hién
mot két qua cua mot bai toan xudt hién trong Tap
chi Pi rit thu vi va dd dugc img dung dé chimg
minh mdt s6 bai toan. Xin gii thidu cing ban doc.
BAI TOAN 1 (P628. 56 7. 8. thing 8/2022).

Cho tam giac ABC. Duwomg wron (1) ngi .'.'Ci:‘v rtam
giac, tiép xuc voi BC.CA, AB lin lwor iai
4.B.C,. Goi A., B, C, lin hwpt ld cac diém
doi mimg ciia A, qua BC.B, qua CA.C. qua
AB-A B, C ian heot la giao dvém cia cde cap
dwong thing A4, voi BC, BB. vdi AC. CC,
voi AB. Chirmg minh rang A,. B.. C, thang hang.
Loi gidi cua bai todn trén ban doc c6 thé tham
khao [1].

Nhgn xét 1. Cac diém A,,B,.C, niam trén duong
thing JO. hay ta c6 AA4,;I0; BC dbng quy. Trong
bai viét ki hidu (X¥Z) chi duong tron di qua céc
diém X, Y, Z.

BAI TOAN 2 (Iran MO 2019)° Cho tam gidc
ABC noi tiép (Oi. ngoai tiép dwong tron (I).
(1) :;;5;..‘ xiic voi AB.AC lan lheot m:: F.E. Tii'p
{14}'&"; tai E cua dwong won (UEC) cat riep fin en
tai F cua dwomg tron ({FB) i P. Chimmg minh

rang AP.O! BC dong quy.

Léi gidi. (Cua tic gia bai viet)

TOAN HOC
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Goi D 1a diém tiép xtic cia (/) véicanh BC; K la
giao diém cua PF va (I), K=F; L la giao
diém cua PE va (/). L+ E; D' 1a giao cia FL va
EK.

Taob: @:‘@{%mﬁ)vﬁmu

nén AFK = DFB, suy ra:

S4FK =sdFD (tén (), suy ra: D'EF = FED.

Chimg minh tuong tu ta c6: D' FE = EFD.

Tirdiysuyra D,D' d6i ximg nhau qua EF.

Trén dudmg tron (1), dp dung dinh 1y Pascal cho
gide [FEL L

b6 diém Fri) B A,D'\P thing hang. Ap

dung két qua bai toan 1 ta ¢6 diéu phai chimg
minh.



BAI TOAN 3 (China National Olympiad 2017).

Y A . 15Vl Ay o | . N \
Cho tam giac ABC ngi ticp dwong tron (),

ngoai niep dwong tron (1). Duong tron (1) liep
s [)(V 5 iy e A { s 1 \
Xuc vor 6C tar D. Tiep tuven cua (O) tai B va (
cat nhau i L. Goi X la giao diém cua AQO va
BC. P.Q la cac giao diém cua 10 va (O): Y la
mnh chieu ciia 4 lén BC Chitng minh rang
B XV saiwie gl S T ) v
P,O,X,Y ung thuoc mot dwong tron khi va chi

s . :
chi A,D,L thang hane.

Loi gidi.

Gia sur (7) tiép xtc voi AC, AB tai E, F tuong tng.
Goi T,S lan luot 1a giao diém ciia BC véi phan

gidc trong, phan gidc ngodi cua El?f; D' 1a diém
dbi ximg cia D qua EF; M la trung diém cia
ST. Tacd (ST, BC) = -1 nén

MA* = MT? = MBMC,
tir ddy suy ra M4 la tiép tuyén cia (0). Do d6
AMAX vubng tai A, ciing vi vay ta cé:

MA* = MY.MX.

Vay MBMC = MY .MX.
« Gia sir tir gidc PQXY ndi tiép . Goi P' la giao
diém ciia MQ va (0) (P'# Q). Khi d6 ta co:

MO MP' = MBIC = MX MY

Pidu ndy chimg t6 P'e(PQXY) hay P=P'
Theo két qua bai toan 1 thi D'e MA. Vi
DD' /AT nén AMDD' cén tai M. Tirc M thuge
trung truc DD’. Noi cach khac M thuge EF. Suy
ra (MD;BC)=-1. Do 46 A4,D,L thudc duong
d6i cuc cia M dbi véi (0), nghia la 4,D, L thang
hang.

« Néu 4,D,L thing hang thi (M 'D;BC) = -1, v6i
M' 1a giao diém cia EF va BC. Suyra DLla
dudng dbi cuc cia M d6i véi (0). Do d6 M' 4
la tiép tuyén cua (O), tir ddy ta c6 M =M. Két
qua ndy suy ra D’ thugc MA. Theo két qua bai
toan 1 thi M,P,Q thang hang.

Ta co XJ—PMQ_=ITIEE=—AE.A_J_Y. Suy ra ta
gidc PQYX ndi tiép. Bai toan dugc ching minh.
BAI TOAN 4 (Taiwan TST 2020). Cho tam gidc
ABC néi tiép (O), ngoai tiép duong tron ().
Puong tron (I) tiép xic véi BC tai D. Goi S, T la
diém trén (O) sao cho AS, OI,BC dong quy va
ATI=90"; H la truc tém cua tam gide IBC.
Chung minh rdng D,T,S, H cung thuéc mét
dwong tron.

Loi gidi.

Tru6c hét ta c6 bd dé sau:

B d&. Cho tam gigc ABC c6 duong tron ni tiép
(I) tiép xic véi BC,CA, AB lin luot tai
D,E,F. Goi N,P lan luot la trung diém ciia
cac canh CA, AB va L la giao diém cia BI va
DE. Khidé AL 1 BI va P, N, L thing hang.
Chirng minh bé dé.

Goi § la giao diém cia AL va BC. Ta chimg
minh tir gidc AILE noi tiép. That vay, ta co:

TOAN HOC 37
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— i g R OB ‘ s DB
BLD« EDC-IBC=0-C 8 A 5% —m’-“f'.* o
2 2 s ncoEC X

-

sl

Suy ra tr g ANE v wép Do & S D W phin gide BIC. Do & T.DX
W= W =N thing Mog.
4 Latod
KF wnKED tanfi8 _BF TF
KE " wnkFD waBR CF TF
suyra 7K 1 phin gide KTE. Do &6 7.K.7 thing
Mng. Goi Q.L.R Wn ot B giao dém cua
BLCIDI v& FE. Theo bd & twén i
CL L BLBQ L OQ. Do & BQICL 1A cac dudmg
¢ <20 oa tam gide HBC. Suy
== (DR IH) = K(DRIH),
két hop Vi KR L KD thitaod KD' 1 phén gide

Tam gide ABS o0 BL 1 phin gide oling 1 duwdng
<20 ndn nd 1 tam gide cdn tal 8. Suyra £ W mung o
Sidm 48 DRundy chimg 1 2N, L thing hing. & TKH. Do & TKD = DKH.

Tve dai Bai todn. GO L' =040 (A= L)

Goi P I giao &¥m cda 45 va BCY D' W deém ¥=XO0N0) (X =Y)

A8 ximg D qua EF K 12 hinh chidu oda D w8 Ta o6 KTD = AXY (do sdAY =sdA'X)

EF X W giao didm da A2 i (0) (X = A). —
= XA4 = KDH (do DK /7 X4; DH 1/ X¥)

wén ATKD ~ ADKH. suy ra:

Do &6 ATKD' ~AD'KH,

&R niy kéo theo D'TK = HD'K.

Ta ob

D'TD = D'TR + KTD = HD'K + HDK

=180" - D'HD.

hay t gide D'TDH ndi tidp.

Theo bai todn 1 thi D' thude S4. TV diy suy ra:
ISD' = ISA = XA = IDD',

Taod: ATFB ~ ATEC(gg) nén

SSWQWNOC S& 559(1-2024)




dan dén t& gide TSDD' ngi tidp. Vay ti gibe HTSD
ndi tiép.

Nhdn xét 2. T\x qua trinh chirg minh trén ta nhén
‘ A 5 N
thay tdm cia duong tron ngoai tiép HTSD nim

trén EF.

BAI TOAN 5. Cho tam gidc ABC ngi tiép duong
tron (O). Duong tron (1) ngi tiep tam gidc, tiép
xuc voi BC, CA, AB lan luot tai D,E,F. Goi D'
la diem doi xumg cua D qua dieong thang EF; A'
la diém doi ximg clia A qua 10; P la giao diém
khac A cua AD' va (O). Chitng minh rang
P,D, A' thang hang.

Loi gidgi. Goi X,Y,Z,X' lan luot 1a giao diém cua
AILBI,CI, Al (O)X #A4,Y#B,Z#C,
X'# A');L1a giao diém cua AD' va BC.

vOi

Theo két qua bai toan 1 thi ta c6 O,1,L thing
hang. Ta c6:(AA'; BC)=1(AA4’;BC)=(XX";YZ)

= X (XX';YZ).

Mit khac nhén thiy:

XX LID;XX Lo, XY LIC;XZ LIB
(trong d6 ki hi¢u XX 14 tiép tuyén cta (O) tai X)
nén X (XX';YZ)=I1(DL;CB) = P(DL;CB)

=(A"4;CB) =(44";BC),
véi A" 1a giao diém ctia PD va (0),(A" # P).
Tir diy suy ra (A44;BC)=(44",BC), do d6
P,D, A’ thing hang. Két thic chimg minh.
Cubi ciing 13 hai bai toén cua tac gia xin gii dén
ban doc nhu bai tap dé luyén téap.
BAI TAP TU LUYEN
BAI TOAN 6. Cho tam gidc ABC néi tiép dudng
tron (0), ngoai tiép duong tron (/), phan gidc
trong AT. Duong tron (1) tiép xac véi
BC,CA, AB lan luot tai D,E,F. Goi X la giao
diém cua AO va BC; P,Q la cac giao diém cua
IO va (0);Y1a hinh chiéu cia A trén BC.
Ching minh r?mg P,0,X,Y cung thudc mot
dudng tron khi va chi khi AFTE 1a hinh thoi.
BAI TOAN 7. Cho tam gidac ABC (4B < AC)
nhon, ndi tiép duong tron (O), ngoai tiép duong
tron (I). Puong tron (I) tiép xac véi
BC,CA, AB lan luot tai D,E,F. Goi D' 1a diém
d6i xtmg cia D qua dudng thing EF; P 1a giao
diém khac 4 cia AD' va (0); H la truc tim cia
tam giac IBC; Tla diém trén (O) sao cho
ATI =90°; QO 1a giao diém cua Al va
(0) (Q # A). Pudng thing TH cit lai (O) tai
M. Ching minh ring POMT 1a tit giac diéu hoa
(th gidc nodi tiép co tich cac cip canh ddi bang
nhau).
TAI LIEU THAM KHAO

[1] Tap chi Pi, tap 6, s6 7, 8 thang 8, s 11 thang
11, nim 2022.
(2] Art of Problem Solving.

https://www.artofproblemsolving.com
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deu

TOAN 79.
S.ABCD va mot diém 1 ¢o dinh trén dwong cao SO

BAI Cho hinh chop tr giac

cua hinh chép. Mat phiang qua I cat cac canh bén

SA4, S84, SC,

diem M, N, P, Q. Chirng minh hé thuc
1 11 1

—_—t—= + ..
SM SP SN SO

SD cua hinh chop lan heot tai cdc

a) Hav tim cdc cac giai cua Bai todn.

b) Tong quat hoa.

¢) Néu va giai bai toan twong tur.

Loi giai 1. Dya vao bd dé sau

Bb dé 1. Trén dwomg phdn giac Ox cua géc
x/O\y =2a ldy mét diém I. Puong thang qua I cat

Oxva Oy tai AvaB. Thé thi _1_+_1____2005a‘
OA OB Ol

Chimg minh Bé dé 1. Céch 1 (h.1)

Hinh 1

Puong thing ké tir 1, song song véi Ox cit Oy tai
M. Vi tam gidc OIM cén tai M va xOy =2a nén

IM =0OM = . Theo dinh ly Thales cé:
2cosa
M OM BM OB -OM _1- oM
O4A_o04 OB OB OB

T(?g?uggg 'S8 559(1-20249)
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OM OM 1 1 1

oM Sl — =
" oi 0B 04 OB OM
T 46: 1 " 1 2cosa
w04 0B o1
Cich 2. (h.2)
0
A
4
c
E

Hinh 2
Puong thing di qua 7, vudng goéc voi Of cit Ox,
Oy lin luot tai C va D. Goi E 1 diém déi ximg
ciia B qua duomg phan giac OI Khi d6 IC va IO la
céc phén giac trong va ngoai cta tam giac AJE. Tu
d6 (I4,IE,IC,]IO) 1a chum diéu hoa. Theo hé thic
Descartes, ta co:

1 1 2 1 1 2cosa
OA OE OC OA OB (0)4

Ta sé sir dung Bé dé 1 dé chimg minh Bai todn
téng qudt hon.

Bai toan 79.1. Cho hinh chop S.ABCD, day
ABCD la hinh binh hanh. Mot mdt phang iy ¥ cdt
SA, SB, SC, SD lin luot tai M, N, P, Q. Chiing
minh hé thiec

sS4 SC SB SD

SM TSP SN ?5'

Loi gigi. Goi O 1a giao diém cia AC va BD. Khi
d6 ABCD la hinh binh hanh nén 40 = OC,
BO = OD. Goi I 1a giao diém cua SO véi mat
p}‘ﬁng (MNPQ). Khi d6 M, I, P thing hang vi c\‘m.g
nam trén giao tuyén cua hai mit phing (S40) va
(MNPQ). Tuong tw ¢4 N, 1, Q thing hang,

Vi4d0=0Cnén S,

1
= Sasco = ESASAC



Ta lai c6: Mq- Sase __Sasur Susur | Sasp _ SM SP

l S SASAO SASOC 54 . SC
5 ASAC

ASAO SASOC

- S1.SM " SI.SP  SM.SP
$0.54 SO.SC SA.SC

nén SM .ST N SIL.SP 2SM SP

SA.SO  SOSC ~ S4SC

1(SM +SP :
:>S( + )=SMSP(1)'

a.S0 S4.8C
SI(SN +SQ) SN.SQ
: = 2).
Tuong it ——55 sesp
Tur (1) va (2) suy ra:

SM+SP_SN+SQ_ 1 1 _ 1 1

SM.SP SNSQO SM SP SN SO

B6 dé 3. Cho géc tam dién S.xyz. Trén Sx, Sy, Sz
lan luot ld'y cac cap diém A, A; B, B’ va CC".

Thé thi @:ﬁﬁ&
Vs ypcr SA' SB' SC'

Churng minh. (h.4)
SB SD SO ... SA SC SB SD
—+—=2—"Tuds: —+—=—+—.
SN SO hY§ SM SP SN SQ
Ap dung két qua Bai toan 79" v6i chu y: S.ABCD
1a hinh chép tir giac déu nén SA4 = SB = SC = SD
ta nhan duoc 101 giai bai toan 79.

Lot giai 2. Dya vao bo dé sau

B dé 2. Cho gécx/O\y =a. Trén Ox va Oy ldy lan
luwot hai cdp diém A, A’ va B, B’. Thé thi

Spous _ 04 OB
S.ss OA' OB

Hinh 4
. \ 1 ;
Chimg minh. Tu S, =E.0A.OB.sm a, Ké AH L mp(Syz), A'H' L mp(Syz). Khi d6 S,
2 5 3 Fhi AH  S4
Seons =%.0A'.OB'.sina H, H’ thaing hang va AH //A'H :m_g,
1

s Saow . 04 OB Ve Ve | 3SuscAH

nen 0OA' OB" Do d@6: —248C¢ = _438C =
SAOA'BI VS.A'B‘C' VA'.S'B'C‘ lSASB'C"A'H'

Tré vé bai toan 79 (h.3), vi S.4BCD la hinh chép
tir gisc déu nén SA4 = SB = SC = SD (= a), ta lai _54 SB SC

5 S4' SB' SC'
co:

TOAN HOC
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Bai toan 79.2. Cho hinh chép SABC va G la
trong tam tam gigc ABC. Mot mat phang cdt SA,
SB, SC. SG lan leot tai A’ B', C' va G'. Chimg

SB  SC 3
LY .3
SB‘ SG!

. T ¥
minh hé thirc -+
SA

Loi gidi. (h.5)

Hinh 5

Goi M 1a giao diém cia 4G va BC, M’ 1a giao
diém B'C'. Khi d6
S,M'.M e mp(SAM ) "mp(SBC) nén S,M',M
1

Ssor = Sscu =E'Ss5c >

cuia A'G va

théing hang. Ta c6:

S orar+ S =B

Ssgpe _ SB' SM'
SB SM

5 S gt
neén 2& =
SBC SEM

S SC' SM'

Tuong tu: 2. : )
So. SC SM
' (sB' SC'
Tix 86: 2,§%=ﬂ.[§—+_—),
S,. SM\sB sC
Suvra 2.SB SC_ SM (S_B'+SC'J
W Sgsc . sm \sB sC)

SM _SB | sC *)
SM'~ SB' SC'
Lap luin twong tu v6i chd ¥:

Do d6: 2.

TOAN HOC
 cTusite
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2 lS g

Ssic =§S&w s Ssoum =3 s S +Seom =Ssom

356 _5SM | 32 (+%). Thay
SG' SM' SA

(*) vao (**) va bién doi, ta c6 hé thic can chimg

ta nhian dugc:

minh.

Bai todn 79.3. Cho i dién déu ABCD canh bang
a, AH la duong cao cua tir dién va O la trung
diém cua AH. Mot mat phang di qua O cat AB,
AC, AD lan gt tai M, N, P. Chung minh hé thiec
6

L,
AM

I
AN AP a
Loi gigi. Ap dung két qua Bai toan 3, véi chu y

AB:AC:AD:a’£=2.
AO

Bai toan 79.4. Cho hinh chép S.ABCD, day
ABCD la hinh vuéng canh bang a va SA la duong
cao. Géc tao béi S C va mat phang (SAB) bang
Mgt mat phing di qua A, vuéng géc véi SC cat
SB, SC, SD lan luot tai tai M, N, P. Chirng minh

2
s i _ [ cos 2a
cosa

hé thirc

S.4BCD

Loi gidi. (h.6)

Hinh 6

D& théy: BSC =a, SB L BC, SC 1 AN



V,

S.AMNP 2V~
V = M

sascp 2V,

S.ABC

va

SA SM SN
SA SB SC
_SM N

SBSC
Trong tam gidc vudng SAB c6 SM .SB = 54°

SM _ SA2
S B Sp Trong tam giéc vuong SAC cb:

SN.SC = 42 = SN _ S4°
sCsct
Mait khéc:
SB =a.cota, SC = —
sina
nén S4’ =SB* — AB* = a*.cot’ g — &*
By Cf)s2 a . a’ cos2a.
sin’ & sin’ &
Do d6:
SM _ SA* _ a*cos2a  sin’a
SB  SB> sin*a a’cos’a
_cos2a ’
cos’a’
SN _SB* _a’cos2a sin’a

SC_SC  sinta | &
=cos2a.

Suy ra:

Vs.ap _ €082 »

cos’a

2
_(cos2a )
cosa

Ban doc hay giai cac bai toan twong ty sau.

I/S. ABCD

BAI TAP

1. Cho hinh chép S.4BCD déy ABCD la hinh
binh hanh. Goi K 1 trung diém cua SC. Mit

phing qua AK cht chc canh SB,SD lan lugt tai
M ,N. Chimg minh hé thirc

SB SB | SD
SM SN

2. Cho mét hinh hop ABCD.A'B'C'D' c6 tat ca chc
canh bing nhau va bing AC’, goc tam di¢n dinh
A 14 déu.
a) Tinh 86 do gbc cac mit ciia tam dign dinh 4.
b) M6t mit phéng cit cac canh AB,AD,AA’
twong tng tai M,N,P va cit AC' tai Q. Chimg
minh hé thirc

1 1 1 1

AQ  AM AN AP
3. Mot mit phéng cét tat ca cac canh bén cua mét
hinh chép lyc gidc ddu (dinh §) tai cac diém
A,B,C,D,E,F. Ching minh hé thirc
111 1 1 1

—t——=—
sS4 SD SB SE SC SF

LE QUOC HAN
(Truong Pai Hoc Vinh, Nghé An)
Nhdn xét. Ky nday ban Nguyén Hung Cuong, xi
Nhon My, TX. An Nhon, tinh Binh Pinh d3 néu
duogc bai toan 79.1 va giai bai toan nay bang 2 cach:
Cdch 1 sit dung bd d& 3 trong bai viét trén, cdch 2 su
dung phwong phép biéu dién vecto. Xin hoan nghénh
ban.
LE MAI (Ha Ngi)
Mdi céc ban giri 161 gii bai toén 81 dudi day vé Toa
soan Tap chi TH&TT trudc ngay 29.2.2024.

BAI TOAN 81. Tim gia tri nho nhat va lém nhdt

cua ham so y = x" /2 —|x|.

TRAN BU'C PHUONG
(GV THPT Giao Thiiy, Nam Bjnk)
] TOAN
S§559(1-2024) & cr“g% 43




TIENG ANH QUA CAC BAI TOAN

BAI SO 100

PROBLEM. Giver

Solution.

Fix a coordinate plane on the grid. Then the
coordinates of the lattice point are either even or
odd integers, for examples A(2; —4), B(4; 3),
a-2; S)....

And with the above example, the midpoint of BC

hasmrdinms[% 3+5) (14),

Therefore, the midpoint in this case is also a
lattice point.
By this observation, we see that the “worst” case

happens when the first four points have

EXXEXXXXXRFEX

BAI DICH SO 98

B—\ITO-\.\ Chung mi 'nrwﬂ\*U 01 SO nguveén

‘(LY"L 'ALCM 0! rJ n ’1]:' \L fc

Loi giai. RO rang

a+N+2,(r+1)N+3,...,a+1)N+(n+1)

coordinates in the following pattern (odd, odd),
(odd, even), (even, odd), (even, even). But the
coordinates type of the fifth point must be one of
these four types, let say (odd, even). Then the
midpoint of the line segment form by the second
and the fifth point is also a lattice point.

TU VUNG

NGUYEN PHU HOANG LAN
(College of Science - Vietnam National University, Hanoi)

REXRXRXETR R R X

Nhgn xét. Kinay hai ban Nguyén Quoc Hoang
Anh, 9A, THCS Ly Nhat Quang, D6 Luong, Nghé
An va ban Nguyén Hung Cuomg, xi Nhon My,
TX. An Nhon, Binh Pinh c6 bai dich tot, giri bai
vé Toa soan som. Xin hoan nghénh hai ban.

HO HAI (Ha Néi)

xxt#:*;:x*;x*:*x***xtttg**xgx:‘x*;x*g*:xgt;‘xxxxxxkxxxwxskx_xx:kxxxx:kkstxxxxx*gix:ixx*xt!t

1a » hop sb lién tiép.
SAILAM..... (tiép theo rang 47)
Ta lai co:

z __x+iy _ (x+i)(x-4-0)

z-4 x+iy-4 (x-4+p)(x-4-)
(xz—4x+y) 4y1
GRS

) 1a s6 thudn ao khi va chi khi

z-4
X —4x+y*=0 (2).

Nhin thiy (1) I3 phuong trinh dudng tron tim
1,(0;3), ban kinh R =5, phuong trinh (2) la

44 TOMIOC  ssssou-sona

phuong trinh dudng tron tim 7,(2;0), ban kinh
R,=2. Vi I1, =13 nén

|R —R,|<II, <R +R,,
chimg t6 hai dudng tron d6 cit nhau tai hai diém
phén biét. Viy c6 hai sé phirc z théa min cac yéu
cdu cua bai toan.Chon dap D.
Cdc ban c6 dong y véi két qui hai ban Khanh
Linh, Dang Vinh tim dwgc khong?

NGUYEN VAN XA
(GV THPT Yén Phong s6 2, Bdc Ninh)



PROBLEMS IN . . . (Tiep theo trang 22)
Problem T9/559. Among the pairs of positive
umbers satisfyi

1 1 1 1

= —

Y T T
find the pair (x,; ¥,) where x, is smallest.
TOWARDS MATHEMATICAL OLYMPIAD

Problem T10/559 Find all positive integer n so
that there exists only one function f:R—>R
satisfying the conditions f(2023)=-1 and

S 2 f(y)+y"f(x) forevery x,yeR.

Problem T11/559. For a real number a, a
sequence (x,) is determined as follow

— AR -

x=a
{("+2°24)x... =nlog,(x’ +2)+2024, neN"’

Find the values of a so that the sequence (x,) has
the limit which is a finite number and find that
limit.

Problem T12/559 Given a triangle ABCwhich is
not equilateral. Let I,, I, I, respectively be the
excenters of the triangle ABC which correspond to
A, B, C. Let J,, Jy, J. respectively be the incenters
of I,BC, I,CA, I.AB. Show that the Euler lines of
1aJpJe, IpJ Jay 1) are concurrent.

Translated by NGUYEN PHU HOANG LAN
(College of Science — Vietnam national University, Hanoi)

bt e S s st st aa s

Gié\i ;ﬂ l/oéﬁm _,!
TOAN HON CA TON GIAO

Co nguweoi dat cau hoi
Hoc toan d@é lam gi?
Ma ton cong nhiec oc

Mo cong thiec ich chi?

Xin dwoc noi van tat
Song trén trai dat nay
O trong vii tru nita

Khong thiéu toan nwa giay

Toan la mot cong cu
“O sin”" cho moi nganh
Toan mo dwong dan 1o

Cho khoa hoc tién nhanh

Toan phuc vu cho toan
Cho tat ca chung ta
Noi dau ma co toan

Cuoc song no dav hoa

Boi vi chi co toan
Moi tuvet doi cong bang
Chan Iy dieoc ton trong

Lé phai khong bi "cong”

Ty toan la chan Iy
Nhimg meém mong la kv
Nhitng miii tén ao diéu

Soi sang moi loi di

Toan vieot Ién tinh toén
Thanh ton giao mé Iy
Nhiéu tin do "cuong dao”

“Twe” vi toan ... la chi.

VI THANH HOANG
(GV THPT Tinh Gia 3, TX. Nghi Son, Thanh Hoa)

TOAN HOC
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BAI TOAN 88 (V6 dich toan Hungary nim
2000). Trong mat phzfng cho m¢t tam giac. Hay
chi ra cach dung mot diém P nam bén trong
tam giac dé va thoa man diéu ki¢n: Néu tir P ta
ha cac duong vuéng goc xuong cdc canh tam
giac thi ba chan dwong vuong goc do tao thanh
mot tam giac nhan P la trong tam.

Loi giai. Trong tam giac ABC, dit a = BC,
b= CA, c = AB. Ggi P 1a diém nim bén trong tam
gidc ABC. Goi X, Y, Z lan lugt 12 chin cac duong
vudng goc ha tir P xudng ba canh tuong img BC,
CA,AB.Patx=PX,y=PY,z=PZ.

Ta ¢6: sin YPZ = sin(7 — ER‘) =sin BAC.
Tuong ty:
sin ZPX = sin C/‘E‘I, sin XPY = sinﬁ.
Dé& dang chimg minh cic ménh dé sau twong
duong:
1) P 1a trong tam tam giac XYZ. ‘
2) Céc tam gi4c YPZ, ZPX, XPY dong dang.

3) yz.sinﬁ’?=xzsinﬁ)\(=xy.sin)/a?}’.

4) sinB//rC_sinC/'ba:sinﬁ
X y z
5)£=£___£,
X y z

46 icrummé S 559(1-2024)

Ta c6 cach dyng diém P nhu sau:

Dyng duémg thdng song song va cach BC mit
doan bing a, nim cung phia voi A so voi duong
thing BC. Tuong ty, dung dub‘ng thing song song
va cach CA mét doan bing b, ndm ciing phla véi B
so vdi duemg thdng CA. Goi Q la giao diém cua
hai duong thing ndy. pé ¥ ring tia CQ di ngang
qua phén trong cua tam gléc ABC. Ly diém P’
bat ky trén CQ, xét ty sb hai khoang cach tir P’
dén duomg thing BC va duémg thing AB. Néu P’

tring O, ty sb nay bing _l; Vi tat ca cac diém P’
déu 12 4nh cta nhau qua phép vi ty tim C nén ty
. a

s6 nay doc lap voi P’ va ludn bang >
Ciing theo c4ch nhu vy, tir 4 ta ciing dung dugc
tia hudng vao tam giac ABC sao cho voi moi diém
P’ ndm trén tia nay thi ty s6 hai khoang céach tir P’
dén duong thing AB va duong thing CA ludn

s C
bang —.

&%
Hai tia néi trén cét nhau tai mét diém P ndm bén
trong tam giac. Ki hi¢u cac khoang cach nhu trén,
ta co: g=2 va 2=£.
x y y z

Tir d6 theo 5 ménh & twong duong trén, P la diém
phai dyng.

Nhdn xét. Rit tiéc 1a khong c6 ban nio tham gia giai
bai nay.

NHU HOANG




GIAI DAP: SAO LAI THE NHi ?

(Dé dang trén TH&TT s 554, thang 8 nim 2023)
Phén tich sai lam. Loi giai trén cia ban Dwong
sai do khi [z—w|=4+2J5 thi M,N,I,J thing
hang khi d6 s6 phirc w khong thoa mén w = iz.
Loi gidi ding. Goi M 1a diém biéu dién sé phic
z. Tu |z—1+3i]=2 suy ra diém M nim trén

duong tron tam 1 (1; —3) ban kinh R=2.

y
KE 4

2 4

14

" 0

Ta c6 OI=+10>2=0I >R = diém O nim
ngoai duong tron tam 7(1; —3) ban kinh R=2.
Taco: w=iz =|z-w=|z—iz =|(1-i)Z|
=|2|v2 =OM~2 <(0I +R)~2
=|z-w<(VI0+2)V2 |z -w <25+ 22

Viy gié trj 16n nhét cia |z— w| bing 245 +2V2.

Nhdn xét. Hoan nghénh ban Nguyén Hing Cuong, xa
Nhon My, TX. An Nhon, Binh Djnh da phat hi¢n dugc
sai 1dm va dura ra 1 giai ding.

KIHIVI

b, TN

A 70 SO N IS L AT S
Q‘ WRT AT ,.-Ev%}-\u &f;'u.\ o

SO THUAN AO !

P& bai. C6 bao nhiéu sé phirc z théa man

. \ \ A A ’
lz - 3z| =5va la so thuan ao?

7 —
A.0. B. V6 s6.

Loi gidi cia bgn Khdanh Linh:

Goi z=x+1iy vOi x,y e Rva i la don vi 0.

C.1. D.2.

Khi d6 |z —3{| =5 tré thanh x* +(y-3)" =25 (1).
Ta lai co:
z___x+iy _ (x+iy)(x—4-iy)
z-4 x+iy-4 (x—4+iy)(x—4—iy)
_(x2—4x+y2)—4yi

(x—4)2+y2
) 1a 56 thudn 4o khi va chi khi
z—
¥’ —4x+y*=0 (2).
Xét h¢ phuong trinh
x2+(y—3)2=25c;> 2x-3y=8
x*—4x+y* =0 x'—4x+y" =0
( _2x-8
=3
—1. e 8V
x2—4x+( = ) =0
L 3
_2x-8
C>ﬁy 3
\13x2 -68x+64=0 (3).

Phuong trinh (3) c6 hai nghi¢m phan bi¢t nén c6

hai s phirc z thda man cac yéu cau cua bai toan.

Chon dap D.

Loi gidi cua bgn Dang Vinh:

Goi z=x+iy vOi x,yeRva i 1a don vi d0. Khi

d6 |z-3i|=5 tro thanh x* +(y-3)" =25 ().
(Xem tiép trang 44)
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46 dung cia sich trich bay
:-X cac phuong phap giai phuong
-\ trinh v3i nghiém nguyén, von
E-mot dé tai ly thi clia S5 hoc va Bai s3,
tir cac hoc sinh nhd vi phing bai todn
nhu Tr@m trdu r3m oo dén cac chuyén
gia 10an hoc vai nhing bai toén nhy dinh
i lon Fermat
Sach gom 5 chuong:

@O thiéu cac phuong phap
thuang dung € giai phuong trinh nghiém
nguyen.

Chuong || g theéu nhing phuong trinh
W";.ui’%ws&x&mwm

~
-
LIUonNg

Chuong il oot thedu nhing bai ioan dua

vé gal phuong frinh nghém nguyén,
-~ - - -~ e ~

trong Go ©0 nhing 5a ©an vui, bai toan

thuc 8.

Chuong IV oo théu mdt sO phuang

trinh ﬂéh_érn nguysn mang t&n cac nha
toan hoc nhu 3
Drophante. ..

Chuong V gigi thiéu nhing phuang trinh
ngh¥ém nguyén chua Guoc giai Quyét va
nhing budc bén cua Toan hoc &€ gai
nhing phuong trinh nghém nguyén,

trong 46 ¢ nhing dong gop cua Andrew

Wiles ching minh Gnh Iy lon Fermat va
Gi2o su Ngo Bzo Chéu ching minh B3
dé co ban trong Chuong trinh Langiands.
Phuong trinh nghiém nguyén o0 O
phuong trinh it hon S5 @n nén doi héi
NQUOGi gidi toan phal van dung kién thac
sang 120, vi thé phuong trinh nghiém
nguyén thudng ©6 mat trong cac dé thi
SO Gén trung hoc phd tong. Cudn sach
Kinh nghiém g todn wé phuang tinh
nghiém nguyén nhu céch phan tich bai

toén, cach suy huén 62 tim hutng gii,
cach phan chia bai toan thanh nhing bai
todn nho dé gidi quyét hon, cach “dua
ki vé dé, dua Ia vé querT’, cach én hé
tinh hudng dang giai quyét vai nhing vén
@& mai, cach chon hudng di phil hop voi
ting bai toan dat ra ...t ca nhing diéu
6 Géu Ia nhing ki ndng ma mdi nguoi
cén 6 trong hoc t3p, trong nghién ol va
Vai nhiing cau tho ¢ Gau mGi chuong, vai
cach rinh by rd rang, dé hiu, tuoi mat,
VG nhing thong n cip nhat, voi nhing
kinh nghiém thuc #€ trong bdi dudng hoc
sinh gidi va vit sach, tac gia cudn sach,
NGND Vi Hilu Binh s& dem d&n cho ban
doc nhing kién thixc hé théng va nhing
kanh nghiém giai toan gaip gidi quyét mot
loai t0an kho & bac phd thong.

Tin rang cudn sach khong chi hiu ich
cho hoc sinh va thay ©5 giao, ma con &
i Béu tham khao 15t cho sinh vién va
giang vién cac trudng Bai hoc va Cao
ding nganh Toan, cing cac phu huynh
CO Nguyén vong g con em minh hoc
Toan 6t hon.
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