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Ban doc than mén!

Trong 60 nam qua, Tap chi Toan hoc va Tugi tré khong ngiing phat trién va da tré thanh ngugi
ban than thi€t cia nhiéu thé hé hoc sinh, gido vién va ban doc yéu toan trén cd nudc. Tap chi Toan
hoc va Tudi tré da nhan nhiéu Bing khen, Huan chudng va nhilng phan thudng cao quy khic ma
Padng va Nha nudc trao tang. Diéu nay cé dudce 1a nhd cong siic cliia cic nha toan hoc, cic nha su
pham, cdc Uy vién hoi déng bién tap, cac cong tac vién va ban doc yéu toan trén ca nudc. Thay mat
Ban bién tap, ching téi xin cdm on ban doc gin xa, cic nha khoa hoc va cic cong tic vién vé
nhing dong gop to 16n dé.

Dé chao ming 60 nam thanh lap va phat trién Tap chi Toan hoc va Tudi tré (du kién trong thang
12 nam 2024), tif thang 4.2024, Ban bién tap sé md chuyén muc: Nhifng hoi ifc, nhitng ky niém vé
Tap chi Todn hoc va Tudi tré. Noi dung cac bai trong chuyén muc nay sé viét vé nhiing hoi itc,
nhilng ky niém, gin bé cta ban doc véi Toan hoc va Tudi tré; nhiing dnh hudng, déng gop clia Tap
chi Toan hoc va Tudi tré déi vdi phong trao hoc toan, gidi toan.... trén toan qudc.

Bai vi€t c6 thé viét trén gidy hodc danh may vi tinh (nén bing chuong trinh soan thio van ban
word). Trén bai vi€t can ghi ro: Ho tén, dia chi, sé dién thoai. Bai vi€t khong qua 4 trang danh may.

Bai vi€t co thé gii vé Toa soan:

- Gui file word theo dia chi email: toanhoctuoitrevietham@gmail.com
- Giii bai theo dudng Buu dién. Phong bi c6 din tem, gii vé dia chi: Tap chi Toan hoc va Tudi tré,

187B Gidng Vo, bong Pa, Ha Noi.
- Hoac dén Toa soan Tap chi gii tnic ti€p.

Ban bién tap mong muén nhan dudc cac bai viét tif ban doc. Tran trong cam dn!

TH&TT
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CUOC THI VIET CHUYEN DE TOAN CHAO MUNG 60 NAM TOAN HOC VA TU0I TRE

D& chao miing 60 nam thanh Iap va phat trién Tap chi

Toan hoc va Tudi tré, Ban bién tip t6 chiic cudc thi
viét chuyén dé Toan cho bac THCS va THPT.

o Ddi twgng dy thi: Gido vién da hodc dang day & bac
THCS, THPT, Gidng vién, Sinh vién ¢ cdc tnidng Dai
hoc, Cao dang va ban doc yéu thich Toan.

 Ndi dung bai dy thi: L cic chuyén dé bdi dubng
hoc sinh gidi todn; cic chuyén dé on tap, on thi cudi
cdp; nhiing tim t0i, sdng tao trong viéc day hoc Todn
(bac THCS, THPT).

o Thé 18 cudc thi: Mi ngudi tham gia cujc thi dugc
glii khong qué 3 bai dy thi khdc nhau. Céc bai dy thi
co thé 1a cdc sing kién kinh nghiém da dang ky, hodc
- dat gidi 6 Trudng, Phong, SO.... nhung chua ting dugdc
xuit bin thanh sich, bdo, tap chi va ciing chua tham
gia cudc thi nao khéc.

Két qua cudc thi s dugc cong bd trén TH&TT thang
11 ndm 2024 (S5 569). Cic bai hay cé thé dugc chon -

ding trén Tap chi hodc in thanh sich. Cé'"c:iac gid
duwgc hudng nhudn bit theo quy dinh clia Tap chi. Bai
viét tham du cudc thi thudc bin quyén clia TH&TT.

« Thii han gt bai du thi: Truéc ngay 15/10/2024.
e Quy cach bai dy thi: Bai dy thi dugc ddnh may vi
tinh, nén ding chuong trinh soan thao van ban word
(co file). Trén mdi bai dy thi ghi rd: Ho va tén, dia chi
Trudng, xa (phudng), huyén (quan), tinh (thanh phd),
s0 dién thoai. Bai du thi khong quéd 15 trang dénh
mdy. Trén ciing clia trang 1 mdi bai dy thi ghi rd:
* Bai dy thi viét chuyén dé Todn
chao mirng 60 nam TH&TT.

o Cdch gifi bai dy thi: Bai du thi gui vé Tba soan
TH&TT béng cach:- B
- Gi file word theo dua chi, emall ‘

toanhoctuortrewetnam @gmail.com ‘

t Gm bal theo duding Buu dlen Phong bi co‘ dan tem,
gtli vé d|a chi: pr N 2% - :
Tap chi Todn hoc va Tuéi tré
187B Giing Vo, Déng Pa, Ha Nji.

- Ho3c dén Toa soan Tap chi gifi truc tiép.
o Gidi thudng: Nhiing ngudi doat gidi sé dugc nhdn
Gidy ching nhan va Tang phdm ca Tap chi.

TH&TT
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TRUNG ud <6 S

* CON UONG 1 DEN T0NG Quie.
 TUMOT BAI TOAN BAT DANG THIE

- NGUYEN MINH THANG
(GV THCS Nguyén Du, TP. Has Tinh, Ha Tinh) /

Trong todn hoc noéi chung va chi dé bt ding thirc
noéi ri€ng “Tim cdch khai thac bai todn va dwa ra
dang téng quat ciia bai todn d6 1a con dwong diing
ddn nhdt trong hoc todn”.

Bai viét nay t6i xin dwa ra mt sé bai ton lam vi
du minh hoa

I. BAI TOAN THU NHAT

BAI TOAN 1.1 (Bai todn gdc). Cho cdc s6 thuc
a,b,c khong dm thoa man: a+b+c=6. Tim
GTLN cua biéu thirc M, = a*b+ b +cla.

Loi gigi. Khéng mét tinh tdng quat, ta gid sir
a = max {a;b;c}. Ta cé: '

M, —a2b+b2c+c a= a2b+bbc+%+c—2‘1

a.ca cza NS

<a’b+abc+—4—=.
2 2

=“b(“+c)+%(av+c)=.a(“+;‘c)(b<+‘§j iy

= 2M,<a(a +c)(2b+c).

Theo BDT Cauchy ta c6: AT
2Ml<a(a+c)(2b+c)$[a+a+‘;+2b+c)
| 2(a+b+
. 2( c). (26) =
o L3 |
(b2.c=abc
.y cta=dc.
= M, <32; M, =32khi ; "
a=a+c=2b+a
la+b=c=6

e d b2, oD,

Viy maxM; =32 khia =4, b =2, c =0 va cac
hoén vj cia nd.

Nhan xét 1. Giai xong bai todn 1.1, mdt cach tur
nhién ching ta s& ddt cau hoi: “Voi cdc s6 thuc
a,b,c’ khong dm c6 tdng bing 6 thi biéu thirc
M, =a*b+b*c+ca ¢ GTLN béng 32. Nhur vdy
ciing véi cdc sé thuc a,b,c khéng am co to"ng
bang 6 hodc c6 tong bing k thi cdc biéu thirc
M, = a*b+bc+c’a hodac M, = a*b+bc+ c4a,
... '5& ¢6 GTLN bdng bao nhiéu?” |

Véi cau hdi trén trudce tién chung ta' s€ giai bai
toan sau.

BAI TOAN 1.2. Cho cdc 56 thuc a,b,c khéng ém
théa mén: a+b+c=8. Tim GTLN ctia biéu thirc
M, =a’b+bc+cla.
Léi gidgi. Khong mit tinh téng quét cia bai toan ta
gid sit a=max{a;b;c}. Ta co:
2 2
c.e ; '
a cca
2

M, =d’b+bc+cla=ab+b bc+

2 2
a .ca ac a
<a’b+a’bc+—— ——f

] 2
= azb(a +c)-i-%(a+c)

- (a+o)[b+)

=3M,<a’(a +c)(3b +3§) ,

< a.a.(a + c).(3b + 2c) (2)  (do %E <20¢).

TOAN HOC
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Ap dung BDT Cauchy ta c6:
3M, <aa.(a+c).(3b+2c)

<

(a+a+a+c+3b+2c)4
4

(3(a+b+c) 4_ 3.8Y

T 4 U4
= 3M, <6 = M, <432; M, =432 khi
(B3¢ = a’be

c3a = a3c

3

{a=a’c?

=a=6,b=2,c=0.
a=a+c=3b+2c
at+b+c=8

Viy maxM; =432 khia =6, b =2, c =0 va céc
hodn vi cua no.

Nhgn xét 2. Ta thdy cach giai hai bai trén déu s
dung mét BDT, va déu c6 diém roi giéng nhau.
Didu nay cho phép ching ta nghi dén bai toén
tong quat sau.

BAI TOAN 1.3 (Bai todn tong quat 1).

Cho a,b,c la cac 50 thuc khéng am théa man:

a+b+c=k. Tim GTLN cua biéu thirc

M=a"b+b"c+c"a voineN,n=2.

Loi giai.
Khong mét tinh tong quat ta gid s
a=max{a,b, c}. Ta cé:
M =a"b+b"c+c"a
-1 n-2 2
a c"*ca
=a"b+b" bhe+E : i
"lea a"2c’a
Sa"b+a"’lbc+a 5 + 5
n-1
Sa"‘lb(a+c)+ e z'c(a+c)
= n-1 + b+£)
a""(a c) g
TOANHOC .
2 & crué'lme S5 562(4-20249)
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=nM <a™! (a+ c)(nb + 225)

<a"! (a+"—zc)(nb+-’;—cJ (do cs-'-'igvéi nx2)

ne nc
M< aa..a.|a+—||nb+—|.
=>n a.a..a (a ZJ[n 2]

——
n-1thinas6a
Theo BDT Cauchy ta cé:

=nM < a.a..a .(a+-!'ﬁ | b+ 25
Mageer A2 2
n-Ithiras§a

4 n+l
a+a+...+a+(a+-’ic-)+ nb+ 25 :

n-1s6hang a

IA

n+l

\
_(n(a+b+c)n+l_( nk n+l
. n+l n+1

n+l
=>Ms—l'—.( nk ) :
n\n+l

1 nk n+l )
M=— - khi a=a+c=nb+(n—1)c
n n+l
=c=0;b= k ;a= nk %
n+l, n+l
n+l
VéymaxM:L{ nk ) )
n n+l
BAI TAP AP DUNG

Bai 1. Cho céc s thuc a,b,c khong am théa man
a+b+c=9. Tim GTLN cua biéu thirc
M =a’b+b*c+ca.
Bai 2. Cho cac s thuc a,b,c khong a&m thdéa man
a+b+c=8. Tim GTLN cua biéu thirc
M=a’b+bc+ca
Bai 3. Cho cac sb thuc a,b,c khong am théa min
a+b+c=10. Tim GTLN cia biéu thirc

M =a‘b+bic+cia
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Bai 4. Cho cac sd thyc a,b,c khong am théa mén

a+b+c=6. Tim GTLN cua biéu thirc
M=ab+b’c+c’a.
II. BAI TOAN THU HAI
BAI TOAN 2.1 (bai todn goc).  Cho
ab,ce [0:2] thoa man: a+b+c=3. Tim GTLN
cua biéu thirc:
N, =a’+b* +¢°.
Léi gidi. Cdch 1. V6i Va,b,c €[0;2] ta luén c6:
{(2-0)(2—b)(2—c)20
abc20
:(2—a)(2—b)(2—c)+abc20
=>8-4(a+b+c)+2(ab+bc+ca)20
=8-43+2(ab+bc+ca)20
:2(ab+bc+ca)—420
=a’ +b” +c* +2(ab+bc+ca)-42a° +b +
=>(@+b+c)-42a>+b* +¢? =N,
=3 -4>N, = N, <5; N, =5 khi
(2-a)(2-8)(2-c)=0
abc =0
at+b+c=3

=>a=2,b=Lc=0.

Vay maxN; =5khia=2,b=1, ¢=0 va cic hoan
vl cua no. _
Cdch 2. V6i Va,b,c €[0;2] ta gia sir
a=max{a, b, c}=>1<a<2

= (a-1)(a-2)<0=>4"-3a+2<0 (1).

Ta co:
N, _—_a2+b2+c2=a2+(b2+c2+2bc)f2bc
, =a2+(b+c)2—2bc=az+(3—a)2—2bc
=2a* —6a+9-2bc<2a*-6a+9
(do —2bc <0 véi Vb,ce[0;2])

=2(a2—3a+2)+5 Q).

https.://sites.google.com/site/letrungkienmath

Tr (1) vd (2)suyra N, <5. Ny =5khia=2,

b=1,¢=0.ViymaxN,=5khia=2,b=1,c=0
va cic hodn vj ciia né.

Nhdn xét 1. Sau khi gidi bai todn 2.1 ching ta
cting dit cdu hoi:
“Véi cdc s6 thuc ab,ce [0;2] théa man:
a+b+c=3 thi cdc biéu thic Ny=a’ +b* +¢°,
Ny=a'+b*+c%,.. sé c¢6 GTLN bing bao
nhiéu?”
Vi cdu hdi trén ching ta giai bai todn 2.2 sau.
BAI TOAN 2.2. Cho ab,ce [0;2] thoa man:
a+b+c=3. Tim GTLN cua biéu thizc:
N, =a+b +c.
Loi gidi.
Cich 1. Khong mit tinh tong quét ta gia sir:
a2b>c=>1<a<2. Tacé:
(a-2)(a-1)<0=a*>-3a+2<0 (1).
Do do: N, =a* +b* +¢°
<@ +b +c +3be(b+c)
(do 3bc(b+¢)>0)
>N, <a’ +(b+c) =d’ +(3-a)
=27-27a+9a* =9(a* -3a+2)+9 (2).
Tir (1) va (2) suyra N, <9; N; = 9 khi a = 2,
b=1,c=0.VaymaxN,=9khia=2,b=1,¢=0
va cac hoan vi cia né.
Cich 2. Khdng mét tinh tong quét ta gia sir
a2b2c=>1<a<2,0<c<l.

Tacé: (a—2)(a-1)<0 =>a’<3a-2

=a’ <3a* -2a<3(3a-2)-2a (do @’ <3a-2)

=a’<Ta-6 (*).

Néu b<1 thi b° <b;c’ <c. Suyra:
Ny=a’+b’ +*<Ta-6+b+c

=(a+b+c)+6a-6=3+6a—6

TOAN HQC

S3562(4-2029 ¢ CTuGifyré
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=B =3L02-3=9 (1)
N&u 3> 1 thitaod
(3=2)(d=1)$0 =2 SW-2
AN W -DLHW=2) = (@ H W=D
DA SW=6 (")
TN VA (M) sy
Ny=a' 4B et S Ta-64M=64¢
aN@+d+¢)=12=-6c=73-12=0¢
=969 QM
T (DA Q) sy raN, <& N, =9 khi
[(@=2)@=1)=0
[(d=2)(d=1)=0

¢c=0
avdre=l

Vay maxNy =9 khie=2,bd=1,¢=0 vi cic hodn
viodand

=)

S1¢d=1.
¢c=(

BAL TOAN 23, Cho adce[t2] thia man
Iom GTLN cusa Bicdws 1R
‘ Ny=a'+d' +¢'
Loi gidi. Rhdng wit tinh tdng quat ta gid 8
22a2d2e2021Lag R 0L esL
Tacd: (a=1)(a-2)<0
D@ =a+220=2a* <=2
2@ 3 ~2<I(a-2)-Ww=Ta=6
2a' <%’ -6a<7(3a=2)-6a=15a-14
THI: 0SHLL0Le Ll Tacd:
Ny=a'+d' 4t 15a-14+d+e
=HMa+(a+d+c)-14
<14243-14=17 ()
TH2: 22 @252 1. Lip ludn trong tr vi két qud
@' 15a-14, ta cling chimg minh dugk:
b 1sh-14,
T diy ta suy ra:
Ny=a'+d'+ct

TOAN HQC ;
4 Tonsipa  SSssae-wee

e bvend
@+o+Cc=N

s1fa=1+13D=1d+e

w13(a+bee)=28=1de

=133 28~ 14¢

=17=14e 17 Q)
MOV sayra Ny 17 My= 17 khia =2,
d=Le=0 ViymaxVy = 17khia=2 d=1,
e=0 va ode hodn vi cda nd.
Nidn né 2 Sau khi gidi xong ba bai todn trdn
chimg ta phat hidn thiy khi » = 2 thi bidu thire
Ny o0 GTLN W max M, =22 41740 =5, khi
m o= 3 ti bida thic N, o GTLN W
max Ny =2"+1'+0° =9 V& Khin=4 i bida
thire Ny 06 GTIN 1 max Ny =2 414 +0' =17, ..,

TN Quy udt trdn ching ta dir dodn dupe bai todn
t1ong Quét cdia ba b todn trdn nhar san,

BALTOAN 2,4 (bai todn tong quat ).

Cho .:..“.‘*x;{O;Z] hia man: a+d+c=3,
OTLN it Dicw thieey
Ne=a"4+d" +¢" \OineN w22

Lo gidi. Rhdng mdt tinh tdng quét cda bii todn ta
gid s @ =max{a,b,c} VA ¢=min{a,be}.
Taodh

{;i:zf@)a(«:-l)(a-z)so

=a’-3a+2<0
sadgla-2=(2"-1)e-(2-2) ()
=@’ 23’ -2a<3(3a-2)-2a (do a? <3a-2)
=a'<Ta-6=(2'-1)a-(2'-2) @
=a' <7’ -6a27(3a-2)-6a (do @® <3a-2)
=a' S15a-14=(2" ~1)a-(2'-2) ©)

T (1), Q) Vi (3) ta dyr dodn BDT tdng quit la:

a* <(2* -1)a-(2"-2).
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THRWAY, VO wl @ e [R2] W me N2, SN 2(2‘ -1).‘2* &3

Taok @ <(2*=1)a-(2*-2) =2 4= 4§ =241 )

TH2 1SHL2

Chiimg minh frong tr nha vl bidn @ ta duge:

&2 a-@" -2 -a+220 "

Sa-a" = =a+220

beia i B <(2=1)p~(2" -2),
» 2% - ;
s?-:\(- a-a )+(:‘ \a—l‘)\\(l-u)h(\ —
e ~a™)-2 (2-0) 4 (2-0)20 Neat +b 4 <(2=1)a- (2" -2)
\‘:..\a(l-a)(;‘.‘“‘ 2 e v 2a™ *"‘"3)_ *(Q"‘ —l)b-(i' _2)_*@‘
“M(2ma)+(2-a)20 =@ -a-2"+2)+ (B2 =d=2"++¢"
(@0 @ " =(a=d)x S(«‘Q‘ -a-Q”+.’2)+(M"-b—2" ~+2)
x(«"‘ +@ b+ R rrad ™ 4 bn-l) +ed =e
. (o 0L dL))
htnl (2" =1)(@+dre)-22" 44
=1)(a+d+e)=22"+
%(J-a)[aﬁ“’ S S e T i ,
. =(2"=1)3-22" 44
~@7-n]20@). Gl

Xét bidu thire § trong dfu ngole vedng a (. =2 Y1 O
& NG va@sayrar NS2"+1,
Su[a(!“" 'S L PEREN. P +a"‘ﬁ)-(z"'_|)] N=2"+1 khi @=2 b=) c=0,

=a@ I+ 2 e+ 2a™ 1™ Viy @N-z' +1khia=2,b=1¢=0VAcde

ol kel hodn vi cda nd.
=@=DRTTRIT 2 29)) .
> BAL TAP AP DUNG
.z"-(.-l)uﬂ(a’-n)+a"*(a3-1)* o)
Cho codc th a,b,eef0;2] thda man
el w s
7 @+b+e=3. Tim GTLN cla bidu thire

DS thiy bidu thic $20 Wi Vae[i2] va »22, 2) Ny=aS+dSacs,
va k&t hop Vi (2-@)20 vai Vae[k2], sym  p) No=aS+d8 et

BDT({) duoe chimg minh. Q) Ng=a'+b"+¢'.
Bay gidr ta xdt hal tredng bop: d) Ny=a™ 4 p™ 4™
THI: 0<d<1, Taod Nhgn xét 3. Tidp tye khai thic bai todn theo mdt

Nta‘“+b*+e"$(2"—1)a—(2‘—2)+b’+_c' khia canh khic, cu thé 13 khai théc bii todn theo
cich gidi thir nhit, ta xem adce[0;2] I
abee[mn] V@ wWng a+d+e=3 It

N€a2' -2a-
=2 NLa2* =22 2"+2+a+bfc a+b+c=k thita duge bii todn tdng quét nhu
a..(:'-:z)-z'+2+3 sau,

DINLa" -a=2"+2+d%c¢ (d0 0L, HL))

S§ 562(4-2024) m 5
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BAL TOAN 28 (DAl todn tdng quat d). Cho
abee|mn] haa min a e deca Rk Tw GTLN
o Ddw thae P 'JY\ &7 \‘:.
Lov gidi. T
[(@=m)(d=m)(c-m)20
l(n ~a)(n=d)(n-c)20
= (a=m)(d=m)(c-m)
+(n=a)(n=d)(n-¢)20
= abe-m(ad+deroa)+m®(ard+c)-m
st =ni(@rdre)rn(ad+derca)-abe20
a(n—m)(abi-bﬁ-(\l)—(n’-m’)(«n-ba-c)
(o —m’)ko
=(r-m)(ad+derca)=(n-m)(n+m)k

+(n-m)(n°+m+m’)20

a.bee[mn]=>

2abrderca=(nrm)k+n’ +mn+m® 20
(chia2 vé cho n=m>0)
= 2(ab+be+ca) = 2(nk+mk)+ 20
+2mn+2m* 20
a’ +5" v +2(ad+be+ca)=2(nk +mk)
+ 207 + 2mn e 2m 2@ 4 4 P
= &% = 2(nk+ mk)+ 207 + 2mn+ 2m’
2ai+d+et=p
nPi(n’ +m’ +k’+m-m—2mk)+n’+n’
=(n+m=k) +md 40,
Pn(ni\u-k)!-!»n“*n’ khi
(a-m)(b-m)(c-m)=0 [a=m
(n-a)(m=0)(n-¢)=0 =>{db=n
arbdbre=k c=k-m-n
Viy mP:(n-ﬂ-u—k): +mienikhia =m,

db=n,c=k—=m—n Vi cic hodn vi cia nd.

6 icruggcé S48 562(4-20249)

Chik )2 Vi era&-n-bSk—m-mc:sms-g-.
BALTAP AP DUNG

a) Cho cde s§ thye abce[-1:5] théa min

a+d+c=7 Tim GTLN cda bidu thie
R=a’+b+¢

b) Cho cde s§ thye abce[23] théa min

@+b+c=10. Tim GTLN cda bidu thire
P=a®+d +¢,

¢) Cho cdc s§ thwe abee[-X2] théa min

a+b+e==2, Tim GTLN cia bidu thire
R=a’+b+c’

d) Cho cde s§ e adbee[-27] théa min

@+b+¢=10. Tim GTLN cda bidu thire
Po=a®+b+cd

L BAL TOAN THU BA

BAi todn 3.1 (DAL todn gdo). Cho a, b la cdc s0
thwe dwong thoa min a+d=4, Iim GTLN cua

bicu thi: Q =a’b* (a* +b%).
Loi gidi. Ta od: 320, =4«rb[4\(2ab).(a’ +» )]
Ap dung BDT: (a+b)’ 2 4ab véi moi a, b, ta ob:
320, =4ab 4(2ab).(a* +1?)]
<(a+b)'[(2ab)+(a* +b’)T
=(a+8)[(a \xz;)’]2 =(a+d)* =48

a=b
®
=20 s"—alzs; 0\=128khi {2ab=a®+d’
32
a+b=4
Sa=d=2

Viy max@ =128 khia=b=2,

(Xem ticp trang 12)
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HUONG DAN GIAI DE THI TUYEN SINH VAO LOP 10
THPT CHUYEN, THANH PHO HA NOI
NAM HOC 2023-2024

Mén: Todn (chuyén Tin); Thoi gian lam bai: 150 phat

Cau L. 1) Giai phwong trinh

2x+2=(5-x)W3qx=-2 (1.

s el o [x+yeday=9
2) Giai hé phwong trinh - ; \ .

Lai giai. 1) DPKXD: .\'2%. Khi do:

()= 5x-3x+2=53x-2 -x\/3x-2
& 5x-5Y3x -2 +xJ3x-2-3x+2=0
<:>5(x—\/3x-—2)+\/3.r—2(x—ﬁt—2)=0
o(x—\/3x—2)(5+\/3x—2)=0.

THII: x—m=0=>xz—3x+2=0:[z
TH2: 5++/3x—2 =0 (vd nghiém).

Pé6i chiéu didu kién ta dugc tip nghiém cua
phuong trinh 14 § ={1;2}.

2)bit S=x+y, P=x).

Vi (x+y)’ > 4xy = S* > 4P. Hé phuong trinh tr&

S+3P=9 (1)
$*-3PS=9 (2)
Thay P= —= vao (2), ta duge:
S=-1
$’+57-95-9=0&5=3 .
§$=-3

+Véi S=-l:>P=? (logi vi §? <4P).

x+y=3

+ Véi S=3:>P=2=>{
xy=2

Tir d6 tim duge (x; y) = (1;2) hodc (x;y)=(2;1).
+V6i S=-3=P=4 (loaivi S* <4P).

Viy tip nghi¢m cta hé 13 § = {(1;2);(%1)}.

Cau IL 1) Cho p la 56 nguyén to lén hom 3.

Chieng minh s6 A=2""** ~8 chia hét cho 21.

2) Tim tdt ca cdc 56 nguyén x va y thoa man
=y =2x-y)Y +17.

Loi gidi. 1) Vi p 1a s6 nguyén t5 16n hon 3 nén

p khong chia hét cho 3 va p la sé nguyén lé.

Suy ra p* chia 3 du 1. Suyra p?+2 chia hét

cho 3. Dodé p*+2=3nvéi neN.

Ta c6: 4=2"-8=(8"-1)-7. Suy ra A:7. Do

p*+2 1a sb nguyén 1é nén p*+2=2k+1 véi

keN. Tacé: 4=2"*"-8=2(4*-1)-6. Suyra

A:3. VIUCLN(3;7)=1 va 3.7=21 nén A4:21.

2) Tacé: (x—»)(3* +x+y*)=2(x—y)* +17.

Mi 2(x-y)’+17>0 v6i moi x,y suy ra

x—y>0. D& thay rang x— y 13 uéc cua 17.

THIL: x—y=1=x’-)* =19,

Tim dugc (x;y) =(3;2) hodc (x;y)=(-2;-3).

TH2: x-y=17=x"-) =595:x)’=—% (loai).

Vay (x;)=(3;2) hodc (x;y)=(-2-3).
Céu 1. 1) Cho da thiee

f(x)=x"+2x" +3x7 +2022x + 2023.
Chirg minh da thiee f(x) khong c6 nghiém hinu 1.
2) Véi cic so thuc a, b va ¢ théa man
(@+D)b+D)c+D=(@=-Db-1)c-1), #m giad
tri nho nhdt ciia biéu thirc 4 = la| +]8] +|c].
Loi gidgi. 1) Pa thirc f(x) 14 da thirc c6 cac hé s§
nguyén c6 h¢ s6 cao nhét 1a 1. Do d6 néu da thirc
f(x) c6 nghiém hiru ti, nghi¢ém dé 1a nghi¢m

, TOAN HOC
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nguyén. Gid si x =a la mét nghi€ém hiru ti cua da
thirc f(x).Khid6é aeZ,a=0 va f(a)=0. Suy
ra a 1a uéc cia 2023. Tir 46 a 1a sd nguyén lé.
Suyra a*, 3a® 1a cdc s6 nguyén lé.
Do dé f(a)=a"+2a’ +3a® +2022a +2023 la sd
nguyén 1&. Diéu ndy mau thudn véi f(a)=0. Suy
ra didu gia st 14 sai. Do d6 da thire f(x) khong co6
nghi¢m nguyeén.
2) Tacd (@a+D)d+)c+)=(a=1)b-1)c-1),
suyra ab+bc+ca=-1. Tacé:

A'=a’ +b" + ¢’ +2|ab|+ 2|be| + 2|cq|

=(a +b+e) + 2(|ab|+|bc|+|ca|)+2;

|ab| + Ibcl + Ical -3 |ab +bc+ ca|

= |ab| +|be| +|ca| 212> 4224 =5 422,
Dau “="xdyrakhi a=L,b=-1,c=0=>min4A=2.

Cau IV. Cho hai dwong tron (O:R) va (O;R")
cat nhau- tai hai diém phan biét A va B
(R<R <00"). Goi PQ la tiép tuvén chung ciia
hai dwomg tron (0) va (0") véi Pc(0) va
0 € (0'). Puwong thang PQ cat dwong thing O0'
tai diém S. Qua diém S vé mot dwong thang cdt
dwong tron (0) tai hai diém E,F va cat dwong
ron (O) tai hai diem G, H sao cho
SE<SF<SG<SH.

1) Chimg minh dwong thang OF song song voi
dwong thang O'G.

2) Climg minh SA* = SP.SQ.

3) Tié'p tuyén tai diem A ciia dwong tron (0) cdt
dwong thang OO’ tai diém M. Tiép tuvén tai diém
A ciia dwong tron (Q") cdt dwong thang 00' tai
diém N. Puwong thang ME cat doan thang AB tai

-

diém I. Chimg minh EA; L va ba- diém
' EB~ IB ‘

N.I.H la ba diém thang hang.

Loi giai.

8 T(‘)g,l'“ug% S8 562(4-2024)

Khi d6:

Goi K va X’ lan lugt 14 hinh chiéu cia Ova O
trén dudng thing SE.

OK _SO_OP R _OE
oK' SO' 00 R 06

Suy ra: AOEK »» AO'GK’ (c.g.¢)
= OEK=0'GK’= OE// 0'G.

Dudng thing SA4 cit lai (0) tai C. Chimg minh
tuong twr cdu a, ta cé6 OC// O’ A. Suy ra:

SA4 R S4

SC=£=>S—C=§—S = CP/l AQ

= 50A4=35PC=5AP = ASPAw» ASAQ;

= S4* = SP.SQ.

Goi X 1a giao diém cua ME va (0) (X =E).
Khi d6: AMAE o> AMXA (g.g).
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AE  MA
Suyra — =——- Lai c6: AIAE o AIXB (g.g),
y - MX La (g.2)
AE IA AE’? IAMA
: S =22 Tadh " ~
Swr ot YR e oMy
BE®  IBMB
1 ‘nhm ’t d = .
Chimg minh twong ty, ta duge = = X MX
2
Vi MA=MB nén FA__I4,
EB° 1B

+ Goi D 1a giao diém cua dudng thing SA va
(0") (D # 4). Ta chimg minh dugc:

AE R
= = = ASGD vh ASAH
GD_SG_ 4E _R SG
TAH SA _AH R s
BE R SG
Tuon —_——
S8 PHTR SB
Vi SA=SB nén A= £ B4 _HA
AH HB EB HB
Gia sit NH cit AB tai I’. Chimg minh tuong tu
2 '
nhu & trén, ta duge A _ LA gy EA_HA
HB® I'B EB HB
2 ' ]
aan 24 L H 14 possinr.

EFF I'B T B I
Suyra N,I,H thing hing.
Cau V. Trén ban cé hai tii keo: tii thir nhdt cé
18 vién keo. tui thir hai co 21 vién keo. An va
Binh cung choi mot tro choi nhw sau: mai lheot
choi, mét ban sé ldy di | vién keo nir mot tii bat kv
hoéc la moi tii ldy di | vién keo. Hai ban ludn
phién thwc hién heot choi ciia minh. Ngwoi dau
tién khong thé thuc hién dwoc heot choi ciia minh
la nguoi thua cudc, nguoi con lai la ngwoi thang
cuée. Néu An la nguoi lav keo truoe, hay chi ra
chién thugt choi cia An dé An la nguoi thang

cuoc.

Léi gigi. Ta dinh nghia lugt choi chién thing 1a
luot choi ma sau khi choi, s6 vién keo con lai
trong mdi tii déu 13 s6 chin.

Chién thudt choi nhu sau:

Luot choi diu tién, An 1y 1 vién & tii keo thir hai.
Két thic lugt choi ndy, sb vién keo & tiii thir nhat
v tii thir hai lin lugt 13 18 vién va 20 vién. Nhu
viy An da thyc hién lugt choi chién thing.
Dén lugt choi cia Binh, Binh c6 thé lya chon 1
trong 3 cich choi:
+ Cdch 1: Binh chi chon 1 vién & titi keo thir nhét,
thi sau lugt choi tii keo thir nhit con 17 vién, tii
keo thir hai con 20 vién.
+ Cdch 2: Binh chi chon 1 vién & ti keo thir hai,
thi sau lugt choi tii keo thir nhit con 18 vién, tii
keo thir hai con 19 vién.
+ Cdch 3: Binh chon 1 vién keo & mdi tii, thi sau
Irgt choi tii keo thir nhit con 17 vién, thi keo thir
hai con 19 vién.
Sau lugt choi cua Bink, c6 it nhit mot thi keo trén
ban ¢ sb vién keo con lai 1a s lé.
Nhu vdy Binh khong thuc hién dugc lugt choi
chién thing.
Tiép d6, dén lugt chai cia An, An thuc hién dugc
luot choi chién thing nhu sau:
+ Néu s6 keo & ca hai tii 1 s6 1&, An liy mdi ti
mat vién.
+ Néu sb keo & mot trong hai tiii 13 s6 1é, tii con
lai c6 sb keo la sb chin thi An ldy 1 vién keo & tii
keo cb s6 keo 1a s6 1€
Nhur vdy An da thuc hién duge lugt choi chién
thing.
Cit tiép tuc choi nhur vdy, An ludn thyc hién duge
lugt choi chién thing.
Vi s keo 12 hitu han nén sau mdt s6 hrot choi thi An
the hién heot choi chién thing dé dua s6 keo trong ca
hai tii vé bing 0. Khi dé, dén huot Bink liy keo thi
Binh khong thé liy dugc vién keo ndo nén An 1a ngudi
TRAN QUANG THUAN
(GV Trung hoc Vinschool Ocean Park Ha Ngi)
Gidi thigu

TOAN HOC
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DE THI CHON HQC SINH G101 TINH BAC GIANG
NAM HOQC 2023-2024

Man thi: Tosdn - Lop 93 Ma dé: 191,

L PHAN TRAC NGHIEM (6,0 diém),
Cau 1. Rt gon bidu thire

Vi X< <0 taduge

-1 -1
A P, B P
xX=y X+
1 1
C Paeee, D. P=——,
x=y X+

Ciu 2. Cho dwing tdn (0) o6 diy cung
4B=28 Goi M 1A diém chinh gitra cda cung
nhd 4B, Bit khoing cich wr M dén diy 4B
bing 2. Bén kinh cla dudng trdn (0) 1a
A 40, B3O C. 30. D. 45,

Ciu 3 Cho hinh thang ABCD &6
A=B8=90",C=60", 4D=3, DB L DC.
tich § ca hinh thang ABCD 1A

Dign

A =1;§. B.s=1_\c‘
C. S=1443. D.S=7J—.

Ciu 4. Trong mjit phing véi h¢ toa dd Oxy, cho
him s§ p=-x' o0 dd thi (P) vd him sé
»=(3m=6)x=15m+25 (m 1 tham sd) b dd thi
12 dudmg thing d. Goi m, 13 gid t cla tham 8
m d& d cit (P) tai hai diém phan bigt ¢ hoanh

4 x;, X, thda mén x? +x} = 26. Khing dinh nio

dwdi ddy 13 ding?
A my, <=3, B. =3<m, <-1.
C. m 21. D. =1<m, <1,

Ciu 5. Trong mit phing toa dd Oxv, cho parabol
(P):y=x" v dudng thing (d):y=2x+8.

Goi 4,B 1 céc giao dicm cda () va (P). Top
49 tit ci cdc diém trén (P) céch ddu hai diém
4,B A

TOAN HOC
10 crusipe_sSse2wa-2029

Thoi gian Lam bai: 120 phat

,\.(’ ?] (-39). B. (-1 -‘i’-) (~29).

-

c.[" ‘“’) (39). D. (-7- 1'3] (39).

Ciu 6. Cho dwdng trdn (O;R) dudng kinh 4B
vi M 1 didm di dong tdn dudng ton
(M # 4,8). K¢ MH wudng gbéc voi AB wi H .
Di¢n tich tam gidc MOH 16m nhit bing

2 2 2 2
P Bl £ pER
4 6 3
Ciu 7. Cho hai s thye x,» théamin x<3,y >0
va x* = »% = 2x—1. Gid trj lon nhit cia bidu thic

P=x+y+x=3v+3 bing

AN, B2y Ve bV
. 20
Ciu 8. Cho bidu thire P = —x + Khi nit gon
10-35V3 a

P ¢ dang P=a+bJ3, véi a va b 1A cic s
nguyen, tinh ab.

A ab=-8, B. ab=

C. ab=-32. D. ab=32.

Ciu 9. Cho nira dwdng trdn(O;R) dwdng kinh
BC, diém A thay ddi trén nira dwdmg trdn (A
khong tning véi B v C). K¢ AH wudng goe
voi BC (H thude BC). Goi I, K l1an huot 1a cdc
diém ddi ximg v&i H qua 4B va AC. Di¢n tich
tf gide BIKC 16m nhit bing

2 2R?
Al _3L‘ B. 2R!‘ C. i‘ D. Rx-
4 3
2xx+y=3m-1
Cau 10. Cho h¢ phuong trinh RS

(m 13 tham s8). S§ gid trj cha m @& h¢ phuong
trinh 6 nghi¢m (x;y) thoa min x* -2y=-2 I
Al 2 B. 0. o D. 3.
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Ciu 11, Cho parabol (£)ip==x' W hai didm

L

A(=2:2), B(4:3) ndm wdn (P). Goi M N didm
thay ddi tdn (P) W o hodnh ® W
m (=2 <m <), Khi tam gide ABM 0 dign tich
1om nhdt, dd dai cda dogn thing OM 1

5 - -
A=, BN CVEL Do,

Ciu 12, Tich cie gid tri cla tham s§ m ¢& Khodng
cich W gde top &) O d&n dwdmg thing
ye2rem=-1 bing 1 A

Al -4 B. 6. C. 24 D. <24,
Cau 13, C68 bao nhidu gid tri nguydn cda tham sd

—Zm).\‘+—5-—m va

N - Y R i
m @ cdc ham 80 »=(3
m

‘

y= x+m’+1 cdng ddng bicn trén R?

\’-M*I- S
A4 B. 1. C. 3. D. 2.
Ciu 14, Cho cdic sd thye dwong a,b¢ thod man
eb+be+ca=1. Rit gon bidu  thie

(b+c)Va® +1 _
=—p== : , taduge
V(B +1)(e? +1)
A Q__a+b+‘c

3
C. 0=3k.

B. Q0=1.

D. 0=V +b vt .

. Ly [Xtmy=m+l
Ciu 15, Cho h¢ phuong trinh {nu’*-y=3m—l
(m 13 tham s8). Téng binh phwong céc s§ nguyen
m & hd phuong trinh ¢6 nghidm duy nhit (x3)
ma x, v du 1a sd nguyén 1a

A 14, B.9. G D.0.
Ciu 16. Cho tam gifc ABC cin tai 4 v&h
AB=35, BC=6. K¢ dwong cao BH cia tam

gifc ABC. Tish "—'é bing
7 2 3 2
A\_s &_. Cs—~ D--s
25 5 10 7
Ciu 17, Cho phwong trinh:

X (m=2)x-m'+2m-3=0

(x N dn, m 12 tham s8), Tong tat ca cde Rid ) cua
tham s& m d¢ phuomg trinh ¢6 hai nghi¢m x,.x,
thda mdn x| =|x,| =4 (voi x, <x;) A

A2 B3 C. 18 D. 15
Ciu 18, Cho hai sd thye x,vthéa min
eyt 20, Gid tri ohd nhit cba bidu thie

X+ day + 8y
LA
x4y
Khiug dinh ndo dudi diy 1a ding?
(\. 2"+b='9\ Ba 2('+b=l7\
C. 2a+b=3. D. 2a+b=14,

Cau 19, Cho dudng trdn (o,aJS) ¢6 hai ddy AB
VA CD vudng gé¢ véi nhau, Khi 46 AD? + BC?

bing
A.80.  B.9%. D. 48V3.
Ciu 20. Cho phuong trinh
xF=3(m+1)x+2m* +Sm+2=0.
€4 bao nhidu gid tri cda tham & m dé phwong
trinh ¢d hai nghi¢m phin bigt x, vd x, théa min

x| = 2] = x| ?

P N oa=-Vb wi abeZ.

C. 192.

l\. 3\ Bs 0\ Ct 2\ Dn lq
11 PHAN TU LUAN (14,0 diém).
Ciu 1. (3,0 diém)
1) Rut gon bidu thire
P xX— -4J_ 1- 3\/—+\' \/;-l
oy s e +J_ wWr=x+vx '

vi x>0,
2) Trong mit phing toa 40 Oxy, cho dudng thing
diy=(m=1)x+m=2(m=1). Tim tit cd cdc
gid tri cia tham s§ m d¢ dudng thing d tao véi
hai tryc toa 49 mdt tam gidic ¢6 dign tich bing 2.
3) Gidi phuong trinh

8x* +260% +33x+ 1 =13x+3.
Cau 2. (4,0 diém)
1) Tim cic s§ nguyén dwong a, b &
ab® —4a - 4b 1 s6 chinh phuong.

TOAN HOC
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2) Cho da thire

F)= 8™ 4 W™ v a ™+ raxta
(@t €Z) 0 £(V7-2)=20. Chimg
minh 4 (-2- \ﬁ) +3 12t s nguydn &,

Cin X (40 didm) Cho g trdn (O;R) o0 diy
BC o dinh (BC #2R). Trén cung ln BC cla
dQrdng tdn Wy didm A sa0 cho AC> 4B > BC.
Dudng trdn (7) ndi tidp tam gide ABC, tidp xie
voi cde canh 4B, AC Wn heot tai D, E . Cike tia
BI,CI it DE theo thir e i M, N,

1) Chimg minh i gide BIND 1 tir gide ndi tip.
2) Qua didm M k& dudng thing song song véi
4B olt caoh BC wi didm P. Goi F 1A tim
Ardmg trdn ngogi tidp tam gide AN . Chimg minh
MN.PF = 2MF.NP.

3) Khi didm 4 di chuyén trén cung Ién BC sao
cho AC > 48 > BC, chimg minh
AB+ BC+CA
MN + MD + NE
Cau 4. (1,0 @idm) Cho ba s thye duong x,»,2
thda min x+y+z=3. Tim gid trj nhd nhit cia
bidu thire:

khang ddi.

X! v

P= - e
Jl Sx? 4 26xy + 8y* :7l$ y? +26)z +82°

]

-

+ ~
Jl&:’ + 262 + 8x*

NGUYEN ANH TUAN
(Ivwong THPT chuyén Bie Giang)
Gidi thigu

B R S e R e gy

CON DUONG ...
Nhgn xé.  Trong bii todn 3.1 ndu ta xem 2 & 8§
mi ca @ Boeoxem 1§ sd md o
(*+8)=(a*+) Wm W xem4 s dlng
thire gid thidt 13 & thi ta 00 bai todn tdng quét nh
sau,

(1iép theo trarg 0)

Bai tedn 3.2 (bAi todn tong quat 4) Cho a, b 1

ade 80 thwe dwong thoa man a+d=%>0. Tim
GTLN i bidw thirc: - Q=a"d"(a* + »)" vl
mueNin2m.
442 Q= [dad] " [4 (200) (o +87) [,
Ap dung BDT (x+y)’ 24xy vl moix, y, ta ob:
42" =[dad] " [4(200) (o +8)]"

< [(a + b)’]n [((.'Mb) +(a® +0? )):]-
=270 <(a+d) "™ [((a +b)’ )2]_
=(a+b)"™ (a+b)"

= azwm‘gg(u + b)h‘h = fAm

» kzmh klmln a=b
nd Ao al A S Kl 2ab=a® +b*
a+db=k

@aabaﬁ
2

2madn

Viy maxQ=

. k
22”” khi d=b='5.

BALTAP AP DUNG

a) Cho @, b 1A cdc s§ thye duong théa min
a@+bd=2. Tim GTLN cia bidu thire

Q =ab(a® +b%).
b) Cho @, & 1A cic s§ thye dwong thda min
a+d=4. Tim GTLN cua bidu thirc

0, =a'h’ (a! +b’)2.

¢) Cho @, b 1d cic sd thye dwong théa min
a+b=6. Tim GTLN cia biéu thirc

0, =atht(a? + ).

d) Cho a, b 13 cdc sd thye duong théa min
a+b=2. Tim GTLN cua bidu thirc

0, =™ (a2 +87)".
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EpHELN @p AN

VREO ORI UG YRINIV NG vany h

A H S T B ‘mmmc

| il v ,;
(MMMM:M mmﬁﬂ

< ot bRl N R

Chuong trinh gido due phd thang 2018 mon Todn
& nhdn manh & vin & phit tridn ning he
duy cho hoo sinh, ¢ bigt W tr duy sdng 1o todn
hoo. Trong bl vidt ndy 1 xin Khai thie mdt bai
wodn thi taydn sinh vao Dai hee i nhimg odch
gidi kKhic nhau, ddag thai & xudt hudng gidi cho
mot 88 DAl todn Khde, Hy vong ring bai vidt &
gilp ¢cho cdc am himg thi hoe Wp hon voi B
wdn Todn,

Trong ¢ thi Dai hee khdi B nim 2007 8 bai todn
SEUN

Bai tedn L Trong mar phang o @@ Ony oho bal
B Jeacw i A dlx + y- =0
Y & :-h\ 52\"?« By
y €3¢0 ¢ho &

-y=2 =0
2 < ‘\-. - £4m :"(.:” ‘:4\
wi i dvong :%.Er"\q d’ & m QidC
{BC veeing im fai .
mm&mu&\m&nh(m)ﬂ\m
&ra ra hudng @il nha sau

L gidi,

d

Céch 1. Goi B(d; 2 - db); (s 8 - ) lin hrot 1A cdic
m&nmdvu: D¢ tam gide 4BC vudng cin

e (. AB=4AC
4BAC=0

Ta ot AB=(d-2-d), AC=(c-26-¢). HE

Lk {(b—a)ub*a(c—z)%(s—c)*

T ®=2e=2)=b(6-¢)=0 O

Dén ddy thi HS g3p kho Khin trong vide gidi hé
(1), Trong khi day bai ndy, toi ddng vién va hurimg
dan cde em hai hudng gidi nhr sau:

Hudng 12 Dt dn phu da v b ding odp &3 biét
odoh Qidi,

Ta bidn ¢di he (1) thanh

[0 =2b+2=¢* =84+ 20
be

-dd=c+2=0
d=1) (=4 =3
Q[bc—%—c«blto @

- {b-lnx ={b-x+l

e=d=y (c=yp+d Mo i @) w

oo {W‘i =3 Dén diy ta dge b ding cdp

bic 2 da bidt odeh gidi,
Hiwdng 2t Stk dung s6 phikc.
Ta bidn 43i h¢ (1) thank:
B -t =2b4+8=18=0
We-8b=2c+4=0
& (B2 = =2b+8¢-18)+(2be-8b-2¢+4)i=0
& (B + 2boi—c?)=2(b+ci)=8(di=c)=18+4i=0
& (b+a) =201+ 4)d+a)~18+4i =0,
Dén diy ta duge phuong trinh bic 2 trong tip s§
phire céic em d€ dng tim duge nghiém 14
b+ci=3+3i
db+ci=-1+3

va b diém B(3;-1), O(5;3) hodc B(=1; 3), C(3; 5).

Khong dimg i & cdch 1, 81 huong din HS 1am
cich khic.
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Cich 2.
d H B
[]
A
(i’ o
K C

Goi H, K 1an hrgt 13 hinh chidu vudng géc cua A
trén d vi @ ta d€ dang chimg minh dugc hai tam
giéc AHB va tam gidc CKA bing nhau khi tam
gidc ABC vudng can tai 4. Ta c6 hé: {AK 3 BH.
CK =AH
D¢ tim toa 49 cia H vi K ta lip phwong trinh
dudng thing di qua 4 va vudng goc véi d (can chi
y ring d va & song song). Dudng thing d6 cit d
va d tai H va K = PT duong thing nay lax —y=0.
Ta c6: H(1; 1), K(4; 4), B(b; 2 - b), C(c; 8 —¢),
AH?=2,CK? =2(c-4)*,AK* =8, BH* =2(b-1)%.
b-1)*=4
(c-4)* =1
dang, tuy nhién ta phai thir lai va két lugn.

H¢ tro thanh: { . Hg nay dugc gidi dé

Tam gidc ABC vuéng cén tai 4 khién cho ching ta
nghi dén phép quay tim A géc quay +90°. Do dé
t6i hudng dan hoc sinh 1am céch 3.

Cidch 3. Gia sir ta cd tam gidc ABC vudng céin tai
A thoa man deé bai, vay diém B 13 anh cia diém C
qua phép quay tim A4 géc quay 90°.

Ta dung d" 13 anh cia d' qua phép quay tim A
goc quay 90°. Giao diém cia d va d"chinh la
diém B. C6 diém B ta d& ding tim dugc diém C.

Cu thé:
d /\ B
A
4
C d"
14 T?ﬁq’!uggcé S& 562(4-2024)

Tinh khodng cich tr 4 dén d': d(4;d")=2V2.

Pudng trdn tim A ban kinh R=2v2 ¢6 phuong
trinh 13 (x=2)* +(»-2)* =8.
Pudng thing d” 13 tiép tuyén cia dudng tron va
vudng goc vdi d'. Tacd d”cé dang:x -y +c=0.
Do d"* 14 tiép tuyén ciia dudng tron:
2—2+4
dA;d“):Rc»—-——' =22 oc=H14,
‘ 2
Trwong hop 1.
d"c6 phuong trinh: x — y + 4 = 0 ta c6 diém
B(~1; 3) 12 giao diém cia d va d".
Goi C(c, 8 —¢ ), ta cé:
AC=(c-2,6-c), AB =(-3;1).
Ma tam gidc ABC vuodng tai 4 nén
ABAC=0&-3(c-2)+1(6-c)=0=c=3.
Viy diém C(3; 5).
Trieong hop 2.
d" c6 phuong trinh: x —y — 4 =0 ta c6 diém
B(3; -1) l1a giao diém cia d va d".
Goi C(c, 8 —c), ta cé:
AC=(c-2,6-c),AB = (1;-3).
Ma tam gidc ABC vudng tai A nén
ABAC=0o1(c-2)-3(6-c)=0<>c=5.
Viy diém C(5; 3).
Chua théa man véi 3 cach trén t6i dong vién céac
em tiép tyc tim toi ra cdch giai 4. DPay Ia cich giai
ma ma theo t6i la kha hay, véi cich gidi nay bai
toan trén c6 thé mé rong thanh nhiéu bai todn thi
vi va mét s6 bai néu khong 1am theo cich nay gin
nhu bé tic. 7
Cich 4. Qua A ké dudng thing y = 2 Song song
véi tryc hodnh. Gid sir c6 tam gidc ABC vudng cin
tai 4 thoa min d& bai,
Goi H, K lin lugt 1a hinh chiéu vuéng géc cia B,
C trén dudmg thing y = 2. D& ding chimg minh
AK =BH

dugc AAHB = ACKA. Ta c6 hé: {CK —AH
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MA A L B 2 - 3 Qs 8 - o) B )
Kia ) ndm 4K = (0= 2 B =,
O e (e=6) Al = (p=2)

5(\“-2): =)

le=6r = -2

1Y niy e gidi &8 ding, tay phidn ta phai thir lai
va kdt ludn,

TP tee 330 sdu suy nght 11 nhin iy gid thidk 2
AQrdng thing @ V& @' song song Vi nhau rit i
DI, 201 Y cho B ra e od¢ b todn tuomg N
wmdt odch & dang VA thinh odng ngay trong tit ol
Qdc 1 gidi ca 4 cdch Bm tdn,

Nhumg ndu thay i gid thidt cho hai dwdng thing
dva @ ot nhau (Rhong Wdag $60) thi cdch 1 md
da 88 hoo sinh suy nghi va lam theo thi gip rit
whida kho khin wong VG gidi Y phuong trinh.
Va tit nhidn KA 3 khdng th ob odch Bm 3 2.
Céch 3 va dich 4 thi vin cdn nguydn gid . Sau
Gy 12 DA todn sd 2,

BA tedn 2. Nomg mér phing e & O o

H td thanhy

Qedng Phimg & 0 phwong Hek x - v = 0 vd didm
A1) T trém Qedng g & Sdm B, ndn trwe
hadmk Sidm C 30 cho ram Qi ABC vadng cdn
a8 L.

K Qua DAl thp naY ho hoe sinh da 83 cée em suy
nEhi v Him theo cdch 1. Vi 1di cling wit rit nhidu
M gian vEo phwong dn ndy Wi thich thic dit
W A4 B phurong tinh. Tét nhidn sir dung phuong

phép thé dua v phuong tminh dic 4 o6 hai nghidm
i 1y odng i 1 k&t qua,

Cédoh Rvde,
£y
|
|
R
M
{ 7
! / \
SIr | BN 4 B Al
o A
Sam PR *“._u;..n‘ab - i _;;_,_.»
/o
A

Qua 4 k& dwdng thing song song Vi e hodnh
0 phuong trinh Ry = 1, Gid 8 o0 tam gide ABC
vadng odn tai 4 thia man & bai,
Gol 22, & Mn heot 12 hinh chida vadng gde cva B,
C trdn Qdng thing » = 1. DI dng chimg minh
duoe ALHB = ACKA.
| AK =B8N
W {ac-au
Qe 0), 295 1), Kies 1) ndn
AR = (0= 2) B = (d=1)},
CRE =), AN 2 (D=2
(€= ==
L«@-ﬂ*
Sidi &F ding, tuy nhidn ta phai thr lai va két ladn.
Biy g ndu @ V& @' 1 hai nhdnh cda mdt 49 thy
“cong”, ching han hai nhinh ca dd thj ham phin
thire bde | trdn bae 1 thi két qua bdi todn | nhw thé
nio! Ching ta sang bai todn s8 3.

Bai todn X, Cho @ém (2 1), thm mén hai nhdink

MR AR D) B d),

He & thanh: . W ndy dwpe

N gk 2 v+] . s ~
& TRY dam S0 y = ey ade divm B, C sao cho
X~

zam Qide ABC vudng odm 1l A,

Nhgn xér. Diy 1a mdt cdu hdi phu cho bai khio
sit him s twong &8i khd, da s§ hoe sinh 1am theo
cich 1 vd gip nhidu khd khin trong khi giai h¢
phuong trinh. Hudng gidi sir dung phép quay tim

TOAN HOC
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A véi goc quay +90° ciing khong gip thuin lgi.
Tuy nhién cach giai 4 vn con nguyén gia trj.

Loi giai.

Qua A ké dudng thing song song véi truc hoanh
¢6 phuong trinh la: y = 1.

Gia sir c6 tam gidc ABC vudng can tai A thda man
d& bai. Goi H, K 1an lugt 13 hinh chiéu vuéng géc
cta B, C trén dudng thing y=1.

Dé dang chimg minh dugc AAHB = ACKA. Ta ¢

. |AK=BH 2b+1
: a AQ2; G N
c(c; 2”1‘), H(b; 1), K(c; 1),
2
(c-2) =(ﬁ)
Hé tr¢ thanh: 3 . Giai hé
(c+2) —(b-2)
c—1

phurong trinh trén ta duge 2 diém cén tim 1a (2; 5)
va (-2; 1).

Chu y. Do vai tr6 cia B, C nhu nhau va thudc hai
nhanh do thj ham s do d6 ching ta cé thé gia sir
b>1vac <1 dékiém tra didu kién.

BAI TAP THAM KHAO

Bai 1. Trong mit phing toa d¢ cho hai dudng
thingd: x+y+1=0, d': x+y+5=0vadiém
A(1; 1). Tim trén duong thing d diém B, trén
dudng thing d' diém C sao cho tam gidc ABC
vudng cén tai 4.

1 6 TOAN HOC
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* Cluéilpe

Bai 2. Trong mat phang toa d§ cho hai dudng
thingd: 2x +y+1=0,d: 2x+y+5=0va
diém A(2; 1). Tim trén dudng thing d diém B, trén
dudmg thing d' diém C sao cho tam gidc ABC
vudng can tai 4.

Bai 3. Trong mit phing toa d¢ cho hai dudng
thingd: x+y+1=0, d': x+y+5=0 va diém
A(2; 3). Tim trén dudng thing d diém B, trén
dudng thing d'diém C sao cho tam gidc ABC
déu.

Bai 4. Trong mit phing toa do cho hai dudng
thingd: 2x+y+1=0, d': x+y+5=0 vadiém
A(1; 2). Tim trén duong thing d diém B, trén
dudng thing d'diém C sao cho tam gidc ABC
vuong can tai 4.

Bai 5. Trong mit phing toa d6 cho hai dudmg
thingd:x+y+1=0, d': x—2y + 5 =0 va diém
A@3; 1). Tim trén dudng thing d diém B, trén
dudmg thing d’diém C sao cho tam gidc ABC
vuong can tai 4.

Bai 6. Cho dd thj ham sb (H): y ="—"i va dudng
X+

thing d: x + y — 5 = 0, diém A(2; 2). Tim trén
duomg thing d diém B, trén d6 thj ham s (H)
diém C sao cho tam gidc ABC vudng cn tai 4.
Bai 7. Cho db thi ham s6 (H): y=2>—
x+1
dudng thing d: x + y — 5 = 0, diém A(2; 1) Tim
trén dudng thing d diém B, trén db thi ham s6 (H)
diém C sao cho tam giac ABC vudng cén tai 4.

va

va

Bai 8. Cho dd thi ham sb (H): y= :
xX—

dudng thing d: x — y + 1 =0, diém 4(2; 1). Tim
trén dudng thing d diém B, trén d6 thi ham s6 (H)
diém C sao cho tam gidc ABC vudng cén tai 4.
Bai 9. Cho dd thj ham sé (H): y= i—: va dudng
thing d: x + y — 5 = 0, diém A(2; 2). Tim trén
dudng thing d diém B, trén dd thi ham sb (H)
diém C sao cho tam gidc ABC vudng can tai 4.
Bai 10. Cho dudng thing d: 2x + y — 1 =0 va
parabol (P): y=x, diém A(l; 2). Tim trén
dudmg thing d diém B, trén parabol (P) diém C
sao cho tam gidc ABC vudng can tai 4.
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DTG

CHO NHUNG TRAN TRG VE DIEM LEWOINE

- NGUYEN VIET CHUONG.
(b s THPT chyin Ha T

DA bao gidr céc ban triin trd véi nhimg cdu hoi mé
trén Tap chi Todn hoe va Tudi tré? Nhung véi toi
thi ¢6. Céch diy hon 15 nidm, trong s& 375,
chuyén myc Ban doc tim toi dd ¢6 nhimg nghién
clru vé& mdi twong quan vj tri hinh hee gitra trong
tim G va diém Lemoine (ma ta ky hi¢u 1a L)
trong tam gidc ABC. O cudi bai, tdc gid c6 mt
mong moi hét sirc mdi mé:"Gid nhir c6 dwge mot
hé thirc dinh hrong hodc mét bat ding thire ndo dé
gitra chiing thi tyét biét bao!". Mong méi d6 lam
t3i rit 4n twong VA cif trin trd mii.

Suét 15 nim qua, t5i di nhidu lin cd gling di tim
cdu trd 1¢i, nhung khong thanh cong. Hom nay toi
di m& timg trang cudn sich "Bai tip ning cao va
mdt s chuyén dé hinh hoc 10 - tdc gia TS.
Nguyén Minh Ha" (*) nhu muén tim ra mgt manh
mdi ndo d6. Va thit may mén, tdi bit gip vi du 5.6
(trang 65), phit bidu nhu sau: |
Cho tam giac ABC, trong tam G. Chimg minh
rang voi moi diem M, 1a cé:

MA* + MB® + MC* = G4* + GB® + GC* +3MG".
Léi gidgi. Tac6: MA® + MB* + MC?
=(MG+GA) +(MG+GB)’ +(MG+GC)
=3MG"* +2MG(GA+GB+GC)+GA’ +GB* +GC?
=3MG® + GA® + GB* + GC? (dpcm).
Va néu nhu ta cho M tring véi L, ta c6:
LA* + LB* + LC? =3LG* + GA* + GB* + GC™.

D¢ y ring GA*+GB* +GC* = %(a’+ b*+ ¢)
(véia = BC, b = CA, c = AB) (hé thirc Leibniz),

viy 13, d¢ tinh LG, ta chi cin tinh dugc
LA,LB,LC. Nhung tinh nhu thé nao day, khong
hé don gidn chit nao!
Téi da danh nhiéu thoi gian dé 13t lai hing trim t&
Tap chi TH&TT trude day, va trong s6 451 da tim
lhéy Dinh li Van-Aubel, n$i dung nhu sau:
Néu trén cdc canh BC,CA,AB cua tam giac
ABC ldy cic diém X,Y,Z, twomg ing sao cho
AX,BY,CZ dé‘ng quy tai J thi ta co hé thirc:

JAi ZA YA

X ZB IC
(Ban doc xem phép chimg minh trén TH&TT sb
451, thing 1 ndm 2015, trang 2).
Téi diy, ta quay trd lai bai

viét & 6 375 dé xem mé ta 4

vé dudng ddi trung: " Y
Duwong doi trung la tgp hop &

nhiing diém thugc mién tam

giac ABC sao cho khoing B X (o

cdch tir diém d6 dén hai canh AB va AC & l¢

thuan voi do dai AB va AC".

AB _d(X;AB) XBsinB

AC d(X;AC) XCsinC’
XB _ABsinC 4B ¢

Ticla Suy ra:

XC ACsinB AC* b’

XB ¢ i

do dé: ;(E:m Tuong ty cling ¢6:
A ¥ Y o
ZB &’ YA &

Tir d6 ép dung dinh 1y Van-Aubel ta c6:

TOAN HOC
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L4 b+

AX @ +b*+c*

cosin trong tam gidc ABX ta cé:
AX? = AB* + BX? -2A4B.BX .cos B

2 2 2 2 2 2
2 c ¢ ¢ +a'-=b
=c" +| a. -2¢| a. ’
( b +c’) (a b’ +c2) 2ca
2 \? 2
2 C C
=¢ +(a'b2+cz) -(b2+cz)(c2+a2—bz)

bact Y
Suy e LA = AN e
¥ (az+b2+c']

Suy ra: Ma theo dinh ly

=—____.( : bi 2)2[(b2+c2)2c2+azc*—
a + +c

—(b2 +¢:2)c2 (c2 +a*-b* )]
o m(%‘cz +2b%* - azbzcz).
Tinh todn tuong tu cho LB? va LC?, tir d6 ta it

1

ra duoc: LG =mx

x[3(a'5® +a'd' +b'c +bic" +c'at +cla*) - a* —bF —* 15070
Chua chiu dimg lai & d6, t6i tr héi ring khoang
cach tir diém Lemoine t&i tim dudng tron ndi tiép
I, tryc tim H, tim dwdng tron ngoai tiép O cua
tam gidc ABC li€u c6 tinh dugc hay khong? Téi
tiép tuc tim kiém manh méi trong tai ligu (¥), va
may man khi gip vi du 1.21 (trang 19), phat biéu
nhur sau:
Cho tam giac ABC va mot diém M bat ky trong
Dat  Sype =S, Suci =S Suun = S
Chimg minh rang:

S MA+S,MB+S.MC=0 (l).
(Néu M ném ngoai tam gidge ABC, ching han

tam gidc.

M thuéc géc BAC , twong ty ta ciing co két qua:
-S,MA+S,MB +S.MC =0).
Tinh LI. Cho M tring véi I va chia 2 vé cta (1)
cho nira ban kinh dudmg tron ndi tiép, ta coé:
alA+bIB +cIC =0.

TOAN H
18 ¢ crumgce
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Tir d6 lam twong tu 161 gidi vi du 5.6 & trén, ta c6:
aLA® + bLB® +cLC?
=(a+b+c)LI’ +alA® + bIB* +cIC* (2).
Trong d6, dé ¢ ring alA® +bIB® +cIC? = abe
(Xem vi du 5.10, trang 67, tai ligu (*)), va dp dung
cong thirc LA, LB*,LC?, rbi thay vio (2) ta cé:
Za(Zb‘c’ +2b°¢* -azbzcl)

(a+b+c)Ll’ = - —abe
(a2 +b’+c’)
Tir ddy rit gon ra dugc:
Ll = 1 abc “

ad+b+c Na+b+c
ﬁ2a’b+2a’c+ 2 c+2ba+2ca+2b-a' -b* - )
X

—c' —2a*h* -2b%c* -2c'a* - a’be - b'ca-cab

Tinh LH. Xét trudng hgp tam giac ABC nhon (cac
truomg hop khéc 1am twong ty ), cho M trung véi
Hvadit Sype =S,,Smc =S Suws = S.-Chia 2 vé
cua (1) cho S, (ta goi tit 12 5), ta co:

Ss 4 + S 7B + S HC <.

S S S
Tir d6 lam twong tw 15 gidi vi du 5.6 & trén, ta
ciing c6: Sepgr S pp S
S S S

=LH* +'S‘—.S‘:HA2 +%HBz _*_%ch 3).

Nhén thiy hai tam gidc ABC va HBC c6 cing bén
kinh dudng tron ngoai tiép 14 R, suy ra:

HB.HC.BC
Sa _ Swsc _ 4R _HBHC
S Sus ABBCCA  ABAC
4R
_ 2Rsin HCB2Rsin HBC
5, be
_4R*cos BcosC
- be
K (c2 +a’ —bz)(a2 +b —cz)
(abe)’
R2
- (c:2 +a’ —bz)(a2 +b’ —cz)
16S* ’
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Hon niia: 4" =(2Rsin FICA) = (2R cos A)

_ 2abc b+t =gt 2_
48" 2be =

A

2

az(b2 +c? —az)
16S?

B C

Tinh toén tuong ty cho %,%,HB’,HC2 va dp
dung cong thirc LA*,LB* LC?, rbi thay vao (3) ta
dugc:

=%(LA2—HA2)+
1

T165* (a2 4 +c?) "
><{|:Z(c2 +a’ —bz)(az +b* —cz)(Zb‘c2 +2b%c* —a’bzcz)]

S S,
LH’ 5 (LB* = HB')+=(LC" - HC?)

_(a’ +b? +c’)2 (c2 +a -b’)(a2 +b? -c’)(bz +c? _a2)_2a1 (b;;fl "al)}

Ya (b2 +c —a’)

Tir cong thirc Heron d& thiy 43 =1,
tir d6 rat gon ta dugc:
1
LH = X
4S(a2 +b? +cz)
a® +0"° +c° +a°b*c? + a®’b°c? + a’bc®
A B it — et —brat =t -t T

Tinh LO. Xét trudng hop tam gidc 4ABC nhon
(cac truong hop khac lam tuong ty ), cho M
tring v6i O va dat Sy, =8,,80,c =5,,S05 =5..
Chia 2 vé cta (1) cho S S 5 (8o tit 14 S), ta c6:

S, ==

Za 04 +28 OB+S‘55=5.
S S S

T d6 lam tuong tu 101 gidi vi du 5.6 ¢ tai liéu (*),

S S

ta cling co: 5o g2 +-—2LB* +—<LC?
S S S

%OA2 JFiOB2 +§§oc2 ().

S

=LO* +

B C

Tacé: S,

= Sosc

= %OB.OC. sin 176?1

R*sin Acos A=4R*sin’ A. lcotA
b* +c* -a?

_a(b2+c —a) : %
s Gy cotd=——2),

a _ Sosc _ a (bz +c _az)
S 1652

suy ra:

Tinh to4n twong tu cho % i, chti ¢ ring

a’b’c?

S2

OA* =0B*=0C*=R* = va ap dung

cong thire LA4*,LB*,LC? i thay vao (4) ta dugc:

Lo =%(LA2 —OA2)+%(LBZ —032)+%(ch -oc?)

a’b’c?

=]6S3(a2+b2+c2)2 {[Z(b2+c 2b2+2€ :I_
_(‘12+b2+cz)2 Zaz(bz“‘cz—az)
T 168
2bz 2
=16S’(:1+Zz+c2)2 '4(a‘+b4+c“-a Fhrat ol 2)
Zaz (b2 +Cz _az)
1652 =1|. Do dé:
abc

0= m.‘/(a‘ +b* +c* —a’h* -b*c* - czaz).
Céc ban cam thiy thé nao néu dit diu chim hét &
day! Pugc khong, ciing dugc, nhung khong thoai
mai. Béi vi, ngoai cic diém G,I,H,0 con c6 rit
nhidu diém khéc, vi du nhu diém Gergone, diém
Naghen, diém Mittenpunkt, diém Spieker, diém
Fermat, diém Schiffler, ... Khoang cach tir diém
Lemoine t&i ching ligu c6 tinh dwgc khong, va néu
c6 thi tinh nhu thé nao? Cau tré 18i xin danh cho
cac ban tré yéu toan!
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“CAC LOP THCS

Bai T1/562 (L6p 6). Tim céc s6 nguyén duong x,
y théa mén
(x+y)' +y<64x.

NGUYEN BUC TAN

(TP. Ho Chi Minh)

Bai T2/562 (Lép 7). Tim tht ca céc s ty nhién M

c6 3 chit sé ma M" cé 3 chir s tan cung 13 M véi
moi s6 nguyén dwong n.

NGUYEN KIM SO

(TT BD&PT tai ning Todn hoc Nam Sdang - SMATH)

Bai T3/562. Tim tt ca cac cip so nguyén (x, »)

thoa méan

(X +D(2y* +1)=2p*(x* +x+1).
NGUYEN VIET HUNG
(GV THPT chuyén KHTN, PHQG Ha Noi)
Bai T4/562. Qua trung diém ciia mot canh bén cia
mét hinh thang, hdy dung dudng thing chia hinh
thang thanh hai phén c6 dién tich bing nhau.
POAN NHU TRIEU
(S6 11/246 Chirong Duong, TP. Hai Duong)
Bai T5/562. Cho céc sb thuc a, b, ¢ d6i mét khac
nhau va thoa min a* + b* + ¢* = 2. Tim gié trj nho
nhét cta biéu thirc -
| 1 1 1
P= + + 3
(a-b)* (b-¢)' (c—a)f‘ i
PAO VAN TRUNG
(GV THPT Hupnh Thiic Khdng, Ngh¢ An)
CAC LGP THPT
Bai T6/562. Cho a, b, ¢ 1a cac sb khong m thoa
min a® + b? + ¢* = 2. Chimg minh réng

2 0 T?g'll'“ulg;llgg S& 562(4-2024)

@ (1+bc)+ b (1 + ca) + (1 +ab) < 242,
NGUYEN NGOC PHUC
(GV THPT Nguyén Khuyén, TP. Ho Chi Mink)
Bai 17/562. Ton tai hay khéng tip hop hitu han
AcR* c6 khong it hon 2 phan tir thoéa man: Véi

moi a,be A,a#b thi ﬁ—%beA?

| NGUYEN TIEN LAM

(GV THPT chuyén KHTN, PHQG Ha N¢i)

Bai T8/562. Chimg minh ring trong moi tam gic
nhon ABC ta lubn c6

1 1
" —12'+L2 +h; iz+—17 +h| —+— |26
m: m m: m’ m: m

trong 6 h,,h,,h;m ,m,,m_lin lugt 12 do dai cac

dudng cao va trung tuyén vé tir 4, B, C clia tam
giac ABC.

NGUYEN HUNG CUONG

(Xd Nhon My, TX. An Nhom, Binh Dinh)

Bai T9/562. Tim m dé phuong trinh sau ddy c6
hai nghiém thuc phén biét
372 _og (2 —2x+6)° +10—v—x +2x+m =0.
NGUYEN VAN XA
(GV THPT Yén Phong sé6 2, Bdc Ninh)

TIEN TOI OLYMPIC TOAN
Bai T10/562. Cho diy s (a,) dugc dinh nghia béi

_(n+5)a, +22

,neN’.
n+3

aq=9 vaa,,

Tim tt ca cac sb nguyén duong n
a) Ma a,, 1a binh phwrong ctia mdt s4 nguyén.

b) Ma a, chia hét cho 2023.
NGUYEN DUC TUGNG (Pleiku)
Bai T11/562. Tim tit ca cic ham sé f:R—>R
thoa man:
fG+y)=f()f ()= () -2xp -1

voi moi x,yeR.
PO LE HAI THUY
(GV THPT chuyén Bao Lic, Lam Dong)

Dugc quét bang CamScanner


https://v3.camscanner.com/user/download

Bai T12/362. Cho tam gidc 4BC c6 dudng tron
ngoai tiép (0) va dudng trdn ndi tiép (. D, E lan
lugt 1a tidp didm cua (/) v&i 4B, AC; BI, CI theo
thir tyr cit lai (0) tai M, N; P, Q lan lugt d6i ximg
voi B, Cqua N, M: K| H lan lugt 14 trye tim coa
céc tam gidge BPD, CQE. S 1A giao diém cia KQ va
HP. Chimg minh ring

a) Céic dudmg trdn ngogi tiép tam gide SQH, SPK
cung di qua mdt diém trén MN.
b) AS vudng goc véi BC.
LUU CONG DONG
(GV THPT chuyén DHSP Ha N¢i)
Bai 1.1562. Trong thi nghi¢m giao thoa dnh
sing véi khe Y-ing, ngufin sing S phat birc xa
don sic A, man quan sit cich mit phfmg hai khe
mot khoang khong ddi D, khodng céch giira hai
khe 5,5 = a ¢6 thé thay déi (nhung Sy, Sz ludn
cach déu §). Xét diém M trén man, lic dau 13 van
tdi thir 3. Néu 1an luot giam hojc ting khoing

cach §,5; mdt lugng Aa thi tai M 1a van séng bac n

va bic 3n. Néu ting khodng cich S,S; thém 24a
thi tai M 14 viin séng hay vén t6i, bic hodc thir bao
nhiéu?

VIET CUONG (Ha Noi)
Bai 1.2/562. Doan mach di¢n AB gdm hai doan
mach AM va MB ndi tiép nhau. Trén doan AM
chira di¢n tré va cun diy thuidn cam, trén doan
MB chi chira ty dién ¢6 dién dung thay dbi
duge. Dt vio hai diu A4, B mét di¢n dp xoay

chi¢u u =U~/§cos(100;rt +§) (V) va diéu chinh

di¢n dung cta ty sao cho di¢n ap hi¢u dung trén
doan mach MB dat cyc dai. Biét ring khi dé dién
dp trén doan mach MB c6 biéu thic la

Uy = lZOﬁcos(lOOm +%) (V) va cong suit tiéu
thu trén doan mach AB 1a P = 18V3 (W). Tinh
d0 ty cam cua cudn day.

THANH LAM (Ha Néi)

PROBLEMS IN THIS ISSUE

FOR SECONDARY SCHOOL

Problem T1/362 (For 6 grade). Find all positive
integers x, y so that

(x+»)' +y<64x.

Problem T2/362 (For 7 grade). Find all 3-digit
natural numbers M so that the last 3 digits of M"
form the number M exactly for any positive
integer n.

Problem T3/562. Find all pairs of integers (x, )
satisfying

(2 +D)@2y +1) =2y (&} +x+1).

Problem T4/362. Through the midpoint of one

leg of a trapezium, draw a line that divides the
trapezium into two parts with equal areas.

Problem T5/562. Given different real numbers a,
b, ¢ such that @ + b* + ¢ = 2. Find the minimum
value of the expression

1 1 1
P= ot o s T
(@-b) (b-¢c) (c-a)

EOR HIGH SCHOOL

Problem T6/562. Given non-negative numbers a,
b, ¢ such that a* + > + ¢ = 2. Prove that

@ (1+bc) + b (1+ca) + (1 + ab) < 2V2.
Problem T7/562. Does there exist a finite set
AcR" having at least 2 elements satisfying: for

any pair a,be A,a#b then \/;—ébeA?

Problem T8/562. Show that, for any acute
triangle ABC, we always have

(Xem niép theo trang 33)

TOAN HOC
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Xét cdc sO nguyén a, b, ¢ théa man (7) va (8). Véi

¢+ 1= 1hay la ¢ = 0 va 4a + 3b = 50, dong thoi

xéta—-bc=8viac+b=6thicoa=8vab=¢,

ta dugce nghi¢m (a, b, c) la (8; 6; 0).

Tuong ty nhu thé ta tim dugc 6 nghiém (a, b, ¢)

la: 8;6;0),(7:-1;1),(4-2;2),(1;7:-1),
(;-1;7),(=1;3;-3).

Bai T1/558. Tim cdc 50 nguyen a, b, ¢ sao cho .
o heralh ail anih b, Nh@n xét. Mot s6 ban tim dugc ding thirc (3), nhung

tinh sai hojc thiéu nghiém. Mot sé ban khic tim
dugc cic ding thirc (5) va (6) va khing dinh ring
¢® + 1 1a uéc cia s6 50 ma khéng chi y xét trudng
hop b= 0 hojc a = 0. Cdc ban sau c6 dap sb dung:

Loi gidi. Cdach 1. T\ra - be = 8 ta ¢6:
a(a - bc) = 8a hay 13 a* - abc = 8a (1).
Trac+b=6taco:

b(ac + b) = 6b hay I b + abc = 6b (2). Vinh Phic: Nguyén Quang Pai, 6A6, THCS Yén

Cong theo timg vé cla (1) va (2) duge: Lac, Yén Lac; Ngh¢ An: Nguyén Sy Bio Long, 6B,

a’+b*=8a+6b THCS Ly Nhit Quang, D6 Luong, Hodng Dirc

hayla a’—8a+16+b%—6b+9=25, Minh, 6C, THCS Ding Thai Mai, TP. Vinh; Ha

hayla (a-4)*+((b-3)*=25 Q3). Tinh: Dwong Gia Béo, Trin S§ Anh Khéi, Hoang Lé

S6 25 phan tich dugc thanh tong hai sé chinh  Anh Tudn, Nguyén Thiy Trang, 7A, THCS Hoing

phuong la: 25=5%+0*=42+3*=(-5)*+0° Xuén Hin, Dirc Tho; Nguyén Tran Khéi, 7A, THCS
=+ 3=+ 3 Nguyén Du, TP. Ha Tinh.

=4+ (=37 ). NGUYEN VIET HAI

Xétcdc o nguyén a, b théamin (3) v (4). V&I By; T2/558. Clio tam gidc nhon ABC (4B < AC)
a-4=0haylaia=4vab-3=-Shaylab=-2, ;0 giao diem ctia ba dwdng trung truc ciia ba
tim 50 nguyén ¢ théa min a — be = 8 tirc 1a canh. Ké AH vuong goc voi canh BC tai H. Ké BK

4+2c=8,viact+b=6trcladc—-2=6, vuong goc voi tia AO tai K. Goi M la trung diém
ta duge ¢ = 2 va c6 nghiém (a, b, ¢) 1a (4; —2; 2). cua canh BC. Chimg minh MH = MK.

Tuong ty nhir the ta tim dugc 6 nghi¢m (@, b, ) & 157 gigi. Kéo dai tia CO va ky hi¢u nhu hinh v&.
(4-2;2),(86;,0),(7;-11),(1; ;- 1),
-157,1;3;-3).

Cdch 2. Tt @ — bec = 8 ¢6 a = be + 8, thay vido

ac + b =6 dugc (bc + 8)c + b= 6, hay 1a

bec* + b= 6— 8¢, hay 1 b(c* + 1) = 6 — 8¢ (5).

Trac+b=6¢cdb=6-ac, thay vioa—bc =38

dugc a - (6 — ac)c = 8, hay 1 ac® + a = 8 + 6¢,

hay 13 a(c’ + 1) = 8 + 6¢ (6).

Nhin hai vé cia (5) véi 3 va nhén hai vé ciia (6) ® Trudc hét xin néu hai bd dé quen thudc sau (ban

véi 4 duge: doc ty chimg minh): .

3b(c2+ )= 18_24cv§4a(c2 +1)=32+24c. + Néu tam gidc ABC vudng tai A va M la trung

Cong theo timg vé cua hai ding thirc ndy dugc: diém cta canh huyén BC thi AM =2€ BC

(da +3b)(c*+ 1) =50 (7). ‘ 2
S6 50 phan tich dugc thanh tich hai sé nguyénla:  + Néu tam gidc ABC ¢6 M, N lan luot I3 trung

50=1.50=2.25=5.10=(= 1)(= 50) diém cua céc canh AB va AC thi MN // BC.
= (2)(=25)=(=5)- 10) (8). « Tré lai vi bii todn da cho.
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Do AB < AC nén ACB < ABC.
Goi N 1a trung didm ctia canh 4B, theo céc bd dé

trén ta co: MN//AC,HN = KN (=—;—AB).

Vi O 14 giao diém clia ba dudng trung tryc clia ba
canh tam gidc ABC nén 04 = OB = OC.

Do d6 céac tam gidc OAC, OBC can tai O. Theo
tinh chét géc ngodi & dinh tam gidc cn ta co:

01=2.0CA, 02 =2.0CB=> AOB =2ACB.
Vi tam gidc OAB cling cén tai O nén:
2.04B=180" - A0B=180° —2ACB.
Ta cling c6:
KNH =KNB- HNB=2.04B-2.HAB
=180° —2.4CB -2(90° - ABC)
=2(ABC-ACB) ().
Sir dung MN // AC va tam gidc NBH can tai N, ta
c6: HNM =BNM —BNH = BAC —(180°~2.4BC)
=BAC—(BAC+ ABC + ACB-2.4BC)
~4BC-4ACB (2).
Tir (1) va (2) suy ra KNM=HNM,din dén
AKNM =AHNM (c.g.c), suy ra MH = MK.
Nhin xét. Bai toan khong kh6 nhung cin mot sb két
qua bd trg. Rét tiéc 1a Toa soan khong nhan dwoc 10
gidi nao cua bai nay.
- NHU HOANG
Bai T3/558. Tim tat ca cdc cap sé nguyén dwong
(x,y) théa man x* +2x* —7x—-221=5",

Loi gigi. Tacd: 'x* +2x* Z7x-221=5"

S x+2x7 = Tx+4=5+225

& (x-1)" (x+4) =5 +225.
Vi 57 +225 1a s6 nguyén duong chia hét cho 5
nén (x-1)"(x+4)la sé nguyén dwong chia hét
cho 5. Lai ¢6 (x+4)—(x-1)=5 nén x+4 va
x—1 1 cac sb nguyén duong cing chia hét cho 5,
suyra (x—1)"(x+4)=5"+225 5"
D& thdy y=1 khong théa man vi 5' +225 khong
chia hét cho 5°. Do d6 y =2 . Ta dugc: '

5 +225=25(57+9) i 5°
=5724+9:5=y-2=0 hay y=2
(néu y 23 thi 57+ 9 khéng chia hét cho 5).

Thay y =2 vio gia thiét, ta duge:
X +2xt =Tx-221=25
& x*(x—6)+8x(x-6)+41(x-6)=0
<:>(x—6)(x2+8x+41)=0<:>x=6

(vi X +8x+41=(x+4)" +25>0).
Vidy chi co duy nhit cip s6 nguyén duong
(x,y)=(6,2) théa man bai toén.
Nhin xét. 1) Diéu then chdt cia 1oi giai nay 1a
phan tich gia thiét thanh (x—1)° (x+4) =5" +225
va suy lilan dé dugc y=2.
2) C6 thé bién dbi: x* +2x* = Tx+4=5" +225
& (¥ =327 +3x-1)+5x* ~10x+5=5" +225
& (x=1)’ +5(x-1)" =57 +225 suyra x-1: 5.
Néu y22 tacé: (x-1) +5(x—1)" =25(5"7+9) i §°
=572+9: 5= y=2.

Céc ban sau ddy c6 bai giai tot :
Nghé An: Phgm Xudn Hoang, Hoang Thai Thuong,
Nguyén Céng Diing, Nguyén Vin Lam, 9A, Phan
Trong Hiéu, 8C, THCS Ly Nhit Quang, D6 Luong,
Hoang Dirc Minh, 6C, THCS DPing Thai Mai, TP.
Vinh; Ha Tinh: Trdn Sy Anh Khoi, Duong Gia Bdo,
6D, Hoang Lé Anh Tudn, 7A, THCS Hoang Xuén
Hin, DPtc Tho, Nguyé~n Tran Khéi, 7A, THCS
Nguyén Du, TP. Ha Tinh; TP. H6 Chi Minh:
Nguyén Phwong Hoang Minh, 10E2, TH, THCS,
THPT Lé Thanh Téng, Nguyén Chdnh Thién, 9/12,
THCS Lé Quy Pon, Quan 3; Ha Noi: Nguyén Sp
Toan, THCS Hoang Li¢t, Q. Hoang Mai; Hai
Phong: Ddang Dinh Minh Tri, 8C2, THCS Lac Vién,
TP. Hai Phong; Hung Yén: Lé Tuan Hiép, 8C,
THCS Poan Thj Piém, Yén My.

NGUYEN ANH DUNG

Bai T4/558. Cho tam gigc ABC c6 dwong cao AH
(H thugc canh BC). Goi M la trung diém canh BC
(M # H). Biét BAH=CAM =40°. Tinh s6 do géc

———

MAH.
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Léi gidi. TH1: H nam gitta B va M (hinh v&).

B HM C
Goi E 1a trung diém cia canh 4B. Khi dé theo tinh
chit dudng trung binh ta cé:
EMA = MAC = 40° = HAB = EHA .

Do 46 EHA = EMA, suy ra ttt gitc AEMH ndi tiép.
Tacé: EHB = EAM = EAH + HAM (1).
Lai c6: EHB = EBH =90°-BAH =50° (2).
Tir (1) va (2) suy ra: MAH = EHB - BAH =10".
TH2: M nim giita H va B (ban doc tir v& hinh).
Ta c6: AEH = AMH. Ma AMH <90°, trong khi
AEH =100°>90°, voly.
Nhu vay MAH =10°.
Nhgn xét. Tat ca cic ban tham gia déu cho 101 gidi ding,
tuy nhién déu chua loai trrdng hop M nim giita H va B,
din dén 161 giai thidu chit ch&, phu thudc hinh vé. Cic
ban dudi day c6 10 giai tét.
Nghé An: Hodng Vin Nhdn, 8C, Hoang Thdi Thirong,
Pham Xudn Hoang, 9A THCS Ly Nhit Quang, Do
Luong; Hai Phong: Dang Dinh Minh Tri, 8C2, THCS
Lac Vién, Ngbé Quyén; TP. H6 Chi Minh: Nguyén
Chdnh Thién, 9/12, THCS Lé Quy Pén, Q.3.

NGUYEN THANH HONG

Bai T5/558. Gidai phuong trinh

J16—x7 +319683 —x° =31.
Loi gidgi. Didu kién: —4 <x <4,
Ciéch 1. Viét phuong trinh d3 cho thanh:
ANF 2427 -2 =31 ()
Ap dung bét d?mg thirc giira trung binh c{ng va
trung binh nhan, ta c6:

,/(42 -x?)4* < iz__izf_iz.

2

2
V4 —x? 54—% 2);

04 TIINNOC  ssseaissing

3i'a3 3 3
e -2)arar <2 - 127 +2

3
27 -
Tir (2) va (3) suy ra:
VAt —x* + 327~ <31 —x2(1+—L),
8 -3.29°

1
Lai c6 x> -4 nén —x PR 0. Do d6:
(8 327 ) :
V& -2 +327 - <31 (@),
Déu “=" xay ra khi tit ca cac bit ding thic (2),
(3), (4) déu xay ra dau “=”, tirc 1a:

42 _x2 =42
27’ -x’ =27’ & x=0 (théa man diéu kién).
¥ =0

Viy phuong trinh c6 nghiém duy nhét x = 0.
Cidch 2. Viét phuong trinh di cho vé dang:

(4=V16-2)+(27-327 =) =0

x2 ' x]
= + =0
4416 x?

7+ 203027 =2 +3|(27 - #)’
2 1 . x
4+16-2" 27212727 -2 (27 -»)’

X4y ra hai truong hop:

+ Néu x = 0 thi théa méan (*).

+Néux#0 va—4 <x <4 thi ta chia hai vé cua
(*) cho x* va quy ddng mAu thic bidu thirc trong
dau ngodc, ta s€ nhian dugc phuong trinh:

(272 +2713027 =2 + 327 -x’)’)+x(4+m )=o (*%).
-Véi 0 <x<4thi VT(**) luén duong.

- Vi—4 <x <0 thi dity=—x (0 <y <4), khi d6
x*=y?, (**) tr& thanh: |

(27z +2127 +y’ +{@7 + ') )- y(4 +m)=o (**¥).
Ta ¢6: y(Jlﬁ—;»2 +4) <4(V16+4)=32<27>
vai 27327 +y +,3/(273 +y') >0

nén VT(***) 16n hon 0. PT(***) vd nghiém.

Vay PT da cho c6 nghiém duy nhit x = 0.

=0(%).
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Nh@n xét. Diy 1a bai todn gidi phuwong trinh vo ti
chira in trong cin bic hai va cin bic ba. Da sb cic
ban tham gia gidi bai ndy déu cho két qua ding va
101 gidi twong ty nhur hai céch trén, Tuyén duong cic
ban sau ¢6 1&1 gidi ¢6 1dp ludn chit ché va ngén gon.
Ha Noi: Nguyén Sy Todn, 9A1, THCS Hodng Liét,
Q. Hoang Mai; Phii Tho: Nguyén Tién Manh, 8A,
Nguyén Xudn Hong, 9A, THCS Nguyén Quang
Bich, Tam Nong; Ngh¢ An: Nguyén Tat Han,
Nguyén Tat Hoang Anh, 8C, Nguyén Vin Ldim,
Hoang Thai Phwong, 9A, THCS Ly Nhit Quang;
Séc Tring: Nguyén Tan Phat, 9/11, THCS Ly
Thudng Kiét; TP. Hd Chi Minh: Nguyén Chdnh
Thién, 9/12, THCS Lé Quy DB6n, Quin 3.

PHAM TH] BACH NGQC

Bai T6/558. Gia sir P(x) va Q(x) la cdc da thic

voi hé so nguyén sao cho a va a + 2023 déu la

nghiém cua P(x) (a la SO nguyén). Biét rang

0(2022) = 2024, chimg minh khéng ton tai so

nguyén b sao cho Q(P(b)) = 1.

Lai gidi. Tir gia thiét suy ra:
P(x)=(x-a)(x—a—-2023)R(x)

v6i R(x) 14 da thirc véi hé s6 nguyén. Gia sir ring

ton tai s0 nguyén b sao cho Q(P(b))=1. Khi do:

O(x)=(x—P(b))-S(x)+1

vai S(x) 1a da thirc voi hé s6 nguyén. Do dé:

0(2022) =(2022— P(b)).S(2022) +1=2024 (*).
Pé y raing P(b)=(b—a)(b—a—2023)R(b) va tir
b—a va b—a—2023 1a hai s6 nguyén khéc tinh
chin & nén P(b) la sb chin. Do dé
(2022- P(b)).S(2022)+1 14 s6 1¢, didu ndy méu
thuin véi (*). Vay khong ton tai sb nguyén b dé

o(P() =1.

Nhgn xét. Bai toan khong kho, hiu hét cic ban
tham c6 151 gidi gidi twong ty nhu trén. Cic ban cé
101 gidi ngén gon va chat ché la:

Vinh Phiic: Bach Thdi Som, 11A2, Trin Ha Trang,
11A1, THPT chuyén Vinh Phic; Ha Tinh: Tran
Duy Hung, 10T2, THPT chuyén Ha Tinh; Hai
Phong: Ddang Dinh Minh Tri, 8C2, THCS Lac Vién,
TP. Hai Phong; Nam Djinh: Pham Manh Dijnh,
10T2, THPT chuyén L& Hoéng Phong, TP. Nam

Dinh; Ngh¢ An: Trinh Ba Hiéu, 9A, THCS Lé Hong
Phong, Hung Nguyén.

TRAN HU'U NAM

Bai T7/558. Giai phuong trinh

Loi gidi. Diéu kién xac dinh: x # 0. Phuong trinh
. 4
da cho tuong duong véi (4.1r3 )’ =8x +Z-2— - -iT
X

Quy ddng ta dugc: (4x‘ )3 =8x° +72x" +54.
Viét lai phurong trinh trén dudi dang:
(4x*) =(26) +36x" +54x* +27
+(27+18x -36x*)

hay (4x*) = (26 +3) -9(4x* — 247 -3).
Nhu viy néu dit @ =4x*,b=2x* +3 thi phuong
trinh trén tr& thanh: &’ =5’ -9(a-b)

< (a —b)(a2 +ab+b’ +9)= 0.

2
Vi a2+ab+bz+9=(a+§J +%b’+9>0 nén

phuong trinh trén tuong duong véi phuong trinh
a-b=0, ticla 4x* —2x* -3=0.
Coi phuong trinh trén 1a phuong trinh bic hai an

2_1+\/B

x?, gidi tim dugc X’ = .

. Tur @6, phuong

trinh di c6 c6 hai nghiém phan biét
X= i—““;/ﬁ (chii ¥ cdc nghiém nay déu thoa

man diéu kién xac dinh).
Nhén xét. Tt ca cic ban tham gia gidi déu gii 15
gidi diing, tuy nhién da sé déu dua vé phuong trinh
bic 12 rdi phan tich ra nhin tir ngay. Viéc lam nay
c6 thé thyc hién tai nha, nhd sy trg gilp cua cong
nghé nhung trong phong thi viéc phan tich nhu thé 1a
khong don gidn.
Tuyén duong ban V6 Hadi Yén, 11H, THPT chuyén
Nguyén Quang Diéu, Déng Thdp dua ra 15i giai tw
nhién (tuvong ty nhu loi gidi dugc trinh bay ¢ trén).
NGUYEN TIEN LAM

TOANH
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Bai T8/558. Cho tam giic
tron tim O ban kinh R. Cac dwong phdn gidc
trong A4,, BB,. CC,
cat lai dwong tron tam O tai 4As, By, Cs.

ABC ngi tiep dwong

cua tam giac ABC lan hegt
Cinimg

minh rang

l o

AA+B8+CC, 2

Loi gigi. Dt BC = a,
CA = b, AB = c. Theo tinh
chit dwdng phén gidc trong

za‘

tam gidc ta co: 42

BA _CA _BA+CA__BC _ a
BA CA BA+CA BA+CA b+c
vaCAl b+c
St dung cong thirc dlr(mg phan giac trong ddi véi
A
2bccos—

tam gidic ABC: A.A,=b—+2—
c

AA AA =BA CA, ta thiy:

Ad _BACH _ b+c a .
A (b+¢) 2bccos— 2(b+c)oos—-

Hoan toan tuong tr ta ciing c¢6:

b’ c

GC=———.
2(c+a)cos; 2(a+b)oos—

Tedoésuyra: B4 =

va két qua

2

BB, =

2 16R’sin® oos’é
a 2
BC

2 2

Mat khac: 44, =
2(b+c)oos—— 8Rcos

2Rsin® 14—

RS B 2 4
_c B-C 2Rsin’ = >

2
. C
Tuong ty: B,B, >2Rsin* — C,C > 2Rsin’ 3

Tir d6 ta dugc BDT: A,Al +BB, +CG,
. LR ,c)
> 2R| sin? = +sin’ — +sin’* = |.

( 2 2 2

Viy ta chi can chimg minh
e B | zc) 3R
o — +sin =
2R(sm 2+sm > 5 >

26 TOﬁ'ig% S8 562(4-2024)

£+sin’£2-§
2 4

. 1A P )
<~ SIn” —+SIn

<:>cosA+cosB+cosC.<.%.

Bit ding thirc nay dang. That viy:

A“B+l—25'm2£

B
cos

A+
cosA+cosB+cosC=2cos

A-B
2
=2—25in2£+25in£cosA—B
2 2 2 2
,A—B_ls. ,A-B
2 2 2
3 (.;C ¥ A-B 1 ,A-B
=—-2| sin" —— sin—.cos +—Cc08" ——
2 2 2 2 4 2
1.,A-B
2 p ]
2
=i—2(sin£——l-cosA“B) —lsinzA——gsz.
2 2 2 2
D¢ thiy ding thirc xdy ra khi tam gidc ABC déu.

=1-2sin’ -C—+ Zsingcos
2 2

——Ccos
2

Nhén xét. Cic bai giai giri vé Toa soan déu ding.
Céc ban sau c6 161 giai tot:
Vinh Phiic: Tran Ha Trang, 11A1, Bach Thai Son,
11A2, THPT chuyén Vinh Phic; Nghé An: Ngé Van
Truwong, 10A1, THPT Hoang Mai, TX. Hoang Mai;
Quing Binh: Nguyén Thanh Hai, D6 Thi Thanh
Thdo, 12 Toan 1, Pham Thi My Hanh, 12 Toan 2,
Hoang Kim Loc, 11 Toan 1, THPT chuyén Vo
Nguyén Gidp, TP. Dong Héi. Ba Ria - Viing Tau:
D6 Tién Diing, 10T1, THPT chuyén L& Quy Déon.
HO QUANG VINH

Bai T9/558. Giai hé plirong trink:

(I){G._ A+ O o

xyeR.
2 =9, ('))

Lai gidi (Cia Phan Tran Ngoc Hai va nhiéu ban)
Gia st (x, ) 1a nghiém cua hé (I). Véi didu kién
x>0,y>-1tacé: (1)=2” =2y+2 3.
Te(2)va()suyra: 2° —2¥ =2y +2-2x

hay 2°7 +2(x-1)=2" +2y (4).
Xét haim sd f(r)=2% +2t véi teR. PT(4) co
thé viét lai thanh f(x=1)=f(») (5).
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Vi f(0=(In2)'22% +250, vieR
ting trén R. Suyra: ) x-1=y
Do d6 (2) trd thanh: 2% =2x (6). Xét ham sb
g(x)=2"" = 2x v6i x>0, tacd:

g'(x)=(In2)" 22" ~2 véi x> 0.
Hon nira, véi moi x > 0 ta ¢co:

g'() =(In2)’ 22" (1+(In2)2"") > 0.
Viy g'(x) ting trén (0,+wo). Ngodi ra, ta c6:
)= 2((ln 2)} ~ l) <0 va

g'@)=2(4(in2)" -1) =2((2mn2)’ -1)

2((1n2)’ -1)=2((in4)* -1)>0.
Xét cdc truong hgp sau:

1) 0<x<l: g'(x)<g'(1)<0. Viyhimsd g(x)
gidm trén khoang (0;1). PT(6) vd nghi¢m.

2) x=1: g(1)=0. Viy x=1 1d nghi¢m cua (6).
3) 1<x<2: Ta c6 g'(x) ting trén (1;2);
¢'()<0 va g'(2)>0 nén g'(x) c6 duy nhit
mét nghiém x,€(1;2). Vi g'(1)<0 nén
g'(x)<0 trén (1;x,). Do d6 hiam s6 g(x) gidm
trén khoang (1;x,). Vi g'(2)>0 nén g'(x>0
trén (x,;2). Do d6 ham s6 g(x) ting trén khodng
(%,:;2). Chimg t6 ham s6 c6 mdt cye tiéu duy
nhit 1a X, trén (1:2) v
ml%ﬁg(x) = g(1)=g(2)=0. PT(6) vd nghi¢m trén

khodng (152).

4)x=2:g(2)=0. Viy x=2 13 nghi¢m cua (6).
5) x>2: Vi g'(x)>¢g'(2)>0 nén g(x) ting
trén (2;4). Do d6 g(x)>g(2)=0. PT(6) vo
nghi¢m trén khodng (2;+x).

Tém lai, PT(6) chi ¢ hai nghifm x =1 va
x,=2. Suyra y, =0 va y, =1,

H¢ (1) c6 hai nghi¢m (1;0) va (2;1).

Nhdn xét. Tit ca cdc ban dudi diy da giri bai ¢6 1o
gidi tSt Ddng Thép: V6 Hdi Yén, 11H, THPT
chuyén Nguyén Quang Diéu; Gia Lai: Phan Trdn
Ngoc Hai, 10A7, THPT Chi Lang; Ngh¢ An: Phan
Dai Hodng, 11A1, THPT chuyén Phan B{i Chdiu;

nén f(¢)

Quing Binh: Ngwyén Thanh Hdi, D6 Thi Thanh
Thdo, 12 Toén 1, Pham Thi My Hanh, 12 Todn 2,
THPT chuyén V& Nguyén Gidp.

T:_\ DUY PHUQNG
Bai T10/358. Tim tat cd cdc so nguyvén dwong n

sao cho @(n)=12, o ddy kv hi¢u @(n)la ham
Euler cua n. '
(Nhac lgi rang ham so Euler cua mgt so nguyén
dwong n, kv higu la @(n), ld so cdc SO nguyen
dwong nho hom n va nguyén to cung nhau véi n.
Vidu: @9)=6 vico 6s0: 1, 2.4, 3,7, 8 nho hon
9 va nguvén to cing nhaw voi 9).
Loi gigi. (Dya trén 101 gidi cua ban Bach Thai
Som, 11A2, THPT chuyén Vinh Phic, Vinh Phiic)
D& thiyn > 1.
Vi n=2" thi p(n)=¢(2")=
théa man.
Gia st n=2"p}'pl..prvéi p, 1<i<k) 1 cic
s6 nguyén t6 1é phan bigt. Khi dé:
o(n) =o(2)e(p o py)-0(p)

=2 )P P p " (o = NPy = D)py =)
a) Néu s € {0;1) thi ¢(2°)=1, suy ra:
e(n)=p" - ’rl nﬂ(l’n =I)(p, =D.(p, =1)=12
=1<sk<2
+)Vaik=1thi n=2"p"=p*'(p -1 =12.
-Néu 5, =1=>p, ~-1=12= p, =13,
Véis=0thin=13,vdis=1thin=2.13 = 26.
-Néus;>1thi p|12= p =3=3""2=12

2 =12 khong

= 3" = 6, khong thda man.
+) Véik=2thi n=2"p}' p?
= ppi(p - (p, - 1)=12=26.
-1=2, p,-1=6
=3,p,=17

Giast p,<p,=p
=nh
PPzl =5, =1,

Véis=0thin=3.7=21;

Véis=1thin=23.7=42.

b)Néuszz tacé'

e(n) =2 p" pr 7 PP (B =P, =D (p ~D)=12
=s5s-1+k<2
) TOAN HOC
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=s+k<3=>5=2k=1>n=2"p;,
Khi d6: p(n)=2p"(p,-1)=12= pi~'(p, ~1)=6.

-Néu s, =1=p, =T=>n=2"7=28.

-Néu s,>1=>p|6=>p =3=31"2=6

=5, =2=>n=223"=36.

Ddp s6: ne {13;21; 26; 28; 36; 42}.
Nhin xét. Ngoai ban Son, cic ban sau day ciing c6
101 gidi ding: Quing Binh: Pham Thi My Hanh,
12T2, THPT chuyén V5 Nguyén Giép; Ha Tinh:
Tran Duy Hung, 10T2, THPT chuyén Ha Tinh; Vinh
Phic: Tran Ha Trang, 11A1, THPT chuyén Vinh

Phic; Nghé¢ An: Phan Pai Hoang, 11A1, THPT
chuyén Phan B§i Chau.

PANG HUNG THANG
Bai T11/558. Tim tdt cd cdc ham sé [ Z->Z
thoa man

ff(@)+f(b))=2a+b-4 (1),Ya,beZ.
Loi gidi. Gia sir hAm f théa man (1). Thay b = 4
vao (1) ta thu dugc:
fQf(@)+ f(4)=2a,YaeZ (2).

Nhin xét ring f 1d don é4nh. That vy, néu
f(a)=f(a,) voi a,,a, € Z thi theo (2), ta c6:

JQf(a)+f@)=f(2f(a)+/(4))
& 2a, =2a, & a, =a,.
Pé y ring 2a+b-4=2(a-1)+(b+2)-4 nén
theo (1) thi
fQf(a-1)+ f(b+2))=2a+b-4,Va,beZ.
Két hop v6i (1) va tinh don énh cua f'suy ra:
fRf(@+fB)=f2f(a-1)+ f(b+2)),Va,bel.
< 2f(@)+ fb)=2f(a-1)+
+f(b+2),Va,beZ (3).
Thay a=b+2 trong (3), ta thu dugc:
2f(b+2)+ f(B)=2f(b+1)+ f(b+2)
S fb+2)-fb+D)=fb+1) - f(b),VbeZ,
tirc day sb x, = f(n) 1a mot cap sb cong trén Z
nén f(n)=pn+q p,qeZ (do
fQ0),f()€Z). Thay f(n)=pn+gq vio (1), ta
thu dugc An+ B=0,VneZ, tic 4=0,B=0

vai

TOAN H
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p:l’qz—l
hay[ ]
p=—Lq=

Két lugn: Tht ca cdc ham s§ f:Z — Z théa man
didukién (1) 18 f(x)=x-1 va f(x)=—x+2.
Nhin xét. Céc ban sau day c6 10i giai dung:
Binh Pinh: Trdn Ngoc Tuyén, 10T, THPT chuyén
Lé Quy Dén; Ha Tinh: Trdan Duy Hung, 10T2,
THPT chuyén Ha Tinh; Nghé An: Phan Dai Hoang,
10A1, THPT chuyén Phan B¢i Chau; Quéng Binh:
Pham Thi My Hanh, 12T2, THPT chuyén Vo
Nguyén Gidp; Vinh Phic: Bach Thdi Son, 11A2,
THPT chuyén Vinh Phic.

NGUYEN VAN MAU

Bai T12/558. Cho tam giac ABC ¢6 truc taim H.
M, N lan luot la trung diém cua AC, AB. Duong
tron ngoaqi rié'p tam gidic HMN cdt duong tron
ngoai tiép tam gidc BHC tqi K khac H. HK cdt BC
tai J. Gid sir dwong tron ngoaqi tiép tam gide BHN
tiép xitic v&i dwong tron ngogi tiép tam gidc CHM.
Chimg minh rang JA = JK.
Léi gidi. Ta cin c6 bdn bb dé.
B & 1. Cho hai duong tron (0,) va (0,) ciing di
qua T. Cdc diém A, B thugc (Oy) va cdc diém C, D
thuge (05). Khi d6 (0,) va (0,) tiép xiic véi nhau
tai T khi va chi khi

(BA,BT)+(CT,CD) = (TA,TD) (mod ).

Bb d& 2. Cho tir gidc ABCD (cé thé Iom) va diém
M (c6 thé nam ngodi tir gidc). Khi dé ton tai diém
N sao cho M va N la hai diém lién hop dang gidc
d6i v6i ABCD khi va chi khi
(MA,MB)+(MC,MD) =0(mod ).

Phép chirmg minh cdc bd dé 1, 2 rit don gian,
khong trinh bay & day.

B dé 3. Cho tam gidc ABC khéng vuéng tai A vdi
triee tém H, ndi tiép duong tron (O). Cdc diém P,
Q theo thr te thupc AC, AB 'sao cho
(HP,HQ) = (AB, AC).J ld giao diém ciia BC va
PQ. Khi d@6 O va H Ia hai diém lién hop ding gidc
cua cdc tam giac JBQ va JCP.

Chitng minh. Vi HB, HC theo thir ty vudng goc
véi AC, AB va (HP,HQ) = (4B, AC) nén
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(HP,HQ)+ (HB,HC) = (4B, AC)+(AC, AB)
=(0(mod 7).

Do d6, theo bd dé 2, H ¢ diém lién hop ding giac
dbi véi tir gidc (c6 thé 16m) BCPQ.
Dé thdy O, H 1a hai diém lién hop ding gidc ddi
véi cac goc (BC,BQ) va (CB,CP).
Viy O, H 1 hai diém lién hop ding gidc ddi véi
ttr giac BCPQ.
Do d6 d6 O va H 14 hai diém lién hop déng gidc
cua cac tam giac JBQ va JCP.

Bb dé 4. Cho tam gidac ABC khong vuéng tai A,
(0) la duong tron ngoqi tiép, H I1a truc tém. Cdc
diém P, Q theo thir tu thuéc AC, AB sao cho
(HP,HQ)=(AB,AC)(modz). L la diém ddi
xung cua H qua PQ. Khi do L thuge (O).
Chirng minh. Goi (0’) 14 anh dbi ximg cua (0)
qua BC; J =PQ N BC; (J) la dudng tron tim J di
qua H va L. Dé thiy: 2(HB, HC)=2(AC, 4B)
= (&f, ai") = (@,"O—Cf) (mod 7).
Do d6 H thugc (O°). ,
Goi X 1a giao diém khac H cta (O’) va (J).
Theo bb dé 3, JO, JH 1 hai dudng lién hop déng
giac cua goc (JC,JP).
Tir 46, chii y ring L va H dbi xtmg véi nhau qua
JP; O va O’ d6i xting véi nhau qua JC, suy ra:
(JL,JK) = (JL,JH)+(JH,JK)
=2(JL,JP)+2(JH,JO")(mod 7)
=2(JL,JP)+2(JH,JC)+2(JC,JO") (mod )
=2(JL,JP)+2(JP,JO)+2(JO,JC)
=2(JL,JC)(mod x).
Két hop voi JL=JK, suyra L va K d6i xung véi
nhau qua BC.
Tl d6, cha ¥ rang (O) va (O’) dbi xtng véi nhau
qua BC, suy ra L thugc (O).

Tré lgi gidi bai toan T12. Goi P, Q theo thir tur 1a
giao diém thir hai ciia dudng tron (HMN) va AC,
AB; L 1a diém déi xtng cua H qua PQ;
J =PQNBC.

Cha y rang H, M, N, P, Q cing thugc mot dudng '
tron; (BHN) va (CHM) tiép xtc véi nhau tai H;
BH, CH theo thir tur vudng goéc vai AC, AB; theo
bo dé 1, ta co:
(HP,HQ)+(AB, AC) = (HP, AC)+(AB, HQ)(mod )
= (HP,MP)+(NQ, HQ)(mod r)
= (HN,MN)+(NM,HM )= (HN, HM )(mod )
=(BN,BH)+(CH,CM)(mod )
=(BN,CM)+(CH,BH)(mod )
=(A4B,AC)+ (4B, AC)(mod 7).
T d6, chu ¥ ring L 13 diém d6i ximg cua H qua
PQ, suy ra: (LQ,LP)=(HP,HQ)= (4B, AC)
= (AQ, AP)(mod 7).
Do d6 L thudc dudng tron (APQ) (1).
Vi (HP,HQ) = (4B, AC)(mod z) nén, theo bd d&
4, L thugc (0) (2). Chi y ring MN // BC, ta cé:
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(OB,0P) = (ON,QP) = (MN, MP) Bai L2/558. Poan mach di¢n AB mdc noi tiép
=(CB,CP) (modx) (3). theo thir twr lan heot gu‘m cupn day thuan cam, bién

Tir (1), (2) va (3) suy ra: AL, PQ, BC ddng quy o va tu di¢n. Dt vao hai dau doan mach dién dp
(xét ba dudng tron (ALPQ), (0), (BCPQ)) va HK, xoay chiéu ¢6 gia tri hi¢u dung khong doi va tan
PQ, BC dong quy (xét ba dudmg trdn (HKBO) (i yic o) (voi S0°LC = 3). Khi R=Ry thi cong
(HKPQ), (BCPQ)). Viy AL di qua J. Do d6:
JAJL =JPJQ = JKJH = J4d = JK.

Nhdn xét. 1) Bai todn ndy khé va cang khé hon khi
ta ¢6 ging tim mdt 191 gidi khong phy thude hinh vé
2) Khong ban ndo tham gia gidi.

2 A 5 2 Y . . ,
3) Can ¢6 thém gia thict tam gidc ABC khong vudng. Uy = 290 . P ((ot =n ) V).

NGUYEN MINH HA : 4

Bai L1/558. Trong thi nghi¢m giao thoa song trén Viét biéu thirc dién ap o hai ddu doan mach AN.
mdt mede voi hai nguon két hop, ciing pha S, \a Léi gigi. So @6 mach dién dugc bidu dién nhu
Sy vai §1S: = 4.2 ecm. Khodng cach gitra hai diém  hinh a.
g&n nhat dao dong cwc dai trén §\S; la 0,5 cm.
Diém C di dong trén mét mede sao cho CS, luon
vuong goc vai CSs. Khodng cdch lém nhat tir S
@én C khi C nam trén mgt vdn giao thoa cuwc tiéu
la bao nhiéu?

Lai gidgi. Khoang céch giira hai cyc dai lién tiép

suat tiéu thu trén doan mach dat cwc dai. Goi M
va N lan et la diém noi gitra cupn cam thuan véi
bién tro va bién tré voi tu dién. Biét dién ap o hai
dau MB ¢6 biéu thire ld

trén 5,5, 1a i i=%=>k = lem. Vi diém C

can tim ¢6 CS, luén vudng gdc véi CS; nén:
a2 +d5 = 553

Piém C ndm trén vin giao thoa cyc tiu nén: Theo gian dd vecto hinh b: D 1¢ch pha gitra uy

dy —dy = kA VvGi k ban nguyén.

vaugla @, : tang,, =—%—=l,5 = P ~ 56,3

d—dy = kA O
. B¢ léch it a ug la:
d12 4 d% ” 4,22 0 1éch pha giira uyp va ugla
Vi M xa S, nhéit nén k13 sé bin nguyén gin tan@,, =—<=-2,5 = @, ~682%;
[412] 4 nhit=k=3,5. P = P + 124,5° = @t + 0,447 (rad).
dy=dy, = 3,5 £ _ IR2+Zz 3 1+1,5° =\/337
Thay & vao (1): do i S a8 ). Us \B+22 V142,58 29
+ dj .
Gidi (2) ta dugc d, = 4,150 cm. o Uy Ui A \’33 9903337 33
Nhin xét. Chic mimg céc ban Pham Xudn Khanh,
11A2, THPT Tam Phuéc, Bién Hoa, Ddng Nai; =10:/674 =259,6 (V)
Hoang Ngoc Gia Huy, 11 Ly 2, THPT chuyén Qudc = u, =259,6c08(ert +0447) (V).

hoc Hué, Thira Thién Hué; DS Thj Thanh Thdo, 12
Toin 1, THPT chuyén V& Nguyén Gidp, Quing Nhdn xét. Rét tiéc 1a Tda soan khong nhin dugc 16i
Binh di c6 10i giai ding cho dé ra ki nay. gidi ndo cua bai nay.

DPINH THI THAI QUYNH NGUYEN XUAN QUANG
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K/ £ 6090 TOAN HOC VA TUGI TRE

TRI AM

(Nhdn 60 nam, Todn hoc & Tudi tré ra so dau
tién, 1964 — 2024)

Thily chung tinh ban chim hoa tim (Té Hiru)

Tri 4m tri ky gan su6t doi t6i 12 mot tor bao!

Con nhé ngay 15 thang 10 nim 1964, bao Todn
hoc & Tudi tré cat tiéng chio ddi nhd tim huyét
cua cac nha todn hoc Viét Nam hang dau lic do.
N6 dugc nudi dudng bai Hoi Todn hoc Viét Nam,
mot Hoi toan hoc rat non tré vira dugc thanh 1ap
véi Hoi trudng déu tién 1a Gido su Lé Van Thiém.
Mot t& bao danh cho "Céc ban tré yéu Toan", thuc
té danh cho "Nhimg ai c6 ning khiéu Toan hoc
thuc su". N6 nghiéng vé Tap chi Kvant hon Tap
chi Todn hoc trong nha truomg ciia Nga rat thinh
hanh & Viét Nam thdi d6. Nhidu nha toan hoc
hang dau: Lé Van Thiém, Hodng Tuy, Phan Dinh
Diéu, Hodng Xudn Sinh,... danh nhiéu thdi gian
viét nhimg bai tim huydt cho Todn hoc & Tudi
tré. Dé td bao dimg vimg va c6 sirc lan toa trong
mét thoi gian dai nhu vy nhd sy kién tri, bén bi
cua doi ngli cac Théy cic C6 trong Toa soan,
ngudi Téng Bién tap dAu tién va lau ndm nhét 1a
GS. Nguyén Canh Toan 16i cic Téng bién tap,
Phé Tdng bién tap tiép theo: Phan Pirc Chinh,
Ngé Dat Tir, Phan Doan Thogi, Pham Thi Bach
Ngoc, Tran Hiru Nam; céc Thu ky: Hoang Chiing,
Tran Thanh Trai, Vii Kim Thiy, Lé Théng Nhat,
Ho Quang Vinh. Ciing khong thé quén cong lao
miét mai déng gop cua ddi ngii bién tap vién va
cdng tac vién, tiéu biéu 13 cic thdy: Phan Pirc
Chinh, Nguyén Céng Qup, Nguyén Ping Phat, Lé
Dinh Thinh,.... Rdi nhitg thé hé néi tiép: Nguyén
Vin Mdu, Lé Quoc Han, Lé Thong Nhat, Dang
Hing Thang, Nguyén Minh Ha, Nguyén Minh
Pire, Tran Nam Diing, Ho6 Quang Vinh, Nguyén
Diic Tan, ...

T6i nhé nhu in ngdy vira dit chan vao Trudng
Cap ba Ky Anh, thdy Hodng Tham cho xem bao
Todn hoc & Tudi tré sé thang 10 ndm 1965. Véi
mét hoc tro yéu todn viing cuc nam mdt tinh 1€, n6
that sy c6 mét stc hit ky la ching khac gi mot
thanh nam cham. Réi t6i dugc nhéc tén dau tién
trén Todn hoc & Tudi tré & sb bio thang 6 nam
1966 trong muc “Giai bai ky trudc”. Thiy Nguyén
Dang Phat, ngudi chim bai nhan xét: “Tét ca 10
giai ding déu sit dung bt ding thirc Cauchy.
Riéng ban Lé Quac Han c6 10i giai doc ddo: chi
ding kién thirc hinh hoc 16p 6 dé giai”. Nam hoc
1966 - 1967, t6i gianh dugc giai Nhét cudc thi do
Bao Todn hoc & Tudi tré to chirc thudng nién.
Sau bao bién cb thing trdm, Todn hoc & Tuéi tré
tré nén than thiét nhu mot ngudi thiy, ngudi ban
16n ddng hanh qua bao vui budn dén tan bay gid.
M&i s6 bao nhu mdi nhip cau ndi t6i véi ban bé
phuong xa. Bdo Todn hoc & Tudi tré gitp t6i ludn
hinh dung dugc birc tranh hoc todn cua cac ban
cing trang l{ra trén moi mién dét nuéc.

Nhé nhét cic ban c6 15i giai hay va dat giai cao
trong céc cudc thi hang nim do béo t6 chirc. Cai
tén thir nhat chic chén 1a Nguyén To Nhu, ngudi
dau tién dat gidi Nhét (hai 1an lién tiép) - ngdy dy
chua c6 giai Dac biét nhu bay gio. Pang quy la
anh hoc & Nghé An, mt tinh xa trung tdm Thu
d6. Hién anh 13 Gido su Tién si khoa hoc chuyén
nganh T6pd. Mt cdp tén ciing kha an tugng: Trdn
Vin Vang va Trdn Vin Vudng. Anh Vang ghi dja
chi Thanh Ba, Phii Tho. Anh cing thé hé véi anh
Nhu va timg dat gidi Nhi. Anh thudng xuyén cé
16i giai hay. T6t nghiép phd thong anh vio Dai
hoc Su pham Ha Noi rdi tré thanh gido vién gidi
Pht Tho. Anh Vudng & Hung Yén. Sau biét anh
thudc thé hé trudc, 1a thiy day 16p 8 chuyén Toan
(Hung Yén) cta anh D6 Ngoc Diép. Anh Diép véi
t0i cung dat giai ndm hoc 1965 -1966. Hién anh
Diép 14 Gido su Tién si khoa hoc chuyén nganh
Ly thuyét biéu dién. Anh Vudng sau 1a Phé gido
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su Tién si chuyén nganh Giai tich, cong tic ¢
Vién Khoa hoc Gido dyc, c6 thoi gian 1d Thu ky
ctia Phé Chu tich nuée Nguyén Thi Binh, Nay di
qua doi. Thuong lim!

La ngudi Ha Tinh, tdi quan tim nhit dén cic ban
dong huong. Trudc tdi ¢6 cic anh Phan Vin Ban,
Dinh Van Hupnh va Nguyén Xudn Ky. Anh Ban
ngudi Die Tho, con Ngh¢ si Uu ta Phan Thoan -
tic gia birc anh ndi tiéng “Cd du kich nhd duong
cao sing/ thing My 1énh khénh bude cui ddu...”.
Sau ndy anh Ban 13 Phé gido su Tién si Todn hoc.
Anh Huynh ngudi cing xd Dirc Thiy, hoc clng
trudng ca‘xp ba Trin Phu véi anh Ban nhung sau
mét 16p, hién 13 Gido sur Tién si khoa hoc chuyén
nganh Ly thuyét vanh. Nhidu ban khoa tdi 12 hoc
trd cua anh Huynh: Phan Dan, Ngé St Tung, Chu
Trong Thanh, Dinh Dirc Tai,...Anh Ky nguoi
Nghi Xuin, hoc cip ba & Can Ljc. Nghe tin anh
du hoc va 1am ludn an Phé tién si vé S6 hoc &
Hungari rdi dinh cur bén d6.

Vi nhimg 1y do khéc nhau, nhiéu ngudi gioi todn
thoi iy khong tham gia gidi todn hodc dy thi trén
bdo, dic biét la cic ban hoc trudng Chuyén.
Nhung ciing khong it ban say sua gidi toan va dat
gidi cao. Hoc trudc tdi c6 anh Trdn Vin Nhung,
sau tdi c6 anh Cao Long Vin. Anh Nhung ngudi
gbc Nam Dinh sinh ¢ Ninh Binh, hoc chuyén
Toan Pai hoc Tdng hgp Ha N¢i khéa dau tién.
Gido su Tién si khoa hoc chuyén nganh Giai tich.
Timg gilt chitc Thir truéng By Gido duc & Pio
tao, Téng Thu ky Hoi dong chirc danh Gido su
Nha nuée. Anh Vdn hoc Chuyén todn Dai hoc Su
pham Ha Noi khoa hai. Gido su Tién si khoa hoc
nganh Vit 1y, cong tic ¢ Ba Lan. Cé cong dio tao
nhiéu Tién si, Thac si Vit 1y cho trudng t6i.

Thoi ay, Khdi chuyén Toan Truémg Dai hoc Su
pham Vinh cé phong trdo tham gia gidi toén trén
bao va rit nhidu ban doat gidi cao. An tugng nhat
1a Trinh Tudn Ti. Anh c6 nhiéu 15i gidi hay, doc
déo. Tét nghiép phd thong, anh vé qué chira xe
dap. Sau thi ddu viao Pai hoc Bich khoa Ha Néi
va ra lam Téng Gidm déc mjt cong ty 1ém. Cac
16p chuyén Toan ¢ truémng khéc: Chu Vin An (Ha

3 2 TQg}“ug% S8 562(4-2024)

N§i), Thai Phién (Hai Phong), Hiung Vuong (Phd
The), L& Hong Phong (Nam Dinh), Lam Son
(Thanh Héa),... ¢6 nhidu ngudi tham gia gidi va
dat gidi cao. Ldu rdi chi con nhd vai céi tén:
Trieong An Quoe (L& Hong Phong), My Duy Thy
(Lam Son),...

Ciing nhu tdm 1§ nhimg nguoi khic, toi quan tim
nhidu dén céc ban ciing doat giai véi minh, Nam
hoe 1966 -1967 c6 ba ngudi doat giai Nhit: Lé
Vin Héot (16p 10), Lé Qubc Han (1op 9) va Trin
Huy Cang (16p 8). Anh Hot sau 1a Ph6 gido su
Tién si chuyén nganh Giai tich, day & TP. Hd Chi
Minh. Theo thong tin cia cdc ban ddng nghiép
anh Cang sau day hoc va hi¢n nghi huu ¢ Binh
Duong. Cac khéa sau nhiéu ban dat gidi xudt sic,
chiing han Lé Trwong Ting. Anh hgc truomg Lam
Son (Thanh Héa). Hién 1a Phé Gido su Tién si,
Téng Giam déc FPT.

Mot diéu rat thi vi hing nim Bédo Todn hoc &
Tudi ré ding danh sich cic ban dat gidi Ky thi
hoc sinh gii mién Bdc 16p 10. Thoi dy sé ngudi
dat giai rat it, chi nim séu ban, thuomg khong cé
giai Nhit. Nim hoc 1968 - 1969 anh Ngé Viét
Trung doat giai Nhit duge cic GS. Hoang Tuy va
GS. Nguyén Canh Toan viét bai khen nggi. Hai
nim sau (1970 - 1971), anh Nguyén Hiru Viét
Himg doat giai Nhit véi bai hinh dat diém tuyét
déi. Ca hai gi¢ 1a Gido su Tién si khoa hoc nganh
toén, dugc Giai thuéng Ta Quang Biru vé nghién
ciru khoa hgc.

Vé nha cay rugng hay day trudng lang, vao dai
hoc hay tr¢ thanh can b§ giang day by mén thuge
To4n hoc hién dai, Bio Todn hoc & Tudi tré luén
1a sach géi dau giwdng, 1a ngudi ban thuy chung,
1d ngudi thdy than thiét. Vi tim nhin hiéu biét
sdu rfng hon, t6i thudng xuyén ra dé va viét bai
cho béo. Trong djp ky ni¢m 30 ndm Todn hoc &
Tudi tré, Toa soan tnmg cdu ¥ kién ban doc ca
nuéc: "Bai bao nao ban thich nhat ?", An sau djnh
ly Ptélémé cua tdi nhin dugc $0 phiéu cao nhit.
Véi Todn hoe & Tudi tré, c6 hai ky niém dep. Ky
ni¢m thir nhat 1a vao nim 1974, khi doan hoc sinh
Viét Nam lin déu tién tham dy ky thi Olympic
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Todn Quéc té, Toa soan ding dé ra va dap 4n ky
thi. Poc qua toi thdy 151 giai bai 4 qua dai (trinh
bay hét mot trang béo). Chi cin v& thém dudmg
tron ngoai tiép tam gidc ABC va sir dung H¢ thirc
liegng trong dwong tron, 15i gii chi con mdt phin
tr trang. T6i giri nhin xét ra va duge Toa soan
ding trong s0 bao tiép theo véi 1&i khen ngoi dong
vién. Ky niém thit hai, doc bai “Vé bat dding thirc
Nesbitt cho ba s6 dwong” thiy thdy Phan Pirc
Chinh néu vin dé: “trong treomg hop bdt ding
thirc Nesbitt cho bon s thic dwong, néu ban
chimg minh dwgc thi hdy vui mimg vé bdn linh
todn hoc ctia minh, rdt nhiéu nha todn hoc thuc
thu da phai hét sirc chdt vt méi chimg minh dirge
né”. TOi guri thu véi 161 gidi ra dugc bdo ding
cing 15i khen cua Thay.

Ky niém nay nhic dén ban s& bao t6i khoe
khoang, nhung c6 thyc “trim phan trdm”. Khi t6i
goi khong it cic Gido su (Ngé Bdo Chau, Phing
Hé Hai, Nguyén Quéc Théng, ...) bing Thdy , cic

vi da ng.’il 1 ti: Sao thiy lai goi em bing thiy,
ngdy truéc em thudng gidi cic bai toén thiy ra
trén bdo Todn hpc & Tudi tré. Ké chuyén niy
khong chi dé nggi ca dirc tinh khiém tén cua
nhimg tai ning dich thyc, con néi 1én anh hudng
cua to béo Todn hpc & Tuoi tré doi vai céc thé hé
yéu todn mdt thi diéu ki¢n hoc tap khé khan va
thong tin cip nhip qué thiéu thon.
Budc sang tudi "thit thip cb lai hy", toi van tham
gia cong tic thudng xuyén voi bdo. Cic thiy co
trong Tda soan qua bao thé hé ludn xem t6i nhur
ngudi nha, thudng trao ddi nhimg ¥ tuong méi dé
phat trién hay nhimg khé khin bao can vuot qua.
Toa soan con danh tam sirc d& diu dé ba cudn
sach vé todn so cép cua toi dugc ra mit ban doc.
Séu muoi ndm trdi qua, Bao Todn hoc & Tudi tré
luén chap canh cho téi bay vao bau trdi hing mo
udc: Hoc toan va Giai toan!
LE QUOC HAN
(Khoa Toan, Dai hoc Vinh)
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PROBLEMS ... (Tiép theo trang 21)

1 1 1 1 1 1
| —=+— |+#| 5+— |+ 1| —=+— |26
-(m: m’] ""(m: m:J °(m’ ,..;)

c a

where h_,h,,h ;m, ,m,,m_ respectively the lengths
of the altitudes and the medians from 4, B, C.
Problem T9/562. Find the values for the

parameter m so that the following equation has
two distinguished real solutions

373 _Jog, (x* —2x+6)° +10=V=x* +2x+m =0.

TOWARDS MATHEMATICAL OLYMPIAD

Problem T10/562. Consider the sequence (a,)
determined as follows
_(n+5)a, +22

5 N’.
n+3 RE

al =9 and an+l

Find all positive integers n
a) so that a, is a perfect square.

b) so that a, is divisible by 2023.

Problem T11/562. Find all functions f:R—R
satisfying
S@x+y)=f(x)f ()= fy)-2xy-1

for every x,yeR.

Problem T12/562. Given a triangle ABC with the
circumcircle (O) and the incircle (/). Let D, E
respectively be the touch points between (/) and
AB, AC. Assume that BI, CI intersect (O) again at
M, N respectively; and P, Q be the reflections of
B, C in N, M respectively. Denote K, H the
BPD, CQE
respectively. Let S be the intersection between KQ
and HP. Show that

orthocenters of the triangles

a) The circumcircles of SQH, SPK both pass
through a same point on MN.

b) AS is perpendicular to BC.

DR. NGUYEN PHU HOANG LAN
(University of Education, VNU, Hanoi)
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Bit ding thirc 14 mdt dang toan phé bién va hép
déin bai sy don gian, dgp d& vé hinh thite ciing nhu
boi sy ngdn gon bit ngd trong 1oi gidi. Vi viy diy
1a m{t dang todn nhin duge sy quan tdm lén clia
nhiéu gido vién va hgc sinh yéu todn. Trong céc dé
thi hoc sinh gidi & Vi¢t Nam ciing nhu khu vy,
qubc té chc bai todn bit diing thirc thudng xuyén
xudt hi¢n. Trong bai viét ndy, tic gid xin trao ddi
vé mt tu tudng ma trong qua trinh 1dm todn va
day todn tic gia thudng sir dung, dé 1a tur tudng
giam bién. Nhin chung, bit ding thirc cang it bién
thi cang d& chimg minh (truong hep 1 bién thi c6
cong cy dao ham hoiic bién ddi twong dwong), vi
vily trong qud trinh tim 10i gidi, néu ta cd géng
"giam bién" dugc dé dua bit ding thic cin chimg
minh v& it bién hon thi 18i giai s& dé dang dugc
tim ra hon, Chung ta hy bit diu tir cdc bai toén
trong Ky thi Dai hoc (PH), Ky thi Trung hoc phd
théng Qudc gia (THPTQG) sau d6 1 céc bai toan
trong Ky thi Hoc sinh gidi Quéc gia (VMO), Ky
thi Chon Ddi tuyén Viét Nam dy thi Olympic
Qudc té (VN TST).
Bai 1 (THPTQG, 2015).. Cho cic s6 -thuc
a,byc €[1;3] théa man diéu kién a+b+c=6.
Tim gid tri lom nhdt ciia biéu thirc
a’b’ +b*c’ +c’a’ +12abc+72
ab+bc+ca 2
Loigiai.Dit a=1+x;b=1+y;c=1+z tacé:

P abc

0<x,y,z<2 vi x+y+z=3.

Taco: ab+bc+ca=xy+yz+zx+9=1+9;
abc=xyz+xy+yz+zx+4d=xyz+t+4;
a*b? +b*c? +c*a® =1* —12xyz + 6t +33

véi t=xy + yz + zx, Do viy:

p_Lt181+153 xyz+t+4 £ +181+153 1+4
t+9 2 t+9 2

T
34 9@?‘&2&& S3 562(4-2024)

Chiyring ¥S(x+y+z)>=9=1<3.
Giasir x 2 y 2z thi 0<z<1. Khi dé:
t22(x+y)-4+z(x+y)=(2+2)(3-2)-4
=2+z(1-z)22.
(do (x-2)(y-2)20).
£ +18+153 t+4
t+9 2

Do viy t €[2;3]. Xét h(t)=

160 160
& ' = e < —,
trén [2,3] dlIQC l‘ggi(h(t)— 11 . Suy raP< T

Khi a=1,b=2 thi P:%. Viy maxn»=%.

Bai 2 (DH A, Al, 2014). Cho cdc s6 thue khong
am x,y,z thoa man diéu kién x* + V¥ +z2=2,

. .y o 1 A ’ A ’
Tim gia trj lon nhat cia biéu thirc

2
X + Z
ok

_l+yz
X +yz+x+1 ¢

X+y+z+1 9

P=

Loi gigi. Dit S=y+z;,P=yz thi
S§?-2P=y* +22 =22,
Ta viét lai bidu thirc thanh:

s us, 123 W s x? + 82
3x2+2x+ 8 S+x+1 18 °

2 ; y 2

Do d6: P<— 2% 8 (x+8)

2 2 +

Ix“+2x+S° S+x+1 36

Pitt=S+x thi S=t-xva te[\/i;\/g]. Ta co:
2x? .+t—x t
3 +2x+(t-x)" t+1 36
' 2x2 2

4x* +2(1-t)x +1*
e /()

(t+D(@x* +2(1=t)x +1%)
voi f(x)=2x(t+1) = (4x* +2(1 - t)x +1*);

P<

t—-x t
+ ——
t+1 36

+g(1)

Suyra: P <
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t t
AL bt

Tacd fi(x)=-8x+4t=0x=—

Khidé f(x) < f(—;—) =0. Do d6 P<g(t).

—i50©t22.

1
+1)? 18

Talaicd g'(t)=

Do vay P<g(t)<g(2)—-§ Khi x=y=1,z=0
9 i,

thi IP=—9—. Vay max P ==

Bai 3 (PH A,A1-2013). Cho cdc sé thuc: dwong
a,b,c théa man diéu kién (a+c)b+c)=4c.

Tim gia tri nho nhat cua biéu thirc

_ 32 : 32b° _\/a2+b2
(b+3c)’  (a+3c) c

Lai gidi. Dat x=250,y=250 tacs;
c c

3
'(ji;’*&—ya)"m'
Pit S=x+y>0; T=xy>0 (S*24T) ta cb
T=3-S. Do 0<4T <S* nén S€[2;3). Khi d6'

IP,=32[x’(x+3)’+y3.(y+3>’}_ T

(x+3)’(y+3)’

(x+D)(y+1)=4 va P=

=4(S-1)" + 24%‘2‘—”—'«/? +25-6.
Xét ham s6 P=f(S) trén [23).Ta c6
S+ S ovse[).

f(S)>12—_m |
Do d6 P=f(5)2 f(2)=1- V2. Khi a=b= c
thi P=1-+2. Vay gi4 tri nho nhit cia P 13
1-+2,

Bai 4 (PH A, Al, 2012). Cho cdc s thyc x;y;z
oo man didu ken. £+ 3 E%= 0 Tims gid tri nho

nhdt ciia biéu thire

P =3 430 L 3 f6x? + 6% + 627

Loi gidi. Gid sit x> y>z Khidé x>20>z va
y=-z-x. Tacé:

]P = 32x+z o 3-2z-x " 3x—z e 12(x2 + 22 +XZ)

voi x202z Dit —-z=¢20,taco

P =3 438 L 3% _ 12(x? +£* - xt)
voi x,t20. Ap dung bét ding thirc quen thudc
e 21+x,Vx 20 taco:

P=e(2x—l)ln3 +e(21-x)ln3 +e(x+l)ln3 1= 12(x2 +t2 —xt)

23+2[(x+t)1n3—\/3(x2+t2--xt)]23

(do (x+£)* =3(x* +t* - xt)=(x-y)(y-2) 2 0).
Khi x=y=2z=0 thi P=3. VayminP = 3.

Bai 5 (DH A, A1-2011). Cho x,y,z ld cdc s6
thire thuoc dogn [1,4] va x> y, x> z. Tim gia tri
nhé nhdt va gia tri lon nhcft ciia biéu thirc
__ X | y_ .z
2x+3y y+z

z+x
Léi gidi. Xét ham sb

Y
fx)=

z
+ voi x €[y,4].
2x+3y y+z [:4]

zZ+x

3y Z 3y z
(2x+3y)2 (x+z)2 24xy (z+x)
1 z
8x (z+x)2

Ta ¢o: f(x)—

x —6xz + 2*
8x(x+2z)*

(Vi x> —6xz+z* = x(x—4z) + z2(z = x) - x2 <0,
' do 1<z<x<4<4z).
Do d6 ham s6 f(x) nghich bién, va ta suy ra:

y z
= >2f(xX)z f(4)= + A
f(y) f(x)2f(4)= 3 +8 g o

. 4 y z
¢t ham sb = + + |
Xét ham gy) e e e véi

ye[l,4], tacé:
z : 12 irs 4 o il 36
(r+2)" (By+8)* 25y (By+8)°
Viy g(y) dong bién, suy ra:
4 1
+1

g»)=

& z__ 34
g(y)>g()— 4—,h(z)2h(2)_33

véi z €[1,4].
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Khi x=4,y=1vi z=2 thi p=% v Khi =¥
thi P=§. Vay minP:ﬁ va maxp:ﬁ_
5 33 5

Bai 6 (VMO 2015). Cho cdc 56 thue a,b,c>0.

Chirng minh rang

3(a* +b* +c2)2(a+b+c)(\/51—;+\/7)2+\/a)

+(@=b) +(b-c) +(c-a)*2(a+b+c).

Léi gidi. Truéc hét chi ¥ ring
3@ +b* +c*)=(a+b+c) +(a-b) +(b-c)’
+(c—a‘)2
2(a +b+c)(\/c_13+\/b_0+\/a)
+(a=b)*+(b-c)’ +(c-a)’.
Do vy ta chi cin chitng minh
(a+b+c)Nab +bc ++Jca)+(a—b)’

+(b-c)+(c-a)=(a+b+c).

bat x=x/;;y=\/3;z=\/z thi x,y,z220 va ta
can chimg minh
x4yt + 20+ (07 + )P+ 2oy + yz + 2x)
> 4(x*y* + y'2* +2°%7).
Pay 13 mot bt ding thirc 3 bién, ta s& gidm vé 2
bién.
Néu z=0 thi bt ding thirc trén hién nhién dung.

Khi z>0, dit m=2;n=2 thi bt ding thirc cin
z z

chirng minh trd thanh
m4+n4+1+(m2+n2+1)(mn+m+n) :
> 4(m*n® +m* +n?).

Day 13 mot bat déng thirc 2 bién, ta s& giam vé 1
bién. Dt S =m+n; P =mn thi osps%z v bat
dang thirc cin chimg minh tré thanh f(P) <0 véi

f(P)=4P*+(35% +25-9)P—(S-1)*(S* +35 +1).
Ta cé f(P) 1a mot ham sb bac hai theo bién P
c6 hé sb ctia P> dwong va

F(0)=—(S-1*(S? +35+1)<0;

, ~ TOAN HOC
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f(s_z)z_(s-z)z(zsn)so
4 4

2
nén f(P)<0;VPe [O;STJ.

Bit ding thirc da cho dugc chitng minh.
Bai 7 (VMO 2014). Tim gid tri lén nhdt ciia biéu

343 3,43

thire T = a2 2tk
<+ Yy +2') (0 + 2 )z +x2)
23x4y3

- ;
' +x")zx + y?)
voi x,y,z la cac so thuc duong,

Loi gigi. M&i s hang trong T gdm 3 bién. Ta s&
thuc hién danh gia dé dua ching vé 2 bién. That

4.3
X'z Yzt

vay: T < +
'+ )2z ) (0 +2)xyzy
+ 23x4y3 ) @
(2t +x)2yzx) 8
a3b5‘ b3c5 C3a5
voi Q= + trong d6
° a®+b* B+t F+a 2

a= x>0;b=\/;'>0;c=\/;>0.
MSi hang tir trong Q chira 2 bién, ta s gidm vé 1

bién. That vay,  dit m=3;n=9;p=£ thi
b c a
m,n,p >0;mnp =1 va can
3 3 3
o et W AP
m+1l n+l1 p°+1 2
Huong 1. Gia st m>n2p>0. Néu m<2, 4p
3 V —
dung BDT phu ;x sl lnx;\r’xe(O;Z] ta co
ox+1

ngay dpcm. Ngugc 'lai néu m>2, thi
mh=u 8 } 1

<——;Vm>2. Lai coé <— é
w1 257 ' R P

3 3 8/23¢%S
-si—<i—[2—.Métkhéc 2B yuso.
p+1 17 n +1
Cong lai ta dugc:
8}35

Q< g +4\/—2-+ 73 < & +i.i+153.

257 17 8 25T D 2

3

Do vay TS-1—6
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Huwong 2. Ta di biét véi a,b,c> 0;abc =1 thi

1 . 1 " 1
a’+a+l b +b+1 ct+c+l
(bt déing thirc Vasc quen thudc).
Do vdy ta cin d4nh gid

m’ - 3 *emt
mt+1" 4 m™* +mt +1

Liy dao ham 2 vé rdi thay x=1 vao ta duge
k =-2. Khi d6 bét ding thire ding 1a:

m’ 3 mr+1

. St 5 Vm >0,
m +1 4 m"+m°+1

Cong céc bat ding thirc twong ty ta dugc:

ludn cé:

Ym > 0,

1 1 1
L=l 3= - -
Q_4( m*+m24+1 nten 41 p'4+p‘2+1]

3
<—d “2=1.Va 'lI‘<—
> o m3 p ay 16

3 : 3
i x=v= i T=—. Dodd maxT=—,
Khi x=y z thi T T

Bai 8 (VMO 2008). Cho x,y,z la cdc sé thuc

khéng am, déi mot khac nhau. Chirng minh rang

(xy+yz+ zx)(

2+ 1 2+ 1 2]2
(x=3) < (r<2) Mz=x)

L] .9 2 x 4
Loi gidgi. Gia sit x>y >z;t=—>1. Tacd
Yy :

(xy+yz+zx)( 12+ 1v:‘+ 1 J

(x-y)* (y-2) (z—x)2
1 1 1 t

e e e

1—£ .2 +] 3+4/5
Tacé: f'(t) =——F+=——20 2 2
aco: f'(r) 7S 7 St 2
Do do f(t)>f[3+J_J 4. Suy ra dpcm.

Bai 9. Cho cdc s6 thiee x,y,z théa man diéu kién
{(x—l)’ +(z=3 =2-y)’
(=1’ +(y-2y=(3-2)"
Chirng minh rdng ‘
=127 4 (p=2)217 4 (z—3)2V +(xyz=6)""% >0,
Loi gidi. Bai toan nay chira 3 bién. Ta s& ding 4n
phu dé dua vé 2 bién. That vy, néu z=3 thi

x+y =3, khi d6 bét ding thirc cin chimg minh
hién nhién dang, Nguoc lai, dat

x=1 & 3 3.
a=-———-;b=—y 2tac6 a +b 1.
z-3 z-3 @ +b° =1
Cidch 1. Ta s& dua v& 1 bién, a3t S=a+b,P =ab
3
thi §?24P vA §*-3SP =1 P=5 S'l. Thay

k)
vdo ta ¢ S224S _1<:>O<Ss€/2. Ta lai co

(§*-2P)-P*S=1. Thay P=5"1 vio ta
dugce: SZ—ZSJ—I—(SJ_W:I
35 98
© 8°-58°+95-5=0
& (S-1P(S +352 465 +5)=0e S =1.
Suyra a+b=1.

Cich 2. Ta ¢ 1=a’*+b*>0=>a+b>0. Néu
ab>0 thi a>0,b>0. Khi do:
0<a’<1e0<a<l.
Dovay @’ +b’<a’ +b =1, vo Iy.
Néu ab=0 thi a+b=1.
Néu ab<0, gid sit a>0>b thi dit —b=c ta c6
a>c>0a - =La’-c=1. Khi 46 a>1l.
Néu c<l'thi a*=¢*>a’~¢* =1, vo 1y.
Néu a>c>1 thi
a -c’ =(a-c)a* +c* +ac(@a® +c*) +a’c?)
>(a-c)a*+ac+c*)=1, vo ly.
Suyra a+b=1. Dovdy x+y+2z=6. Tudo:
(x 1)2017+(y 2)2017+(2 3)2017+( 2018
=(xz-6)"*>0 (dpcm).

Bai 10. (VN TST 2015) Tim 50 nguyén dirong n
nhé nhdt sao cho ton tai n sé thurc théa man dong
thoi cdc diéu kién:

i) Téng ctia n 56 @6 dirong.

ii) Téng ldp phwong ctia n s6 do am.

iii) Tong liiy thira bdc 5 ciia n s6 d6 duwong.
Loi gidi. Tu tuong dé giai quyét bai todn nay la
giam bién bang cach chia 2 loai bién 4m duong.
Cu thé, rd rang n=1,n =2 khong thda man.

S48 562 (4-20249)
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Xét n=3. Gia st a+b+c>0,a° +b* +¢° <0,
a+b’+c°>0 viazb2c (héquila a>0).

Néu b>0;c<0 (chi ¥ néu 1 bién bing khong thi
quy vé n=2, logi) thi dit ¢'=-c>0 ta dugc

3, .3 5,58 £ a b
x+y>Lx +y <L, x’+y >1 véi x=?;y:_

o
Tacd 0<x,y<lnén X’ +y° <x’+y* <1, vo Iy.
Néu c<b<0 thidit b'=-b,c'=—c ta dugc
x+y<LX+y’ >1,x° +y° <1
vc')’ix=éi>0;y=c—,>0.
a a
Taco 0<x,y<lnén x’+y’ <x+y<l, vdly.
Tém lai n =3 khong thoa man.
Véi n=4. Gia sit a+b+c+d>0,8 +b’ +c +d° <0,
A +b’+c’+d>>0 va a>2b>2c2d (hé qua 1a
a>0).
Néu b>0;¢>0>d (chi ¥ néu 1 bién bang
khong thi quy vé& 7 =3 loai) thi dit d'=-d >0 ta
dugec x+y+z>Lx° +y  +22 <1, X’ +)y° +2° >1
véix=-‘%>y=%>z=§>0.
Do O<x,y,z<l nén x*<x’,y' <y’,z’<z.
Suyra x’+y° +2° <x* +y* +2° =1, vo ly.
Néu d<c<b<0 thi dit b'=-b,c'=-c,d'=—d
ta dugce
x+y+z<,X’ +y +22 > 1, +y° +2° <1

vdix=%>0;y=§>0;z=i,>o.

Do 0<x,y,z<1 nén x* <x,y’ <y,z’ <z Suyra
X+ +2° <x+y+z<], vdly. Xét truomg hop

a>b>0>c>d. Piat c¢'=-c,d'=-d ta co

X+y>z+l P +y <2 +1 X +y° >2° +1 v6i
a b (63
x=—>y=—>0;z=—2¢€(0;1).
a? 7 =0
; £ -z -1 s
TaCOxy>T>0(vcnt=x+y>z+l)
3 3
142242 Knido

nén x* +y* <
3t

S& 562(4-2024)
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X4y =+ )+ ) -2y (x+y)
£+22+2 (£-2-1)
3t ot
vi bién d6i tuong dwong didu nay dugc
=52 +1)F +9(2° + Dt =52 +1)> >0(*) vo Iy

<(z'+1) <1+2°

do x’+y° >1+2°. Bai todn s& dugc giai quyédt
néu chimg minh dugc (*) véi ¢ >z +1.

That vdy (*) tuong duong v6i f(£)>0 véi
f@) =1 -5+ +9(z° +1)t - 5(z* +1)*. Chu
Y fz+1)=0 va f'(=6F -15(° +Df* +9(1+2°)
va f(z+1)=45z*(z+1)> 0.

f'()=30t" =30z +1)x>0  do
£ >(z+1) >2z* +1 nén (*) dugc chimg minh.
Khi n=5 ta c6 by (-7;-7;2;5;8) théa man. Bai

Lai co

toan két thic, giatri n cAntim 1a n=5.

Bai 11 (VN TST 2013). Tim 11511g s6 k nguyén
dwong 1om nhdt théa man

1 1 1 k k

-t o e > J 4 —

a b ¢ a+b+c+l 4
vai moi a,b,c>0 ma abec=1.
Loi gidi. Gia st k 12 s6 nguyén duong sao cho bt
ding thirc dng v6i moi a, b, ¢ duong ma abe = 1.

Liy b=c= %,a = %, thi bat ddng thirc tré thanh:

i+2.3+9—k2—23+£©i+ﬁ25
2 2,221 4 9 55 4
4 3
880

kﬁa<l4. Do keZ'nénk<13.

Ta s& chimg minh ring v&i k = 13 thi bAt ding

thirc da cho ding, tic 1a:
Ll 1B .5
a b ¢ a+b+c+l 4

Gia sit a2b2>c thi a>1, Pit S=b+c,P=bc

thi §?>4P nén S>2P =—2.
Ja

Tacé VT(1)= 13 + Sa + = f(8)i
a

a+S+1
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Tacod f(S)=a- >0 va>— do

N
a(a+S +1)° Z(a a+2+\/;)2216>13. Suy ra

13
(a+S+1)°

7(5)2 f(%):h(x) véi x=a 21, Rhio sit

ham s6 A(x) trén [1;+o0) duge [r[rﬁ%h(x):zf.

Suy ra (1) diing. Vay gia trj k cantimla k=13,
Bai 12 (VN TST 2012). Cho cdc sé dwong

a,,as,...a
17 17 17
Mat =24, al +) 4, <20V6.
i=1 i=1 i=1

thoa

1, thoa man

Ching minh voi  moi i, j,k man
1<i< j<k<17 taluén co a,,a,,q, la do dai ba
canh cua 1 tam giac.

Loi gidi. Bai toan nay chira 17 bién, ta s& dua vé 3
bién tuong duong voi 3 canh clia mot tam giéc.

bit g, = \/ﬂx, ta co:
17 iUl
242::«:,3

DX = +’ix,<10.
i=1 i=1 i=1

Diéu kién dé 3 sb duong a,b,c 13 3 canh ciia mot

tam gidc 13 giita ching c6 mot mdi lién hé bat,

déng thirc dbng béc dang
(a+b-c)a- b+c)(—a+b+c)>0

nhung dé cho gon va biéu dlen duoc dudi dang
céc biéu thirc ddi ximg theo a,b,c tanhan thém

a+b+c va duge diéu kién cin va du 1a
(@ +b* +¢*)* >2(a* +b* +c*). Nhu viy ta cin
chin trén cho tong céc liiy thira bic 4 ciia c4c bién,
tirc 1a ta cAn danh gia x* <a(24x® +x)+bx’ +c
véi moi 0<x<I.
c=0;25a +b=1.»Do d6 ta can:

x* < a(24x* +1)+ (1-25a)x

o (1-x)[a(1-24x)+x(1+x)]20<a= e

Khi do b=%§. Toém lai ta da co:

Cho x=0,x=1 ta dugc

1 9
e 3 & 2, ;
_16(24x + x) 16x ;Vx e (0;1).

Ap dung BDT trén véi x = a,i=1,..,17 tacé:

27: Sl()169=—hay 16Zx <(ij_

Tém lai ta dd c6 1 hé thirc lién hé ddng bac giira
17 bién. Ta cin giam ching vé 3 bién. That véy, ta

17 2 17
cb: (Zx,z] 216 xf
i=1 i=1
2
> (,/2(x,“ +x5 +X3) + 5 +... +x,27)

& +x+xl) >2(Jc,4 +x; +x;)
Pay chinh 14 rang budc cn tim. Bai toan dugc
giai quyét tron ven.

Bai 13 (VN TST 2011). Cho 56 nguyén n=3. Xét

NS0T IRWE. X,;X550 4%

. théa man dong thoi cdc

diéu kién sau:
E2EPLD, 2x
i) x+x+.%x, =0
iii) xl2 +x22 +..+x =n(n-1).
Tim gid tri lom nhat va gid tri nho nhdt ciia tong
S=x+x,.
Loi gidi. Bai toan ndy chita n bién, ta s& dua vé 2
bién tvong duong véi s6 bién ciia S. Sir dung gia
thiét va bit ding thirc Bunyakovsky ta cé:
n(n=1)=x>+x +...+x’
>(J\:1+x2) (%, +...+x,)? n 5
n-2 2(n 2)

os<,/2(n In—2). Khi x=x, ,/(" D;” 2,

Xy ==X, == 2(n_—21) thi S =\/2(n -1)(n-2).
V n—
Vay maxS = 2(n—1)(n-2).

Viée tim gi4 trj nho nhét cia S ta can gidi quyét
trong trudng hop n =3 dé cam nhan bai toan.

Khi 46 a2b2ca+b+c=0;a"+b’ +c* =6 va
S=a+b. Khir ¢ dé gidm vé 2 bién a,b ta dugc

TOAN HOC
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a*+b* +ab=3. Pt P=ab thi P=S§*-3. Chu
¥ §?24P=4(S"-3) <> 0<S <2.Ta co:
a+2b2a+b+c=0;2a+b>2a+b+c=0. Do dob
(Qa+b)a+2b)20=28* +P20<35-320
& S21. Khi a=2;b=-1;c=-1 thi S=1.
Viay minS = 1.
V6i n=4, tacod: a2b2c2-a-b-c;
a*+b*+c*+ab+bc+ca=6 va S=a+b. Khi
J24-3(a® +b)=2ab-a—-b

2
=a’ +2ab+3b* 26=>3S* >2(a’ +2ab+3b*) 212.

Khi a=1;b=1Lc=1 thi S=2. ViyminS = 2.
V6i n25 ta thir 1am tiép twong ty nhu trudng hop
n=4. Truéc hét khir x,_, d& dua v& n—1 bién, cu

c dugc a2b2

A 2
the x2x2.2x,_,2-x,-%-.-X_ Va

n-1 =
@ ”(”2' D Khidétaco

2 2
XX+ D XX,
1si<j$n-1

JZn(n-l)—Z 2 x,xj—-3"f:x:—nz.z:x,

1i<jsn=2 k=1 I=1
xn—l - 2 *

Suy ra:

n- n-2
ix, +3x,,2 \/Zn(n D=2 > xx,-3).x%

I=1 1<i< jsn-2 k=1

Z Xy

1i<jsn-2

+2 Z XX, 22n(n—1).

I1<i<jsn-3

n-3 n-3
= 4Zx: +12x2, +6x,_, Zx, +2
k=l 1=1

n(n-1)

n-3
Do viy: (x, +x,) 24) x; +12x;,
k=1

n-3
+8x"_22x, +4 Z x,x; 2 2n(n-1).

1=1 1si<j<n-3
Chéng han n =5, bét dang thirc trén c6 dang:
3(x2 + x2) +8x,x, = 637 +4%,(x, +X,).
Néu x, >0 thi két luan 13 hién nhién, ngugc lai do
X, +X,+3x 20 nén x +x,20. Ta s€ giam bién
bing dao  ham, that  vay
FOx)=6x2+4x,(x, +x,) =30 +x)=8xx, thi

f'(x;)=12x, +4(x, +x,) 20. Do véy:

xét

TOAN HOC
40 crusite

S 562(4-2024)

F6)S f() =65 +4x, (% +x,) -3¢ +33)-8%x;
=(x, — X% )(7x, +3%) <0 vi 3x, +7x, 20.
Ly do rit don gian la

3x, +7x, Z%x1 +-}(x1 +4x,)20.

T6m lai trudng hgp n=5 da xong.

Trd lai trrdng hop tdng quat, xét
n=3

n-3
f(xn-Z) = 4Zxk2 + 12x:—2 + 8xn—2 le
k=1

I=1
+4 Z XX, =

( 1) (xl xz)z'
1<i<j<n-3

n-3
Tacé f'(x,,)=24x,,+8) x, 20 nén
=1

n-4 n-4
[ )< f(x,)= 4k213x: +24x; , +12x, )%,
= =1

+4 3 - = b )

1€i< j<n-4

n-4
Cha y A'(x, ;) =48x,_;+12) x>0 nén
I=1
n-5 n-5
h(x,;) S h(x, ) =4 x; +40x2, +16x,_, > x,
k=1 I=1

nn-1
4 Y x,xj——(z—)(xl+x2)2.

1€i< j<n-5
Cong viée cir tiép tuc nhur vdy, sau mdi 13n sb bién
giam di mdt. Cudi cling ta phai chimg minh mot
diéu khé don gian 14
2 — —

2 2” 83\:,2 +(n® =5n+8)x,x, -
& (% - x,)[(n* —n—=8)x, +(3n* =11n+8)x,]>0
< (x —x,){n(n—4)x, +(3n-8)[x, +(n-1)x,1} 20.
Diéu ndy hién nhién ding do x 20 va

x +(m-1)x,20. Suyra S=>2.

2
3n —11n+8x22 >0

Khi x, =..=x,_ =1x =1-n thi S=2.

Vay minS=2,

Bai 14. Cho a,b,c >0 thda man
min{a+b;b+c;c+a} >V2 va a? +b% + ¢t =3,

b c
+ +
(b+c-a)’ (c+a-by (a+b-c)

23(a’ +b’ +¢* -2).

Chirng minh
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HD gidi. Tix gia thiét a® +p? 2%(a+b)z >1. Do

46 c<V2<a+b. Tuongty b+c>a;c+a>b.
Ta chi c4n chimg minh v6i a,b,c 13 45 dai 3 canh
cua I tam gidc thi ludn co:
a b c
(b+c—ay (c+a-by  (@a+b-c)
9(a’+b’ +c*)-2(a’ +b* +*)(a+b+c) 0.
(a+b+c)!
Bdi 18, do BDT (1) dung nén véi gia thit da cho,
taco a+b+c<3, doviy
27.9(a3 +b'+%)-2(a’ +b* +c*)a+b+c)
(@a+b+c)!
23(a’ +b’ +* -2).
Két hop 2 BDT trén, ta c6 dpem,
Chi y: Pé chimg minh (1) ta chuidn héa
a+b+c=3 va s BDT

221,

dung phu

m 23a-2 s& dugc dpem.

Bai 15. Tim s6 thuc dwong k 16m nhat sao cho bat
dang thirc sau luén ding voi moi X, 2,50

2 + XLl
A X

y z
Ld&i gidi. Chuan hoéa xyz =1. Ta can

X¥Ey+z

I xyz

xp® +yz° +2x* +3k > (k+1)(x+ y+ 2); Vx, p,z >0.
Pdi bién (x;y;2) = [-IZ;E;E-) ta can
abc

@’ +b* + ¢’ +3kabe 2 (k+1)(ab + b*c + c*a);
3
Va,b,c>0. Cho ¢c—>0 ta dugc 1—”——12k+1
t
vGéi  moi t=£> 0. Khi d6 k<M-1 véi
a
3 A . !
M =—= <3, Ta can chitng minh
Ya

@’ +b’ +¢’ —3abc 2 M(a’b +b*c + c*a - 3abc);
Va,b,c>0. Gid sit ¢=min{a;b;c}. Ta s& giam
bién bing chuin héa c=1. Dit
a=1+xb=1+y véi x,y>0. Thay vio bién dbi
BDT trén ta dugc:

cach

X +y =Mxy+(3-M)x*+y* - xy)20,ding.

Bai 16. Cho cac s6 thuc duong thay déi a,b,c

théa man a+\b+Jec=3. Tim s6 nguyeén
duwong 1 16n nhit sao cho bt déing thirc sau Tuén
dung
| [Tl T |
TRl A Ly LI
ab bc ca
Loi gidi. Dbi bién dé khir cin ta dua bai todn vé
dang tim s6 nguyén duong / 16n nhét sao cho
1 1 1 LY,
+ 2a' +b' +c (*
a’b* bt tal ®)

voimoi a,b,c>0 ma a+b+c=3.

Do (*) ding v6i moi a,b,c>0 ma a+b+c=3

nén nd ciing ding khi a=b=x;c=3-2x véi
moi xe(O;%). Khi do:

6x2—l2x+9_
#@-20 26 _1)+(3_22x)l _I;Vxe(O;EJ.
(x-1)" (x-1)
Cho x —1 ta dugc:
2000-1)+4l(1-1)
2

242> =[<3doleZ".

Ta s& chitng minh /=3 14 gi4 trj t6t nhit cin tim.

That vy, ta can chimg minh (véi a+b+c=3)
a*+b* +c 2a’b’ (@’ + b’ +c).(**)

Ta s& giam vé 2 bién qua bd d& sau

B dé (dang 2 bién cia BPT trén): Néu x,y >0

ma x+y=2thi x*+y* 2xy*(x* +)*).

Ta s& s& ding B6 dé dang 2 bién nay dé chimg

minh bit ding thirc dang 3 bién. Gia st a<b<e.

2a 2b
bit x=——;y=—— ta dugc:
) a+b ‘ + ¢
5
a’b*(a® +b*) < (@ +b2)(a;b) . Do vay:

VT(*¥) < ¢? {(cf +b2)(“;bJ +a2b2c3}.

Ta chi cin phai chirng minh
a*+b*+ct2cf [(a2 +b)f° +t4c3]

TOAN HOC
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A +b x <
vai :=i;-—'_< 1<c D& thiy 'e? <(e)* €1 nén

ta chi cin chimg minh 2°(1-c')+¢* 2r'e’.
Thay ¢=3-2¢ vio bién ddi trong dwong thiy
BDT trén chinh la:

(=1 R =366° + 114" =760 44" 437 + 20 43) 20,
Didu ndy hién nhién ding. Viy gid trj tot nhit cia
! cdntim1a =3,

Bai 17 (China TST-2015). Cho n>2

x, ldp thank 1 dav dom digu

wi n oso
thwe dwong N, Xy .,
x

‘ -
khong giam thoa man x,, ==,
e n

la mot day dom

dicu khong tang. Tim gid tri lom nhat va gid tr
L X X,

nho nhat cua bicu thirc X =

n{’ ey i,
Léi gidgi. Rd ring R 21, V{y gié trj nhd nhit cda
R 1a 1, dat dwge khi {x,} 1a diy hing.
Ta dy dodn R dat GTLN khi {—} 1A diy hing,

n+l

tire 14 ta s€ di chimg minh R € ——,
2¥Un!

Péi bién y, =%:"-;Vi tacd 2y 2.2y,>0 va

» £2y, SSay,. Ta s chimg minh

+1
2 A2 by, sﬂz—l,-/ TR o}

D& kiém tra véi »n = 2. Gia sir (*) ding véi n=k,
k(k+1),

we p,+2p, +othy £

Ta cin chimg minh (*) ding v&i n =k +1, tirc
N+2p otk R DR,

k+Dk+2
< (——)é-——)-‘\f.)’.yz---yg)kn .

Thit vy, xét ham s6:
F®O=y+2y, +othy + (k1)

+1)(k+2 TR
_(k § )_RQ .)‘].v:‘“.)'ll

.,‘lk! A Paoso Y,
e )IJI J. ;i )'I‘)’l'"J" < Ta 06:
k+1 |

42 ONERE_ssserwone

") » 0
FO=k+1- @& : "):.j-‘\-‘;‘.‘““ 20& 124,

Do viy
r (f)SmM{J [*;E:] I (' WV )}

RO ring f (Q/_v,y,...y,)sﬂ vi didu ndy twong
duong véi gid thidt quy ngp. Vige chimg minh

f[ K ]Sf({}m, \.) khong he dd

k+1

ding, di¢u ndy twong dwong voi
(k+ I)(k +2)

(k+ D' -

vai u—‘\J <hJ:<l

Bi¢n ddi twong dwong, ta thiy BDT trén twong

. k
dwong voi u+u’ +.+ut 25

sk+|-(""')§"”’

Ta s& chimg minh didu ndy, thit viy

hl
w+wd ++ut 2kVu k‘\’
Vin d¢ con lgi 1d chimg minh

13
ezl B
4 k+1 4
Ta s& chimg minh (*) bing quy nap, thit viiy miu

chét 13 ta phai chimg minh

SR Ek+) M)

ke
AAR+DE+D)' 2k +2)" o (l +—l—) <4,

k+1
ding.
Bai 18 (China TST 2009). Cho s0 nguven dwong

~ b 2 < 4 . - £
n22. Tim hang so k(n) tot nhat thoa man néu
mot day so (a,) thoa man

S..&a,

0=q,2q <a,

< N 1., 3
va g 2Nl Vie[ka-1)

thi ta luén co

(@ +2a, +..+na) 2k(n)a] +al +..+ad).
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Loi  gidgl. Cho a=LVie[ln] ta duge

NGRS M‘%—l—)— Ta s& chimg minh:

n(n+1)

(@ +2a,+. +na,) 2 (@ +ai +..4a)) (M)

bing phuong phip quy ngp. Véi n=2 thi (%
dung. Gia sir (*) ding véi n =4, tire 1A

Kk +1)°
3

2
(@ +2a, +.+ka) 2 (af +aj +.+a)).

Ta cin chimg minh (%) cing ding véi n=4& +1,

nre i (@ +2a, +..+ha, +(k +1)a,,,)
s R+ Dk + 2)*

4

Ta chi cin chimg minh:
(@, +2ay +..+ka, +(k +Da,,,)
kDR +2) 4
- 4 k(k +1

(a) +ai +..+a} +a},).

2 2
X (a, +.+ka) + am:l.

Dit T =aq, +2a, +...+na,, tacin chimg minh:
| k+1)(k+2)'[ 41
T+(k+Da,, ) > +al, |
T+ k+Da) 4 kD
Bit ding thirc ndy twong dwong véi

K (k+1) k(k+1)
ST =22 dg ..
203k +4) G T T

BDT vé phai 1a hién nhién, BDT vé tréi ding do

&5 Gn 5 > B yie13k). Bai todn két thic.,
i i+l k+1

BAI TAP VAN DUNG

Bai 1. Cho céc sd thye a,b,c thda man
a+b+c=0. Tim gid tri 16n nhdt cda bidu thire:

Q=24(a" +b* +c’)-—(a’ +b° +c’)’.
Bai 2. Cho céc sd thwe a,bec théa min
a+b+c=3. Tim gi trj nho nhét cha biéu thire

Q=a’b? +b’c* +cfa’ -12abc.

Bai 3. Cho cdc s6 thyc dwong a,b,c théa min
abe = ab +be +ca. Tim gid tr nho nhit cua
(@=b) +(b-c) +(c-a) .

)

Q=2(a+b+c)-abe+

Bai 4. Cho céc s& thye a.bec théa min
a+b+c =0, Tim gid trj 16n nhit coa
P =(2a° + be)(2b' + ca)(20’ + ab);

Q=(a'+¥ H")(al'*%*%);

R = d(ab+ be +ca)' + 27a°0 6.

Bai 5. Cho a,be>0 théa méin

u+b+c=l+l+-l-. Chimg minh ring
a b ¢

3
1 o | 4 1 5.
(Qa+b+c) (b+c+a) Qc+a+b) 16
Bai 6. Cho a,b,c 14 4§ dii 3 canh cua | tam gidc
théa min a® +b* +¢* =3, Chimg minh

a+bd M b+c " c+a >6
Ja+b-c \/b+c—a Jera=b: .

Bdi 7. Cho cic s6 thye a,b,c théa min
a*+b*+c'=ab+bc+ca+1. Tim gid tri nho
nhét cia
Q=(ab+bc+ca) +6abc-a* -b* ¢

Biai 8. Cho cic sd thye a,b,c théa min
a+b+c=1. Tim gid trj nhé nhit cia

Q= (ab+bc +ca)’ -2abe.
Bii 9, Cho céc s6 thye duong x, y,z thay ddi sao
cho xyz =1. Chimg minh ring

_J.\‘+y +i‘]y+z X3 TH+Xx 55(x+_v+z)+9.
V 2: 2x 2y 8
Bai 10. Cho a,b,¢>0 thoéa ab+bc+ca < 3abe.

Chimg minh ring
[e? +a?

[a® +b} +Jb‘+c’ A
V a+b b+c V c+a
ss/'f(\/a+b+s/b+’c+\/c+a).

Bai 11, Cho céc s6 thye dwong a,b,¢ thay ddi sao
| 1 ¢!
+ =
a'+1 b+l '+l
abe(a+b+¢)
ab+bc+ca

+3

. Tim gi& trj nho nhét

cho

cua bidu thire F =
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TIENG ANH QUA CAC BAI TOAN

BAI SO 103
PROBLEM. Points M and N are the midpoints o

of two sides of the rectangle. What fraction of

the area of the rectangle is shaded?

M A
Remark: The exercise is selected from an
IKMC math past paper.
Solution. TU VUNG
For any triangle, e.g. the triangle ABC, the midpoint . trung diém
fraction of the shaded part is 1 (why?). rectangle 2 hinh chie nhat
: [fraction: . phdn so
And hence the fraction of the area of the
By k 1 NGUYEN PHU HOANG LAN
rectangle which is shaded is also - (why?). (University of Education, VNU, Hanoi)

S 3 e o A R R R Rk R ROk

BAI DICH SO 101 trong day trén thi luon tdn tai hai s 1¢ c6 dang

H r . \] N ) tl A ’
BAI TOAN. Chimg minh rang trong tdp gom M vid 102 — n, va tir d6 ta c¢6 diéu can chimg
L - a A L X z . z z i 2 .
27 so lé phan biét bat ky, tat ca cdc 50 do dew  minh,
nho hon 100, luon ton tai mot c@p s6 cé tong

. Luru y: Bai tip ndy dugce suu tm tir cubn séch:
bang 102.

. A “A first step to Mathematical Olympiad
Loi giai. Ta li¢t ké cac s0 1é nho hon 100 thanh

mdt ddy cé dang nhur sau: Problems™ — Derek Holton.

15(3,99):(5,97); ...; (n, 102 =m); .5 Nhén xét. Ki ndy ban Ha Phwong Anh, 10 CT,

(49,53); 51, trong do n 14561 van<100.  TypT chuyén Hing Vuong, TP. Viét Tri, Phi
Diy trén gom c6 hai 0 1, 51 v 24 cip so. The c6 bai dich tét, guri bai vé Toa soan som.
Theo nguyén 1y chudng chim bd cdu, néu ta Xin boan nghah ben.

chon 27 s6 1& phin biét bat ky nhé hon 100 HO HAI (Ha Néi)

44 T@ug% S& 562(4-2024)

Dugc quét bang CamScanner


https://v3.camscanner.com/user/download

BAI TOAN 82 (D¢ thi tuyén sinh lép 10 THPT
nidm 2023-2024 Quing Ngii).
Giai phwong trinh:

N 1 - 1

I M -12x42024  x° -3x+506

Lai gidi. Do x* —12x+2024=(x-6)" +1988>0

va af —3.\-+506=(.\-—%) +:T—5>0 nén didu

ki¢n cua phwong trinh la x=0
Cich 1. Phwong phdp @it an phu mét bién
4x —12x+2024 4
0) < 2 2 o 2
3% (x? =120+2024)  dx’ -12x+2024

o (42 -12x+ 2024)1 =12x (x* - 12x+2024).
Chia 2 vé cho x* ta duge:

§ oo 2 Y ey ¢
(4_11\ 22024) =12(1-”“ 3024)
X

X

_12x-2004

bt ¢ . Phuong trinh tnd thanh:

(4-2) —12(l o +dt+d=01=-2.
12x -
Tacé: rTzou.=—2®x’+6x—1012=0
o x=-3+41021 (théa man DBK).
Cich 2. Phwong phdp ddt an phu hai bién
Dita=3x%a>0;b=x"-12x+2024, b>0
=a+b=4x"-12x+2024
_!_+_!_= - a+b 4
a b a+bd ab a+b
 (a+b) =4abe>a’ -2ab+b* =0

PT(1) trd thnh

& (a-b) =0a=b.
Do dé: 3x* =x* —12x+ 2024
&2 +12x-2024 =0 x* +6x-1012=0
& x=-3%+1021 (théa man DK).

Cich 3. Plweong phdp ding bat ding thirc

Dit a=3x",a>0b=x-12x+2024,b>0

=a+b=4x -12.\- + voz«z PT(1) tr&r thanh:
1

3 ng O

Ap dyng BDT Cauchy ta cé:
1 2

1
1+b220Vab Vi —4—2—=
; by a b Jab

| 1 1_ 4
D(a+d) —+=- 24 —-+=2
( )(a b) a b a+d
Theo (2) ddu “=" xdy ra, nghia 1d @ =b. Do do:
3x® =x? - 12x+ 2024
&2 +12x-2024=0& x* +6x-1012=0
o x=-3:1021 (théa min DK).
Cich 4. Phwong phdp bién doi twom g dwong
2 _ 19y v .
) :L\ 12x+ 2024 - 4
3 (x?=12v+2024)  4x -120+2024

& (4x? -12x+2024)" =123 (x* =122+ 2024)

& 16x* +144x7 +2024% - 96x* +8.2024*
—24.2024x =12x" —144x" +12.2024x°

& 4x' +144x7 420247 +48x" -4.2024x% -24.2024x =0

@(z\-’nh—zoz«a)’ =022 +12x=2024=0

& ¥ +6x-1012=0< x=-3+/1021 (thdéa min DK).

TRAN VAN HANH
(GV Trwong Bai hoc Pham Vian Pong Qudng Ngai)

Nhin xét. Ban Ha Phwong Anh, 10CT, THPT
chuyén Hung Vwong, Phi Tho déng gép 3 cich
gidi: Cdch I twong ty nhv cdch 2 cia ban Tran Vin
Hanh, 2 céch con lai ding phuong phip dinh gid
(bing céch st dung cic BDT Schwarz va
Bunyakovsky). Xin hoan nghénh ban.
LE MAI (Ha N¢i)

Mai céc ban giri 101 gidi bii todn 84 dudi diy vé Toa
soan Tap chi THRTT trude ngdy 31.5.2024.
BAI TOAN 84. Lho luu\ x+log, v =5 va

Ios: v+log, x =7,

Xace dinh gia i cua x, v.

BUI ANH TRANG
(GV THCS Tran Van Quang, Q. Tin Binh,
TP. Ho Chi Minh)

TOAN HOC
' eTusice 45
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BAl TOAN 90 (101 problems in algabm -

T. Andresscu). Tim bg ba cic sé hitu tv (a, b, ¢)

b + Ye.

Léi gidi. Dit x=3Y¥2 =1va y= 2. Khi d6:
y¥=2va x=%/y—l-

Chuyring: 1=y’ —1=(y -1’ +y+1)

i
sao cho Y2 -1=v a +

3y’ +3y+3 ¥ +3y* +3y+1

a 2
+y+l==
va y +) 3
_(+ly
T
Dicu nay kéo theo:
1 3
x =y-l==3 -
y +y+1 (y+))
3
hay x= B (D).
y+1
Mitkhéc, taco: 3=)" +1=(y+1)(3* = y+1)
1 P —yp+l
ha - J 2).
y yal 3 2

Tir (1) va (2) ta cé:

@a-2+1)

X=

By, ]

y+l1

e
9 9 9
=Y¥2-1=Ya+¥b+Yc tachncs:

4 2 1
k] 3 o = 3= — 3= ¢ 3=,
Ya +3¥b+c ‘3’9 1’9 ‘/9

Suyra: a= b=-2,c=21 1ab¢ basé hiruty
"""

%

can tim.
Nhdn xét. Rat tiéc 1a Toa soan di khong nhan dugc
161 gidi ndo cho bai toan nay.

NHU HOANG
Sau day Ia bai tap d& nghi. Ban doc hdy gii 1oi
gidi v& Toa soan TH&TT truéc ngly 31.5.2024.

: pENT
BIERN RN i g

BAI TAP PE NGHI
BAI TOAN 92. Cho - f :N >N ld ham sé thoa
man f("+1)>f(") va fU("))—3n voi mm'
n = N. Tinh f(2001) : '

Lo 0t RPANH HOU (Ha N6Y)

e R R R B L T R R R R

SAI LAM ... (Tiép theo trang 47)

Goi 4,: ¢ S6 hoc sinh dugc chon toan nam”, do

viéc chon 3 hoc sinh trong 8 hoc sinh nam td1va

3 hoc sinh trong 6 hoc sinh nam td 2 nén
n(4)=C,C..

Goi 4,: “ Sb hoc sinh dugc chon toan nir”, do

viéc chon 3 hoc sinh trong 7 hoc sinh nir t6 1 va 3

hoc sinh trong 9 hoc sinh nix t§ 2 nén
n(4,)=C.C,.

Do dé

46

TOAN HOC
* Cluditre S8 562(4-2024)

n(4)+n(4;) _ GC+E6. 4
n(Q) Cs, 7585
Sau khi hai ban trinh bay xong thiy trong 16p cé
rit nhidu y kién khéc nhau va nhiéu em cdn bin

P(4)=

khoin vé cé hai 10i giai.

Thiy gido dang chudn bj gii thich va dua ra két
qua thi trong trromg béo higu hét gio!

Mong cic ban hdy lam sdng t6 nhimg diéu ma
hai ban Minh va Xudn trinh bay d@é giai ddp cho
cdc ban dang ban khoan.

DPUONG DPUC HAO
(GV THPT Hwong Khé, Ha Tinh)
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GIAIDAP: KET QUA DA DUNG CHUA?
(Pé dang trén TH&TT s6 558, thing 12 ndm 2023)
Phén tich sai lim. Ldi gidi c6 thiét sot khong tim
dicu ki¢n dé ham s6 xdc dijnh trén mién (0;+0)

o &

3
dodd me [O;E] khong 13 gid tri cin tim, do 46

két qua chua dung.
Loi gidi diing nlue sau. Ham s6 xdc dinh trén
mién (0;420) thi m-1<0& m <1,
Véi Vx> 0 tacé:
b x2=2m=Dx=3m? +4m +1

N (x+1- m)?

__®

(x+1-m)? ‘

D¢ ham s6 dong bién trén (0;+00) thi f(x) 20,
Vx> 0. f(x) c6:A'=dm? —6m=2m(2m=3).

"

-~

Néu A'SO@OSMS%(M

S(x)20,Vx= f(x)20,Vx>0
= m e [0;1]1a gis trj cin tim (1).

m<0

Néu A'>0& ",>2@n:<0 (Vi m<1)

thi f(x)cd nghigm x,,X; (¥, <x,). Khi dé:

S(x)20,Vx>0< f(x) c6 nghidm thoa
m<0

min & <X S0 ={S=2(1-m)>0
P==3m>+4m+120

m<0 " J_
2-3\/-7-SMS2+3J‘7-© —3 5 Sm<0 (2).

T (1) v (2) ta ¢ gid trj m clin tim 1a:
2-V7
3
Nhin xét. Hoan nghénh ban Nguyén Hing Cuwdng,
xd Nhon M§, TX. An Nhon, Binh Djnh di phit hi¢n
duge sai 1dm va dva ra 1o gidi ding.

smgl,

KIHIVI

* BAITOAN XACSUAT

Bl S 105 Qe

Trong gid luyén tip thiy gido ra dé todn nhu sau:
Bai todin. C6 14 hoc sinh nam (T6 1 ¢6 8 hoc sinh,
T6 2 ¢6 6 hoc sinh) va 16 hoc sinh nit (To 1 ¢6 7
hoc sinh, Té 2 ¢6 9 hoc sinh). Chon ngdu nhién 6
hoc sinh trong 2 16, mdi t6 3 hoe sinh. Tinh xdc
suar @ sé hoc sinh dwoe chon hodc toan nam
hogdc toan mi?
Sau m¢t thoi gian lam bai ban Minh xung phong
lén bding. Sau ddy la loi gidi ciia Minh:
Téng s6 hoc sinh trong hai t§ 1d: 14+16=30,
chon 6 hoc sinh trong 30 hoc sinh nén

n(Q) =Cy,.
Goi A 12 bién c6 can tinh xdc suat.
Goi 4,: “S6 hoc sinh duge chon toin nam”, do
viée chon 6 hoc sinh nam trong 14 hoc sinh nam
nén n(4)=G,.
Goi 4,2 S8 hoc sinh dwge chon toan nix”, do
vi¢ce chon 6 hoc sinh nir trong 16 hoc sinh nit nén
n(d,) = Cy. Do dé:

n(4) +n(dy) _ G, + G, 12,
n(Q) C, 6525
Minh trink bay xong thi Xudn lai cdé loi gidi

khdc:
Tong s6 hoc sinh trong hai td 1 14+16=30,
chon 6 hoce sinh trong 30 hoc sinh nén
n(Q)=Cy.
Goi 4 12 bién cd cin tinh xic sudt.

P(A)=

(Xem ticp trang 46)

i TOAN HOC
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NUAT BAN TU 1904
Sa 262 (4.2024)

\ Tap chi TOAN HOC va TUOI TRE

/ ) ) ' DY Bidn td 02435121607,

Mﬂfhemﬂﬁ“ Oﬂd YOUfh Muguxine BT Phat hanh: 02435142649, 02835682701

Email: toanhoctueltrevietnam Samall.com
BAN CO VAN KHOA HQC

GS TSKH. TRAN VAN NHUNG

CHIU TRACH NHIEM XUAT BAN

Tdng Gidm d& NXBGD Vidt Nam

TS NGUYEN VAN VONG HOANG L& BACH
GX POAN QUYNH Tdng Bi¢n tdp NXBGD Vidt Nam
PGS TS TRAN VAN HAO PHAM VINH THAI
Vidn tnsimg Vidn nghidn ciu Séch va HLGD
PHAN XUAN THANH

HQOI DONG BIEN TAP
Téng bién tdp 1 TS. TRAN HUU NAM Phé téng bién tip : CN. TRAN THI KIM CUONG
Thae ki Toda sogn ¢ TAS. HO QUANG VINH 7S. LE HONG MAl

I'S. TRAN DINH CHAU, TAS. NGUYEN ANH DUNG, 75. TRAN NAM DOUNG, 7S. NGUYEN MINH DUC, 75. NGUYEN MINH HA,
IS, NGUYEN VIET HAL PGS. 7S. LR QUOC HAN, ThS. PHAM VAN HUNG, PGS. 7S. VO THANH KHIET,
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, 7S. PHAM TH] BACH NGOC, FGS. TS. TA DUY PHUUNG,
TS NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAL ThS. VO KIM THUY, PGS. TS. VO
DUUNG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY

@ Danh cho Trung hoe Co'sd
For Lower Secondary School
Nguyén Minh Thing — Con dudng di dén tdng
quét tr mdt bai todn bit ding thirc.

@ Huong din gidi & thi tuyén sinh Vo 16p 10
THPT chuyén, TP. Ha Ni, mén Todn (chuyén
Tin), nim hoc 2023 - 2024.

(D D& thi chon hoe sinh gisi tinh Bic Giang, mdn
Todn - Lép 9, nim hoe 2023 - 2024,

@ Dién din day hoc todn
Ly Chi Hwdmg — Khai thic siu mdt bai todn thi
dai hoc.

@ Ban doc tim wi
Ngwén Viét Chwong — Di tim 1 gidi cho
nhimg trin tré vé diém Lemoine.

@ D& ra ky ndy Problems in This Issue
TI/562, ..., TI2/562, L1/562, L2/562

Bién tdp: LE MAL NHUHOANG

mgﬂummmmmMmm

@ Giaibai K trde
Solutionys to Previous Problems

T1/558, ..., T12/558, L1/558, L2/558.
0 K3 ni¢m 60 nim Todn hoc va Tudi tré
Lé Qude Han - Tri m.
€ Phuong phip gidi todn

Trin Qudc Ludt — Tu twdmg giam bién trong
gidi todn bit ding thirc

@ Tifng Anh qua cic bai todn - Bai s§ 103 -
Bai dich s6 101.

@ ~nidu cich gidi cho mt bAi tosn - Gisi bai
todn 82 — D& bai todn 84.

@ Dpuich té gisi qua cdc bai tosn hay - Gidi
bai todn 90. D& bdi todn 92.

Q Sai lAm & ddu?
' Mithudr; QUOC HIEP, THANHLONG
Thiét ké, ché ban: MINH HOA ‘
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SACH GIAD KHOA TOAN - B0 CHAN TROI SANG TAO
pP (N6 vEu cAu 01 mO1 BE THI .

Non Todn von dupe coi 1a mon kho - kho - kho déi vél hoe sinh va tinh wing dung ¢ chuong trinh gido duc
phd thong 2006 gdn nhu khéng cd. 0 sdch Todn 16p 12 b§ Chan trdi sdng tqo, tinh iing dung thyc té ciia
mon hoe m‘iy duple odc tde gid long ghép, thé hign ra sao dé gitip hoe sinh hinh thanh dupe ndng lye tu duy
theo véu cdu cita mén hoe?

Ung dung todn hee vao gidi Quyet cae van d¢ thye tién duge nhan manh trong chiong trinh mén Todn thuge
Chwing trinh gide due pho thong 2018, Tinh ing dung thye tién trong SGK Toan 12 CTST trnude hét thé hién ro
nét trong cac hoat ddng vin dung va nhing bai tap ¢ nuic dd phan hod. 0 do, hoe sinh cdn van dung cac kién
thaie d& hoe vio gidi quyet cae vn dé o bl cdnh gin thye tién,

Twy nhu‘_n trong SGK Todn 12 CTST, tinh ing dung thye tién
khong chi duge chi trong trong ciae hoat dong van dyng ma duge
cha trong ngay W ddu biai hoe, trong cac hoat dINg KhST dONG VA (%) s s s ¢ dong 130 i g

e wde A owes N A e e ol

8i 1.BAI TOAN QUY HOACH TUYEN TINH

e -

kham pha. 0 cac l}«\\t ddng nay, tinh hudng gin vai thyc tién co o b b
tac dung tQo sy hap ddn, thu hit sy quan tam cda nQudi hoe, ket . e e e e
s . » g N " 5 . N A v o A ML o
ndl v huy dong nhing trdi nghi¢m cia ngudi hoe vao vige hinh :7- .‘i':-.".'?:":":"";
b 2 S s Y - > [y A % o -
thanh c&¢ Khai nid¢m, ki¢n thue mdi. Cach ti€p cdn nay gip hoc T S e W W

sinh d& nhan ra mot cach ty nhién ngudn goc, ¥ nghia va nhu cau

nhdn thie cac khdi niém todan hoe, k€t noi cdc Khdi ni¢m tritu tugng voi cde sy vt, hién tugng trong cudce song
vd trong khoa hoe. Tom lgi, gido dyc todn hoc gin voi bdi cdnh thyc tién duge chi trong va duge thé hién mot
cach rd net trong SGK Toan 12 CTST.

B$ GD&DT vita cong bé dang thiic dé thi t6t nghi¢p THPT dp dung ti ndm 2025 danh cho hoc sinh hoc
theo Chuong trinh gido duc phd théng 2018. Phan bai tdp thyc hanh ciia SGK mén Todn 16p 12 b Chan troi
sdng tao dua cdc hinh thifc cdu héi tiém cdn véi dang thife dé thi tét nghi¢p THPT clia B) GDRDT nhu thé
nao thua 6ng?

Co thé nhin thiy dang thic dé thi t8t nghi¢p THPT t& ndm 2025 cic mon néi chung vifa duge By GD&DT
cdng bd oo nhing doi mai rat tich cye, trong dé mon Todn (W mot s6 mon khac) co 3 dang thic cau héi la: tric
nghiém nhiéu lya chon, trdc nghi¢m ding sai vd trdc nghiém trd 10i 1 \gdn. Céc cau héi duge phan bé thinh ba
mic ¢o 1a nhin bi€t, thong hifu va van dung, cho phép phdt trién khd toan dién cde nang lyc, bao gom cic
ning lye td duy va 1dp ludn todn hoe, md hinh hod todn hoc va gidi quyét van dé toan hoc.

Nhin chung, muc dich cda sy thay ddi dang thuc dé thi 1a nhdm danh gia duge ding va tiong doi toan dién
k€t qua hoc tap theo myc tiéu, chudn yéu cdu cdn dat cda Chuong trinh gido duc pho thong 2018.

D¢ hoan thanh 6t bai thi ¢ dang thic dé thi nay, hoc sinh cin hiéu ding bin chat cac kién thic cd bin;
lién hé, so sanh va phan bi¢t gida cic khdi niém (khong chi nhd mét cich mdy méc); o0 khd ndng van dung
ki€n thic vao gidi quyét cic vin dé ¢ muc d¢ phu hgp trong nhing bai canh khdc nhau. Dang chu y la dé thi
khong o6 nhing cdu hdi doi hdi tinh todn lit €0, meo myie, ©6 tinh ‘ddnh :

SGK Todn 12 CTST duge bién soan bam sit myc tiéu v yéu cdu cin dat cia Chuund tnnh GDPT 2018, da
trdi qua qud trinh thim dinh rat chat ché. Do d6, duong nhién cic hoat dong, cau hél. bai tdp trong SGK Todn
12 CTST sé giup hoe sinh chiém linh cie ki€n thic cd ban, rcu luven Ki nang, lam quen vai dang thﬁc cau h6i
d¢ chudn bi t6t cho cdc Ki thi t6t nghi¢p THPT t nam 2025. . A - :"’ Ny

Tat nhi¢n, do ddc thu cda ki thi tot nghiép THPT 4. quy md ldn. can tan duug duge cong nghé cho viéc chdm
thi trd nén nhanh va khach quan, nén dang thic dé thi cin thod min nhing yéu cau nhat dinh. Ching han, ket
qud cda cdu hdi tric nghiém trd 191 ngdn cin met duge dudi dang s thap phan véi khong qua nhiéu chif s3 (c6
theé sau khi lam tron). Cau héi trong SGK mlﬁadang hon, khong cdn thiét c6 nhiing giéi han kiéu nhu vay.

Cam on 6ng!
(Theo Tién Phong)
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SACH GIAO KHOA TOAN - BO CHAN TROT SANG TAO
BAP (NG YEU CAUB01ITG1IE THL HEO AN TOAN HOC Vd cude SonG

Mon Todn 14 mén hoc bt bude, cd vi tri dic bigt quan trong trong gido duc phd théng. Tuy nhién,
mén Todn cing thudng duye col 14 Xho va kho. Thye t&, mon Todn c¢é mdt vé dep ma cdc mdn hoc khic
Kkhdng c6, dé chinh 1i qua ting bude gidl, giong nhu lin lugt mé ting cdnh 6 cia bi mgt dé dén véi dip
s mi ddp s3 &y dol Xhi khdng phai mdt nghi¢m ma 1d da nghi¢m. Sdch gido khoa (SGK) theo chuong

trinh gido dye phd thong 2018 mon Todn di dux mdn hoc ndy dén gin véi cude sdng hon theo céch
riéng cia minh,

TS. Nguyén Thanh Anh, ddng chi bien SGK Toan 16p 12 by Chan tréi sing tao (CTST), Nha xudt bn Gido

dye Vict Nam dd co nhing chia sé vé "sy hip din” ciia mén Todn trong chuong trinh gido duc phé thong
2018,

Thua éng, so véi mén Todn chuong trinh gido duc phé théng 2006, SGK mén Todn lép 12 b sdch
Chan trdi sdng to c6 diém gi khdc bi¢t va 6ng cdm thdy tam ddc nhdt?

Néu so sanh vdi SGK theo chudng trinh gidgo dyc phé théng nam 2006 R ey e i_.:rﬂ» "

P N ey g S

thi diém Khdc biét ding chi y nhat 1a SGK Toan 12 CTST the hién mot S omseesmes

By N e & A o Ny
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cach ndi bat hai khia canh ¢6 lién hé mat thiét nhy sau: ~

Y R D e e B v g
o

Thit nhdt, SGK Toan 12 CTST tao cho hoc sinh nhiéu g hdi hge togn ™™= === ===

Vomg D @ fusd e mh cvn Ny, e B
mot cach huing thi, nhe nhang va hi¢u qua théng qua viéc tich cye tham gia aiaibdey it

e Ay s T e e
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cac hoat dong hoc tap, qua dé phat trién phdm chat va nang lyc, bao gom '
cic nang lye todn hoc va cac nang lje chung; That hai, sich dinh hudng va e e e
hd trg gido vién déi mdi phuong phap day hoc ma trong tam la cac phudng .......%‘ T Co——
phap day hoc tich cye, trén tinh than day hoc "lay hoc sinh lam trung tam". ~ "\_ e
Co thé dé dang nhan biét diéu nay théng qua xem xét cdu tric va cdc .....‘_.;........-..........J..-
dac diém su pham clia cic thanh phan cdu tnic trong bai hoc. IR

Cac bai hoc trong SGK Todn 12 CTST ¢6 cdu tnic tudng minh va nhat
quan, vai cac hoat dong Khéi dong - Kham pha - Thyc hanh - Van dung. Cac hoat dong véi myc dich va
chic nang su pham rd rang va duge sdp x€p phu hgp vai ti€n trinh nhan thuc. '

Cac vi du o6 dé bai va 13i gidi duge trinh bay ro rang, ngdn gon va chuan myc, giip hoc sinh hoc héi ca
cich dp dung kién thic lan cdch trinh bay.

Muyc tiéu clia chuong trinh gido dyuc phé théng 2018 la phdt trién ndng lyc ctia ngudi hoe. Vay SGK
Todn 16p 12 by Chan trdi sdng tao da gidi quyét yéu cdu nay nhu thé ndo, thua 6ng?

Ta biét ring nang lye clia ngudi hoe chi ¢6 thé hinh thanh va P
phat trién thong qua hoat dong. Ao Vo o iy v v e

1Nk s e e \ v N s ot e

Nhd duge thiét ké nhu néi ¢ trén, gido vién rat dé dang su Bt 2 010 g Do

By Tetag b aghalt s vl s ey

dung SGK Todn 12 CTST dé to chic cho hoc sinh hoe théng qua gl po byl e

tocmg win i b B Nan Rbm ke Wb

hoat dong. Hoc sinh trd thanh chi thé tich eye, chi dong tham e B\ ie s ding o
Tioog B gras Wiig Qo & a0 Bm VRx Gl B0 Rt Gl s vk N Sl Th

gia cic hoat dong, hoan thanh cic nhiém vy hoc tap. Nho do, o i B A, B S S 7 b B B A st 0 st
hoe sinh hinh thanh va phat trién nang hic, bao g6m cdc ning G NuSctumisans s N ek

gt Awp\g te Ba N
b 00 o 200 aghun Swply N o ey O a3 N b D N O Cung ca

hic todn hge va cic nang lye chung. ) £ 1 e 6 i e e
Chdng han, thong qua tham gia hoat djng vin dung va hoam pon
thanh nhiéu bai tap lién quan dén gidi quyét van dé co bai canh gﬁn voi thuc tién, hoc smh phai trién nang

Iic mé hinh hoa todn hoc, ning lye gidi quyét vin dé todn hoc.

(Xem tiép bia 3)
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