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0i dung cla séach trinh bay
Ncéc phuong phap giai phuong
g’n& trinh v6i nghiém nguyén, von

6t dé tai ly tha cta S6 hoc va Dai s6,
tur cac hoc sinh nho véi nhimg bai toan
nhu Trdm trau trdm co dén céac chuyén
gia toan hoc véi nhimg bai toan nhu dinh
Ii lon Fermat.
Sach gom 5 chuong:
Chuong | gioi thiéu cac phuong phap
thuong dung dé giai phuong trinh nghiém
nguyen.
Chuong Il giéi thiéu nhimg phuong trinh
nghiém nguyén duoc sap xép theo ting ngay.

Chuong 11l gidi thiéu nhumg bai toan dua
vé giai phuong trinh nghiém nguyén,
trong do ¢6 nhung bai toan vui, bai toan
thuc té.

Chuong IV gioi thieu mét s6 phuong
trinh nghiém nguyén mang tén cac nha
toan hoc nhu Pell, Pythagore, Fermat,
Diophante, ...

Chuong V gi6i thiéu nhing phuong trinh
nghiém nguyén chua duoc giai quyét va
nhing budc tién cla Toan hoc dé giai
nhing phuong trinh nghiém nguyén,
trong do c6 nhing dong gép cta Andrew
Wiles chimg minh dinh ly Ion Fermat va
Giao su Ngo Bdo Chau chung minh Bo
deé co ban trong Chuong trinh Langlands.
Phuong trinh nghiém nguyén c6 s
phuong trinh it hon s6 &n nén doi hoi
nguoi gidi toan phai van dung kién thuc
sang tao, vi thé phuong trinh nghiém
nguyén thuong cé mét trong cac dé thi
hoc sinh gidi tir bac tiéu hoc, trung hoc co
s dén trung hoc phd théng. Cudn sach
danh mét phan thich dang néu nhing
kinh nghiém giai toan vé phuong trinh
nghiém nguyén nhu cach phan tich bai

toan, cach suy luan dé tim huéng giai,

cach phan chia bai toan thanh nhing bai

toan nhd dé gidi quyét hon, cach “dua

kh6 vé dé, dua la vé quen’, cach lién hé
tinh huéng dang giai quyét voi nhimg vén
dé méi, cach chon huéng di phu hop voi
timg bai toan dét ra ...tAt ca nhimg diéu
d6 déu la nhimg ki ndng ma méi nguoi
can c6 trong hoc tap, trong nghién ciu va
trong cudc song.

Vi nhimg cau tho & dau méi chuong, voi
céach trinh bay r6 rang, dé hiéu, tuoi mat,
voi nhimg théng tin c&p nhat, véi nhimg
kinh nghiém thyc té trong boi dudng hoc
sinh gioi va viét sach, tac gia cudn sach,
NGND Vi Hiu Binh sé dem dén cho ban
doc nhimg kién thic hé théng va nhimg
kinh nghiém giai todn giup giai quyét mot
loai toan kho & bac phé thong.

Tin rdng cudn sach khong chi hiu ich
cho hoc sinh va thay c6 giao, ma con 1a
tai liéu tham khao t6t cho sinh vién va
giang vién cac truong Dai hoc va Cao
dang nganh Toan, cling cac phu huynh
c6 nguyén vong giup con em minh hoc
Toan tét hon.

BAN DOC CO THE MUA AN PHAM TREN TALI:
TOA SOAN TAP CHI'TOAN HOC VA TUOI TRE

DIA CHI: 187B, GIANG VO, HA NOI

DIEN THOAI PHAT HANH: 024.35142649 - 024.35682701
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Trong Tap chi Toan hoc va Tudi tré ¢6 bai toan
sau:

“Cho ABCD co canh a.

lren canh
M.N sao

hinh vuone

“&

> v A X y b
1B, BC [an /{n_l’f /",“ cac dicm cho

MDN = 45°. Tim vj tri cla M,N dé 46 dai dogn
thang MN ngan nhat”

(Bai T4/456, TH&TT, thang 6/2015).
Dé thuin tién cho viéc quan sat va so sanh chiing
t01 xin phép dua ra hai loi giai nhu sau:
Cach 1. (Hinh 1.1)

K
D C
N
AT 0 B
Hinh 1.1
Ta co:
MDN = 45°=> MDN = ADM + NDC = 45°.

Trén tia d6i cua tia CB lidy diém K sao cho
CK=AM. Vi AD=DC (canh hinh vudng),

DAM = DCK =90° nén ADAM =ADCK (c.g.c)=
DK =DM "
KDC = MDA=> KDM =90° = KDN = MDN =45°

AKDN vi AMDN c6 DN chung, két hop véi

(1) suy ra: AKDN =AMDN (c.g.c) = KN = MN

— MN + BN + MB =(KC +CN) + BN + MB
=(AM + MB) + (CN + NB)
=2a (khong dbi).

Dt MN =x,MB = y,BN =z. Ap dung bat ding
thuc Z(a2 +b2)2(a+b)2 va dinh ly Pythagore
vao ABMN ta co:

2(y* +2%)2(y+2) :>2x22(2a—x)2

=(22-2)a

dat

2x22a-x=> x>

o

Vay minmv=(2ﬁ —Z)a dugc  khi

=$—a(2 J’) khi d6 DM,DN thr tu

la phan giac cua cac goc A/D\B, CDB.
Cach 2. (Hinh 1.2)

y:

F
D C
_0
N
H
E 1 M B
Hinh 1.2

Ké DH L MN (HeMN) va qua D ké duong
thdng vudng goc voi DB cit cac tia BA,BC lan
luot tai E,F . Khi d6 ta c6 ABEF vudng can tai
B va CF=AE=a, DE=DF =a\2.

Ta c6 FDN +DNF = FDN + EDM (cing bang
135° )= DNF = EDM => AFDN «» AEMD (g.g)

DN FN=>DN FN
A/[D ED MD FD

(vi ED=FD)
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= ANDM <> ANFD (c.g.c)
— DNM =FND=>ND 1a tia phin gidc cua

MDF = NC = NH.

Tuong tyr: DH = DA. Suy ra:

MN = HN + HM = NC + AM
=NF+ME—(CF+AE):NF+ME—2a (n.

Taco: AFDN v AEMD = 12 _ FN
ME _ ED

= FN.ME = FD.ED =24’
Ap dung bét ding thic (a+b)’ > 4ab ta co:
(ME + NF)' > 4ME.NF =8a’

= ME+NF22aJ2 ().
Tir (1) va (2) suyra MN >2a (2 -1).

Vay minMN=2a(J§—1), dat dugc khi

ME = NF =a\2.
Nhdn xét.

- Cach 1 1a lo1 giai trong Tap chi. Pay 1a mot
161 giai hay va ciing kha quen thudc dbi véi nhiéu
nguoi.

- Cach 2 1a 101 giai ma ching t6i da tu tim ra
dugc trong qua trinh tim toi khai thac cua bai toan
co ban sau day:

Bai toan 1. Cho tam giac ABC cadn tai A c6 O la
trung diém BC. Trén cdc canh AB,AC lan luot
lay cic diém E, F sao cho géc EOF = ABC.
Chimg minh rang ABEO <> ACOF.

Loi gidi. (Hinh 2)

Hinh 2
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Ta co:

—~

B+ %) +5, =0, + (32 +(l)\l (cting biang 180%)

)

:iﬂﬁ.:(z 4—(31 :>E|=6; (vi B=0,).

A~

Xét ABEO va ACOF cé: E, =0, va B=C
= ABEO > ACOF (g.8).

Nhén xét 1.
cO CF
2
= BE.CF = OB.OC = Bf (1).

Mt khac: (BE-+CF) —4BECF=(BE—CF) 20

= (BE+CF)' 24BECF (2).
Tu (1) va (2) suy ra:
(BE +CFY' > BC* = BE+CF 2 BC (¥).

> B < 7 g B s
Dang thirc xay ra BE =CF = TC Tir do ta c6 bai

toan sau

Bai toan 2. Cho tam giac ABC can tai A co O la
trung diéem BC. Trén cac canh AB,AC lan luot
ldy cdc diéem E,F sao cho goc EOF = ABC. Xic
dinh vi tri cua cdc diéem E,F dé téng BE + CF
nhé nhat.

Nhin xét 2.

Ta c6 AE+ AF =(AB+ AC)—(BE +CF) (xem
hinh 2), két hop véi bat ding thirc (*) ta dugc
AE + AF <(AB+ AC)- BC (khong ddi). Tur do

ta c6 bai toan sau

Bai toan 3. Cho tam gidgc ABC can tai A ¢é O la
trung diém BC. Trén cac canh AB,AC lan luot

ldy cc diém E,F sao cho géc EOF = ABC. Xac

dinh vj tri cua cac diém E,F dé tong AE + AF

Iom nhat.




-'Vh{iﬂ Xxét 3.

Vi ABEO"’ACOF:—I%=(—)€ =

OF
(Vi OB=0C)
= ABEO > AOEF (c.g.c) = BEO = OEF

BE OF

BO OF

nén
EO 1a phan giac cua BEF.

Tuong tu FO la phin gidc cua CFE.

Ke¢ OH,OK.OI 1lan luot
AB.EF AC (H € AB.K € EF,I € AC)(xem hinh

vudng goc  vai
3). Khi 46 ta ¢6 EH = EK,FK = FI va cac diém
H.I 6 dinh —=BH=CI (khéng déi);
OH =OK =0I (khéng déi).

Taco: EF = EK + KF =EH + FI
=(BE+CF)-(BH +CI) =(BE + CF)-2BH.
Két hop voi bit ding thuc (*) suy ra

EF > BC -2BH (khong doi).

Mat khac: AOEF «» ABEO = OF _EF
BO EO
= OE.OF = BOEF = BCEF > BC(BC2— 2BH)‘

Tur do ta co bai toan sau

Bai toan 4. Cho tam giac ABC can tai A ¢6 O la
rrung diem BC. Trén cac canh AB,AC lan heot
lay cdc diém E.F sao cho géc EOF = 4BC. Xic
dinh vi tri cua cac diém E.F deé:

a) Pé dai doan thang EF ngan nhat.

b) Tich OE.OF nho nhat.

A
K F
E
H I
B 0o €
Hinh 3

Nhén xét 4.
Vi EK = EH.KF = FI néntaco:

AE + AF + EF = AE + AF + EK + KF
= AE + AF + EH + FI = AH + Al =2AH (khong
d6i). Tir 46 ta 6 bai todn sau:
Bai todn 5. Cho tam giac ABC can tai A co O la
trung diem BC. Trén cdic canh AB.AC lan luot
lav cic diéem E.F sao cho goc EOF = ABC.
Chimg minh rang chu vi cua tam giac AEF
khong phu thuoc vao vi tri cua cac diem E va F.
Nhan xét 5.
Vi EF =(BE+CF)-2BH
:BC+BE+FC+EF=BC+2(BE+CF)—ZBH,
két hop v&i bat dang thirc (*) ta co:

BC+BE+FC+EF>3BC-2BH.

Tur d6 ta co bai toan sau:
Bai todn 6. Cho tam giac ABC cadn tai A co O la
trung diém BC. Trén céac canh AB.AC lan leot
lay cdc diéem E.F sao cho géc EOF = ABC. Xic
dinh vi tri cua cdac diém E,F dé chu vi nr giac
BEFC nho nhat.
Nhan xét 6.
Taco: OK=0H va EF >BC-2BH

= - =%OK.EF > %OH(BC—ZBH) 3).
Mit khic: Sy =280 + Spon + Scr (4)-
Tu (3) va (4) suy ra:

Sserc 2OK(BC—-2BH)+ S04 +Scey (5).

Lai cd: S =S o0 — Sperc (6)
Tu (5) va (6) suy ra:

Ser S —OK(BC—ZBH)—S,O" -

(khong ddi) (7).

Tir d6 ta co bai toan sau:

TOAN
AHOC 3
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Bai todn 7. Cho tam giac ABC cdn tai A cé O la
trung diém BC. Trén cac canh AB.AC lan heot
lay cac diem EF sao cho goc F( )I ABC. X
dinh vi tri ctia cdc diem E F dé:

a) Dién tich tam giac OEF nho nhat.

b) Dién tich tr gige BEFC nho nht.

¢) Dién tich tam giac AEF lém nhat.

A

SAF B

AB AC S, S

_Sar (xem hinh 4)

ABC
= AE.AF = 2BACSur , két hop vai (7) ta co:
ABC
AE.AFSAB.AC(I_OK(BC—BH—CI)—SBOH—SCOIJ
SABC

(khdng d6i). Tir d6 ta c6 bai toan

Bai toan 8. Cho tam gidc ABC cdn tai A c6 O la
trung diém BC. Trén cac canh AB,AC lan lugt
lay cdc diém E,F sao cho goc EOF = 4BC. Xdc
dinh vi tri ciia cdc diém E,F dé tich AE.AF lom

nhat.
Nhin xét 8.
, AM EF
Ké AM LEF (M €EF), ta c0 Sz = >
= AM =2 (xem hinh 5)
EF

Ta lai co:

TOAN H :
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Saer S Sape ~ OK(BC - ZBH) —Spon ~ Scor
(theo nhén xét 6) va EF 2 BC ~ 2BH (theo nhan
xét 3). Tir d6 suy ra:

HES BC -2BH

(khong déi). Tir d6 ta c6 bai toan sau:

Bai toan 9. Cho tam gidac ABC can tai A co 0 la
trung diém BC. Trén cac canh AB,AC lan lweot
lay cic diém E,F sao cho goc /;7)/’ = 4;1’(
Xac dinh vi tri cua cac diem EF dé khoang cach

tir diém A dén EF lén nhat.

4
F
E
B 0 c

Hinh 5
Nhin xét 9.
Vi OH=0K =0I nén AB,AC,EF la cac tiép
tuyén cia duong tron tim O ban kinh OH (xem
hinh 6). Tr d6 ta c6 bai toan sau:

A




Bai todn 10 (Trich d¢ thi vao lop 10 THPT Ha

NQt  nam hoc 2000 20010). Cho duongy tron

() R) v ) \ \ &
\ g Vidd diem 4 nam ‘7‘1‘!i ngoal ,/’/(,«)p“: ron A’\

cac aep tuven AR AC va cat hoen

] . ¢
¥y . \ Y R
dieemg tron (B,C la hai tiep diem) Trén cung

} Re ™ \ . 4 i " ¢ .
nho BO cua ‘."uwn_‘; ron (. R) lu) diem K bar ki

‘.'k Ahae /\“(7)_

Tiep tuven tai K cua diweong tron

((R) cat AB, AC theo thu tr tai P,Q. Dieang

thang qua O va vuong goc voi OA cdt cde duong
thang AB, AC theo thie tw tai M, N, Chung minh

rang PM + QN > MN.

Bai 11 (D¢ tuyén sinh vao 16p 10 THPT chuyén
Phan B{i Chau, Ngh¢ An, nim hoc 2008 —
2009). Cho tam giac ABC cdn tai A. Goi O la
trung diém cua BC. Puong tron (O;R) tiép xuc
voi AB ¢ E, tiép xiic véi AC o F. Diém H chay
trén cung nho EF (H khac E,F). Tiép tuyén ciia
dwong tron tai H cat AB,AC lan luot tai M, N.
Xac dinh vi tri diém H sao cho dién tich tam gidc

AMN [om nhat.

Nhdn xét 10.
Chung ta tiép tuc khai thac bai ton 1 bang cach

dic biét hoa goc A. Chéng han:

. Néu A4=90° va AB=2a thi tam giac ABC
vubng can tai 4 (xem hinh 6). Khi d6 ta co:

OB=av2; BC=2\2a,
BH = CI = OH = OI = OK =a . Khi do:
+) EF 2 BC—2BH = EF >2a\2-2a

ADF tori

= 2(1(\/i - l)
(day 1a két qua cua bai toan T4/456).
+) AE + AF <(AB+ AC) - BC = 4a - 2av/2.
+) OE.OF 224" (2-42).

+) AE + AF + EF =2a.
+) BC + BE + FC + EF >23BC -2BH

=6\/§a—2a.
@ (V2-1).
+) Sypre 2 OK(BC—2BH )+ Spoy + Scor
=a*(2v2-1).
+) 8 gr <8 1 —OK (BC —2BH )~ Szon — Scor
=a*(3-242).

+) Sppp = ;OH(BC 2BH)=a

1) AEAF<ABA 0[1 OK(BC—BH—CI)—SBOH—SCO,]

SA.BC
=(10—4\/5)a2

9 AM < S 5c —OK (BC —2BH ) = Sy04 —
BC-2BH

(\/E—l)a

—

Tiur day chung ta co thé tao ra dugc mot chum bai

SCOI

toan cuc tri vé hinh vudéng giéng nhu bai T4/456
TH&TT, thang 6/2015.

« Tuong tu khi cho géc 4 nhén mot s6 gia tri dic
biat nhu A=60° hay 4=120° thi ching ta ciing

thu duoc cac bai toan cuc tri tuong ung.

Nhin xét 11.

Vi ABEO «» ACOF (theo bai to4n 1) suy ra:
BE _BO _, pg.cF=Boco.
co

Két qua nay hoan toan khong phu thudc vao vi tri
cua diém O nam trén canh BC.

TOﬁN HOC 5
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« Néu O 1a diém cb dinh thi ta co:
(BE + CF)' >4BE.CF = 4BO.CO

= BE + CF 2 2VBO.CO (khéng dbi).
Tir 46 ta co bai todn:
Bii todn 12. Cho ram giac ABC can tai 4 va mor
diem O c6 dinh thuoc canh BC (O khac B.C).
Trén cic canh AB,AC lan heot Iy céc diém
E.F bat ki sao cho chung khong trung voi cac
dinh cua tam giac va EOF = ABC. Xéc dinh vi tri
cua cac diem E.F dé :o'hg BE + CF dat gia tri
nho nhat.
« Néu O la mdt diém bat ki thi ta cé:
(BO + CO)

2

_BC?
4

BECF =BOCO<

(khong
doi). Tir d6 ta co bai toan:

Bai toan 13. Cho tam giac ABC can tai A. Trén
cac canh AB.BC,AC lan luot lay cdc diém
E.O.F bat ki sao cho ching khéng tring vdi cac
dinh ciia tam gidc va EOF = ABC. Xdc dink vi tri
cua diém O wén canh BCdé tich BE.CF dar gia
tri lom nhat.

BAI TAP VAN DUNG
1. Cho tam gisc ABC déu c6 O la trung diém
BC . Trén céc canh AB, AC lan lugt ldy cac diém
M,N sao cho goc MON =60° . Chimg minh ring
chu vi cia tam giac AMN khong phu thudce vao vi
tri cia cic diém M va N.
2.Cho O la trung diém doan AB. Trén cung mot
nira mit phing c6 b la canh AB Vvé tia Ax,By
ciing vudng goc vai AB. Trén tia Ax lay diém C
khac 4. Qua O vé duong thang vudng goc Vi
OC cit By tai D. Tim vi tri diém C tréntia Ax
dé dién tich tir gisc ABDC nhé nhat.

TOAN HOC
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1. Cho A4BC déu cb dinh va M la trung diém
ciia BC. Hai diém E.F theo thu tu di chuyén trén

canh 4B . AC cho goc EMF =60

(E = A.B:F = A.C). Xéc dinh diém E trén canh

sao

AB sao cho tong AE + AF lon nhat.

4. Cho tam giac ABC vudng céan tai A va trung
diém M cia canh BC. Tir dinh M v& goc c6 5o do
bing 45°, cic canh cua goc nay cat hai canh goc
vudng AB. AC cua tam gidc lan luot tai Eva F.
Hay xac dinh vi tri cia E.F sao cho dién tich tam
gidc MEF 1a nho nhat. Dién tich nho nhat do6
b?mg bao nhiéu?

5. Cho tam giac déu ABC. Trén cac canh
BC.AB.ACtheo tha ty liy ba diém bat k¥

M.N.P sao cho N khic A.B va MNP=60°.

Chimg minh 4B>2VAPBM . Dau “=" xay ra
khi nao?

(Thi HSG lop 9 tinh Binh Phwoc nam hoc 2021-
2022).

6. Cho hinh vuéng ABCD canh la a. Trén hai
canh AB va AD lan luot liy hai diém di dong
E.F saocho AE + EF + FA=2a. Tim vi td cua
cac diém E.F sao cho dién tich tam gidgc CEF
16n nhat. Tim gia tri 16n nhit d6.

7. Cho hinh vuéng ABCD canh la a. Trén hai
canh 4D va CD c6 hai diém di dong M.N

tuong mg sao cho MBN =45 Tim vi tri cua cic

diém M, N sao cho dién tich tam giac MDN 1én
nhat.

8.Cho tam gidc ABC can & B vacé ABC=40".
Goi O 1a trung diém cia AC, K 1 chan duong
vuong goc ha tr O xudng canh AB, (@) la duong
won tim O bén kinh OK, E 1a mot diém trén
canh B4 sao cho 40 =a(20° <o <90°). Tinh
@ d¢ AE + CF nhé nhit.



HUONG DAN GIAI DE THI TUYEN SINH VAO LOP 10
THPT CHUYEN TINH BAC GIANG
NAM HQC 2023 - 2024

Caw 1. 1.1, Rit gon biéu thirc

Q=] -

vai x>y > 0.
1.2. Cho duomg thang d co phwong trinh:
v=(3m+1)x—-6m—1,m la tham 0.

Tim m dé khoang cach tir goc toa do dén duong

thang d la lém nhat.

1.3. Tim tat ca cdc gia tri cua tham sé m dé

phiwong trinh
X =2(3m-1)x+m’—m—-4=0

co hai nghiém phan biét x,,x, thoa man

+[x,+x2-JZZ]=2008.

lx,+x:+ A
Loi gidi.
1.1. Tacé:
0= [ Jx = y) ]

x x22+y2
X =y

1 1

=Jx—y. +

* y[ﬁwh/x_y Jx+y_Jx_ny
5 4+
2y

_\/—_—,/x+y x* +y x2+y2

\/x —y y

1.2. Dé thiy duong thang d ludn di qua diém
M (2;1).Goi H la hinh chiéu vuéng goc cua O
trén duomg thing d. Suy ra OH <OM ,Vm.
Ta c6 dudng thing OM c6 phuong trinh Ia:

1

=—x.
Y=3

Do OM 1 d nén
1(3m+])s—]t>3m+l=—2<:>m=—l.
1.3. Phuong trinh
X =203m-1)x+m' -m-4=0(1)
c6 hai nghiém phan biét khi va chi khi
A'>0 c>(3m—l)2 —(mz -m—4)>0

<8m-5m+5>0

2
@S(m—ij +
, 16

Vay phuong trinh (1)luén c6 hai nghi¢ém phan

1—3£>0‘7 eR
32

bigt x,.%,.
Theo dinh ly Viéte, ta co:
{x, +x,=2(3m-1)

XX =m’'-m-4

Dt A=x +x,+xx,; B=x +x, —xx,.

Taco: AB=(x +x,)

2 2
x|+x—2) +3 2> s Vs X
2 4

— XX

Suyra A4 va B lubn cung dau, do dé:
|4|+|B|=|4+B|.
Vi vay:

|x, +x2+m‘+|xl+x2—\/g\=2008

<:>|x, +X, +Xx, +x +Xx, —\/xlx2|=2008

<:'>|Jc1 +x,| =1004 <:>2|3m—1|=100-4
<:>|3m—1[=502
503

m=—-
& 3 .

m=-167

) TOﬂN HOC
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Cﬁll 2- 2-'. LY‘."(”’ )"h!f(m“: I"f”h
WXx+I -Jx—l=x+7

2.2. Giat he phwong trinkh

vV x-2a=2

\‘\\‘"' ST DL U G I

Loi giai.

21L.DK: x21.

Tach: (N> x+3-4Vx+3+4+Jx- 10
o Wr+3-2+Vx-1=0

{JxTz

X =1,

Jx-1=0

X +x-2xy=2
2.2. Ta c6:
x*ext-42 y=4-4x)°

g
{x C2e

e (x‘—4x y+4xy? )+x2—4=0

-2xy=2-x
P

P_2xy=2-x
=
(x2—2xy +x’-4=0
{(2 x '+x’—4=0

_21}7
2x' —4x=0

{ ~2xy=2-x (%

0

(=

- Véi x=0, thay vao (*) ta dugc 0=2(v0 ly).
-Véi x=2, thay vao (*) tadugc y=1.

Viy hé phuong trinh 6 nghiém duy nhat (2:1).

3.1. Tim tdt cd cdc bo ba s nguven dwong

Ciu 3

(x:)3:2) thoa man pheong trinh sau

X+ yex (3y+2z)+y° (“*3—)
Yx+y)+dos= 2023

+Z

3.2.. Trén mai /’/mnq cho 2 x 2024 diem phan

> r
biét, trong d6 khong co bdt kv 3 diéem nao thang

TOAN HOC
8 crusitge
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s 210N (¢
Newwi ta to 2024 diem I shath
JYQU fa i -t

3
hane.
'

j s 5 2024 diem con
Cho bang mau do vd v <ve
) b rane. b CUT ¢
mayu xanh Chumy piine rany
] 1 ] jo
) N > ' en G
mot cach nor tat ca cdc @iedn

;- e /1 ! .
: ~VY iaan thane (mar aoan
dicm 2024 doa

ma xanh boi

.

g < ; : ] ut la mor cap d

thang co hai diem dau mut I
g

“1‘,:" A N do

M 3 3 3 b In O
vanh) sao cho hai doan thang

khong co diéem chung

Lo giai.
3.1) Taco:

x4y ex’ By+ 2z)+y (3x+ 2z)
+27 (x+y)+402=2023
oS XK+ }’3 + 3X:_)' +2x°z+ 3xy"+2y'z+z°x
+27y+4x0z=2023

o (x+ }')3 +2z(x +y)z +2°(x+y)=2023
o (x+ _v)[(x+ _v)2 +2:z(x+y)+ ::] =2023

Q(x+y)(.r+y+:): =7.17".
Vi x, y,z nguyén duong nén ta co:
X+y+z>x+y>0.
., |x+y=7 x+y=17
Do doé: . <> . .
x+y+z=17

Cé x+y=7ma x,y nguyén duong nén ta co:

1 |2 (3 (4 |5 Je6
Y16 |s [4 [3 [2 [1

Két Iugn: Cic b0 sb cin tim la: (1;6:10):

(2:5:10); (3:4; ;10)5(4;3; 10); 1552 :10) ;(6;1;10).
3.2) Xeéttat ca cac cach néi 2024 cdp diém (do vdi
xanh) bang 2024 doan thang. Céc cich ndi nhu
vay luén ludn ton tai va do chj co 2024 cap diém
nén so tat ca cdc cach nédi nhu vay 1a hiru han. Do
d6, it tim duoc mét cach ndi co tong do dai cac
doan thang 1a ngan nhit.

Ta chimg minh ring day la cach néj phai tim.

That vay, gia sit ngugc lai ta 6 haj doan thing AX
va BY ma cét nhau tai diém O (Giast 4 va B 0




mau dg, con X va ¥ 5 mau xanh). Khi d6, néu ta
thay doan thang AX va BY bang hai doan thing
AY va BX_ cac doan khac gir nguyeén thi ta cé
cach ndi ndy 6 tinh chét:
AY + BX < (A0 + OY)+(BO+0X)
=(A0+0X)+(BO+0Y)
= AY + BX < AX + BY.

Nhu vay: vige thay hai doan thing 4X va BY
bang hai doan thing AY va BX . ta nhin duoc
mot cach néi méi c6 tong o dai cdc doan thing la
nhé hon. V6 1y, vi trdi voi gia thiét la da chon mét
cach ndi co tdng cic do dai la bé nhat.
Didu v 1y d6 chimg to: Cach ndi c6 tong do dai
cac doan thing la ngin nhat 1a khéng c6 diém
chung.

Cau 4. Cho dwong tron (O: R) va day cung BC co
dinh cua dwong tron thoa man BC <2R. Mot
diém A di chuvén trén (O:R) sao cho tam giac

ABC co ba Cac

AD.BE.CF cua tam gigc ABC cat nhau tai H.

goc nhon. dwrong cao

Dwong phan giac cua CHE kéo ddi vé hai phia

cat AB va AC lan luot tai M va N.

4.1. Chung minh tam giac AMN can tai A.

4.2. Goi I,P,Q.J lan luot la hinh chiéu cua D

trén cac canh AB,BE,CF,AC. Chimg minh rang

bon diém I.P.Q.J cing nam trén mét duong

thang vuéng goc vai AO.

4.3. Pwong tron ngoai tiép tam giac AMN cat

dwong phdn giac trong cua BAC tai diém thir hai

K. Chumg minh rang HK luén di qua mgt diém co

dinh.

4.1.Vi BE L AC=E nén HEC =90°.

Vi CF L AB=F nén HFB=90°. Suyra:
FMH + MHF =90°; ENH + NHE =90° (1).

Vi HN la phan gidc cia géc CHE nén

CHN = NHE.
Lai c6 CHN = MHF (d4i dinh) nén
NHE = MHF (2).
Tu (1) va (2) suy ra:
FMH = ENH hay AMN = ANM.
Viy A4MN cin tai 4.

4.2. Taco: tir giac BIPD ndi tiép nén
IBD + IPD =180° (3);
IBD = FHA (cung phu vai géc ﬁH);
Lai c6: FHA=QHD (dbi dinh) = IBD = QHD.
Vi tir giac DPHQ ndi tiép nén
OHD = QPD = IBD = OPD (4).
Tir (3) va (4) suy ra: OPD+IPD=180° nén ba
diém J, P, O thing hang.
Chimg minh tuong tu ta dugc P, O, J thing hang.
Viy 4 diém I, P, Q, J thing hang.
Tir tir gidc BIPD ndi tiép suy ra MIP = PDB.
Lai c6 PD//AC (cung vudng goc voi BE ) nén
PDB = ACB.
Qua A ké tiép tuyén tAt' cua (O) suy ra:

AO L At; tAB = ACB (cung bing —;—st\B).

TOANHOC o

S48 560(2-2024) CTusitre




Suy ra t4l = AIP. Ma hai goc nay & vi tr so le

trong nén [P/ At = IP | 40 (dpcm).

Vi A4MN can tai A va 4K la phan gidc cua goc
MAN nén AK 1 trung truc cua MN, suy ra 4K 1a
dudng kinh cua dudng tron ngoai tiép AAMN. Do
d6: AMK = ANK =90° = KM // CF, KN // BE.

Goi R=KM nBH, S =KN N HC. Suy ra:
HRKS 1a hinh binh hanh
= HK di qua trung diém cua RS (5).

TeMR//FH = HR-FM.
RB MB

Vi HN 1a phan gidc cia goc CHE nén HM la phin

— FM FH
ac cua goc BHF = -
g m HB
HS EN

Tu SN// HE =
sC NC

— EN
Vi AN la phan giac cua goc CHE nenjvc—,—HC-

Tu AFHB ~AEHC (g.g) suy ra:
FH HE _ HR _ HS
_—
HB HC RB ~sc
= RS // BC (6).

Tir (5) va (6) suy ra HK ludén di qua trung diém

cua doan BC (cb dinh).

10 ORAge _ sdssomsons

.t el thiee dieomg@ va th
(\ﬁ‘l 5‘ (Al?t" X, V.2 57l1 cad SO ’/I'r\ ‘ I oa

man dieu kién x+ v+ =4

- 1, - .
- &5 g A v o hip e
Tim gia tri lom nhat cua bieu i

S . g 3 ol ke o » > = XVZ, tac@:
Lo gigi. Tir gia thiét x+y+2=1
1
_l_+—L+—’:1-
xy \'_‘_’ Xz

Déta=i~b=l l:abc>0 Gia thiét trg
X V

~

thanh: gb+bc+ca=1

b ¢
.. - A
Felne Tep iee

Dé y ring:
@’ +1=a*+ab+bc+ca=(a+b)(a+c);
b +1=b*+ab+bc+ca=(b+a)(b+c);
A +l=c* +ab+bc+ca=(c+a)(c+b).
Luc nay ta co:
_ a b c

- J(a+b)(a+c) N ,f(b+a)(b+c) ’ ,/’(c+a)(c+b)

o e B L L e
a+bVNa+c b+a\b+c c+a \Nc+b

Theo bat ding thirc Cauchy, ta c6:
1 ( a a b b c c )
= + + - +

+
2\a+b a+c b+a b+c c+a c+b

2 3_ .
Dau P=5=xayrakhivéchjkhi
a=b= c—ihayx:yzz:\/g,
NE)
Vay gid tri 16n nhat cia P 13 % dat dugc khi va
NGUYEN ANH TUAN

(Trwong THPT chuyén Bac Giang)
Gidi thiéu



DE THI TUYEN SINH VAO LOP 10 THPT CHUYEN HA NOI
NAM HOQC 2023 - 2024
Mén: TOAN (chuyén Toan)

(Thori gian lam bai: 150 phut)

Cau 1 (2,0 diém)
1) Giai phuong trinh
Jx-3-y2x-7=2x-8.
2) Cho a.b va ¢ 1a céc s6 thue khac 0 théa min
didu kién @' - =c.c'-b'=b va b’ -a’=a.

Chimg minh (a -b)(b-c)(c-a)=1.
Cau 11 (2,0 diém)
1) Cho ba s nguyén @b va ¢ thoa man

a® +b°> +¢* —2abe chia hét cho 6. Chimg minh
abc chia hét cho 54.

2) Tim tit ca cdp s6 nguyén duong (x.») thoa
min X’y —x'y—4x +5xy—y*=0.
Ciu 111 (2,0 diém)
1) Tim tit ca cip sd nguyén (x,y) sao cho xy la
s6 chinh phuong va x* + xy + »* 1a 56 nguyén to.
2) Vai cac s6 thuc khong am a.b va ¢ thoa man
a+2b+3c=1, tim gia tri 16n nhét va gid tri nho
nhét cua biéu thirc

P=(a+6b+6c)(a+b+c).
Cau IV (3.0 diém)
Cho tam giac ABC c6 ba géc nhon (AB< AC),

noi tiép duomg tron (O). Ba dudng cao AD,BE

va CF cuatam gidc ABC cung di qua diém H.

Duong thing EF cit duomg thing AD tai diém
Q. Goi M va [ lan lugt la trung diém cua cac
doan thing BC va AH. Duong thing [M cat
dudmg thing EF tai diém K.

1) Chimg minh tam giac AEK dong dang vai tam
giac ABM.

2) Duong thing EF cit duong thang BC tai
diém S. dudng thing S/ cit duong thaing MQ
tai diém 7. Chimg minh bon diém A.7.H va M
cung thudc mot duong tron.

3) Tia TH cit duong tron (O) tai diém P.
Chimg minh ba diém A4.K va P la ba diém thing
hang.

Cau V (1,0 diém)

Cho 2023 diém niam trong mdt hinh vudng canh
1. Mot tam gidc déu dugc goi la phu diém M néu
diém M nim trong tam giac hodc nam trén canh
cua tam giac.

1) Chimg minh tn tai tam giac déu canh % phu

it nhat 253 diém trong 2023 diém da cho.
2) Chimg minh ton tai tam giac déu canh % phu
it nhit 506 diém trong 2023 diém da cho.

TRINH HOAI DUONG
(GV THCS Giang V6, Ha Néi)
Gidi thi¢u

TOAN
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e R ﬁN nA N

THEO CHUONG TRINH VA SGR Mon

Trong chwong trinh mon Toin THPT trwoc day \a

chwong trinh 2018 hién nay, hinh hoc khong gian
(HHKG) dong mot vai tro quan trong, luon xugr
hién trong nhlmg cau khé cua cac dé thi chon hoc
sinh gioi cap Tinh, hodc la cdc cdu van dung, vin
dung cao trong de thi tot nghiép THPT. T, w duy
Iap lugn quy la vé quen luon dwoc dat lén hang
ddu khi xi I cdc bai todn nay vi tink hiéu qua,
thiét thuc cua phwong phap. Bai viét diea ra mot
bai toan ma qua viéc tim hiéu va phat trién bai
toan do, hy vong sé hinh thanh nén nhimg hwrong
tr duy, phan tich logic, ky nang can thiét cho hoc
sinh khi giai toan HHKG. Tir d6 gdy dung niém
dam mé Toan hoc noi chung va mén HHKG néi
riéeng.

1. BAI TOAN MO PAU

Bai toan. Cho hinh chop S.ABCD c6 dav ABCD
la hinh chir nhdt, canh bén S4 vuéng goc véi day.
Goi H, K lan lwot la hinh chiéu vuéng géc ciia A
trén cdc canh SB. SD.

a) Chimg minh rang SC L ( AHK).

b) Goi I la tam mar cau ngoai tiép hinh chdp
S.ABD. G la trong tam tam giac SBD. Chimg

—_— E:%ﬂ

IZTW HOC 56'560(2_”24)

a) Ta co:
AH 1 (SBC)= AH L SC
AK 1 (SCD)= AK 1 SC
b) D& thiy ba diém 4, B, D cung nhin SC dudi
mot goc vudng, do d6 tm / cua mat cau ngoai
tiép hinh chop S.ABCD la trung diém cua canh SC.
 [4S+4B+4D=3.4G
Taco: ¢~ —— _—— ___ __ .
AS+ AB+ AD=AS + AC=2.4]

= SC L (A4HK).

___2_

AG=—Al.
3

Trong v nay ta con tim dugc ban kinh mat cau

R=%\/AS3+ABI+ADZ.

II. PHAT TRIEN BAI TOAN MO PAU

T bai toan mé dau (BTMD) la choép tir gide
S.ABCD ta b6 di diém A4 dé tro thanh ta dién
SBCD . déng thai thém céc gia thiét nhu:

- Thay gia thiét tir gisc ABCD 1a hinh chir nhit
bang gia thiét tam giac BCD 1a vudng tai C.

- Thay gia thiét S4 L (ABCD) bang gia thiét hai
tam giac ASBC vudng & B va ASDC vudng O
D.

- Bo di diém A S

Tro thanh

D 2 o
€ D C

- Voi v:ec chan dwong cao dG dn, thi bai toan tro
nén rat kho, kho ngay tie buce vé hinh dé bat dau
lam, vi chén duong cao lg Yéu té quan trong nhat
cua mot bai toan hinh hoc khéng gian, hau het




tinh todn déu phdi thong qua né. Khi phat hién ra
nhitng yéu 16 b sung nhw vdy, ta xdac dinh chan
duong cao ké nir S dén mat phang (BCD) nhu sau

Trong  mp (BCD) k¢ dudmng
Dt//BC, Bt'//CD . Dat A= Dt Bt'.
D¢ théy tir gidc ABCD 1a hinh chit nhét. Suy ra:

céc thing

CD 1 Dt
{CD L sp=CP L(SDt)=> (BCD) L(SDt) (*).
CB 1 Bt
{CB | g = CB L(8Br') = (BCD) L (SBr')(*»)

TUr (*), (**) suyra (SDt) va (SBt') cing vuéng
géc voi mat day (BCD), nén giao tuyén
(SDt) N (SBt')=SA vudng gbc véi day (BCD)
<> 84 L (BCD).

Tong quit 1én ta c6 két qua:

o Néu hinh chép S.BCD ¢6 SDC = SBC =90° thi
chdn duong cao ha tir S xuéng diy (BCD) la
diém doi ximg ciia C qua diém K (véi K la tam
dwong tron ngoai tiép tam giac BCD).

Ly gidi diéu nay nhw sau:

- Goi I la trung diém cua SC suy ra
Bl =DI =CI =—;—SC. (Do hai tam giac SDC,
SBC la vuéng va BI, DI la cdc trung tuyén img
v6i canh huyén SC).

Xét hinh chép 1.BCD cé ba canh bén bang nhau,
nén chan dwong cao ha tr 1 xuong day chinh la
K tam dwong tron ngoai tiep tam giac BCD. Tur
do suy ra néu goi H la diém doi xung cua C qua
K thi dan dén SHI/IK = SH 1 (BCD).

S

e Gid thiét nhie bai toan mé déu, néu goi Q la
hinh chiéu vuéng goéc cia A trén SC thi bon
diém AH,K,Q dong phdng,
trén mdt phing qua A va vuéng goc voi SC,
nhdn xét nay c6 thé gap trong cdc bai todn dung
thiét dién, mdt phing qua A va vudng goc voi
SC hodc la cdc bai toan tinh goc, vi du nhu goc
giita hai mét phang (AHK) va (ABCD), ...

chiung cung nam

e Cho hinh chop S.ABD co6 ba canh AS,
AB, AD doi mét vuéng goc ta luén co A, G, I

: == 2= .. :
thang hang va thoa man AG = EAI , ngoai ra ban

kinh mat cau ngoai tiép chop

R=%\/AS2+ABZ+AD2 &5 I tim cou, C

trong tam tam gidc BDC) - Két qua nay dwoc rit
ra twy b cua BTMD.

I1I. DUA TREN NHUNG Y TUONG NAY, TA
CUNG DEN VOI MOT SO BAI TOAN SAU

Bai 1. Cho hinh chop S.ABC c6 day ABC la tam

giac vuong o A, AB=1, AC = J3, tam giac SAB

vuéng ¢ B, tam giac SAC vuéng ¢ C. Biét rang
khoang cdch tie diém C dén mp(SAB) bang g
Tim ban kinh mat cau ngoai tiép chop S.ABC.

Phéan tich. Bai todn chwa cho biét vi tri chéin
dwong cao cua chép, nhung @é bai c6 kha nhiéu
diém twong dong véi BTMP nhu: diy ABC la
mot tam gidc vuong & A, tam giac SAB vuong o
B, tam giac SAC vuéng o C. Diéu nay goi cho
chung ta lién tudng téi dinh con lai cua hinh chi
nhat ABHC.

S 560(2-2024)
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Lo giai.

Goi H la dinh tha tu cua hinh chiy nhit ABHC
taco: ABLBH, AB 1 SB= AB | (SBH)

= (SBH) L(4BC) (*).
Tuong tu: (SCH) L (ABC) (*%).

T (*), (**)= SH L(4BC). Mat ciu ngoai tiép
chop S.4BC cing chinh 1a mit ciu ngoai tiép
chop S.ABHC.

Goi K 1a hinh chiéu cia H trén SB. Ta c6:

.(S4B)) = HK =§;
J3SH
3

2
=SB*+ AB* = SH* =1

d(C.(S4B))=d(H

KH.SB=SH.BH = SB = =2SH.

Tacod: SA>=SH*+ AH*
:>R——SA——\/SH2 ‘/—

Bai 2. Cho hinh chop S.ABC co d‘a_v ABC la mot
tam giac vuéng cdn tai B, AB = 2a,
SAB=SCB=90° va goc gitta duwong thang BC
va mat phang (SAB) bang 30°. Tinh khoang
cach tir S dén duong thang AB.

Phan tich. Bai toén cé hai goc vuong nhung lai o
hai diém khac nhau, do d6 ta phdi ké thém hinh dé
don cac goc vuong vé mét diém, cé nhu vy mo’z
tim dwgc duwong thing vuong goc voi mat phang.
Mat khdc bai todn c6 gi thiét SAB =SCB=90°

cho ta xdc dinh ra chan duong cao theo y 1 cua

nhdn xét.
Loi giai.
TOAN HOC .
AT i P 2.-2024)
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Ké dudng thing CD//AB,CD = AB=BC 1 CD.

Mit khic BC L SC = BC L(SCD)
— (scD) L (4BC) (1),

S

Tuong tu ta cling suy ra dugc:

(54D) L (4BC) (2).
Tir (1), (2)suy ra SD L(A4BC) va ABCD la
hinh vuéng. Goi @ = (BC,(S4B)). Suy ra:
d(C,(S4B)) d(D,(54B))

sina =

CB CB
d(D,(S4B)) DH
4D AD’
1
<:>sin30°:% LI =>DH=—AD=a.
AD 2 AD 2
L L, 12:>SD:2"‘/5
DH> DA* DS 3
= SA=/SD? + 4D’ =4"3‘/§.

Bai 3. Cho nr dién ABCD c6 AB= AD =2,
CD =22, ABC = DAB =90°. Géc giita AD va
BC bcfng 45°. Tinh khoang cach gira hai dwong
thang AC, DB.

Phan tich. Gid thiét ABC = DAB=90° c6 vé
quen thudc, nhung ddy bai toan khé boi 1é gia
thiét thiéu madt mot géc vuéng ADC =90° rat
quan trong. Nhw vy dé xic dinh dwoc chin
dudng cao ta phdi tim két néi tir hai gia thiét
AB=AD=2, CD=22, (4C,BD)=45°

Léi gidi.

\




Dymg hinh vuéng ADHB, suy ra:

(4D.BC) = CBH =45° vd DH L (HCB).
Do d&:
=CH=2

DH 1 HC = AHDC  vudng cin
Xét AHBC c6 CBH=45°,CH=HB=2 nén
AHBC vudng can tai H. Didu nay dan dén:

CH_L(.{DHB):\CHLBD‘ ma BD 1 AH suy
ra: BD 1 (CHA). K¢ OK L AC (O= AH nBD)

J6

Bai 4. Cho hinh chop S.ABC co S4 vuong goc
vo1 dav (4BC), S4=2BC va BAC=120°. Goi H,
K lan lheot [a hinh chiéu cua A lén SB. SC. Tinh
goc gitra hai mar phang ( ABC) va (4HK).
Phan tich. Bai toan da bién neomg sang v 2 cua
muc nhan xét et BTMD.

Lon giai.

Dyng duong kinh AD cia dudng trdn ngoai tiép
tam gidc ABC.
Theo dinh li sin trong tam giac ABC thi

siAn 120°
Theo BTMD tacé SD L ( AHK). SA L( ABC).

Do dé: ((AHK).(ABC)) = (SD.S4) = ASD.

28C B

—_ Y \/3

an 45D = A2 _ ¥ -=—
sS4  2BC 3

= ASD =30°= ((ABC).(AHK)) = 30°.

Bai S. Cho hinh chop S.ABC co BAC =907
S4 = BC va S4 vuong goc voi mat phang (ABC)
Goi H. K lan heot la hinh chiéu cua A tren

SB. SC. Goi M la trung diém cua SA. G la trong

{HR

tdm tam giac ABC. Tinh ti so —
=
¢HK

Phén tich. Bai toan nay chan dwong cao hinh
chop SABC da ro, van de la so sanh thé tich cua
hai khoi chép M.AHK va G.AHK tré thanh so
sanh chiéu cao ké tir dinh M va G 161 mat phéng
(4HK ). do doé ddn dén viéc xac dinh dwong cao
ké nr M va G tdi mat phang (4HK), nic la xdc
dinh ra dwong thang vuéng goc voi madt phang
(AHK). Theo BTMD thi SD L (AHK) trong do

D la diém sao cho ABDC la hinh chir nhat. Tir do
ta co loi giai nhu sau

Lo gidi.
S

M

Dung hinh chir nhdt 4BDC va k¢ 4Q L SD tai
Q. chimg minh dugc bon diém 4, H.Q.K cing
nam trén mot mit phing vuéng goc véi SD .

Khi d6 ta c6 diéu sau:

TOAN
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Ve _ 4(M(4HK)) ;d(S:(AHK))

Viex d(Gi(AHK)) 1, . —
- (G ) ‘34(0;(.1111\’))

Mit khac S4 = BC = AD nén tam giac S4D can
tai 4,dan dén Q li trung diém cua SD.

Nén tr (*) suy ra "—‘”‘=§
Ve w2

Bai 6. Cho lang tru duimg ABC A'B'C' 6 div
ABC la tam giac vuong tai A, AB = a. AC = g3,
canh bén 44" =2a. Tink ban kinh mar cau ngoai
siép lang tru ABC.A'B'C’.

Phin tich. Mdt cau ngoai tiép hink lang tru dimg
ABCA'B'C'ciing chinh la mdt cau ngoagi tiép
hinh chop A'ABC (qua 4 diém khéng dong
plufng luén ton tai va duy nhat mér mat cau). Pén
dady thi bai todn da quay vé v b cua bai toén mo

Mit cdu ngoai tiép hinh ling tru dimg
ABCA'B'C’ cing chinh 1a mit cau ngoai teép
hinh chép 4’ ABC. Goi I la tim mit cau do, G la
trong tim A4'BC, theo BTMD thi:
Z.A_I=3A_G.=A7+TB+AC
=44 =(H+E+TE)‘

hay 4R’ =AA"+AB' + AC* =4a’ +a’ +3a =8a’.
Suy ra: R=a\2. ‘ |
Bai 7. Trong khong gian Oxyz, cho mat cau (S)

c6 tim 1{~1:0:2) di qua diém A(O:L:1). Xeét cdc

16TOMHOC

. cho AB.
1 \ - 367 )
D thuoc (S) s9¢ ¢

diem B, (.

- hhi> t1o M .‘ TV b
" - - i mbau iim the I i .
dol mot yvuong goc vat b

cua tie dien ABCD

Phén tich. Thé tich cua tr dién ABCD Ia

1% 1 AB.AC.AD. nhu vay ta can danh gid max
6

ciia tich AB.AC.AD. Két néi moi quan hé cua
AB. AC. AD va AI ta nhdn thay do la ¥ b cua
BTMD AB+ AC + AD =2Al. viéc con lai la don
gidn theo bat ddng thirc Cauchy.
Léi gigi. Ta co: IA=(L1;-1)= R=I4=3.
Cing tr AB+AC+AD=24] suy ra:

AB’ + AC* + AD" =4R°,
trcla AB°+AC+ AD* =12 (*).
Do ur dién ABCD c6 ba canh 4B, AC. AD ddi
mét vudng goc voi nhau nén ¢6 thé tich la:

1

V= EAB.AC.AD (**).

Tir (*) ta c6 danh gia theo BDT Cauchy:

122348 AC* AD* =12° » 27.(4B.AC.AD) .
Suyra: AB.AC.AD<S.
Déau "=" xay ra khi AB=AC=A4D=2.

Vay nén tir (**) sy ' 4
( ) vV ra mx,'sz—.

Bai 8. Trong khong  gian Oz, cho mar cdu

(S):(x+1) + (y=2) (22 3)
A(2:2:1).

=25 va diém
Xét cac diem B.C.p thuéc (S) sav

“ho . TR . 4
¢ 1B, AC, AD 4si MOt vudng ooc voi nhas

en——




linh khoang cach lom nhdrt i tam cua (§) den

mat phang (BCD).

Phén tich. Tim mdt ciu da xdic dinh la
I(=1;2;-3), mdt phing (BCD) thi con thay ddi,
nhung luén di qua mét diém ¢ dinh. Duya vio Yéu
(0 hai diém da cho la A(2;2:1) va I(-1,2;-3)dé
tim diém cé dinh do.

Loi gidi. Mat cau (S) c6 tam 1(-1;2;-3), bén
kinh R =35. Nhan thdy mit ciu

(8):(x+1)" +(y-2)" +(z+3)" =25

di qua diém 4(2;2;1). Theo BTMD, goi G Ia

trong tdm tam gidc BCD thi AG =§.TI, tir day

ta fim duoc toa 9 didm G(O;Z;—gj. Din dén

mit phing (BCD) luén di qua diém c6 dinh la

5

G| 0;2;——|.

[023)
Goi K la hinh chiéu vudng goc cia / 1én mit

phing (BCD). Khi dé:

5
: =IK<IG="=.
d(I;(BCD)) ;

5 :
vay maxd (I;(BCD)) =3 dat duge khi K =G.
Bai 9. Trong khong gian Oxyz, cho m@t cau (S)
co tam 1(1;2;3) ban kinh R=5 va diém
P(2;4;5) ndm bén trong mat cau. Qua P dung ba

diy cung AA', BB', CC' ciia mat cau (S§) dsi mot
vuong goc voi nhau. Dwung hinh hop chie nhat cé
ba kich thiege la PA, PB, PC. Goi PQ la duwong
chéo ciia hinh hép chir nhdt do, biét rang Q luén
chay trén mot mat cau co dinh. Tim ban kinh ciia
mat cau do.

Phan tich. Theo két qud ciia y b bai todn mo dau
thi PO =3PG vdi G la trong tam tam gidc ABC
, suy ra phép vi tu tam P ti sé k=3 bién diém
G thanh diém Q. Do d6 néu tim dwgc mat cau cé
dinh di qua G thi ta sé suy ra dwoc mdt cdu co
dinh di qua Q. Mat khéc thi TA+IB+IC =3.1G
va IA=IB=1IC =5, két néi cdc gia thiét nay lai
ta di tim mdt cau cé dinh di qua G .

Lai gidi.

Goi G la trong tim tam gidc ABC , khi d6
IA+1B+1IC =3.1G

=9IG* =3R* + 2(174.@ AR +I—C‘.L—4)

© 9IG* =9R’ +4IP.(PA+ PB + PC)
(*)-
bit G(x;y;z), R=5,1(1,2;3), P(2;4;5) vabién
ddi (*) ta duoc:

: 2 . 1020 26 47

& 3IG? =3R* +4IP.PG

V153

kinh R =X
3
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Mt khie theo BTMD suy ra PO =

PG, din dén

cophépvite V. G Q0 Viy diém Q chay

trén mit cau oo dinh o ban kinh

R = kR A\‘;

IV. BAI TAP CUNG CO

Bai 1. Cho hinh chop S 4BC b 4B=a.
AC = GI\E. SB>2a wa .;-B\(~ = B—-E\‘ = B‘z‘\s =90°.

Goi @ 13 goc mo boi duong thing SB va mat

phing (S4C). biat sina=\l—lll\ Tinh thé tich
khéi chop S.4BC.

Bai 2. Tinh ban kinh mat ciu ngoai tiép ur dién
ABCD biét 4B=2,CD=2y3,4BC=BAD=90°
v goc gitra 4D va BC bing 30°.

Bai 3. Cho hinh chop S 4BC co dév 4BC 1a tam
vaong @1 4. AB=a, AC=2a.

giac Bict

SBA=SCA=90° va khodng cich gira hai dudng
thing S4, BC bang % Tinh dién tich cua mat
cdu ngogi tiép hinh chép S.4BC.

Bai 4. Tinh ban kinh mit ciu ngoai tiép nr dién
ABCD biét 4B=2, CD=2V2,ABC=BAD=%0°
Va gbc gita AD va BC bing 45°

Bai 5. Cho tr dién ABCD biét 4B=AC=V2.
BC =2, DB=DC =+3.Géc gita hai mit phing
(ABC):(DBC) bing 45°. Tinh ban kinh mit cau
ngoai tiép tr dién ABCD .

Bai 6. Cho hinh chép S.4BC cd S4 L(ABC),
S4=AC=a. ABC=30°. Goi H.K lan luot la
hinh chiéu cia 4 trén SB, SC. Goi a la géc
gitta S4 va mit phing (AHK). Tinh sina.

Bai 7. Cho ti dién 4BCD c6 AD L(ABC), diy
ABC thoa man diéu kién

18 oma
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. N CA 4B
cot 4+ cot B+cot( B( M.

S .;-,A_A el -41'?]‘( R( R,‘ ( _'( B
. 1h chi¢u vuong goc cua 4

Goi H. K 1an ot 1a hir
lén DB va DC. Tinh thé tich ¥

ngogi tiép khéi chop A58 HK.
* oo day

cua khdi cay

B . \ 18(‘ ]é ¥
ii 8. (‘hl‘ hinh Ch\‘P 5..4”‘ ‘ am
) 24 's \ 4 "R =4d. R"(‘ =120°
:it o cﬁ“ ‘al A < 7 ]-l :

Biét goc gira SB \a day

SBA = SCA = 0°. "
(4BC) bing 60°. Tinh thé tich khoi chop S.48(C

AB=BC=CD=2,

Bai 9. Cho tr dién ABCD ¢0
AC=BD=1.4D=+3. Tinh ban kinh mit cau
ngoai tiép tr di¢n ABCD.

Bai 10. Trong khong gian OO0z, cho mit cau

(S): (\-—l) +(» ~2) +(z- ‘) =25
M (46:3). Qua diém M keé cdc tia My, My Mz

va  diém

doi mt vudng géc Vi nhau va cit mit ciu (S)
tai cdc diém twong Umg la 4. B, C. Biét mit
phing (ABC) luén di qua mdt diém co dinh, tim
toa d9 diém cd dinh do.

Bai 11. Trong khdng gian Oxyz, cho mit cau (S)
cd tim /(-L2:-1) di qua diém 4(0:1:-1). Xé&
(S) cho

AB, AC, AD ddi mdt vudng goc véi nhau. Tim

caic diém B.C.D thude sao

thé tich 16n nhét cua nr dién ABCD.

Bai 12. Trong khong gian Oxz , cho mit cdu (S)

0 tam /(-2:0:3) bin kinh R=4 va diem

M (-10:1) nim beén trong mit ciu. Qua M dung

ba ddy cung 44", BB, CC' cpa mat ciu (S) doi

mot vudng géc véi nhay, Dumg hinh hop chir nhét
o canh & M4, MB AqC Goi MN la duimg
chéo cua hinh hp chiy nhat do, biét ring N ludn

chay trén mot mat cau ¢ dinh. Tim ban kinh cua
mit cau dé.



Khi nghién clru cide qud tinh didn ra trong ty
nhicn (chang han: Qua trinh vt Iy, héa hoe, sinh
hoc,..) ta thudng &ip nhimg da lugng die
mmg bn‘n thién trong cac qua trinh do. O day,
n@urdt ta thudmg thay sy thay doi cua ot da
hreng thudmg keo theo sir bidn ddi cua mot dan
hwong khag Trong nhimg trudmg hop d6 ngun
ta nOI Ring @it cac dat luong bidn thign nay tdn
R mOr sw phy thude ham A khai niém ham 6
(thudmg goi it 13 kdm) clng bat ngudn wr do

L. Dgi lwpng la gi

Dai lupng 1a khdi nidm nguyén thuy khdng dinh
nghia duoe cda todn hoe. Vi du vé dai hugng o6
the néu 13 dai heomg Vo huomg (dic tnmg bai
mdt 6 14 56 do ciia nd) hay dai heomg vecto nhu
e va véin ti, ...

Trong thé gidi ma chung ta dang sdng, chi cin
thodng nhin ciing thiy ngay ring giéi tr nhién
va xd hdi quanh ta ludn ludn vin dong, bién ddi:
46 1a sy thay ddi nhigt d9, d9 am khong khi, e
thdi cia gid, viin téc cia cic phuong tign giao
Céc dai luong ob dinh (= khong ddi = bat bién)
la cwe ky hidém gip. Mt s6 vi du hiém hoi 6
thé néu la: ty s& d§ dai dudmg tron vai dudmg
kinh cua né ludn ludn bing 7 ; tong cic gdc
trong cita mt tam gidc bing 7 hay khi nén mt
chit khi Iy trong thi theo Dinh ludt Boyle -
Mariotte (1627 - 1691) tich cua thé tich khi véi
ap Iuc la dai luong khong doi.

Cac dai lugmg bién thién ¢o the phin thanh hai
nhom. Nhom thir nhat gdm cac dai lugng bién
thicn m¢t cach ny v, chung duge goi 1a nhimg
hicn doc Idp. Nhom thi hai gom nhimg dai
lugng bién thién ma sy bién ddi cia chung phy
thudc vao sy bién ddi cua cic dai lwgng bién
thien nhom thu nhat. Cac dai hrong nay duge
201 1 bién phyu thuge. Trong nhimg truomg hop
khi ¢6 m¢t dai lugng phy thude vao dai lugmg
khéc thi ngudi ta ndi ring gitra cdc dai lwong do
&3 on 1ai mot sw phy thuge ham. Nguo ta cho
ring mdt thanh tyu Iém lao (cua todn hec) 1a sy
phat hi¢n r ¥ niém V& phy thude hdm, cai ma
trude dy thuomg bj che lap ..

2. Thoi ky so khai: tir cé dgi dén thé ky XVII
Ngay tr thien nién ky thir har Tr.CN, bén canh
cac k¥ quan, cung di¢n va vurdm treo nguy nga
... ngudi Babylon ciing da dat trinh d§ cao vé
todn hoc. Trong cic bang "Van ne hinh ném”
bing dit sét nung con lwu @it dwoe, ngudi
Babylon da 1ap céc bang nghich ddo, bang cac
binh phwonmg, bang cdc lip phwong va bang
tong cac bink phwong va Igp phwomg.

Néi theo ngdn nglr ngdy nay thi d6 1a bang gia

- - ~ l b
ticiahdm y=—, y=x*, y=x', p=x?+x°.

X
Nho cic bang nay ngudi ta ¢6 thé gidi cic bai
todn ngugc: khai cidn va giai phwong trinh bic
hai. Tir d6 ho tinh dwge dd dai canh huyén tam
gidc vudng theo cdc canh gdc vudng cing tirc la
tinh gia tm cua ham f=\x+y® (dinh Iy
Pythagoras !)

TOAN HOC
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Cac nha toan hoc €O Hy Lap thi lat co gang

khong biéu dién cde dai heomg bing sé vi ho

bict ring ton tal nhimg doan thing vé wae ma

ho chua ¢o khat mém v& 86 vo ty. Mic du v by,
A

nhidu nghidn ciru ciia ho it hir ich cho kha

niém ham hai nghin ndm sau. Pye bidt, ho lap

duoc bang phu thuge gitta dai legmg cung va da
dai ddy cung tuomg umg cua nd. Thye chit lh’i
d4 1a bang g trj cua ham v = siny (W do dai
ddy cung ciing cung 2x (d9) biang 2Rsinx. R 1a
ban kinh dudmg tron).

Vide nghién ciru sy phy thude tdng quit giira
cac dai lwomg duge bt diu nr thé kv XIV bai

nhd todn hoc Phap N. Oresme (1323 - 1382).
Nhung budc tien chi ¢d duoe khi F. Viére

(1540 - 1603) phat trién cic nguyén I¥ cia Pai
50 chit trong thé kv XVI, cai ma trude 46 hon
mdt nghin ndm Diophantus da d& cip trong
tuyét pham "So hoc™ cua dng.

3. Todn hoc céc dai hwgng bién thién

Trong khoang thé ky XVI - XVII mot
diém m&i mé duge hinh thanh 1a thé gidi ndy
duoc dicu khién boi cac quy ludt cua gidi
nhién va cia xa hoi. Céc quy ludt 4o ¢d thé nhin
thire dwge. Dé hidu rd cdc quy ludt do va giai
quyét cac bai toan dugc dit ra, can phai ¢o
nhimg phuwong phap va khai niém toan hoc
méi. Va, chinh lac nay mot phat hi¢n thién tai
cua R. Descartes (1396 - 1630) da xuat hién va
di thim nhip vao todn hoc. tao nén mgt bude
nhay vot trong khoa hoc

quan

noi chung: do la dai
lieomg bién thién
Descartes. No da danh

dau mgt bwoc ngodc trong
toan hoc. Nho Pai so chir
cua F.Viéte va phat minh

toan hoc

kﬂ LO
nay., n

phuong phap 1ong quat dé

nghién cuu s¥ phu thudc

René Descartes
(1396-1630)

20 " Tas
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lan nhau gitra cac dai lueng

D¢ bicu didn cac dai luemg 1’&'\‘-'75"?0\' da ap
dung cac chir, con mdr quan hé gitra cac dai
lugng di biét va chua biet thi Ong bicu dién
dun dang phuong rinh. T1€p :‘nm.. l*.\:‘.i_ cach
chon dom vi do xdc dinh. co the hm.z didén moi
dai lrgng duge nghién ¢y bai cdc so. Tu do sw
dai furomg « Juven

tharnh e
nann su

phu thuge givra cac
phy thupe gitra cac 0

DSi véi ca Descartes, Fermat. Newron va
Leibniz thue chat khai ni¢m ham ma chi
mang ddc tinh truc giac va nd thuong gin
lién hoic véi hinh hoc hodic Vi co hoc: tung dd
cua diém trén duomg cong la ham cua hoanh d9.

quing dudmg va vin toc 1a ham cua thon gian

4. Sw xuat hi¢n thudt ngix ham. Quan diém

gidi tich

Ban thin thudt ngir "ham" (tiéng Latinh: functio
= tién hanh, hoan thanh) lin dau tién dugc nha
dain Buc
Leibniz s dung nam 1673

toan hoc Wi
trong buc thu ong gin cho
nha toan hoec C. Huvgens
(1629 - 1693). Trong
tai lidu khoa hoc thuidt ng
ham dugc ong

cac

dura vao tr
ndm 1694, Bat dau tr nam
1698 Leibniz ciing dua vao
lwong "bién thién™

G. W. Leibniz
(1646-1716)

thudt ngur dai

. va "khong
doi”.

Trong the ky XVII d& xuét hi¢n mot quan

diém méi: Xem ham nhy mot cong thire lién

két dai lrong ndy véi dai lugng khac. Po 1a

h vé khai niém ham. Lan diu
tién cach tiép can do duoc nha toan hoe Thuy
SY 1a J. Bernoulli (1667 - 1748) thé hi¢n trong
dinh nghia ham ma ong néu ra nam 1718

Qan vOi dinh nghia hién dai.

quan diém giai tic



Ham cua dai lwomg bién thién la dai liomg dwore
cau thanh bat lugn bang cach nao tir dai lwomg
bién thién do va cac hang so.
Pinh

J. Bernoulli 43 mang lai

nghia nay cua
cho thay ong (nha bac hoc
cao mén vi dai Leibnic)
mot sy hung khoi. Diéu
do da gor cho Leibniz mot

phong doan rang viéc

thoat khoi h¢ thuat ngu
hinh hoc sé danh dau mdt

h.+ - 1},
Johann Bernoull

(1667-174%)

that ky man cua toan hoc -
thoi kv nghién ciru cac ham nhu nhimg doi
tugng ddc lap dua trén céc s6 chir khong phai
dua trén hinh hoc.
Su dién dat mot cach dirt khoat dinh nghia ham
v&i quan diém giai tich ra d&i ndm 1748 bai hoc
tro cua J. Bernoulli 1a L. Euler:
Ham cua dai hrong bién
thién la mort biéu thirc gidi
tich dwoc thanh lgp bang
mot cach nao do tir dai
liromg bién thién dv va cdc
s6 hodc cdc dai lwong
khong doi.
Nhan thirc nhr vay vé ham
da kéo dai sudt ca thé ky
XVIIL Mot van dé gay
nhiéu tranh cdi d3 nay ra la: ham c6 thé duge cho
bdi cac cong thirc khac nhau trén cic phan khic
nhau cia mién xic dinh
hay khong?

L. Euler
(1707-1783)

Diéu khic mic nay cling
da qua di khi vao khoang
1807 - 1811 tai Vién Han
lam Khoa hoc (VHLKH)
Paris nha toan hoc Phap
J. Fourier (1768 - 1830)
tninh bay mdt bao cao
nghién ciu 1y thuyét

J. Fourier
(1768-1830)

truvén nhiét trong chat ran. Trong bao cdo nay
Fourier 43 dua ra nhimg vi du dau tién vé ham
dugc cho trén nhidu phan khac nhau boi céc
biéu thirc giai tich khac nhau.

Thé nhung do ngai va cham. mét thdi gian dai
vé sau nhiéu nha toan hoc van cd tranh néi dén
viéc cho ham thé nao. Chang han. nha toan hoc
Phap S. F. Lacroix (1765 - 1843) da dinh nghia
ham nhu sau:

"Mot dai hrong bat kv ma gia tri cua no phu
thuoc vao mot hav nhiéu dai lwomg khac deu
dwoc goi la ham cua cac dai lugng a':\' bat lugn
co6 cho biét hay khong nhimg phép todn nao
dwoc ap dung dé nr cac dai lwomg m thu dwoc
gia tri dai liromg thu nhar".

Pén khoang giira thé kv XIX khai niém ham da
thoat khoi khuon khé cuaa biéu thirc giai tich
cung nhu sy ngu tri cua cac cong thirc.

5. ¥ niém vé lugt neong img

Trude hét ta néi rd thé nao 1a luat twong img.
Gia su cho hai tap hop D va D° gém nhimg
phan tr tly v. Ngudi ta néi ring giira cic phan
tr cua D va cac phan tr caa D dugc thiér lgp
mot ludt neong umg hodc phép twong ung néu ta
thiét lap dwgc mot quy tic ghép ching thanh
timg cdp sao cho mdi cip gobm mot phin tir cua
D va mét phan tr cia D’. Hai phin tir trong
cung mét cap duoc goi la fwong wmg voi nhau
trong phép tuong umg do.

Trong cac dinh nghia ham ma ta da néu (nhat 1a
trong dinh nghia c6 su dung phuong phap giai
tich) nguon ta thay thap thoang ¥ niém vé mot
lujt twong Umg .... Vé sau nguoi ta da chimg to
ring: "Ham la mot phép twong img™ "

Trong nua diu thé kv XIX cac nha toan hoc
hing ddu B. Bolzamo (1781 - 1848), N. I
Lobachevski (1792 - 1856), L. Dirichlet (1805 -
1859) ...gan nhu c6 chung quan diém ring

1) Xem L. D. Kudnavsev, Giai tich toan hoc, 1973
{Mos).
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can hodn thi¢n dmh nghia méi vé ham. Trong
dinh nghia dé can thé
hién n{1 dung: ham la
mdt ludt trong img gitra
cac tip hop sd, trong do
luit twong \mg cin duoc
hiéu hodc la sw liér ké
hodc mgt quy tdc téng
quit nao d6. Néu ky
hiéu quy luat twong img
1a /. tdp xdc dinh 1a D va
tap @d tri la D* thi ndi

B.Bolzalo
(1781-184%)

dung trén 6 thé mo ta don gidn la: D—s D’

hay .n%y 1))
va thong thudng tir (1) nguoi ta ky hiéu ham la
\=j(1) xeD, yveD*.

o5 Vao nam 1837, nha
toan hoc DPuc L.
Dirichlet & phat biéu
dinh nghia téng quat
hon vé ham véi su
xuit hién thuit ngu
"ludt twong Umg":

Pai hwrong y duoc goi
la ham cua dai lwong
bién thién x (trén doan

mcuatow'aavabd‘eu

L. Dirichles
(1805-1839)

a < x < b) néu moi gia
ntwong umg voi mot gia tri hoan toan xdc dinh v
bat lugn phép tromg img d6 dupc xac ldp lﬁng
cdch nao: bang céng thirc gidi tich, bang do thi,
b&"g bang hodac tham chi bang loi.

Theo dinh nghia nay, kho ham so dugc m& rong
hon rat nhiéu. trong d6 ¢ ca nhimg ham dugc
cho nhé sw dién dat bang loi. .
Ching han, him Dirichlet bing 1 khi x 1 s0 hiru
ty va bing 0 khi x 1a v ty. Chinh Dirichlet
cling nhgn xét ring tuy hinh thic cd vé "bt
thudng" nhung d6 1a ham chan chinh vi no thoa
mdn dinh nghia di phat biéu.

22 0RO
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5 thé ¢o. Li
Trong kho tang vo tin cac ham €0 - ch

sur toan hoc dd chimg to rang chi mot nhom rat

ua trinh van
it cac ham la thuomg gdp trong cac g

dong cua Gigi ty nhién va chung dugc khao sit

dau tién.

D6 la cic ham: ham hing v = ¢ — T
liy thira; hiam ma va ham logarit. cac ham
ac nguoc. Cac ham

¢ = const; ham

lugng giac va ham luong gl

nay dugc goi la ham so cap co ban hay ham so

(ap co s¢. Moi ham thu dugc nho ap dung mét
s0 hiru han lan cac phep tinh sé hoc va phép hop
ham (ham sé cua ham s6 f(g(x))) thuc hién trén
cic ham so cdp co ban dugc goi 1a ham so cap
6. Khai ni¢m tong quat vé ham.

Tur nira sau thé ky XIX khi 1y thuyét tong quat
vé tdp hop da duoc kién tao ngudi ta mai va 1@
ra ring trong khai niém ham ca x lan y hoan
toan khong nhat thiét phai 1a cac so.

Gio diy dinh nghia méi vé ham dugc nguoi ta
phat biéu nhur sau.

Néu méi phan tir x cua tdp hop D déu neomg
umg vGi mot phan tir xdc dinh ¥ nao do cua tap
hop D* thi ngwoi ta néi rang trén tap hop D da
cho ham y = fix). hodc néi rang tip hop D
dwoc anh xa lén tdp hop D*.

Kyhidw: f: DD

X y= -f(x)

)

Trong trudng hop thir nhit cac phan nr cua D
duoc goi 1a cac gid tri cua bién doc ldp (hay ddi
s0) con phan tr y cua tp hop D* duoe goi 12
gid tri cuia ham; trong tnrong hop thi hai thi x
dugc ot 13 nghich anh va y dugc 201 la anh cua
x qua anh xa f.

Trong ky hi¢u (2) ca D 1an D* ddu 1a nhing tap
hop cic phan ur co ban chat ty y. Néu D* la
tap hop s6 (so thye hoac sO phirc) thi £ duoce 201
1a ham s6; néu D* gom Cac vecto thi f duoe

£01 1a ham vecto; néu D* 13 tap hop cac phan
tr wy v thi / duoc goi 1a dnk xa.



Va&i nghia hién dai, cac ham dugc xét xac dinh
di véi tap hop gid tri x c6 thé khong lap i1ét
doan a < x < b duge noi dén trong dinh nghia
cua Dirichlet. Ching han néu D=N,D’ =R va
ludt twong tmg 1a: mdi s tw nhién néu » e N ddu
twong mg vdi mot s6 thue a, = f(n) thi
a, = f(n)la day ) quen thugc. Nhu vay day
s6 la ham cua doi sé tu nhién.

T dinh nghia méi vé ham ciing suy rang thudt
ngir "ham" va "anh xa" la dong nghia va do la
hai tén goi cua cung mot khai niém.

Sang thé ky XX, do su phat trién nhu vii bio
cua Giai tich va Giai tich ham ma khai niém cét
16i vé ham - anh xa lai duoc cac nha toan hoc
hang dau luu tdm dic biét.

Chang han, trong cubn chuyén khao "Nhdp mén
Iy thuyét tip hop va topé dai cuong"
(Mos.1977) cua minh, Vién si VHLKH Lién X6
P.S. Aleksandrov (1896 - 1982) da phat biéu
dinh nghia ham - anh xa dudi dang:

Néu bang mét phwong thike nao dé méi phan tir
x cua tdp hop D ndo dé déu dwoc dat twong img
véi phan tie y xdc dinh cia tdp hop D* ndo do
thi ta viét f:D— D" va néi rang dd xdc dinh
dwoc mot anh xa tur tap hop D dén tap hop D*,
hodc noi rc%ng da xac dinh mot ham f ma déi so
cua no chay trén tdp hop D con gia tri cua no
thuoc tap hop D*.

Pé chi rang phan tir y da cho tuong tng voi
phan tir x ta viét y = f{x) va néi rang y la anh
ctia phan tir x qua anh xa f.

Trudc khi néu vai vi du ta luu y ring dé kiém
tra tuong (mg f:D-—D'cd la anh xa hay
khong ta can kiém tra hai diéu kién sau day:

Aq. Su tén tai: Voi moi xeD ton tai yeD*
sao cho y = f(x).

Ay. Tinh duy nhdt: Véi mdi phan tit xeD thi
phén tir y =f(x) 1a duy nhit.

Ta xét vai vi du.

Vidu 1. Gia su D=R va D" =R. Khi do luat

twong vng f:D— D" cho boi hé thic fix) = x

la mot anh xa.

I. Su ton tai: v&i moi xeD cho trudc bao gio

cling ton tai ye D* dé y = flx) = x.

2. Tinh duy nhét: Gia sit x,x, €D va x, =x,.

Ta cin ching minh ring f(x,)=f(x,). That

vay, theo dinh nghia tuong Gng f ta co:
Jx)=xva f(x)=x.

Nhung vi x, =x, nén f(x)= f(x,) va tinh duy

nhét dugc chimg minh. Vay £ 13 4nh xa.

Vi du 2. Gia si D va D* nhu trong vi du 1 va

ludt twong vmg f dwoc cho boi hé thirc x° = y°.

Khi do f khong la anh xa.

R& rang 1a diéu kién ton tai duoc thoéa man.

Nhung diéu kién duy nhit khong thoa min.

That vady, voi x = 1eD thi s€ c6 hai gia tri

y,=1 va y,=-1 thuéc D* cung théa man hé
thirc x* = y*. Do d6 fkhong 1a anh xa.

Vi du 3. Gia sir cho doan thang D =[0;27|eR
va ludt twong img f cho img moi gia tri
a €[0;27] voi diém cua mat phang R* (véi hé
toa do Descartes) co hoanh do sina va tung do
cosa.Khi do f la anh xa.

Truéc hét ca hai diéu kién A} va Ay déu thoa
man. Do d6 f1a é4nh xa. Tiép theo ta xem D* 1a
gi. Vi sin’o + cos’a = 1 nén anh (sina, cosa) cua
didm o thudc dudng tron don vi va chay hét
duong tron d6 khi 0< a < 27 . Nhu vdy f la
4nh xa doan thang [0, 2] 1én dudng tron don vi.

Nhu vay ta da lan theo su phat trién khai niém
ham tir cdi ngudn dén nhimg khai quat hoa hién
dai. Gioi tu nhién van dong khong ngung va
cing voi né khai niém ham va toan hoc noi
chung cling tién hoa khong bao gio ngung ...
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CAC LOP THCS
Bai T1/560 (Lép 6). Cho t6ng A= p* +95, trong
dopla s6 nguyén t6. Tim P sao cho 4 ¢6 ding 8
ude s6 nguyén duong.
NGUYEN TAN NGOC
(GV THCS P. Binh Djnh, An Nhon, Binh Dinh)
Bai T2/560 (Lép 7). Cho

3 4 5

2023
A= + + +...+
1.245 2356 3.46.7

2021.2022.2024.2025°

So sanh A4 va %
NGUYEN i?I'IC TAN
(TP. Hé Chi Minh)
Bii T3/560. Chimg minh ring v&i moi s tu nhién
n thi hiéu (2n)*" -1 khéng thé 1a liy thira ctia
mot s6 tu nhién véi s6 mii nguyén duong va 16n
hon 1.
PAO VAN NAM
(GV TH&THCS May Academy, Ha Noi)
Bai T4/560. Cho diém A nim ngoai dudng tron
(0) . Qua 4 ké hai tiép tuyén AB, AC véi (O)
(B, C thudc (0)). Ké dudng kinh CD cua (O0). Tiép
tuyén tai D cua (O) cét duong thing BC tai E, AD
cat BC tai I. Chirng minh O vudng goc v&i AE.

BUI VAN CHI
(S6 nha 21/2, dwomg Lé Hong Phong, TP. Quy Nhon,
Binh Binh)

Bai T5/560. Cho x,  1a cac sé thyc thoa mén dicu

kién 2x* —3xy+4y* =6. Tim gia tri 16n nhit va
gi4 trj nho nhat ctia biéu thuc P =x" +2y’.

NGUYEN MINH THQ

(214 Pi¢n Bién Phi, Q.3, TP. HO Chi Minh)

TOAN H
24 Cruﬁigec'

S6 560(2-2024)

CAC LOP THPT
BAi T6/560. Cho céc s6 thye @, b, ¢ 16n hon 1 thoa
miin 2(a + b +¢) = ab + bc +cd: Chimg minh ring

a b J 2 2\/5.

g

PHAM DUY KHANH
GV THPT Quy Chau, Nghé An)

Bii T7/560. Cho a, b, ¢ 1a céc so thyc thoa man

@’ +b? +¢* =3. Tim gié trj 160 nhat va nho nhit

ctia biéu thirc
p_-_|a+b+3c|+|a+3b+c|+|3a+b+c|.

VU HONG PHONG
(GV THPT Tién Du 1, Béc Ninh)

Bai T8/560. Cho diém M nam trong tam gidc
nhon ABC. Goi D, E, F lan lugt 13 hinh chicu
vudng géc cia M trén AB, BC, CA. Chirng minh

VAN
MD? + ME* + MF* > (MA.smz)

Y

+ (MB.sin g—) - [MC.sin —i—j .

LA DAI CUONG
(GV THPT Cam L§, Quang Tri)
Bai T9/560. Cho a, b, ¢ la cac sé thuc duong.
Chung minh ring
bc N ca N ab
(a+b)a+c) (b+c)b+a) (c+a)(c+b)
3 IM(M —m)’

i g
4 4(a+b)b+c)c+a)

trong 46 M =max{a,b,c}, m=min{a,b,c}.
NGUYEN VIET HUNG
(GV THPT chuyén KHTN, PHQOG Ha Nji)
TIEN TOT OLYMPIC TOAN
Bai T10/560. Tim tét ca cac sé nguyén t6 p, q sao
p*+1|2023¢ +1

cho .
7 +1| 2023” +1

NGUYEN TUAN NGOC
(GV THPT chuyén Tién Giang)



Bai T11'S60. Cho ham $6 £ :(0;450) — (0; +a0)
théa man diéu kign: f(3x) > _/‘(%./‘(2)()% 2x

voi moi x > 0. Chimg minh rang /(x)>x v&i moi
x>0.

LE XUAN PAI
(GV THPT chuyén Vinh phiic)

Bai T12/560 Cho tam gidc ABC noi tiép dudng
tron (O) va mét diém P bat ky nam trong tam giac
ABC. Gia st BP cit AC tai E, CP cit AB tai F, EF
cit BC tai D va AD cit lai (O) tai mot diém Q
khac 4. Goi R 1a giao diém cia PQ va EF. Chimg
minh rang dudng tron duong kinh DR va dudng
tron (O) tryuc giao.

(Hai dudng tron duge goi 1a tryc giao néu chung

cit nhau va tiép tuyén cia hai duong tron tai mdi
giao diém vuéng goc v6i nhau).

PHAM GIA HUNG

(SV Dai hoc Bach Khoa Ha Noi)

Bai 1.1/560. Mt con lic 10 xo dat trén mat
phing nim ngang gom 10 xo nhe c6
6 clmg 20 N/m va vat nho khoi lugng 400 g. Hé
s6 ma sat trugt giita vat va mat ph'fmg ngang la
0,1. Ban dau giir vat ¢ vj tri 10 xo bi dan 6 cm roi
budng nhe dé con lic dao dong tit dan. Lay g = 10
m/s%, Ké tir lic buéng vat cho dén thoi diém toc
d¢ cua vat bat ddu giam, thé nang cia con lac 1o
xo da giam mat lugng bang bao nhiéu?

VIET CUONG (Ha Noi)
Bai 1.2/560. Chiéu 4nh séng trang c6 budc song tir
0,38 pm dén 0,76 mm vao hai khe trong thi nghi¢m
Y-ang. Tai vi tri ung véi van sang bac 3 cua anh
sang tim c6 budc séng A = 0,4 wm con cb van sang
clia 4nh sang c6 budc séng bang bao nhiéu?

THANH LAM (Ha Néi)

PROBLEMS IN THIS ISSUE

FOR SECONDARY SCHOOL

Problem T1/560 (For 6" grade). Let A=p®+95,

where p is some prime number. Find p so that 4
has exactly 8 positive factors.

Problem T2/560 (For 7" grade). Let

3 4 5) 2023
A= + + +..+ 3
15264.5:. 2.3.5.6 ..3:4.6.7 2021.2022.2024.2025

Compare 4 and %

Problem T3/560. Show that, for every natural

2022n

number n, the difference (2n)" " —1 cannot be a

power of some natural number with the integer

exponent which is greater than 1.

Problem T4/560. Suppose that 4 is a point lying
outside a circle (O). Draw two tangents AB, AC to
(0), (B, C belong to (0)). Draw the diameter CD.
The tangent at D of (O) intersects the line BC at E,

and AD intersects BC at I. Show that OI is
perpendicular to AE.

Problem T5/560. Suppose that x, y are real
numbers satisfying 2x* —3xy + 4y =6.
Find the minimum and maximum values of the
expression P =x"+2y°.

FOR HIGH SCHOOL

Problem T6/560. Given real numbers a, b, ¢
which are greater than 1 and satisfy
2(a+b+c)=ab+bc+ca.

a 3 b Y é 3’9
Jor -1 =t Jadietr

Problem T7/560. Give real numbers a, b, ¢

V3.

Show that

satisfying a® +b” + ¢’ =3. Find the minimum and
maximum values of the expression

P=|a+b+3c|+|a+3b+c[+[3a+b+c|.

(Xem déep theo rang 33)
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Bai T1/556. Cho a va b la cdc s6 nguyén duong
thay doi sao cho tong A = a’ + b’ chia hét cho
147. Tim gia tri nho nhat cua A.
Loi gidgi. Gia sira va b la cac s6 nguyén duong ma
tdng A = a’ + b’ chia hét cho 147 =3.7.
Pita =3¢ + rvéi sb tu nhién ¢ va s6 du rbé‘mg 0;
1: 2 thi at= (3c <+ r)2= 9¢2 + 6cr + 1
= 3(302+ 2cr) + .
Sé # chia cho 3 cho s& du 1a 0 hodc 1, nhu thé
@’ =3d + s véi d 1a s6 nguyén duong va s bang 0
hodc 1. Tuong tw xét s6 b = 3e + ¢ v&i s6 ty nhién
e, s6 du ¢ ta co b* = 3g + v voi g la sb nguyén
dwong va v bang 0 hoac 1. Lic d6
PF+b=3d+g) +s+v.

Do &*+ b® chia hét cho 3 thi s + v chia hét cho 3,
nhung s + v < 2 nén diéu nay chi xay ra khi
s=v=0,dodér=t=0,thclaa=3cvab=3e
véi ¢, e 1a sé nguyén duong. Tiép theo c6 hai
cach giai.
Cach 1. Tt a=3c va b =3e thi

a*+ b*=9c% + 9¢* —9(c +é)
chia hét cho 147 = 3.7 ma (9, 7) = 1 nén
¢+ ¢ chia hét cho 7%, tirc 1a ¢+ €° = Tk véi k 1a
s6 nguyén duong.
Néuk=1thi +e*=7"va 1<c<7,1<e<T.
Luc d6: *=7"—¢&*=(7—e)(7 +e).
Diéu nay chi xay ra khi ¢ =0 va e =7 hoac ¢ =7
va e = 0, khong théa man.
Néuk=2thi *+ ¢ =72=7"+7,lacdé
c=e=Tva a+ b =21>+21>= 882 =6.147.
Vay s6 4 = a*+ b* nho nhat chia hét cho 147 1a

A=a"+b*=21*+21%=882.
Céch 2. Pt a = 7Th + r vi s6 tu nhién h va sb du
rbangO 1;2;3;4;5;6thi

a*=(Th +r)’= 49h2+ 14hr + 7
=7(Th*+ 2hr) + ”.

Sé #* chia cho 7 cho s6 du 12 0; 1; 2; 4, nhur thé

2 6 T(?g'rwgcé S8 560(2-2024)

a’= Tk + s véi k 1a s6 nguycn duong va s bang 0;
Ly 2 4 Tuong tu xét s6 b= Tm + t v3i so tur nhién
m, s6 du 1 ta co b*=Tn + v voi n la s6 nguyén
duong va v bang 0; 1; 2; 4. Lic d6
a+ b= Tk +n)+s+wv
Do a® + b” chia hét cho 7 thi s + v chia hét cho 7,
nhung s + v chi c6 thé 1a: 0, 1, 2, 3, 4, 5, 6, 8 nén
diéu nay chi xay ra khi s =v=0,dodér=1=0,
teclaa="T7hvab="Tm.
Do(3,7)=1thia=3.7p=2Ilpvab=3"79=2lq
véi p va q la cac s6 nguyén dwong, luc do:
P+ b =215+ 2124 = 212+ P)
=3.147(p* + ¢°).

S6 4 = @ + b* nhé nhéat chia hét cho 147 khi p va
g 1a cac sb nguyén duong nho nhét, tirc la
p=q=1,lacd6 A=d’+b’=3.147.2=882.
Vay sb 4 = a* + b* nho nhit chia hét cho 147 la
A=d+ b =21"+21"=882.
Nhin xét. St dung cach ching minh thir hai ta thay
bai toan vin dung khi thay sé nguyén t6 3 hodc 7 bai
s6 nguyén t6 dang 4k + 3 voi k la s6 nguyén duong.
Céc ban sau c6 16i giai dung. Nghé An: Hoang Durc
Minh, 6C, THCS Ping Thai Mai, TP. Vinh; Nguyén
Sy Bdo Long, Nguyén Dinh Gia Hung, Phan Trong
Khai, 6B, THCS Ly Nhat Quang, B6 Luong; Quang
Ngai: Nguyén Thi Thiiy Duong, 7A, THCS Nguyén
Kim Vang, Nghia Hanh; Nwéc Cong Hoa Ao, TP
Grar: Lé Bach Hai Pang, 16p 1B, truong Qubc té
song ngir cap 2, 3 GIBS.

NGUYEN VIET HAI

Bai T2/556. Tim phdn nguyén cua tich 2014 s6

1 1 1
hang sau P=|1+— || 1+— 1+ .
= ( 12)( 22J [ 20142j
1 1 1
Loi giai. Bat P, = 1+ 1+2 11+ |-
n

Ta co [1"‘ ] k)l)nen

Re(teg )1 J {7 )
<2[l 2+1)) ( nm]

2237 ..

(1.3).(2.4)-(n-

)(n+1)



=2 ; =— ()
1.2 (n=1)n(n+1) n+l ns+l '
\ Y
Mit khac P, =| l+lji |‘\L‘ | .zp_‘_\»
l\ l “\ 2- \ y
S+ =<1+ — - 1+—| >5(2
W) T | s khi n (2).
Cho nén, tr (1) ta ¢o:
{ \ {
P:ou=?l l.“l'* l ]LI"- l ,\;
\ ’ 2! 2014° )
4’0]4 80\6
2015 2015

Tu (2) ta co:

_(1 1\; 1) |
}’NN—-L +I—:; l+?‘!.-.k]¢‘,014~ ‘[

) / :
>Ll+ l}LhLL} ' l\}z""l>3.
1°) 22) U % 72
Suy ra phan nguyén cua

(1Y, 1 X
P=P_\,,,=kl+—:](l+?} ( wou’\l

Nhdn xét. Co6 hai ban giri bai kv nay déu co dap sé
dung: Nghé An: Hoang Durc Minh, 6C THCS Dang
Thai Mai, TP. Vinh; Pha Tho: Cao Duy Humg, 7TA
THCS Nguyen Quang Bich, Tam Nong.

Co mdt ban gin bai giai khong ghi tn ho cing
khong ghi tén trudmg 1op.

VU PINH HOA
Bai T3/556. Pat

VAR 11
PR PP PRI [ P |
(l+1+3)( 5+7) ( 2013 2015]

Chuimg minh rang 43 <M <51.

Léi gigi. Vi s6 tr nhién a. ta cd

/1 1 1 }3 (a2+6a+7)
- + = -
t a+l a+3) (a+l)’(a+3)

(a +6a+7)
(a+1)(a+3)

(a:+6a+5)(a:+6a+9)_a+5

(a+l):(a+3): a+l

Lan luot thay a =0,4.8,....2012 taco:

AR A TAN S AN A 1Y
=l lv-+- 1+ -
Y —(l*1+3)('+5+7§ i 2013 2015 )

SO
>§-9—li ._017=2017
159 2013

Suy aM> \,"2(” 7>43 (h. Dé‘

\/ \j ] l
11 1 l.,]

\— |.;._ — N+ —4— + - 1
9T 13 18 2013 2015

\
\ ¢ \
I IRTAN B I 47
Jl*—*— s

I s 7)) 18

—=>M=

Vi so nguyén duong a. ta cd:

1) (a" +6a+7)
\ "a+l a+3) (a¢l):{xl*3):

(a* +6a+8) (a+2) (a+4) a-+4
<= = .

(a1 1](a+3 -1] ala=2)(a=4) @

Lan luot thay a =8,12....,2012 ta co:
1 Y
2015/

\
12 16 2016

s
8 12

-
Taco: M =:4—'_“\‘<4—:i
15 15

Tu (1) va (2) suy ra diéu phai chimg minh.
Nhgn xét. 1) Diéu then chot cua loi giai nay la
1 1 Y

. .. a+5 |
chimg minh <|1+ +— <
a+l \ a+l a+3) a

252 <51 ().

a+4

Vi a 1a s6 tr nhién dé bidu thirc ¢o nghia.
2) Két qua 43< M <51 la uéc lugng qua rong déi
v&i M. Ching han, néu sir dung bit ding thirc

1 1 Y a=+5
1+ + l >
\ a=+l a+3’ a+l
A 7 2/
voi N‘ tl.;..l_.i._l_\ ’ lJ.l.J__l_
9 11)\ 13 15)
x’l—;— - - 1 \
U 2013 20135,
- 47 7 -~ . 2
mldlayM=—E*\',taseduqcuochmngtothon

Cic ban sau day c6 bai giai tot:

Ha Noi: Ngo Mink Chan, 9A3, TH&THCS
Archimedes Pong Anh: Ngh¢ An: Pham Quang
Thang, 7C, THCS Hé Xuin Huong., Quynh Luu;
TP. Hd Chi Minh: Nguwvén Chdnh Thién, 912,
THCS Lé Quy Pon, quin 3. Hai ban Ngo Minh
Chdn va Phgm Quang Thing tm ra két qua
46 <M <50.

NGUYEN ANH DUNG
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Bai T4/556. Cho tam giac ABC ¢6 BC < CA < AB
noi ticp dwong tron (). Piweong phdn gidc trong
cua cac goc B va C lan leot cat dwong tron (0)
1ai E va F. Lay K doi xing véi O qua EF. Duong
tron (K, KA) cat AB, AC lan lwot tai diém thir hai
P, Q: CF cat BQ ¢ M; BE cat CP ¢ N. Chimg
minh tir giac BMNC noi tiép.

Loi gidgi. RS rang EA = EC. Tir OK | EF nén OK la
trung truc ciia EF (tinh chét duong kinh — day cung),
suy ra OEKF 13 hinh thoi. Do d6: OF // EK, OF // FK.
Do OF 1 AB nén EK 1 AB, tir d6 suy ra EK la trung
true cia doan AP, nén EA = EP. Vay EP=EC (1).
Lai c6: BPE =180° — APE =180° — PAE = BCE.
Mat khac: PBE = Cﬁ nén FE\B = C{EE Suy ra:
ABPE = ABCE (g.c.g) = BP = BC (2). Tir (1) va (2)
suyra: BE 1 PC.
Twong tu ta c6: CQ = CB, FQ=FBnén CF L OB.
Tir BMC = BNC = 90° nén tir gidc BCNM 1a tir gidc
ndi tiép.
Nhdn xét. Chi co ban Trinh Ba Hiéu, 9A, THCS L&
Hong Phong, Hung Nguyén, Nghé An cho 10 giai tot.
NGUYEN THANH HONG

Bai T5/556. Cho a, b, ¢ la ba so thugc doan
: 1 225
[1; 4]. Chirng minh (a+b+c) l+l+-_]<__.
a b e 16
Lai gidi. Cach 1. Vi 1< a <4 nén (a— 1)a-4 =0,
ticla a*+4<5aq (1).
Via >0 nén chia hai vé cua (1) cho a, ta co:

a+i35.
a

TOAN H
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Déu bang xay ra khi va chi khia = 1 hoaca = 4.
Lap ludn hoan toan tuong tu, ta cung co:
4
b+i35; c+—<5.
b c
Cong theo vé ba bat ding thirc trén, ta dugc

4
a+b+c+i+i+—S15.
a b c

2
, 7 ) ¥ i A g
Ap dung bat dang thuc: xy < (_x4_y)_ (dau bang

xay ra khi x = y), ta co:

4 4 4Y
4 a4 O s
(a+b+c)(—+—+—JS <—
a b c 4 4
1 1 1) 225
ha +b+c) —+—+—|<— (2).
y (a C)(a 5 C) T (2)
Déiu biang ¢ bat ding thirc (2) xdy ra khi va chi khi
a,b,c e {l;4}
S T P (3)
a

Nhung khong c6 gia tri nao cua a, b, ¢ €{l;4}
thoa man (3). Vi viy du bang & bit ding thirc (2)
225

khong xay ra. Vay (a+b+c)(l+l+l)<ﬁ_

a b c
Bai toan da dugc chirng minh.
Cach 2. Ta s& chung minh mot bat dang thic

22
16
a a b b ¢ c¢ 21

S—+—+—+—+—+—-<— ().
c a ¢ a b 2

manh hon: (a+b+c)(1+l+l)sﬂ(<
a b ¢ 2

That vay, vai tro a, b, ¢ nhu nhau nén khong giam
tdng quat ta c6 thé gia sira > b > c. Khi do:
(@a-b)(b-c)>0 & b +ac<ab+be(1).

Vi ab > 0 va be > 0 nén lan luot chia hai vé cua
(1) cho ab va bc, ta nhan dugc:

bCarf@: e84 ),

a b a c b c
Cong theo vé cua (2) va (3), ta duoc:



a .a ¢ |
Ditet=—,thi —+—=r+-,
C ¢ a !
Dol<c<as<d nénl <r<4 suynra:
(-HH-DN<0S4r-17r+4<0
o 4 :+1\§$l7 < t+1SE:i+£$£ (3).
k t) tr 4 ¢ a 4

T (4) va (5) suy ra:

8D BT 5, 1T 2

b ¢ a ¢ a b 4 2
Bat dang thirc (*) da dugc chimg minh. Ding thire
xdy ra khi trong ba s6 a. b, ¢ ¢6 hai s bing 1 va
mot s6 bang 4, hodc ¢6 hai sd bing 4 va mot sb
bing 1.
Nhgn xét. Bai nay cic ban tham gia gui bai déu cho
101 giai trong tu theo mét rong hai cach rén. Tuyén
duong cac ban sau co 1on1 giai lap luan chit ché va
ngin gon: TP. Ho Chi Minh: Ngunvén Chdnh Thién,
912, THCS Lé Quy Don; Nghé An: Trinh Bd Hiéu,
9A. THCS L& Hong Phong. Hung Nguyén: Hung
Yén: Lé Tuan Hiép. 8C, THCS Poan Thi Diém. Yén
M3

PHAM THI BACH NGQC

Bai T6/556. Giai phwromg trinh

Pl oy L +5x+5-P2r—2+x -3¢ -4=0.
Léi giai. Didu kién: x' —2x" +35x+5>0. Dicu
kién nay cho ta x>-2.

That vidy ham s6 f(x)=x-2x"+5x+5 o
f(x)=3x -4x+5>0 voi moi x nén f(x)
dong bién trén R. Vi f(-2)=-21<0 nén w
dicu kién f(x)20> f(-2) @ co ngay x>-2.
Nhu vay ta chi can giai phuong trinh trén khoang
(-2.+x). Kiém tra tryc tiép x=1 1a nghiém cua

phuong trinh. Bay gior ta xét voi x>-2.x=1 va
viét lai phuong trinh ban dau nhu sau:

2;_\,"_\-3 —2x7 +5x+5 ——(x+2)]+

+[(x-1)-32x

Cha y 1a: Vx' -2 +5x+5—(x+2)

]H —3x7 +x+1=0 (1).

_2x 4 5x+5—(x+2)
B \,/XT—Z_r:+Sx+S +(.r+2)

(x-1) -(2x-2)

(x=1)-V2x-2= - , :
(x=1) —(.\'—I)Ul —2*‘(2:-3)‘

nén néu khai trién va rit gon tr s6 ¢ cac phan thirc
trén thi ta ¢ thé viét lai (1) thanh

(‘Ii—.}.\’:*.T*I)A(,r):O (2)
trong d6 A(x)=— — +
VX' = 2x" +5x+5+(x+2)

2 1 ’,_.____*'l>0

(x=1) +(x=1)¥2x-2+3(2x-2)

véi moi x>-2.x#1. Do dé. phuong trinh (2)

tuong duong véi: X’ —3x" +x+1=0

=S (.r—l)(.t: -2x-— l)= 0.
Giai véi dicu kién x#1, ta tim duoc hai nghiém
la x=1-v2 va x=1+v2. Cac nghiém nay déu
thoa man phuong trinh. Vaiy tip nghiém cua
phuong trinh d3 cho 1a S—\l 14314 "1.
Nhdn xét. Day la bai toan giai phuong trinh co ban,
sir dung hromg lién hop dé khir can, tir d6 dua duoc
phuong trinh di cho vé phuong trinh tich. Pang tiéc
trong tat ca cac 151 giai g tdi Toa soan, khong co
161 gidi nao hoan chinh. Pa s6 cic ban déu mic mdt
trong cac 16i sau:
- Khi sir dung hrong lién hop dé viét

~ Jo A-B
B2 B e

cic ban déu quén mat ring cac mau sd co thé bing 0.
Phai chac chan mau khac 0 mdi viét duoc nhu trén.
- Mgt s6 ban khong chi ra x> -2 ma két luin ngay
A(x)>0 1a chua chit che.

NGUYEN TIEN LAM

Bai T7/556. Tim rat ca cac so ne nhién x va so
nguvén v thoa man dang thurc

l x+y
y —_—
%: n‘_\j_u 19

>

Q4

— X(.\-“":‘ =x )~y

dong théi x + ¥ la ldp phuwomg cia mér so
nguyen.

Loi gidi. RS rang x = y = 0 khong thoa man yéu
cau bai toan. Vdi cac sé tr nhién x va sd nguyeén y

S5 560(2-2024)
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khong dong théi bing 0  thi
20 +250 1 + ™ > 0. Khi do:
D log.(xf + 3™+ 1 + ™
=log. (0™ + 1)+ ™ 41

(do ham s

3 e w3
oxr+y =™+ ()

f)=log,r+1 o (1) =h+-:-l >0, ¥r>0
{ S

nén ddng bién trén khoang (0; +x)).

« Néu x = 1 thi (2) ding v&i moi v. Do d6 cac cip

sO nguyén (x; ¥) = (1; k) théamdn (2). ke Z

Xét I+t’=a'voi acZ Kh 3 n oo

(@a—kXa" +ak +4&7)=1.Dan i

[a-k=a' +ak+k"=1 _ 3 +3k=1 Tk=0

! N N L —1 R o -

la—k=a"+ak+k*=-1 [ -3k+2=0 [k=-]

Thir lai ta thiy cic cip sO (x: ») bang (I: 0),

(1: -1) thoa min véu cau bai todn.

e Néux =1 thi 2) ro thinh: x° —1=(x-1)™
& (x=Ia* + ¥ +x +x+ D =(x -1
o+ +xr+x+1=y" 3L

V& xeN thi

3x° +35x° +3x20. Dan i

exter s s+x+lsxt +40 + 67 +4x+l
=(.r+l)' (E3)

TrG)va@uocd: x' <™ <@x+D"

Ma xeN, yeZ nén (™)' =(x+D". Thay vio

(3) ta duoc: x+x -+_\‘:+_l‘-a>l=(x+n'

e +x¥sx+1>0 WA

S +5r +3x=0=x=0.

Khi x = 0 ta dwge: 3™ =1 y=21. Hién nhién
hic ndy x* + y* 13 lip phuong ciia mot sO nguyén.
Ta dugc thém hai cip s6 (x; v) 12 (0: 1) va (0; -1)
thoa min bai todn.

Viy od tit ca 4 cip sd (x; ») 1a (1 0% (L -1
(0: 1), (0: -1) thoa min bai todn. _
Nhén xét. Bai toén khong qua kho nhung hay. Diém
miu cht rong In giai b toan la bicn di ding thire
diéukién\échnglﬁn\dgmmg.(ixdétimm
dimg thirc (2). Da s céc ban oo 11 gidi fwong tr nhy

trén. Mot sO ban khong tim du nghiém vi o0 nhimg
dinh gia khong ding Cic ban o0 lon gai w0t la
Quing Binh: Poin Ngoc Dwy, Ngwven Thank Hai,
DO Thi Thank Thao. 12 Todn 1. Pham Thi My Hank,
12 Todn 2, Hoang Kim Loc, 11 Toan 1. THPT
chuvén Vo Nguvén Gidp: Pha Yém: Hivmh Trin
Gia Huwv. 10 Toan 1. THPT chuyén Luong Vin
Chanh.

TRAN HUU NAM
(O Hai diém B. C mam trong (O) sso cho
ABC=90". Mt dwomg thing chuyén dong qua C
cdt (0) tai D, E. Goi H. K ién hwot lé trec 1ém cua
tam gigc ABD, ABE. Chimg mink HK luon di gua
Loi giagi. (Theo ban Nguven An Thinh, Truomg
THPT chuyén Tran Phu, Hai Phéng).
Goi H,. K, theo thir tr la cac diém ddi xung vai
H. K qua AB: H. K: 1a cac diém thoa man:

HH.=BC=KK..

4

Dé y ring H-K: 12 anh cia HX qua hop ciia phép
4di xumg truc 4B va phép tinh tién theo vecto BC
(phép ddi ximg truc 4B dugx thye hidn mude). Ta
s chimg minh H:K: ludn di qua mdt diém o
dinh. Thit vdv. goi F 12 giao diém cua 4B vin
duimg won (O), gia st FC cat dudng ron (0) i
F'. Tacé: CH.D=BH D=BHD=RB4D=FFD.
Suy ra tr gidgc CFH.D ndi iép. Mat khac:
EK.C=K,CB=KBC=BAE=180' - EFC,

suy ra o gidc K-EF C ndi tiép. T 46 néu goi £,



5,

A

Fiil W

la giao drém cua EX van dwimg tron (O) (£, khic

— P . ‘asbseY a+b+e)
E)ythi CFX, =E ED=EDH,=IN' -CFH,. ¢ +m-)—, o' e
Suy ra ba &iém Ky £, H: thing hing. Do do asbec)™
HK; & qua &idm £ O dinh. =ac| ——— |
> - R » ~ > . ~ S = » » ~ \ N
Kér fugm: HK' Tudn & qua anh cia diém Fqua  Cing vé véi vé cac bit ding thirc ta duge:
hop cua phép 30 xumg truc 48 va phép unh tién J,b“ X
theo vecto BC. RO ring didm nay 1 didm od R ‘s(.-n(
dmh. Ta 0d dru can chwmg minh. favbee)™ .
Niim xée. Neodi kn gidi cia ben Ngwndn 4 Think, M3 ) ethre)rSm )
Tod soan khdng nhin dwoc thém ke gidi ndo cia cic B§ @@ 3. (Bit diing thic Neshin) ¥on a. b, ¢
ban do¢ trén ¢A nudc @in Ve, . a b c _3
HO QUANG VINg €M e oo s s T 2y

Bii TY/SS6. Cho Aa 50 thwe drome @, b, c win,m P dng. Khing han ché tdng quit. coi a2 b2 c.
B A 38 0 nhidn thie min » >m Ok i Ta b b cac bt ding thirc dom didu cung chidu

’ - » i a. b' C.
R . .. [l =
b+ (c+a) (a+dh) \f(b*“‘ (c+a) (‘”M
) I a" b <« } - —2 . —2 < —
@ (B+c) ™ (c+e) (a+d)

= (deo) Terar (@)
Ap dung BDT Chebyshev cho b ba sd, ta duox:

Lén gidi' (Qua ban Tict Tromg Khidm) a 3 < a” =
Bé & 1. (Bit ding thirc Chebyshev) Cho hai diy  (p+c)' (cﬂ)' (..«,b)‘ TS (b))
bt Zing tharc dom didw cang chica: A e o o
8a,2..2a >0 wh2b2b2..25>0 ‘(c+‘). o) §(¢+b)"(a1-b\"'
B cd s 00 A e e
2]_(‘.*‘: ++a ) A+ +-+8) Q) BE\(b*c)" {c+a)” (a+d) |
L
. r — - rem \
. se . eaaf @tbtc) J_a b - )
BE @2 Tacd a8 +c 23 ] @ @™ (cra)™ (@s0) s
Vi mpi 6 dhwomg @, b.c vd ae N Ap dung bit ding thirc (3) ta dwox:
Chiimg mink. Ap dung bit ding thic Cauchy cho (.)21 - b . <" )
m sO dwong ta oo o 3Ld+e) (c*a) (a+d)" |
: . ) -
» ':l#b‘“(} oot ‘*b*c}‘ | @ b A \
a *(u—l)( e J 2"\,‘" ( 3 x3! bﬁfﬁ;ﬁ"‘-bl =(*)
ng’d#b"(’\jﬂ_ L - }
\ 3 0 mmmmmwum
wa-d) a” » - \‘r’ \"‘.4 -
E a+b+c . a+bn} . b < 3 _'_
b +(n- l) ——“"‘} — qh e ’(bw) (c+a)” (¢+b) {2 L
.<¢+b+f} o : a" b c" ]
v o3 ER NS (G*WJ




Vay (1) duge chirmg minh.

Nhgn xét. Mt s6 ban chimg minh hoi khac, ¢6 phén
dai hon 101 giai cva Tiér Trong Khiém. Tat cd cde
ban dudi ddy di giri bai ¢6 1o gidi t6t:

Binh Djnh: 7rdn Ngoc Tuyén, 11 Todn, THPT
chuyén L¢ Quy Don. Ngh¢ An: Phan Dai Hoang,
ITAL, THPT chuyén Phan B§i Chiu. Phu Yén:
Huynh Tran Gia Huy, 10 T1, THPT chuyén Luong
Vin Chanh. Quing Binh: Nguyén Thanh Hai, 12
Toan 1, Pham Thi My Hanh, 12 Toén 2, Hoang Kim
Loc, 11 Toan I, THPT chuyén V3 Nguyén Gidp. Séc
Tring: Tiét Trong Khiém, 12A2, THPT chuyén
Nguyén Thj Minh Khai.

TA DUY PHUQNG
Bai T10/556. Cho dav so () vdc dinh béi
[x, =4,x, =10
lx,..=4x , -3x ,Vn>I

Tim 13t ca cdc bo s0 nguven dwonge (m: n) sao cho
/nn:(\,_. Y ).
Loi giai. (Dya theo 101 giai ctia ban Pham Thi My
Hanh, 12T2, THPT chuyén V& Nguyén Giap,
Quing Binh). Tir quy tic tim s hang tong quat
cta ddy truy hoi cdp 2 tuyén tinh ta d& tim duoc
x, =3"+1. Néum =1 thi mn| (x,,x,)
=>n|x =4,n|x,=3"+1=>ne{l, 2}.
Tuong tynéun =1 thime {1, 2}.
Vay (m,n)= (1, 1); (1, 2); (2, 1).
Thir lai ta thiy thoa man didu kién bai todn .
Xétm,n>2:
i) Néu m, n cing chin. Khi dé:
4mn|x, =3"+1 = 3"=-1(mod4)
=(-1)" =-1(mod4) = 2 = 0(mod 4), mau thuan,
ii) Vay phai c6 it nhat mot s6 1é, chang han n 1é.
Goi p 1a wéc nguyén té nho nhat cia n. Khi d6 p
1&. Taco: p|mn| (x,,x,)= p|x, =3"+1
=3"=-1(mod4) = (-3)"=1(mod4) (1).
Tir d6 (3, p) = (=3, p) = 1. Goi h la sé nguyén
duong bé nhét théa man (-3)' =1 (mod p),

h dugc goi la cap cua (-3) (mod p). Theo dinh ly
Fermat nho ta co:

3 2 T?g;"ugg(e S6 560(2-2024)

3" =1 (mod ;)):9(-3)"’I =1 (mod p) (2).

Do tinh chit cua cdp, tir (1) va (2) tasuy ra: /i [n
vah|p—=1.Viyh|(n, p-1). Do p la uéc nguyén
t6 nho nhét cia # nén tir d6 dé thiy A = 1. Viy
(—3)" =I(mod p)= -3=1(mod p) =>4 =0(mod p),
v Iy vi p > 2. Thanh thir tat cac cdp (m, n) thoa
man dé bai 1a: (1, 1); (1, 2); (2, 1).
Nh@n xét. Chi cé 4 ban tham gia gidi bai todn nay va
déu & THPT chuyén Vo Nguyén Gidp, Quang Binh:
Pham Thj My Hanh, 12T2, Poan Ngoc Duy, Nguycfn
Thanh Hai, 12T1, Hoang Kim Loc, 11T1.

PANG HUNG THANG

Bai T11/556. Cho ham so f:R—>R (I la rap so
thiee) thoa man cac tinh chat sau.
1) f0)=1:. i) f(x)<l,VxelR;

. ‘ ‘ | I
1) ’L“l\]l\}‘ f(x)= /|\\x§ja ,t“.:»‘;

Pt F(x)= 3 f(x+n). Hay tinh F(2024).

Loi gidi. (Theo da s6 cac ban).
. : 11 1
Nhén xét rang tr dang thtc — =—+—, (ng vadi
= 8 & 24 g 3 ¢
O S k 1
moi x 0 dinh, xét day s0 4, ,(x)= f| x+ r + 3)
k,! € N. Khi d6 theo tinh chét i) ta cé:

Ay (X)+ 4, (x)=f(x+§+%—l)+f(x+

k11 k11
=flx+—+=+=|+ —+=+-
f(r g 3 3) f[x+8+3+8]

k+1 IJ
_+_
8 3

=4,,(x)+ 4, (x) hay -
A () + 4, ()= 4, () + 4., (X),k 1N, xeR (1)
Lay tong hai vé cua (1) theo k, k=0, 1, ..., m — I,
I<meN;, tathu dugc:

m-1

m-1
kZ(Ak.M (X)) + 4, (x) = Z(Ak.l(x) + A 0(X)
=() k=0



& (4y (X)) + Ay (xX)+...+ Ay 10 (0) + (4,,(x)
+4,,(X)+...+ 4, ,(x))
= (4, () + 4, () +...+ 4, (x))+ (4., (x)
+4,,,(xX)+...+ A, ,..(x)
& Ay, (x)+ A4, (x)= Ay, (x)+A4,,,(x),leN, xeR (2).
Tiép theo ta lay tong cua (2) theo /, < ne N :

::ZO(AO,M (%) + 4, ,(x)) = ZAO )+ 4, ., (%)

& 4y, (x)+ A4, 4 (x)=4,,(x)+ 4,,(x),mneN,xeR (3).
Tro lai dé bai, trong (3) cho m = 8, n = 3, ta thu
duge: Ay 5 (xX) + Ay o (X) = Ay o (%) + 45 (x)

hay 2f(x+D)=f(x)+ f(x+2),VxeR.
Suyra: 2f(x+j)=f(x+j-1)+ f(x+j+1),
j=1,2,..., VxeR.Vay ung véi mdi x cb dinh,
day sb (f(x+j)) 1a cip sb cong véi cong sai
d(x) nén f(x+j)=f(x)+d(x)j, j=0,1,2,... (4).
Ta chimg minh d(x) =0 do gia thiét (i). That vay,
tir (4) néu d(x)>0 thi khi d6 ,1_i,rflmf(x+j) = +00

va néu d(x)<O0 thi khi d6 lim f(x+ j)=+w,
J=y=00

trai véi (i). Vay f(x+j)= f(x), j=12,...
Do dé F(x)= 20224 f(x+n)=20251(x).

Suyra F(2024) =Y. f(2024+n)=2025f(2024)
n=0

=20251(2023)=2025 £(2022) =...=2025 f (0) =2025.
Nhgn xét. Day la dang toan vé tinh toan day s tudn
hoan. Nhiu ban giai bang phwong phip quy nap
ciing cho két qua dung.
Cac ban sau déy c6 101 giai ding: Ha Tinh: Nguyén
Thanh Bao, 11T1, THPT chuyén Ha Tinh; Pha Yén:
Trén Gia Huy, 10T1, THPT chuyén Luong Vin
Chanh; Quang Binh: Hoang Kim Léc, 11TI,
Nguyén Thanh Hai, Poan Ngoc Duy, 12T1, Phém
Thi My Hanh, 12T2, THPT chuyén V& Nguyén
Giap.

NGUYEN VAN MAU
Bai T12/556. Cho tam gidc nhon ABC nji tiép
duong tron (0) (AB < (1(’), H la truc tam tam
gigc. Goi M la trung diém cua BC, doan AM cat

dwong tron ngoai tiép tam giac BHC tai N. Goi X

la diém doi ximg voi A qua BC va AO cat lai
dwong tron ngoai tiép tam giac BOC tai T. Goi U
la giao diém thir hai cua dwong tron ngoai tiep
tam giac AON vaoi duong tron ngoai tiép tam gidc
AXT. Chieng minh AU song song voi BC.

Loi gidgi. (Theo ban Nguyén Phic Luong, 11T1,
THPT chuyén Ha Tinh, Ha Tinh).

Ta can c6 ba bo dé.

Bo dé 1. Néu H la tryc tam cua tam giac ABC thi
cdc duong tron (ABC) va (HBC) doi ximg véi
nhau qua BC.

Bo6 d& 2. Néu O, H theo thit tw la tam dueong tron
ngogi tiép va truc tam cia tam giac ABC thi AO,
AH la hai dwong dang gidc cia géc (AB, AC).

B6 dé 3. Néu M la trung diém cua BC va S la giao
diém cua cdc tiép tuyén véi duong tron (ABC) tai
B va C thi AM, AS la hai duong ddng gidc cua
goc (AB,AC).

Phép ching minh cac b dé trén rat don gian,
khéng trinh bay & day. Tro lai giai bai toan T12.

Goi S 1a giao diém cua céc tiép tuyén véi (O) tai B
va C; D la giao diém cua SX va OH: V 1a giao
diém cua SO va tiép tuyén véi (O) tai 4; K 1a giao
diém tha hai ciia AH va (0).
Vi 4 va X d6i xirng véi nhau qua BC nén
(BA,BX) = 2(BA, BC) = (OA, OC) (mod 27).
BA 0A . :
—=1=——, suy ra cic tam gidc
BX
ABX, AOC d6ng dang (cing huéng).
Do d6 AX.AO = AB.AC. Theo bé dé 2:
(AT, AC)= (A0, AC) = (AB, AH) (mod 7).

Két hop voi

TOAN HOC 33

S3 560(2-2024) * CTusitpe




Theo bd dé 1 thi X e (HBC). Tir dé va b dé 2

c0: (X4,XC) =(X0,XC) =(BO,BC) =(BA,BH)(mod ).

Viy céc tam gidc ATC va ABH ddng dang (cung

hudng). Do &6 AH.AT = AB.AC.

Goi I7"“ 1a phép nghich ddo tdm 4 va phuong

tich 4B.AC; A 1a phan gidc cia goc BAC; R,

1a phép d6i ximg truc qua A; F = R, o I4#4€; p

1a giao diém cua SX va OH.

Dé thay qua F thi B> C;0 & X;
(BNC)=(BXC) <> (BOC)=(BSC);H <> T.

Tir d6, theo bd dé 3, suyra qua F, N < S.

Vay qua F, (4AXT) <> OH;(ANO) <> SX.

Do d6, qua F, U <> D; AU <> AD (1).

Goi L 1a giao diém thir hai cua 40 va (0). Dé

AO
. OV _ cosdOV _ cos BOS _ cosBAC

oS B—g\ cos AOV  cos HAO
cos BOS
OM AH

_OB _ AL _AH _AH
S AK 4K 4K XH
AL AL
T @6, chu ¥ rang AX //VS, theo dinh li Thalés,
suy ra ¥, 4, D thing hang. N6i cach khac, 4D tiép
xtc voi (0) (2). Tir (1) va (2), chu ¥ rang qua F,
(0) > BC, suyra AU//BC.
Nhin xét. 1) Bai toan nay twong d6i kho, chi c6 5
ban tham gia giai. Mot vai ban cho loi giai khong sir
dung phép nghich dao nhung kha phirc tap.
2) Ngoai ban Luwong, 4 ban ciing tham gia gidi bai va
co6 loi giai dang: Quang Binh: Nguyén Thanh Hai,
12T1, Pham Thi My Hanh, 12T2, Hoang Kim Loc;
11T1, THPT chuyén V5 Nguyén Gidp; Binh Dinh:
Tran Ngoc Tuyén, 11T, THPT chuyén Lé Quy Don.
NGUYEN MINH HA

Bai L1/556. Mgt con lic 16 xo gom 1o xo co do
ctmg k = 160 N/m va vdt nang c6 khi luong
m = 400 g, dat trén mat p/uing nam ngang. H¢ so
ma sat trugt giita vt va mat phang nam ngang la
1 =0,0005. Ldy g = 10 m/s’. Kéo vt léch khoi vi
tri can b(fng mot doan S ecm (theo phirong cua tryc

3 4 T9g1"ug.gce Sé 560(2-2024)

1o x0). Tai t = 0, buong nhe dé vat dao dong, xem
rang tan so dao dong khong doi. Tinh thoi gian ké
tr lic vat bt dau dao dong cho den khi vat dumg han.
Léi gidi. Gia sit bién do lic dau 12 4;, bién d6 lan
tiép theo 1a A4,. Trong thoi gian chuyén dong giira
hai vi tri bién d6, cong cua luc ma sat gay ra do
bién dbi co nang cla vat nang la:

ok
_ A o S i
,Umg( I+A2) 2 2
2umg 2.0,0005.0,4.10
S A -4 =— =
44 k 160

=-2,5.10" m =-0,0025 cm.
Tic 1a bién d6 cia dao dong 1a mot cap sé cong
lui. Mdi 1an di tir mot vi tri bién nay sang vj tri
bién & bén kia, bién do lai giam bét 0,0025 cm.
Viy s6 l4n qua lai dé bién do giam dén 0 la:

W2 o2 _ 2000 1in.

0,0025 0,0025
Cir mbi chu ki c6 hai 1an vat qua vi tri d6. Vay
thoi gian dé vat qua vi tri d6 2000 1an bang 1000

lin chu ki: Az =1000T = 1000.27r\/%

=1000.27, /M =314s.
160

Nhdn xét. Chiic mimg cac ban Pham Vin Anh, 12
Ly, THPT chuyén Nguyén Quang Diéu, Ddng
Thap; Lé Nhdt Nam, 11 1y, THPT chuyén Lé Quy
Doén, Binh Pinh; Do Thi Thanh Thao, 12T1, THPT
chuyén Vo Nguyén Giap, Quiang Binh d3 c6 1oi
giai ding cho dé ra ki nay.

DPINH THI THAI QUYNH

Bai L2/556. Nha may dién gio dicgc coi la thin
thién véi méi truong hon nhieu so véi che nha
may nhi¢t dién, thuy di¢n. Gio lam quay canh quat
cua cdc cot di¢n gio, tie do lam quay réto cua may
phat dién va tao ra dién nang. May phat dién gio
thuong sir dung la loai may phat dién xoay chiéu
mot pha. Noi hai cwe cua mot may phat dién gio
voi hai dau doan mach mdc noi tiép gom dién tro
thudn R, cuon cam thudn L va tu dién C. Khi roto
quay voi toc dé 1200 (vong/phuit) thi di¢n ap hiéu
dung giita hai dau dién tré dat gid tri cuc dai. Khi
toc dp 900

roto cua mdy phat quay voi



(vong/phut) thi dicn ap hi¢u dung gitta hai dau
dién tro c6 gia tri bang U. Dé dién ap hi¢u dung
gita hai dau dién tro ciing cé gia tri bang U thi
réto cua may phat quay voi toc d¢ bang bao
nhiéu?

Loi gidi. Theo dé bai, khi rdto ciia may phét quay véi
5 900 ‘
toc do n; = s 15 (vong/s) hoic n, (vong/s) thi

U, =U,, =U (khid6 I, = L), va khi réto quay véi
1200
toc 46 ny = W =20 (vong/s) thi Uy dat cuc dai.
_E, _No,
Ta co: \/_ \/_
w=2rf =2rnp
== e o, : 4
2 1YV
R* + (a)L - —)
wC

NO®

0 @
‘/_\F LR221 2y
o —2+1
(1)

1 yd . K
— +1, thihamso y

@

2

11 (L R

Dt = e B
v e (2 CJ

. 1
cédang:y=ax2+bx+c,vc'n X e,
@

Goi xo 1 nghiém ng Vi y = Ymin dé €6 Insx va Xy,
x, 1a hai nghiém sao cho y; = y, (tuong ung voi
o, =27np; @, =2xn,p,sao cho I, = D).

Theo dinh li Viéte ta co:
1 {1 1
X, =5(xl+x2):$—2=5 -074-;)27 :

Nhu vay, ta c6 hé thuc:

2_ 1.1 _ . mw
no2 "12 n22 ? 2n,2—n02'
2 2 2 2
Thay 6 n§= ng n, = (20)2 .(15) : =360()
2ny —~ni  2(20)"—(15) 23

= n, =12,5vong/s = 750 vong/phut.
Nhdn xét. Mot s6 ban tham gia giai bai nay nhung
101 giai chua dung.

NGUYEN XUAN QUANG
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PROBLEMS . .. (Tiép theo trang 25)

Problem T8/560. Let M be a point lying inside an
acute triangle ABC. Let D, E, F respectively be
the perpendicular projections of M on 4B, BC,

. AY
CA. Prove that MD? + ME* + MF* Z(MA.smE)

2 2
+(MB.sin§J +(MC.sin—§) ]

Problem T9/560. Given positive real numbers a,

b, c. Show that
be ca ab

(a+b)a+c) + (b+c)b+a) i (c+a)(c+b)
<3 3 3M (M —m)?
4 4(0 +b)(b+c)(c+a)

where M =max{a,b ), m= min{a,b,c}.
TOWARDS MAT"EMATICA] OLY MPlAD

Problem T10/560. Find all prime numbers p, ¢ so

p* +1| 2023 +1

that '
g* +1]| 2023 +1

T11/560. Given a  function

S :(0;+00) — (0;+00) satisfying

Problem

f3x)2f (% i (2x)) +2x for every x > 0. Prove

that f(x)>x for every x> 0.

Problem TI12/560. Given a triangle ABC
inscribed in a circle (O) and an arbitrary point P
lying inside the triangle ABC. Assume that BP
intersects AC at E, CP intersects AB at F, EF
intersects BC at D and 4D intersects (O) at the
second point Q. Let R be the intersection between
PQ and EF. Show that the circile with the
diameter DR and the circle (O) are orthogonal.
(Two circles are called orthogonal if they intersect
and the their tangents at each intersection point
are perpendicular).
Dr. NGUYEN PHU HOANG LAN
(University of Education, VNU, Hanoi)

S6 560(2-2024)

TOAN HOC
" CTusifre 33




Cin nguyén thuy 1a mdt li thuyét rat manh, c6 tinh
img dung cao trong Viéc gidi cac bai todn sb
hoc.Trong bai viét ndy, tic gia xin trinh bay dinh
li vé su ton tai cin nguyén thuy md dun nguyén
va mot sd bai toén img dung cua dinh li do.
Cho sd nguyén n > 1 va sd nguyén x. Néu (x. m) = 1
thi theo dinh li Euler ta c6:

x*™ =1 (mod n).
trong d6 hiam Euler @(n)la sd cic sO nguyén
duwong nhé hon », nguyén o cing nhau véi n. Néu
d i & nguyén duong nhé nhit sao cho
x? =1 (modn) thi ta noi d 13 cip cua x (moda)
va ki hiéu Ia d = ondjy (x)-
Mot ciu héi duge dit ra mdt cich tr nhién 12 vai
s nguyén § p. hoi co o tai hay khong O
nguyén x sa0 cho ond p(x) = p—12 S0 nguyen x
nhur thé dwge goi la ciin nguyén thuy (med p).
Dinh li Lagrange. Cho so nguyén 10 p v da rhux
fx) vor cac hé s6 mguven. co hic hangnine N'),
hé 55 cwa x* khomg chia hét cho p. Kki do
phuwomg mink  f(x)=0(mod p)ev khong gua n

nghiem (mod p).

36mmn-|oc
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Dinh li ndy duge chimg minh bang quy nap theo
n.

H¢ qua. Cho s0 nguvén 10 p va so aguven duiromg d
sao cho p — | chia hét cho d. Kki do phwomg rinh
x° —1=0 (mad p) co dung d nghiem (mod p).

That @y, dat n ="’T‘l

5 &
a &0 neN va

p-1=nd. Laico:

W SN RN ) RN L) Y
Phuong trinh x7 ! —1=0 (mod p)cé ding p-1
nghiém (mod p) (theo dinh li nho Fermat). Gia sit
phwong trinh x¢

nghiém (mod p). Khi 36 phuong trinh
(,rd - l)(.r(H)d +x("—2w

—1=0(modp) ©b it hon d

+...+1)=0(mod p)
o0 t hom d+(rn-Id=nd=p-1 nghiém
(mod p). Do la didu vo L.

Pinh b 1. 57 mai so nguyven 10 p. won @i cdn
rguven thuy (mod p).

B dé. Cho s6 nguyén t(i'pwiaicséngu_\?'n a b
nguYén 16 cung nhau vai p. Gid si r, I cap cua
a (mod p), rzl&abaia b (mod p) va (r,. =1



Chirmg minh. Goi r 1a cip cua ab (mod p). Ta cé:
b™ =(a") b™ =(ab)" =1 (mod p).

Suy ra riry chia hét cho r,. Vi ry, r, nguyén té
cing nhau nén 7 chia hét cho r,.

Tuong tu r chia hét cho ri. Vi ry, r, nguyén to
cung nhau nén r chia hét cho r,r».

Mat khac vi (ab)™ =1 (mod p) nén ryr; chia hét

chor. Vay r=rr,.

Sau day la chirng minh dinh Ii 1:
Gia str p 14 s6 nguyén t6 1é. Khi d6 p—1>1. Suy
ra ton tai s nguyén dwong k va k s6 nguyén té

Pys Py»--» P khdc nhau sao cho:

p-1=p".py..p
trong d6 «a,,,,...,a, 1a cac s6 nguyén duong.
- . , mi N LA
bat m, = p/ 1<i<k). Tacéo m;——21 va ton
b

tai m, _n nghiém x, cua phuong trinh

x™ =1 ’(nmf))é p) ma khong la nghiém cua phuong
trinh xﬁ' =1 (mod p). Suy ra s6 nguyén duong d
nho nhét sao chox? —1=0 (mod p) 1a m, =p®.
Suy ra x, cé cap 1a m, = p{ (mod p). Theo b6 dé
trén thi cdp clia x = X,X,...X, (mod p) 1a

pr.py..p =p-1l

Suy ra x 14 ciin nguyén thity (mod p).

H§ qua. Cho sd nguyén 16 p va s6 nguyén x sao
cho x la can nguyén thuy (modp).Khi dé

{l,x,...,x"’z} la hé thang dw thu gon (mod p).

Bai todn 1. Cho s6 nguyén to p>2. Tim tat ca
cdc s0 nguyén dicong k sao cho
S,=1"+2"+ . +(p-1)
chia hét cho p.
Loi giai. Gia st x can nguyén thuy (mod p). Khi

(p-2)k

do: S, =x* +x* +...+ x7?*(mod p).
Néu k chia hét cho p—1 thi khi d6

Sy =1+1+...+1= p—1 (mod p).
Néu k khong chia hét cho p—1 thi x* —1 khong
chia hét cho p.
Ta c6 (x*-1)S,=x?""-1=0(modp) va
x* —1 khong chia hét cho p nén

S, =0 (mod p).

Suy ra S, chia hét cho p. Vi vay tit ca cac sb
nguyén duong k thoa man yéu cau bai toan 1a tat
ca cac sd nguyén duong k khong chia hét cho
p-1.
Bai todn 2. Cho da thirc P(x) c6 cdc hé sé
nguyén, cé bdc 10 va hé sé cia x'° la 1. Hoi cdc
56 P(0),P(l),...,P(100) c6 cho cdc s6 du khac
nhau ting déi mot khi chia cho 101 hay khong?
Loi gigi. Dé giai bai toan nay ta can bd d& sau
Bb dé. Cho sé nguyén 16 p>2 va sé nguyén
dwong k khong chia hét cho p-1. Khi dé
1+ 2" +..+(p-1)* chia hét cho p.
B6 dé nay da dugc chimg minh trong 161 giai cua
bai todn 1. Quay tre lai bai todn 2.
Gia s P(0),P(1),..., P(100) cho cic sé du khéc
nhau timg d6i mét khi chia cho 101. Ta thiy ring

S8 560(2-2024)
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da thac  P(P(x)) c6 bac 100 va

P(P(0)), P(P(1)),..., P(P(100)) cho cac sb du khac
nhau tirng d6i mot khi chia cho 101. That vay véi
ie{0;1;2;...;100}, tdn tai x, 6{0;1;2;...;100} sao
cho

P(xi) =i (mod101).
Suy ra: P(P(x,))=P(x;)=i (mod101). Khi dé:

P(P(0))+ P(P(1)) + ... + P(P(100))
=0+1+...+100=0 (mod101).

Mat khac ta co:
P(P(x)) =x'"" + agx” +...+ a;x + a,

trong d6 a,,a, ,...,a, 1a cac sd nguyén.
Suy ra: P(P(0)) + P(P(1)) + ...+ (P(P(100))

=(0" +1'° +...+100'™)
+ a5, (0 +17 +...4+100%) + ...

+a,(0' +1' +...+100") +101a,
=100 (mod101)
(theo bd d& va dinh li nho Fermat).
Hién nhién 100 # 0 (mod101). Vay
P(0), P(1),..., P(100)

khong thé cho cac s6 du khac nhau timg d6i mot
khi chia cho 101.

Bai toan 3 (DPinh li Wilson). Chitng minh rang
néu p la sé nguyén 6 thi (p—1)!=-1 (mod p).
Loi giai.

Trudng hop p = 2, dinh i hién nhién dung.

Gia st p>2 va x la cin nguyén thuy (mod p).

pe=h

Khido: (p-D)l=xx’..x""=x ? (modp)
TOAN HOC )
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p-l o
Pit w=x 2 . Khi d6 w—1 khong chia hét cho
p; w* =1 (mod p). Suy ra w=—1(mod p).

p(p-1)

Suyra (p-D!=x 2 =-1 (mod p).

Bai toan 4. Cho cdc sé nguyén khong am a,b sao
cho 2% = 2" (mod101). Chirng minh rang

a=b (mod100).
Loi gigi. Ta chimg minh rang 2 1a cdn nguyén
thity (mod101). That vay gia sit d 1a s6 nguyén
nhét cI;o 2% =1 (mod101).

duong nho sao

Khi d6 100 chia hét cho d. Ta c6:
2'° =1024 =14 (mod101).

Suy ra: 2% =14° =—6 (mod101)

= 2% =14(-6)* = -1 (mod101).

Gia sir d <100. Khi d6 50 chia hét cho d hodc 20
chia hét cho d. Suy ra:

* =1 (mod101) hodc 2% =1 (mod101).
Do la diéu vé li. Vay d =100,
Suy ra 2 la can nguyén thuy (mod101).

Gia st a>b. Vi (2°,101)=1 nén

a-b __ ¥
2°7 =1(mod101). Suy ra a—b chia hét cho 100.
Suy ra:
a=b (mod100).
Bai todn 5. voi méi o4 nguyén duong n, dat

n,=101la -1002¢ Cho cac 56 nguyén a.b.c.d

thoa  man

0<a,b,c,d <9 (a#bc#d) va

¥ = vy s r M
Tt 1, =0 +n,(mod 10100). Chitng minh rang

{(1,[)} = {C,d}



Loi gidi. Vi n, +n, =n_+n,(mod 10100) nén
n, +n, =n_+n,(mod100)
vi n,+n =n_+n,(modl01).
Vi n, =a (mod100) va n, =2“(mod101)
nén a+b=c+d (modl100) (*)
va 2% +2" =2+ 27 (mod101).
Vi 2' =1 (mod101) va (*) nén
272" =2 =2 = 2°29(mod101).
Vi 2" =2° 429 —2“(mod101) nén
2°(2° +2¢ —2%) =224 (mod101).
Suy ra: (2°-2°)(2°-2Y)=0 (mod101). Suy ra:
2 =2°(mod101) hodc 2° =2%(mod101). Theo
bai toan 4 ta co:
a =c (mod100) hodaca =d (mod100).
Vi a+b=c+d (mod100) nén
{a;b} = {c;d}.
Bai toan 6. Tim tat ca cdc s6 nguyén duong n > 1
sao cho a® —achia hét cho n véi moi sé nguyén

a.

Loi gigi. Gia su n la s6 nguyén duong 16n hon 1
sao choa® —a chia hét cho n véi moi s6 nguyén
a. Gia sir p 1a mgt u6c nguyén td cua n; x la can
nguyén thuy (modp). Suy ra p-I =ordp(x) va
(x,p)=1. Suy ra x* —1 chia hét cho p. Suy ra
24 chia hét cho p—1.Suyra pe{235713}.

25

Vi pe{2;3;5;7;13},ch9n a=p thi a”-a

khong chia hét cho p’.

bt £=2.3.5.7.13 ta c6 n la udc cua k. Nguoc lai
néu n 1a udc cua k thia® —a chia hét cho n véi

- A n
moi sO nguyén a.

Bai toan 7. Vi méi so nguyén to lé p, dat

r-|

F(p)= 2/('2” va f(p)=

1 , 1 s
— = Tim gia
P 2

=

tri cua f(p).
Loi gidgi. Gia sir x 1a can nguyén thuy (mod p).
Néu 120 khong chia hét cho p—1thi x'*°—1

khong chia hét cho p va x'**" =1 (mod p).

p-1
Tacod: F(p)= %me" va
i=1
p-1
(x120 _ I)lezoi = leO(XIZO(p-l) _ 1) = 0 (mOdp). Vi
i=1
. j 2
2(x'* —1) khong chia hét cho p nén Eme‘
i=1
chia hét cho p. Suy ra F(p) chia hét cho p. Suyra
1
f(p)= 3
Néu 120 chia hét cho p —1. Khi d6:

pe{3571 113;31;41;61}

va x'* =1 (mod p).
S . _lp_] 120:=P—1 3
uy ra: F(p)—-z—Zx = (mod p).
i=l
| -1 1
Suy ra: f(p)=5—£27=5.

Bai toan 8. Tim 1dt ca cdc cap so nguyén to (p,q)
sao cho a’" = a (mod3pq),VaeZ.

Lai gidi. Gia sir ton tai cac s6 nguyén t6 p, ¢ sao
cho @’” =a (mod3pq),VaeZ.

Gia sir g la can nguyén thiy(mod p). Suy ra g

khong chia hét cho p.
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Suyra: gV —1=0 (mod p). Suy ra 3pg -1 chia
hét cho p—1. Suy ra 3(p-1)g+3qg—1chia hét
cho p—1. Suyra 3¢ —1chia hét cho p—1.

Twong tr: 3p—1 chia hét cho ¢ -1.

Giast p<gq. Suyra: 3p-1<3¢g-1.

Néu p=2thig=2. Néu p=3thi g=3hoic
g=5. Giasu p>3. Khiddog>5s.

Suy ra: 4¢g-1)>3¢g-1. Suya 3p-1=g-1
hodc3p—-1=2(¢—1) hoic 3p-1=3(¢-1). Cac
ttwong hop 3p-l=¢g-1va3p-1=3(g-1)
khong xdyravi p,q la céc sé nguyén td.

Vay 3p—-1=2(g-1). Suyra 2g=3p+1. Suyra
6g-2=9p+1.

p—1nén 9p +1chia hét cho p—1. Suy ra 10 chia

Mit khic 3g—1 chia hét cho

hétcho p—1.Suyra p=11. Suyra ¢g=17.

Tht lai ta thdy chi c6 (p.g)=(1L17) va

(p,g)=(17.11) thoa min d& bai.

Bai todn 9 (D& thi chon ddi tuyén Vit Nam dy
thi IMO 2010).
Véi moi so nguyén dwong n, xét tap hop sau:

=[Gk +h) +10(a* +n* 1<k,h<10;k.heN]|.
Tim tdt cd cdc gid tri cuia n sao cho khéng ton tai
a,beT,, azbma a—b chia hét cho 110.
Loi gidgi. Gia st g € {1:2;..:10} sao cho g I cin
nguyén thuy (mod11).
Gia st neN'sao chon=g(modll). Gia s
a,b e T, sao choa—b chia hét cho 110. Khi do ton

@ kb kK € {1;2;...;10} sao cho

40TOFNHOC
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a=11(h +k)+10(n" +n"),
b=11(h, +k,)+10(n™ +n")va a-b chia het
cho 110. Chung ta chimg minha =b. That vay,
khong mat tinh tong quat, gia sit /4 <h.. Tacé:
a=b (mod 10) va a=b (mod 11).
Suyra: i +k =h +k,(modl0)
va g* + gt =g + g"(mod11).
Ton tai cac s6 ty nhién D> P> sao cho
0<p.p,<2:0<r<9
vi h+k=10p +r, b +k,=10p, +r.
Ta co:
gt +g"" ™ =g 1 g2 R (mod11).
Suy ra:

g +g M =g + g® ™ (modl)).

Suy ra:
(g"™ -DA-g*"™*)=0 (mod11).
Suyra: g*™ =] (mod 11)

hodc g™ ™ =1 (mod 11).

Suy ra h, —h chia hét cho 10 hodc r—h,
hét cho 10.

—h, chia

Néuh, —h chia hét cho 10 thi h =h,. Suy ra
k =k,.Suyra a=b.

Néu r—h, —h chia hét cho 10 thi k, — h, chia hét
cho 10. Suy ra A =k,. Suy ra k,=h,. Suy ra

a=b.

Néu neN*sao chon=0(mod 11). Khi d6 n

khong thoa man diéu kién dé baj.



Néu n eN"sao chon=1 (mod 11).Khi d6 n
khong thoa min didu kién dé bai,
Gia st ce{3,4,59). Khi d6 ¢’ =1 (mod 11).
Chon A,k by k, € {1;2;...;10} sao cho
ok € {23345} hy=S+h; k, =k +5.
Khi d6 4 +k, = h, + k,(mod 10)
va ch+ch=ch + ek (mod 11).
Viynéu ne N*va n= c(mod 11) thi n khéng thoa
mén diéu kién dé bai.
Néu neN"sao chon =10 (mod 11). Khi dé:
n* =1 (mod 11) va »* =1 (mod 11).

Chon A =1,k =2,h, =3,k, =10. Khi d6:

h +k =h, +k,(mod 10)
va 10" +10" =10" +10" (mod11).
Viay néu ne N*van=10 (mod 11) thi »n khong
thba man dé bai. D& dang ching minh dugc
2,6,7,8 1a cac can nguyén thuy (mod 11). Vay s6
tr nhién n théa man d& bai khi va chi khi
n=g (modll) trong d6 ge {2;6;7;8}.
Bai toan 10. Chirng minh r(?ng ton tai mot phan
hoach cia tip hop {1.2,..,2010} thanh cdc tdp

con roi nhau sao cho méi tdp con ¢6 5 phan tir va
/(jng che /)/T(;Il nr trong moi tap con chia hét cho
2011.

Léi gigi. Vi 2011 1a s nguyén t0 nén ton tai can
nguyén thiry (mod 2011), tac la ton tai sb nguyén
g sao cho g khong chia hét cho 2011 va cép cua
g (mod2011)1a 2010. Khi do g1 khong chia

hét cho 2011 va 1,g,...,g**" la hé thang du thu
gon (mod 2011).
Xét cac tap hop

4= {1,g4oz,g402.2,gaoz.a’ng.‘t}’

9

402+1 402.2+1 402.3+1 402.4+1
4,={g,g"™",g"" " g g }

..........................

401 4024401 40224401 _402.3+401 _402.4+401
Ay, ={g 4 5 s 94 .

Ta co:

402.2 402.3

+8

2010 _q

+g" %) (g-1)=g

(1+g*%+g :
Vi g2 =1(mod 2011)va g—1 khong chia hét
cho 2011 nén

1+ g% + g*%% 4+ g% 4 g*** =0 (mod 2011).
Vi 1,g,...,g2°°” 1a hé thing du thu gon (mod 2011)
nén véi mdi s6 nguyén k thoa man 0 < k <2009
ton tai a, € {1;2;...;2010} sao cho

g* = a,(mod 2011).

Taco g, #a, voi i,je{1;2;...;402} va i# j.
Xét cac tap hop

B = {1, Q402540225 Aa023 a4ozA4}

|

A5 Aar415 4022415 A402.3+1> Fa02.441 }

B402 =

{a40[ > Qa02+4015 @402.2+401> A4023+401> Fa02.4+401 } :

Khi 46 BNB, =D voi i,je{l;2..;402} va
. A o 402
i # jdong thoi |J Bz' ={l;2;...;2010}.

i=

Viay ton tai mot phan hoach cua tip hop
{1;2;...;2010} thanh cac tdp con r&i nhau sao cho
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mOi WP con 6 § phin tr v téng cic phin tr trong
mdi tip con chia hét cho 2011.
* Cho S0 nguyén # > 1 vi s0 nguyén x nguyén ©
cung nhau Vi x. Mt cich rong tr, ching ta dinh
nghia x la c3n nguyén thuy (mod ) khi va chi khi
s0 nguyén duomg & nho nhit thoa man

¥ =1 (modr) la o(n).
MgJt cdu hor duge 43t ra mot cach wr nhién 13 vai
nhﬁngsénguyénd\rmngnn&olhi!f\nmicin
nguyen thuy (mods). Nguon ta 43 chimg minh
duoc ring néu s§ nguyén dwomg » o5 dang pt
hodic 2p". rong d6 p la s6 nguyén 8 1é va k la sd
nguyen duong hodc me {14} thi # o6 ¢cin nguyén
thay.
Cudi cling ld mt 50 bai tdp damk 3¢ havem t3p.

BAI TAP
Bii 1. Cho S0 nguyén dwong » > lsao cho
P=2"+1 1A 0 nguyén 3. Chimg minh ring 3 &
¢in nguyen thuy (mod p).
Bai 2. Cho s0 tr nhidn & sa0 cho p=4&+31a sb
nguyén ©. Gia s ¢ 1 mdt cin nguyén thuy

g+l(modp). Chimg

R

(modp)théa man g =
minh ring g -2 cing & m¢t cdn nguyen thuy
(mod p).

Bai 3. Tim tit ¢ cic sO ty nhién » o hai chir s6
(nghia i » =10+ 5, wong dda.be kL .9 va
a=0) sa0 cho vdi moi O nguyén & (& 20w o
k“ -&" chia hét cho a.

Bai 4. Cho s0 nguvén td 1¢ p. Tim @t ca cac ham
& f:Z 7 thoa min ddng than cac dicu ki
sau:
Dndum.neZva m=n(mod p) thi

f(m)= fim)

i) f(mn) = £(m) /(7)) véi mot moneZ

Bai S. Cho s0 nguyén t I p va tp Iy
cdc sd chinh phumg
nguyen 1 cing nhau véi p. Tim s6 & nho nhit sso
cho ton tai mdt @p con 4 cua tip hop S ma tich

i phin nr cda 4 ddng du v 1 (mod p).

Bai 6. Chumg minh ring tdn tai mdt phin hoach
cGa Hp bop §'={1%:2%:..:2000" | thanh 23 tip hop
con sa0 cho tdng it ca cic phin or cia mdi tp

con chia hét cho 20012

Bii 7. Cho 0 nguyén 8 p > 3. Vi tap con § khic

ong bt K cua ZvaaeZ &t

S, :{.\-e 0. p-13ses :x=as(mod p)..

a) Tim Gt ca cic gid i cua keN"(k22)s0 cho
o @i Bp con S Khic rong cua w@p hop
2p-1l mi wmong & cée tp hop
$:8:0-5,, o6 dung & tp hop khic nhau nmg
ddi me.

b) Hol o0 beo nhidu tip con S khic rong cua tip
bop L2 p-llmid wong s& cac wp op
$:8:0.8, o0 ding hai tp hop khic nhau?

3 N .. N
(Dé thi chom d6i tuyen Serbia dw thi IMO 2013)



TIENG ANH QUA CAC BAI TOAN
BAI SO 101

PROBLEM: Prove that in any set of 27 different
odd numbers, all less than 100, there is a pair of
numbers whose sum is 102,

Solution. We list the odd numbers which are less
than 100 in the following pattern:

153, 99); (5, 97);...; (n, 102 — n);...; (49, 33); 51,
where 7 is an odd number and » < 100.

There are two numbers 1; 51; and 24 pairs.

By pigeonhole principle, if we choose 27 odd
numbers which is less than 100, there must be two

numbers of the form n and 102 — »; and hence we
are done.

Remark: The exercise is selected from the book
“A  first
Problems” — Derek Holton.

step to Mathematical Olympiad

TU VUNG
pigeonhole “long chim, hom thie
snguyeéen ly
NGUYEN PHU HOANG LAN
(University of Education, VNU, Hanoi)

principle

LA EE S S R EE SRS LS RS ST

BAI DICH SO 99.

BAI TOAN. Biéu do hop va ria o bén durdi mé ta
thong tin vé co cac doi giay cua nhimg nguoi
trong mot cong dong. Xac dinh ne phan vi thie nhat
va tie phan vi thit ba, dong thoi xac dinh nhirmg

phan tir ngoai bién theo tieu chuan 1,5 IQOR.

[
]'_—_‘ t !
N N N S AN N (N (S N B I S
T
1 2 3 4 5 6 7 8 9 10 11 12 13 14

Shoes sizes

Léi gigi. T biéu d6 hop va ria ta cé:
+) Tt phan vi thir nhat Q, = 4;
+) Tt phén vi thit ba Q5 = 10;
+) Khi d6 1,5 IOR = 1,5(0; — 0;) = 9.
Céc doi giay c6 ¢ nho hon Q) — 1,5 IOR hoic
16n hon Q5 + 1,5 IOR dugc xem la nhitng phan tir
ngoai bién. Trong truong hop nay nhimng déi giay
c6 ¢ 16n hon 19 la nhimg phan tir ngoai bién.
Nhin xét. Hai ban Nguyén Quéc Hoang Anh,
9A, THCS Ly Nhéat Quang, B6 Luong, Nghé An
va ban Nguyén Hing Cuomg, xa Nhon My, TX.
An Nhon, Binh Binh c6 bai dich tt, giri bai vé
Toa soan sém. Xin hoan nghénh hai ban.

HO HAI (Ha Néi)

ERK Rk Rk Rk Rk Rk KRR KRR R E R AR KR A RRR AR KR I KT AR RN F IR IR A AR Rk Rk kR bRk kR R

(Tiep theo trang 47)

SAI LAM ...

= lim {[(a—2)x—4](\/x2 4] +x)}

X—+w®

4\ [ 1
= lim xz(a—Z——)[ 1"’"2‘“}
X—+0 b X

Ma lim x* =+,

1
lim(a—Z—ij(‘/1+—;+1J=(a-2)2-
X +@0 b o X
) -2)x-4 "
Do do, dé h-mia_ﬂ"__z_oo thi

X=r+0

X +l=-x

(@a-2)2<0=a<?2.
Viy tt ca cdc gid trj @ can tim la a < 2.
Sau khi ban Anh Khoa giai xong, cac ban trong
16p 11 Anh thdy hai céch giai déu ra dép sé gibng
nhau, nén da to thai d6 ddng ¥ vai két qua cua hai
ban. Khi thay gido hoi, cac em co nghi ngd gi vé
két qua cua hai ban 4nh Qudn va Anh Khoa
khong? Ca 16p tra 10i dong thanh, da khéng a!,
ding roi a.
Y kién ciia ban thé nao?
NGUYEN ANH VU
(GV THPT chuyén Chu Van An, Binh Pinh)
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BAI TOAN 80. Giai phlm’ng7 trinh

9t

=22 ().
g 5]

> 1

Lai gidi. DK:x2—1>O<:>l:x .

x<-—1

<0<2\/—

Céch 1. Néu x<—1 thi x+

\/x -1
nén x <—1 khong la nghiém cua (1).
Ta xét truong hop x > 1. Khi do:

2

2 2x _
(1) x +\[xT__1+x2—1—8
x* 2x? x T
2= + +1=9&| ——+1| =9
- eh GNP [\/xz—l

2

& rl=3ext =20F -lox =4(x* -1)

X -1
4a(x2—2)2 =0 o> x=v2 (do x>1).
Viy (1) co tap nghi¢m 1a 5 ={2}.

<0<2\2

Cach 2. Néu x<-1 thi x+

qp
nén x < —1 khong la nghiém cua (1).
Ta xét truong hop x > 1. Khi do:
(1) x (202 - WF 1.
R& rang x 2 242 khong la nghiém cua (1).
Véi 1<x <242 thi
Mex= (2\[2_ —x)2 (¥* - 1)
o x' —4J2x +6x* +42x-8=0
c>(x—x/§)2(x2 —Zﬁx—4)=0<:>x=\/§
(do x* - 2\/5,1'—4 <0,Vxe (1;2\/5) ).
Vay (1) c6 tap nghi¢m la § = {\/—2_}

Cach 3. Xét ham s§ f(x)=x+ co tap

x
Vxi -1

xdc dinh D =(—o0;—1)U(1;40) va dao ham

s 3
Nhan thiy f'(x)=0 (V' =1) =les x=2.

Ta ¢4 bing bien thién cua f(x) nhu sau:

=m:

Chimg t6 phuong trinh x +

X
Jxt -1

- V6 nghiém khi ~2vZ <m < 2V2;

X —0 /2 _L

rew | o+ 0 -
4942

f(x) / \

TRERY o i PR . 15

- C6 nghiém duy nhét khi m =22, cu thé, néu
m=2+2 thi phuong trinh ¢6 nghiém duy nhét

TOAN HOC
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X = \/5, néu m=—2\/§
nghi¢m duy nhat x = /3 ;

- C6 hai nghi¢m phan bigt kh; m| > 242, cu the,

thi phwong trinh ¢0

néu m>2J2 (h phuong trinh ¢6 hai nghi¢m

phan bi¢t x,,x, théa man l<x, <2 <x,, néu



m<-242 thi phuong trinh c6 hai nghiém phan Pit xz_l_ v Dt 4hi (2) tré thanh
. . 2

biét X, %, thoa man —1>x, > —/2 > x,. st
sint T
R 14— =2/2sin¢ dote[O ))
Nhu vady phuong trinh x + =22 ¢6 tap cost ( 2

2
—1 .
¥ &> sint +cost =+/2sin 2t
nghiém la s:{ﬁ}. z
& 1+sin2t =2sin’2¢ (do IG(O;E))

Cich 4. Néu x<-1 thi x+ : .
e * i x /—_x2_1<°<2‘/5 & (sin2¢—1)(2sin2¢ +1)=0 <> sin2z =1
nén x < -1 khéng la nghiém cua (1). (do 2sin2t+1>0,t € (();%))
Ta xét trudng hop x > 1. Bién dbi:
7 V4
<St=—(do te 0;—) :
(1) 14— :2*/_5(2), e [ 2)
x° -1 X
Véi t=2" thi x=+/2. Thir lai thdy x=+2 thoa
2 , 2 4
Uu=——-=<+~?2 X ==
Dt F: thi & mén (1). Vay (1) co tap nghiém la § = {/2}.
V:J’—1>O x2-1=7 NGUYEN VAN XA
, x1 - (GV THPT Yén Phong 56 2, Béc Nink)
2 2 4% 2 ,
T3 =1=2v" —u' =u’V’ (3). Nhén xét. Mot so cach giai khac cia bai toan nay
: , c4c ban c6 thé tham khao bai viét clia ban Tran Dirc
Tir (2) tacé 1+v=2uev=2u-1(4) Phuong (GV THPT Giao Thiy, Nam Dinh) trén
u<al? TH&TT s6 548 thang 2/2023 (trang 43, 44) clng
T Jv>0 5 gl l cu<al, chuyén muc. I\igoéi nhirng cach giai cia ban Nguyén
—2y—1 2 Van Xa va Tran Dirc Phuong, cic ban sau ciing c6
V=L déng gép mot sb cach giai twong tu: Nguyén Tién
Thé (4) vao (3) ta dugc: Manh, 8A, Nguyén Xudn Hong, 9A, THCS Nguyén

Quang Bich, Tam Noéng, Ha Phuong Anh, Truong

2 24 .2 _1)?
2(2u-1) —u* =u’(2u-1) Nhdt Nam, 10CT, THPT chuyén Hung Vuong, TP.

ot -2 -3t +4u—-1=0 Viét Tri, Phi Tho; Pham Xudn Hoang, 9A, THCS
- 1)2 (Zuz oy 1) = i it Ly Nhét Quang, D6 Luong, Nguyén Vin Pirc Thing,
9A, THCS Quynh Trang, TX. Hoang Mai, Nghé An.

(do 22 4 T4 —1 510, e( 1, \/5)). Tran Anh Thu, 10A1, TH, THCS&THPT Lé Thanh
2 Toéng, Q. Tan Pha, TP. Hd Chi Minh. Xin hoan

Véi u=1 thi x=+2. Thi lai thiy x=+/2 théa BEAn s ek

R a1 LE MAI (Ha Ngi)
méan (1). Vay (1) c6 tap nghi¢m la § = {\/—2_} . 7
M cc ban giri 16i giai bai toan 82 du6i day vé Toa -
Céch 5. Néu x<-1 thi x+ \[__1 <0<2v2  soan Tap chi TH&TT truéc ngay 3132024,
x p—

nén x <1 khong 14 nghiém ofia (1) BAI TOAN 82. Giai phurmg frinh

e, 1 ; 1
Ta xét trudne hop x > 1. Bién doi: PR : L isk s :
s i N 3 a 1204 2024, x* ~3x4 506

e+ @  TRANVANHANH
(GV Pai hoc Pham Vin Péng, Qudng Ngdi)

, TOAN HOC
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BAl TOAN 89 (Thi chon ddi tuyén IMO cua
Romania. 1999). Che O. 4. B, C la cac diem @
trong mat phang cho 04 = 4,

dong sao

OB = Z\E.UL' = \f. Iim dién tich lom nhar co
thé co cua tam giac ABC

Loi gigi. Trudc tién xét tr dién MNPQ théa man
céc tinh chit sau:

a) Néu H 1a chan dudng vudng goc ké tir M xudng
mét phing (NPQ) thi ta c6 HN = 4, HP=2V3,
HO =22

b) Cac dudng thing MN, MP, MQ vuéng goc véi
nhau timg d6i mgt.

Néu ti dién nhu trén tdn tai thi ta ldy diém O
tring véi diém H, rdi vé tam gidc ABC tly y thoa
man gia thiét trong mit phing (VPQ). Khi 46 ta
c6: MA=JMO* + O =JMH* + HN" = MN.
Tuong ty: MB = MP, MC = MQ.

V e <

=S g MC <% -EMA.MB.MC

MNMPMQ = Vo

ll)l'-‘b) ot

&
2

46 "CMERE _ seseom 0

Viy A4BC ¢6 dién tich 16n nhit bang dién tich
ANPQ. Vin d& con lai 1a xac dinh tir di¢n MNPQ.
bit x = MH, ta co:

MN =Jx +16. MP =& +12, MO =Vx* +22.
Goi R 1a giao diém cua NH va PQ. Ta o hai tam
gidc vudng MHN va RMN ddng dang voi nhau, do

MR MN
0, —=—= =
MH NH 4
D& thiy MR L PQ, do d46: MR.PQ = MP.MQ hay

X6 T e

16
=V +12VF +22 (.
Dit 4y = x° +16, binh phuong hai vé ta dugc:
-4)4r+6)
S (-6)4y +y-2)=0 (2.

(}': -4»)8y+2)=(4y»

l > -
Vi y= Z(.\" +16) >4 nén (2) cé nghi¢m duy nhat

6, suy ra x= v@ Te d6 chon
MN =24, MP =\20.M0 =30 thi ta dugc ti
dién MNPQ thoa man ydu cau. Luc dé:

1
Viorg =3 MH Sy = %MN.MPJ!Q.

la v =

Tr ding thie ndy ta tim duge dién tich 16n nhit
cua tam gidc ABC la

MNMP A .
TR S e = i = 71\!11;1 Q_ 150

Nhgn xét. Rit tiée 1a khong 6 ban nao tham gia giai
bai nay.

NHU HOANG

Sau diy 1A bii tip 08 nghi, Bon doc hay gii R
wvémmmn w ._.W“m




o
Y e
B¢ _ 12
B2
GIAI PAP: GIA TRI NHO NHAT
BANG BAO NHIEU?
(Dé dang trén TH&TT s6 554, thing 10 nam 2023)
Phén tich sai lam. Loi giai di khong tim ding

mien gid tri cua 7 khi dit 1 =4"""" vei xe[-11].

Hon nia f(r)=-57 khi r=8 hay 4'* =§

o2 =P o Vl-¥ =3e=1'=-8 (khéng
¢ x), nhu vdy ham s6 khéng nhén gia i —57.

Lot gidi diing nhur sau. Dt 1=4""" khido xét
: .= 3 s0; -X
h(x)=vVl-x :h(.ﬂ=\/__‘=0¢$x=0

| x

@) |

|

| h(x) |

Dodé: 0<VI-x <1=>4° <4 <4' s 1<r<a
Xét ham s§ f(t)=r:—l6t+l3 trén[L:4] 6

FO=2u-16; f'(1)=0=1=8.

=

Do d6 min y = min f(r) =—35 khi 1 =4 hay

-] 4]
4“;: =4oJl-¥=1x=0
Vidy miny=-35.
(-ua]
Nhén xér. Rit tidc la khong cd ban ndo phit hi¢n duoc
Si 1am trong 101 gidi bai ndy.

KIHIVI

Trong gid on tip cudi hoc ki 1 vé phin gidi han
ham sé ¢ 16p 11 Anh, thiy gido co néu bai toan
sau: Tim tar ca cac gia n-iaiasé'ade:

fim 2

= Jx*+1-x
Sau khi ghi d¢ bai 1én bang , ban Ank Qudn xung
phong lén bang giai, sau day la lon giai cua ban
Anh Quan:

X a—-’—i)
(a—!)x—#___ﬁm - x

Tacd: lim — -
r—=x xl +l —x I—=x * l
X 1+ o -1

x
a-2——
= lim X

1+ = 1

X2

l+—1:— -1>0,vx>0.
i

im @224 o g
TN+ -

va x2+0=>x>0 nén
Tr d6, ta co dé

a-2<0<>a<2. Viy tit ca cic gia tri a cin tim
laa<?2.

Trong lic thdy gido cing cic ban trong lép 11
Anh dang xem xét 101 giai cua ban Anh Qudn, thi
ban Anh Khoa y kién, em c6 cach giai khic. Sau
day la lo giai cia ban Anh Khoa:

Ta cé:

(a 2)x-4 [(a 2)x - 4](\)\ +1+Xx)
"’“‘ 4l=g "‘“Nt +1-x)Vx* +1+x)

(Xem tiép trang 43)
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. Tap i TOAN HOC vi TUO! TRE
{7 Wethematics snd Youth Nogezine

XUAT BA N T 1964
af b (22624
142 seam ¢ VETE, Geing V6 Blay B2 ¥ Wy 3
o7 Biks thy. 82438171087 )
7 Pt haal €24 35142848 024 TRRZ 1Y)

BAN CO VAN KHOA HOL

G5. TSKH. TRAN VAN NHUNG
75 NGUYEN VAN YONG
GS. DOAN QUYNH
PGS TS5 TRAN VAN HAO

CHIU TRACH NHIEM XUAT BAN

Thog Gidm a6c NXBGD Viet Nam
HOANG LE BACH
Thng Bikn e NXBGD Vies Nam
prAM VINH THAI
Vién tngimg Vikn nghitn s Shch va HLGD
PHAN XUAN THANH

’I()’ Iﬂ)"’l BIEN TAP

Téng bitn thp : T5, TRAN HOU NAM
Thu ki Toa soan : ThS, HO QUANG VINH

Phi thng bién dgp : CN, TRAN THI KIM CUONG
75, 1LE HONG MAI

75, TRAN DINH CHAL, THS. NGUYEN ANH DONG, 75, TRAN NAM DONG, 5. NGAIYEN MINH DOC, 15 NGUYEN sINH HA.
78, NGUYEN VIEY AL PGS TS 1E QUOC MAN, Ths PHAM VAN HUNG, PGS 15 YO THANH KHIET
G5 TSKH, NGUYEN VAN MAMJ, Ong SOUYEN KHAC MINK, 75 PHAM THI BACH SGOC, PGS T5 TA DUY PHUNG,
ThS. NGATYEN THE THACH, G5 TSKH. DANG WG THANG, PCS T8 PHAN DOAN THOA, ThS YO KIM THOY, pos 15 V0

DUONG THUY, G5 TSKEH. KGO VIET TRUNG

TRONG SO NAY

cmmfmwucb
For Laower “we o bar “ hool
Lé Vin Tudn — Nguyén Anh Tuin - Khai thie
midt bai 1én hinh hoc co bin Wop 8.

@ 11uimg din gisi b i tuyén sink vio kop 10
THPT chuyén, tinb Blc Giang, nbm hoc 2023 -
224,

@ i i vsyén sinh vio Lop 10 THPT chuyén, TP.
Hi Noi, ndm hoe 2023 - 2024,

@ vizn aan agy nye 0hn
Weguybn Thanh Hdi - Phit wikn ts duy ¥4 k§
nling giéi todn cho boc sinh thong qua mot bai
10dn bhinh hoe khimg gian.

@ Lich i 10hn hoe
Nguyén Thiy Thank - Qué trinh hioh thanh vi
phis tridn cisa Kinki miém hiem 3.

@ pé ra ki niy

Prablems in [his [ssue

TVS60, .., TIZS60, L1/S60, L2560
@ Gidi bii 16 trwie

wokiations W Previcws Problem:

T1/5%6, ..., T12/556, 1.1/556, 1.2/556

@ rhuong phip s woin
Trbn Xubn Ding -~ Clin nguybn thizy mb Gus
nguyén 1.

@ Tibog Anb qua che bii ke - B 5b 10) -
Bai dich sb 99,

@ Nuibu chen gisi cho mit b ok - Giss bis
whn 80 - D& bii 10bn 82,

o W“ﬂwwmwmm-w
bai tohn 9. 13¢ b 104n 91

@ ssithm i a5
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12024 \!‘gtt taromg Vam Dinh thude Truomg Tidu hoe Tan Phu tnre Tink uy. Ban Tuyen gk
an Phu, thy \&@3 ong My, unh Hau Gua

Tho. X3 Phuong Binh, huvén Pt Higp. unh
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