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Trede tién ta nhic i mdt hit ding thie quen
thude:

\_‘ \i\

Chitmg minh, Cédoh 1. Bicn &0i neomg deomg
Vaix, y> 0 ta ode

-1 4
—-——2
Xy X%y
X+¥

a—i—@(\w) 24w
Xy

& (x=»)" 20 ludn ding.
Céch 2. Xudt pht o mot khdng dinh ding
T (x-») 20 suyra: ¥ + )% 220

X+V 4
—2
Xy X%y

=5 (x+‘\-): 24>

SNLINLEN
x ¥

\ﬁ xsy > o (m)‘

x+y
Sau ddy, 13 nhimg vi du dién hinh vé vige sir dyng
BDT(*) va phéi hop mdt sb BDT khic d¢ dna ra
himg két qua tét, cin thiét cho viée bdi dudng
hoc sinh gidi céc cdp.

Bai 1. Cho a, b> Q. Clumg mir 'z
ST IR S 'ﬂ
10" +4b Sab  (asd)

4

Hdlgd‘n. V‘nd\mgBDTth—*- kx—;;-

(v&i x,y>0)tacd: Véia, b>0thi

| 1. 4
da' +4b'  Rab " da’ +4b 4 8ab
. 4
J(u’ +2M¢h*)
|
= ——eeeee (Apcm).
(avd)y P

Néu sir dung BDT phy cho 3 bién a, b, ¢ > 0 ta ¢o
bai todn mdi sau:

Bai 2. Cho a, b, ¢ > 0. Chimyg h rang
e N 1 z
\._-&-—o_n—_‘—_ ———— b e
a b ¢ \a+h bdie ¢+

1 1 4

Hirdng ddn. Vin dung BDT phy —+—2

X ¥y X+y

vaix, y>0tacd:

P e DN N o s D T Y

a b a+b’'d ¢ b+c ¢ a c+a
Codng theo vé céc BDT trén ta ¢

1 1 1 1 1

—4—t=22 + (dpcm

a b ¢ (a-o-b b+c c+a) )

Cling v6i gid thiét nhu b todn 2 nhung ching ta
6 mdt két qui manh hon nhw bai todn sau:

Bai 3. Cho a, b, ¢ > 0. Chumg minh rang:

O T +4 4 4

-— - + + S

a b c¢ Qa+b+ce a+2b+e a+db+ 2
Huwdng din. Ta cb:

24+4’=4(l+l)
a+b a+c a+b a+c

TOAN HQOC
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24, = .
at+b+a+c 2a+b+c
Chimg minh tuong ty dugc:
Ladluiath
a b ¢ a+2b+c
l+l+.%2_L.
a b ¢ a+b+2c
Cong vé theo vé cic BDT trén ta co:
L4 4 4 4
S ,
a b ¢ 2a+b+c a+2b+c a+b+2c

Bai 4. Cho a, b, ¢ > 0. Chitng minh rang
1 1 1
- o
a+b b+c. c+a

> 2( 1 + 1 + 1 .
2a+b+c a+2b+c a+b+2c
Hudng din. Van dung BDT(*) ta dugc:

1 1 S 4 _
a+b b+c a+2b+c’
1 4 1 > 4 ;
b+c c+a a+b+2c
1 1 4

c+a a+b 2a+b+c
Cong theo vé cac BDT trén ta duge:
1 1 1
+ +
a+b b+c c+a

22( ) + : + !
2a+b+c a+2b+c a+b+2c

) (dpem).

Néu ta thay ddi céc thong tin & miu cua bai 2 va
téng quat hon mot chut ta lai duge cic bai toan
mdi c6 cach gidi twong ty nhu sau.

Bai 5. Cho a, b, c la d¢ dai ba canh cua tam gidc.
Chitng minh

1 1 1 | CERCEY B |
4 4 S>—4—+—,
a+b-¢ a-b+c -a+b+c a b c

Ddu “=" xay ra khi nao?

Huong dén. Véi a, b, ¢ 1a 0 dai ba canh cia tam

giac thi
a+b-c>0,a-b+c>0;-a+b+c>0.

2 T?Q-Pugg S& 564(6-2024)

https.//sites.google.com/site/letrungkienmath

Van dung BDT(*) ta c6:
1 1 " 4
a+b-c a-b+c a+b-c+a-b+c
_4_2
2a a
Chimg minh tuong tu:
a+b-c -a+b+c b
WA, I
a-b+c —-a+b+c c

Cong vé theo vé cac BDT trén ta dugc:
NP SR I v Y
a+b-c a-b+c

-a+b+c a b c
DAu “=" xay rakhi va chikhia=b=c.

Pic biét dé sir dung BDT(*) nhiéu lic ching ta
phai bién dbi cac dit kién cta bai toan sau d6 dua
bai todn tir gia thiét la vé gia thiét quen thudc hon
dé sir dung nhu cdc bai toén sau:

Bai 6. Cho a, b, ¢, d > 0. Chitng minh rc%ng

A=a+c+b+d c+a+d+b24.
a+b b+c c+d d+a

Huong din. Ta cé:

b+d+c+a d+b
a+b b+c c+d d+a

(a+c c+a) (b-i—d d+b
= + + +
a+b c+d b+c d+a

ol ol gt)o

Mitkhic, via, b,c,d>0néna+b>0;c+d>0.
Theo BDT(¥*) ta cé:

1 o 1 5 4 -

a+b c+d a+b+c+d

| < 4

_a+c

+
a+b c+d

Tuong tu: + 2 .
b+c d+a a+b+c+d
Tir (1) ta dugce:
4
AZ a+c¢c)—————+ b+d e
( )a+b+c+d ( )a+b+c+d
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_4(a+b+c+d)
a+b+c+d

=4 (dpcm).

Bai 7. Cho a, b > 0 va a + b = 1. Chitng minh
rang:
a’ b* + '

>,
a+l

b+1 3
Huwéng din. Bién déi biéu thirc 4 thanh

a’ b Late13l pP-1+1
+—= +

a+l b+l  a+l b+1
=a—1+——+b—-l+—1—
a+l b+1
1 1
=(a+b-2)+—+—.
a+l b+l
Sir dung BDT(*) ta cé:
4 4 1
2(1-2)+ =-l+—==(d .
A2(1=2)+——— 7= (dpem)

Bai 8. Chirng minh rang vai a, b > 0 thoa man

| 1
+b=1thi —+ >6.
<A ab a’+b*

Huréng din. Bién dbi

1 1 1 1 1
— =t gl 408
ab a"+b" 2ab \2ab a"+b
roi sir dung céc BPT phu (x+y)’24xy va
1 1

St -2
x Yy x+y

ta dugc:

1+( L o ddd )2 R
2ab \2ab a*+b’) (a+b) (a+b)
6

=6 (d :
(a+b) { Gpom)

-—

2
Bai 9. Cho a, b la cac s6 thwe théa man
a+ b < ab. Chirng minh rang a+b>4.

Hudng dén. Bién dbi va van dung BDT phu:

Ldsate
X REP

Ta cé:

https.//sites.google.com/site/letrungkienmath

a+b<ab=>l+—1-<1=>1>l+lz 3
a b a a+b

=a+b>4 (dpcm)

Tir BDT(*): Loly
Xy x+y

chiing ta c6 thé téng

quét hod va mé rong thanh cdc BDT méi dé sir
dung rong rai va giai dugc nhiéu bai todn hay hon
nhu sau:

Véia; >0, n la so ti nhién, n > 1 ta co:

+)—1—+i+—1—2_3~
a a, a

(1.
a, +a, +a,
L B0T RN | 4

) —+—+—+—2 .
a a a, a, a-+a,+a,+a,

1 1 1 1 n

+)—t—Ft—F..+—2 .
a a a a, a-+a,ta+..+a,

p4

2

Vin dung BPT(1) ta c6 bai toAn méi hay va khé
sau:
Bai 10. Cho a, b, ¢ > 0. Chirng minh rang
l P 1 | > 3 .
2a+b 2b+c 2c+a a+b+c
Hudmg dén. Véia, b, c >0 ta cé:
2a+b>0; 2b+c¢c>0; 2c+a>0.

Ap dung BPT(1) ta dugc:
1 1 1 9
¥ + >
2a+b 2b+c 2c+a 2a+b+2b+c+2c+a
9

(dpcm).

=3(a+b+c) hEbkc

Bai 11. Cho a, b, ¢ > 0. Chimg minh rang

1 1 1 i 9

+ + > :
2a+b+c a+2b+c a+b+2c 4(a+b+c)

Hudng din. Véia, b, c> 0 ta co:
2a+b+c>0,a+2b+c>0;a+b+2c>0.
Ap dung BDT(1) ta dugc:

| 1 o 1 " 1
2a+b+c a+2b+c a+b+2c

TOAN HOC
! Cludilye
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>
2a+b+c+a+2b+c+a+b+2c
9

" Ha+b+o)

Bai 12. Cho x thoa man —§—< X< g Chitng minh

rang

1 1 13
- 5 2—.
3Ix-2 x-10 13-2x 7

Huong dén. Vi -i— X <% suy ra:

3x-2>0; 10-x>0; 13-2x>0.

Véan dung BDT(1) ta dugc:

1 1 1 1 1 1
- + = + +
3x-2 x-10 13-2x 3x-2 10-x 13-2x

5 9
3x-2+10-x+13-2x
o il
21 7

Bai 13. Cho a, b,c>0vaa+ b+ c=1. Ching
minh rang
1 1 1
2 % 24 + 2 =y
a®+2bc b +2ac ¢ +2ab

Huéng din. Via, b, c> 0 nén
a® +2bc > 0; b*+2ac>0; ¢ +2ab> 0.
Ap dung BBT(1) ta cé:
1 1 1
¢ 137 + 2 2 2
a‘+2bc b°+2ac ¢ +2ab
5 9
T a* +2bc+b* +2ac+c? +2ab

9 :
=———=9 (via+b+c=1)

(a+b+c)

Bai 14. Cho a, b, ¢ > 0. Ching minh rang

l+l+lz3( 1 + 1 + : j
a b ¢ 2a+b 2b+c 2c+a)’”

Hudng dén. Via, b, ¢ > 0 Theo BDT(1) ta co:

TOAN HOC
4 " eusige

S48 564(6-2024)

_1_+1 12 g 9 23-2-+—1—2 9 :
a a b a+a+d 2a+b a b 2a+b
Chirng minh tuong ty:

2 12 9 -E+l> 9

_b— ¢ 2b+c’ ¢ a 2c+a

Cong theo vé cac BPT trén ta dugc:
T e 1 1 1 )
| =+=+=129 “ +
3(a+b+c) (2a+b 2b+c¢ 2c+a

:>1+1+1'>3 S B )
a b ¢ \2a+b 2b+c 2c+a
Bai 15. Cho a, b, ¢ > 0. Chitng minh rang
. b g ¢ >2
b+c

c+a a+b 2

Dbi véi bai todn ndy ma van dung BDT (*) thi dai
d(‘)ng hon nhiéu nhung khi st dung BDT(1) thi
Hmf’ngdﬁn. Via, b,c>0nén
a+b>0; b+c>0; ct+a>0.
Theo BDT phu (1) ta co:
1 i 1 A 1 b 9
b+c c+a a+b b+c+c+a+a+d
9

2(a+b+c

1
:(a+b+c)(b+c c+a a+b)

d+b+c a+b+c a+b+c_ 9
= + + >=
b+c

v

2
2

c+a a%b "3

L 4 PRl —9—
b+c a+b 2

=1+
c+a

a b c
+ -
b+c c+a a+b

23- (dpcm).

2
Bai 16 (Trich d& thi HSG cap tinh 16p 9 tinh °
Ngh¢ An nam hoc 2010 - 2011).

1 ;
Chox>0,y>0,z>0va -l-+l+—=4. Chitng
Xy 2

minh rang:
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| 1 1
- e —— 4o = £ |
X+ V42 X4+2V42Z X4 v422

4
Xty

Huwdng din. Ap dung bt diing thire L. + 11 2
x oy

(véi x, y>0) ta cé:

1 1{ 1 1
— ] e s
2x+y+z A\ 2x y4z)
1 < 1 | -
y+z 4y 4z

1
Suy ra ——-—_g_l_ l+_l_+L
2x+y+z 4\ 2x 4y 4z

Chimg minh twong ty:
e ML L L
X+2y+z 4\4x 2y 4z

1 1 l e
x+y+2z 4 4x 4y y 2z)
Cong cac BDT trén theo vé ta dugc:

1 1 1 Y 4 .4 N |

+ + S—{=+—+—

2x+y+z x+2y+z x+y+2z 4\x y z
1 1 1

= + + <L
2x+y+z x+2y+z x+y+2z

Dau "="xdyra <> x=y=z=>

Néu ta bién d6i BPT (x+ y)?>4xy vé dang
L2—4—2 (**) v6i x, y > 0 thi van dyng BDT
y (x+y)
niay ching ta c6 thé giai duge mot s6 bai toén
BDT hay va kho sau:
Bai 17. Cho a, b, ¢ > 0. Chitng minh rang
1 1
(2a+b)(2c+b) - (ZC+I))(2C+U)
& 1 S 3
(2¢+b)(2c+a) (a+b+c)

Huedng din. Vi a, b, ¢ > 0 nén 2a + b > (;
2¢+b>0. Theo BDT(**) ta cé:

! 4
2
(2a+b)(2¢+b) (2a+b+2c+ I))2
4 |
4((! +b+ c)

(u+/) +c) .

Chimg minh tuong ty ta duge:
| > |
(2(,' + I))(Zc’ + a) (a +b+ c)l
I " I
(2c+b)(2c+a) (a+b +c)2 '
Cong theo vé cac BDT trén ta co:
1 N 1
(2a+b)(2¢c+b) (2¢c+b)(2c+a)
+ : St o8 -
(2c+b)(2c+a) (a+b+c)
Bai 18. Cho a, b, ¢, d > 0. Chitng minh rang

a+c x b+d o 4
(a+b)(c+d) (a+d)(b+c) a+b+c+d

.
’

Hudng dén. Vi a, b, ¢, d >0 suy ra:
atc>0;, a+b>0;c+d>0.

Ap dung BDT(**) ta c6:

.1 Y W 4 ;
(a+b)(c+d)” (a+b+e+d)’
b+d 4
—————>(b+d). .
(a+d)(b+c) ( )(a+b+c+d)z

Cong theo vé cc BDT trén ta c6:
a+c b+d 4(a+b+c+d)
+ . 2
(a+b)(c+d) (a+d)(b+c) (a+b+c+d)
4
=—— (dpcm).
avbrord P

Bai 19. Cho a, b, ¢, d > 0. Chiing minh rang

3 2 a+b 12
+ + > .
a+b c+d (a+c)(b+d) a+b+c+d

Hudng din. Vi a, b, ¢,d >0suyra:
atb>0;, a+¢c>0; c+d>0;, b+d>0.

Xem tiép trang 21 )
/s &

TOAN HOC
O
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HUGNG DAN GIAI DE THI CHON HQC SINH GIO!
LOP 9, TINH NAM DINH
MON TOAN, NAM HQC 2023-2024

Ja -e Ja-e
Céu 1. a) Cho x=y3-2V2 +\9-4y2. Tink :
TR ST 2 O E)
PR e ok e 2 dd -2y +"<t+|
gia tri cua biéu thie T =
¥ rda-13 Ja-vb B Ja-Jb

b) Cho a, b, cla cdc 56 thee dwong thod man C+2(\/¢E— 1) -(J' _J;)(f _J[;)

;':H”"‘:S vi Va+Vb+Je=3. Chimg minh Do db:
ang
G-l a-de ,_Ja-i

R D
‘1+2(\[I;—1)+b+2(\/¢:-)+c+2( l) a+2(J_-) b+2(\/c; l) c+2(\/5—1)

B o Ne-b . Na-Ve
S A P M 5
Lai gidi. a) Ta c6:
2+ o il e
x=v3-2V2 +49-4y2 (J;—J;)(JE—JE)
2 2
=J(J§—1) +\K2Ji-1) =3J2-2 i i 1 1
= -_— + —
=x+2=32. Va-Ve Ja-Vbo Jb-Va Jb-e
. 1 1
Khidé (x+2)" =18=> x* +4x—14=0. + -
By L s e R I
Dodb T=* +4x2—12x2+8x+l -
x' +4x-13 Jb-Ja
2.2 'S 2 ; )
X[ +4"2 144)"2(" raH Céu 2. a) Tim tdt cd cdc cdp s6 tw nhién (x:y)
x"+4x-13
Viy T=29. théa man 3*(9" +1-2")-9*(1+2")+ 4" =1.
b) Via+b+c=5va Ja+Jyb+Jc=3nén b) Cho a,b ld hai sé6 nguyén dwong sao cho
Jab +be +Jea =2. p=a’+b* la so nguyén to va p—5 chia hét cho
Ta cé: 8. Xét x, y la hai s6 nguyén sao cho ax* -by*
a+2(\/b-: —l)=a+2Jb—c =% chia hét cho p. Chimg minh rang x, y cung chia
hé ;
SN, I O S - il
=a+be -Jab -Jea Léi gidi. a) Tacod:
x —)_0o*r "N+ 4 =
=(JE-JE)(JZ-JE). 3(9* +1-27)-9* (142 ) +4” =1
S Lo wlt &3 (9 +1-27)-9"(1+2")+4 -1=0

Sy a+2(Jb—c_l)‘(J;_Jg)(J;_J;)' a3'(9*+1-2')—9*(1+2’)'

Chimg minh tuong ty: +(2-1)(27 +1)=0

TOAN HOC
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&3 (9 +1-2)-(1+2)(97 +1-2) =0
o (9 +1-2")(3* -1-2")=0
3*-1-2"=0
¢[9'+1—2"=o'
«THI: 9" +1-2"=0=9"+1=2",
Tacd: 9" =1(mod4)=>9" +1=2 (mod4)
= 2" =2 (mod4).
Véiy22thi 22 =0(mod4) =>y<1=>y=1
= 9" =1= x=0. Ta duge: (x; y)=(0; 1).
¢eTH2: 3" =1-2"=0=23"=1+2"
Véi x=0=>2" +1=1=>2" =0 (méu thuin).
Vi x=122"+1=3=32 =2 y=1
= @y)=0 D).
Véi x=2=32"+1=9=2"=8=y=3
= (x»)=(23).
Xét x2>3.
-Néuxlé(x=2k+1, keN) tacé:

3* =31 —9* 3= 3 (mod4), do dé:
2 =2 (mod4), loai vi: y 22 = 2" =0 (mod4).
- Néu x chin, suy ra:
x=2m(meN,m2>2)=>3"=2"+1
=(3"-1)(3" +1)=2
3" ~1=27
3" +1=2"
=>{p+q=y>3.
p.qeN
p<q

2P =2

=212 =222 -] =2
2 -1=1

= 1 ==l

- {p " {p
g-p=1 [(g=2
Do viy tit ca cic cip sé ty nhién (x; y) théa mdn

dé bai 1a (0; 1), (1; 1), (2; 3).
b) Tacé p-5:8 suyra p=8k+5(keN).

, mau thudn véip +¢ > 3.

Vi ((1\72 )““2 - (by2 )um E(ax2 -by’ )Ep nén

aauz ¢ xllﬁd & bcuz i ,uu;

)

Ta C6: all&! ‘xlhd _blkol . vskbl

ol (aun +b4h) )xuu _buu (xua & ysua).

p

Do a**? +p%*% 2(02)““+(b2)2“' f(az+b2)=P va

Sk+4

™ yl!Q‘ Ep (l).
Néu trong hai sé x,y c6 mdt s chia hét cho p thi

b< p nén x

tir (1) suy ra s6 thir hai ciing chia hét cho p.
Néu ca hai sé x,y déu khong chia hét cho p thi
theo dinh li Fermat bé ta c6:

Sk+4

M = x7 =1(mod p), y*** = y*! =1(mod p)
= x4y =2(mod p) (méu thudn véi (1)).

Viy ca hai séx va y chia hét cho p.

Ciu 3. a) Giai plwong trinh

J10x =5 + V5x° +5 = 3Jx? +2x.

b) Giai hé phwong trinh

=2+t + 0 +2y +x=0
(x+1)Ypr+1+(x+6)Jy+6=x"-5x+ 12y
Léi gidi. a) Diéu kién: x2 %
V10x=5 +/5x* +5 =3x? +2x
@\lg(\/lx—l+\}xz +l)=3\/1r2 +2x.

Dit a=v2x—1,b=+x +1 (a20,6>0)

=a’ +b’ =x* +2x.
Phuong trinh tré thanh:

J5(a+b)=3Va* +5* =5(a+b) =9(a’ +5?)

&2a-5ab+2b* =0

2a=b
a=2b

eTHI: 2a=be 2y2x-1=x* +1

o 4(2x-1)=x"+1

< (2a-b)(a-2b)=0 ¢>l:

TOAN HOC 7
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e -8r45=0¢s x=44 Vi1 (thoamin).,  VOimoi x2-2.
N - , h"‘ Vay 3
«TH2: “___21":\/3-‘\7:-{:2\[;,—:‘ Suy ra phuong trinh (*) vo nghiém. Viy he

& -l= 4(.\" + l) phwong trinh da cho ¢6 nghi¢m: { ' : .
A <204 5=0 (PT v nghi¢m). , :
Viy phwong trinh d3 cho 6 nghi¢m: Cau 4. Tir diem M nam ngoai dieemg tron (0), 4
.\‘=4+\/l_|,.\‘=4—\[|—|. hai tiép ”’,"";” MAMB vai dwong tron (O),
b) Didu kign: y2 -1 A B 1 hai tidp dicm). Goi H la giao dicm
Tach: &' =2p" 4t 44t 4 23 +av=0 OM va AB. Ké dwomg kinh BD cua dwong
c:(‘\‘*-l—.\’)(.\‘: +.\_\'+2.\") =0 (0). Diomg thaing MD cat duwong tron (O) 1a
X+l=y=0 dicm thie hai la C. Ticp tuven tai C cria dwong tron
[.\-‘ +x 420 =0 (O) it MAMB lan heot tai E, F.
THIL: & +xr 420 =0 ¢>(\+-§) +7_\'3_0 a) Clumg minh OCD = OHD vi
4

. (ME + MF + EF)’ = 4MHMO.
= x =y =0, khdng thod min h¢ di cho.

TH2: y=x+1. Khi dd ta c6: b) Goi G la giao diém cua dwomg thang OF va
(-"+1)\/H_2+(J’+6)\/m=x1+7x+l2, AD. Chimg minh vr giac OAGH la hinh binh
RSN hanh. |
c:(.r+ l)( I oors 18 2)+ (‘_+ 6)( Jia7 3) ¢) Clumg minh cac dwong thang CD,HG,AF
’ ..’(ing quy.
=x'+2x-8
o Ft)(E-2) (x+6)(x-2) (x-2)(x+4) Lon gidi.
=(x=2)(x
Vx+2+42  Jx+7+3 G 4 D
x=2 o _ |
e x“.”-.'.i_x.“; *) | C J
Jx+242 Jx+7+3
Ta cé: s M H 0o
o x+2 __.t+2+ x+6 x+6
Jx+2+42 2 Sx+7+30 2 F
LT TR
C x+2+2 B
PR Lo LA _(x+6)(1+4x+7) a) + Trong dudng tron (0) c6 MAC = ADC (géc
2Ux+2+4 2Jx+7+6 ndi tiép va goc tao bdi tia tiép tuyén va ddy cung
\/,\:—-!-2 0. chin 7&)
~(x+2Vx¥2 (x+6)(1+Vx+7) Xét AMAC vi AMDA ¢6 MAC=MDA vi
Ta cb: : : e
RPN s I 2Jx+7+6 * chung AMC = AMAC va AMDA ddng dang.
| S MC MA
-————<0 D—=— *=MCMD (1
Jx+2+2 WA~ 3 = WA = MeMD ()

S T?gpuggg S8 564(6-2024)
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Do MA; MB 1A tiép tuyén cia dudng tron (0) nén
MA=MB (2), OA=0B=R (3
Tir (2) va (3) ta suy ra MO 14 trung tnre cha AB
nén MO L AB.
Xét AMAO vudng tai 4 ¢ AH 14 dudng cao nén
MA* = MHMO (4).
T (1) va (4) ta suy ra: MCMD = MH MO.

Vi MCMD = MHMO = ME _ MU
l‘!o A‘lD
Xét AMCO va AMHD 6 M€ - ‘\71; - &b

chung nén AMCO vi AMHD ddng dang
= MCO = MHD = OCD = OHD.
+ Ta c6 MA,MB 1A hai tiép tuyén cit nhau cia
dudmg tron (O) nén MA = MB.
Tuong tu ta c6 EA = EC;FB = FC.
Khi dé:
MA+ MB =(ME + EA) + (MF + FB)

=ME+EC+MF +FC
=ME + MF + EF

:MA=‘VB=AIE+A{F+EF-

Trong tam gidc vudng MAO cé6 AH la dudng
cao nén MA® = MH MO. Suy ra:
(ME + MF + EF)’ =4MOMH.
b) Goi 7 1 giao diém ctia GO va AH.
Tacd AG//HO (do cing vudng goc vdi AB).
Ta cb JOA= %.ﬂi‘ (tinh chét hai tiép tuyén ciit

nhau).
Lai o -;-AOC-_—.A/I-)? (g6c & tim va gbc ndi tip

cung chin cung 4C)

Do GD /OM nén ADC = DMO (cdp goc & vi tri

s0 le trong) nén 104 = DMO.

Ta co:

HIO = 140 + 104 (tinh chit gée ngodi tam gidc)
= AMO + DMO = OMB + DMO = DMB
(JA0 = AMO do cing phu voi goe MAH).

Do d6 AIHO ~ AMBD (g.g), suy ra:

HI MB
—— 1t ame (8),
HO BD
HA MB
AAHO va AMBO ddng d gD — =—,
g dang (g.g) HO - BO
Mk MB _2MB _ HA _2MB ©)
BO BD HO BD

T (5) v (6) suyra AH =2IH = [H = IA.
Tacé AG//HO (do cung vudng goc véi AB)

Do AH va GO cit nhau tai trung diém / ciia mdi
dudmg nén tir gidc OAGH 14 hinh binh hanh.

¢) Goi N 1a giao diém cua HG va CD.

Td OF//MD(do cung vuéng goéc véi BC)

—=1= MF = FB.
B

Ta ¢6 HO la dudng trung binh cua tam gidc
ABD nén AD=2HO

= A4AD=24G=GD =—;—AD.

Goi K 1a giao diém cia MH va AF thi K trong
tdm tam gidc AMB.

Suyra MH =3 KM néa S2._ 42 o
2 MH KM
Do GD/IOM suyra X2._ 6D (4)
NM  MH
TN vaB) acs N2 AD
NM KM

Xét tam gidc AADN va AKMN cé:

TOAN HOC
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-iy-l-)—a—“-—l—)- (& .‘Ti\ﬁﬂ

NM KM
Suy ra: AMDN ~ AKMN (e.2.0)
= AND = KNM. MA M,N,D thing hing suy
rm AKXN thing hing. Do &6 AN, F thing
hing.

KMN.

Céu & 2) Xér abe & ode sé thae dwong thod
min a+bre=1 Nim gid i nho nhdt cia bicu
e

P= N(u: Y SE )*-—"—hm—

abebe+rca

b) Trén mot dwong ron cho 26 dicm phan bigt
Mai diém @6 dwpe 16 boi mor trong § mau: tring,
xanh, do, tim, wing. Gitra moi &@p diém noi voi
nhau bing mot dogn thing dwpe 0 boi mot trong
2 man: ndu hoge den. Clumg minh n?ug ludn ton
@l mot tam Qide 0o ba dink dwoc 16 ciang mot mau
(trdng. xanh, do, tim hodc wing) Wi ba canh cing
diwpre 16 cting mot mau (nau hode den).
Lai gidgi. a) Do a+b+c=1 nén
1-(a® 48+

3 ¢
Laicd: @® +b* +¢? =(a’ +b +c’)(a+b+c)

ab+bctrca=

=a'+a’b+a’c+b’ +ba+bc+P +cla+ b,
Theo bét ding thirc Cauchy ta cé:
a' +ab® 22a’h;
b +bc* 22b°c;
' +a’c22ca;
a* +b*+c* 23(a’b+blc+cta).
1 e
a'b+bic+cla at+bsct

Suy ra:

10 - quggcé S8 564(6-2024)

Khi d&:
J“J(tlz “'h: + (‘:\
Z(n’ bt ‘

' (didu kign: 12 -!-

P> N(n“ + b e «~’)+

DiMtt=a’+d ¢

3
Ta co:
3-% 21t 3 ¢ 3
P2l4r+ - =T+37*3---2-.
Ap dung bit ding thirc Cauchy ta ¢d
3, S,
2 A 2 X
t 3.1 3 4
Mitkhic L2222 =-2,
! 2 2 6 2 3

Suy ra: P29--§~—$ Ding thirc xdy ra khi

1 1
=—h =b= = -
t 3 ay a ¢ 3
b 23
Viy gid trj nho nhit cua P 1a +

b) Vi cédc diém phan bi¢t nim trén mét dudng trdn
nén véi ba diém bat ky luén tgo thinh mdt tam
gidc. C6 26 diém dugc t6 bing 5 mau, do d6 oo
it nhit 6 diém cing mau. Gia st ¢6 6diém cing

maudd A 4,B8,C,D,E,F .
B
E
C
4 D
F
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DE THI CHON HQC SINH G101 LOP 9, THANH PHO HO CHI MINH
NAM HQC 2023-2024
Mon thi: Tedn, Thoi gian lam bai: 120 phat

Cin 1. Cho cde sd @, &, ¢ > 0 thda min:

B i i s 6 2004,
dee

cra a+d
Tinh gid trj cha bidu thire

[ 1 |
t + N
(bee c+a a+d

P=(a+d+c) ]:\\24‘

Ciu 2. Gidi cic phuomg trinh

Q) Wxsl=2x=2

B xed=drf + 2Jx+ 3

Ciu 3. Cho céc sd duong @, b, ¢ thda min
adb+beraa=3,

a) Chimg minh ring: a*+722(a+bd)(a+¢).

b) Tim gid tri lém nhét cda bidu thire

b  [ca [ab
o=\ o a7 N e

Ciu 4. Cho hai phwong trinh x* -bx+¢=0 (1)

vi ¥ -bdx+¢’ =0 () (beeZ).

V@i xy, x; 1 hai nghi¢ém cia phuong trinh (1) va
Xz x4 13 hai nghi¢m cla phuong trinh (2) thda min

v, =X =&, =¥, =1 Tinh gid trj cha a, b, ¢.
Ciu & Cho duwimg trdn (O; R) vi diy cung
BC = RVY od dinh. Goi 4 1h mdt didm trén cung
lom BC v D 1A mdt diém trén cung nhé BC thoa
min DB = 2DC.

a) Tinh s do goc BAC.

b) Tinh di¢n tich tam gide BDC theo R.

¢) Goi X 1A mdt diém trén AD théa min goc
CAD = ABK.Tim vj trf cva 4 trén cung lém BC
¢ dign tich tam gide ABK dat gid trj lom nhit.
Ciu 6.

a) Cho p, ¢ 1 céc s§ nguyén t§ théa min
(p+9)* +3p+q 1A sd chinh phuong. Tim gid trj
cda p, q.

b) S6 » goi 12 88 *767™ néu » thda man 13 hidu cua
hai s§ chinh phwong. Hoi 06 bao nhidu s “T6
khdng Vurgt qué 20242

NGUYEN bUC TAN
(TP. Hé Chi Minh)
Swu tim va hwdng din gidi

AAEFRRERFF LR ERA R AR AF AR R R EZRAF IR ARSI FRRA R RN AR R A RRRXRARRRARNRARAXRRRXRXFRRXIRR RN

& N&i 5 doan 4B, AC, 4D, AE,AF Vi td bing

2 miu ndu, den va khi @6 o it nhét 3 dogn cing
miu, gid & 4B, 4C, 4D duypc 1 cing miu den.
Xét tam gidc BCD, xiy ra hai trudmg hop:
THI: Néu ba canh 5C,BD,DC duye td cing miu
ndu thi tam gide BCD ¢6 ba dinh cing méu 83, ba
canh cing médu ndu (thod mén).
TH2: Néu ba canh BC, BD, DC ¢ it nhit mdt

canh mau den, gid st BC den, khi d6 tam gidc
ABC ¢6 ba dinh cing mau d9, ba canh cing mau
den (thod mdn),

Viy ludn cd mét tam gidc od ba dinh cing mau va
ba canh cing mdu.

TRAN XUAN PANG

(5/7/136 Phan Dinh Phing, TP. Nam Dinh,
tinh Nam Dinh)
Gidi thigu
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1. MO DAU
Phuong phdp bién ddi gitt nguyén dién tich 13 mt
phwong phap thi vi ding d¢ chimg minh cdc dinh
ly todn hoc, tuy nhién ddy khong phdi 1 mdt phép
bién ddi d& hinh dung. Hi¢n nay, vige img dung
cong ngh¢ thong tin trong gidng day hinh hoc
dong di trd nén ngdy cing phd bién, cho phép
minh hoa trye quan nhidu phép bién hinh khi
chimg minh. Trong bdi viét ndy ching tdi trinh
bay vé cdch sir dung phin mém Geogebra dé minh
hoa tryc quan cich chimg minh mét s6 djnh 1y
hinh hoc bing phwong phap bién déi dién tich.
2. PHEP BIEN DOI GIU NGUYEN DIEN TiCH
Phép bién ddi ndy c6 m¢t s dang khic nhau
twong mg Vv&i cdc m¢nh dé dudi diy trong cudn
Co s¢ cia Euclid. Phin dudi ddy s& minh hoa céch
biéu dién cdc dang ndy trong GeoGebra.
2.1 Euclid - M¢nh de L.35. Cdc hinh binh hanh c6
chung mot ddy va nam gira hai dudng thing song
song thi ¢6 di¢n tich bang nhau [1].
Xét hai hinh binh hinh ABCD va BCEF ¢ canh
déy BC chung va nim giira ciip dudmg thing song
song AF va BC (h.1).Khido6: S z30p = Spczr-

A D E F

B c
Hinh 1

Chirng minh. D thiy 1 hai hinh binh hanh
ABCD va EFBC cd chung ddy BC va dudng cao
tuong img v&i ddy ndy cua ca hai hinh binh hanh
déu bing nhau.

TOAN HOC
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Biéu dién tryec quan bing Geogebra
Bude I: V& doan thing BC va d// BC.
Buwde 2: Dyng hai hinh binh hanh ADCB va EFCB
V6i A, D, E. F nim trén duong thing d.
Buwde 3: Tao tham s6 cho vige djch chuyén
s= Slider(O,l)

Bude 4: Tién hanh di chuyén céc diém A va D

= Translate(A,s *vector(A,E ))

D'= Translate(D,s *vector (A, E ))
Buwoe 5: Vé da gide BA'D'C
Polygon(B,4',D',C)
Khi cho thanh trugt thay ddi, ta c6 hinh 2. Hai
hinh binh hanh ABCD va A'BCD’ ¢é di¢n tich
bing nhau.

x o Eoa ] ,r‘ LS 7:: s ° //.7)_
tanf / >
Q& KX/

Hinh 2
2.2 Euclid - Ménh d& 137, Cdc tam giic c6
chung diay va nam gitta hai dwong thing song
song thi cé di¢n tich bang nhau [1].
Hai tam gidc ABC va DBC c6 canh diy BC
chung vi nim giita ¢ip dudng thing song song
AD vaBC (h.3). Khidé: S 5. = S,

B8 Cc
Hinh 3
Chiing minh. Ta l3p ludn tuong ty myc 2.1,
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Biéu dién trge quan bing Geogebra
Buwde 13 V& doan thing BC va d// BC.
Buwde 2: Chon 4 ndm trén & va v& tam gide ABC
Polvgon(4.C,B)
Bwde 3: Chon D cling nim trén d
D = Point(d )
Buwoe 4: Tao tham s cho vige djch chuyén
s = Slider(0,1)
Buoe 3: Dich chu,\én didm A
A'= Thmslatc(.-fl.s *vector (A, D))
Buwde 6: V& tam gide 4 'BC
Polygon ( A.8,C )
Khi cho thanh trugt thay ddi, ta ¢6 hinh 4. Tam
gidc 4 'BC c6 di¢n tich bing tam gidc ABC.

s=08

2.3 Euclid - M¢nh d& 141, Néu hinh binh hanh c6
chung day voi mot tam giac, va cac hinh nay cung
nam gitea hai dwong thang song song thi hinh bink
hanh sé co dién tich ga:p doi dién tich hinh tam
gige [1].

Cho hinh binh hanh ABCD c¢6 chung ddy BC véi
tam gidic EBC, va cho ching nim giira hai dudng

thing song song BC va AE (h.5). Khi dé:

Chimg minh. D& thiy tam gidc ABC 6 di¢n tich
bing nira di¢n tich hinh binh hinh ABCD. Két
hop vai dinh 1i 2.2 va ta ¢6 didu phai chimg minh.
Biéu dién tryee quan bing Geogebra
Biede 1: V& dogn thing BC va d // BC
Bude 2: Liy diém A trén d. Dyng hinh binh hanh
ADCB (sao cho A, Ded)
Buwde 3: Tao tham sb cho vige dich chuyén
s = Slider(0,1)

Budre 4: Chon diém E trén dudng thing d va dich
chuyén diém A

A'= Tmnslalc(D.s *vector(D,E ))

Buwdre 5: V& tam gidc 4 'BC: Polygon(B, A',C)
Khi cho thanh trurgt thay déi, ta ¢6 hinh 6. Tam
gidic A'BC ¢6 di¢n tich bing mt nira hinh binh
hianh ABCD.

3. CHUNG MINH TRU'C QUAN MOT SO PINH
LY TRONG GEOGEBRA VOI PHEP BIEN DOI
GIU NGUYEN DIEN TiCH

Cic dang khéc nhau ciia phép bién ddi giit nguyén
dién tich c6 thé dugc sir dung dé chimg minh mdt
s6 dinh 1i hinh hoc mt cdch tryc quan trong
GeoGebra. Vi mdi dinh li, cdc cdu Iénh
GeoGebra dé thyc hién phép bién dbi ndy dugc
néu kém theo hinh minh hoa cia mdi bude.

3.1 Dinh Iy Pappus ([2], Chimg minh 77).

Cho tam giic ABC bat ki. Dung cdc hinh binh
hanh ABDE va ACFG bén ngoai tam giac ABC.
H la giao diem ciia DE va FG. Bén ngodi tam gidc
ABC dung hinh binh hanh BCMN sao cho CM
song song va bang véi AH. Khi do:

S.csos +S,0r6 = Ssc,u_\' .

TOAN HOC 13
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Dymg hinh. V& céc hinh binh hinh nhu diu bai,

Goi giao diém cua AH VA MN 1A P.
\\ \ K,
v

\
Chiimg minh tric quan bing Geogebra
Buwde 1: Tao thanh trugt s/ va tinh tién cdc diém £
va D theo vector EH

s1= slider(0,1)

E'= Translate(E 51 *Vector(E,H))

D'= Translate(E,s2 *Vector(E,H))
Bude 2: Tao thanh trrgt s2 va tinh tién cdc diém
E’va A theo vector AP

52 = slider(0,1)

A’= Translate(4,s2*Vector(4,P)) Tiép theo cho 52 trugt din tir 0 vé 1:
E"'= Translate(E",s2*Vector(4,P)) et S

Buwde 3: Tao thanh Exqtsuaqnh tién céc didm B @oss \elf%'

va D’ theo vector BN o B\

s3 = slider(0,1)
B’ = Translate(B,s3*Vector(B,N))
D"’ = Translate(D’,s3*Vector(B,N))
Biedre 4: V& hinh binh hinh A’B’'D"'E "’
Polygon(4',B'D",E")
Lam tuong t cho hinh binh hanh ACFG.
Ta tién hinh thao tic céc thanh trugt theo thir ty

sau:

Bit ddu tir s7 = 0, 2= 0, s3 = 0, cho s/ trugt din —\-9\'\\
2= 1\ \H
&)

tr0ve l: 4 WP <

N M

Cuéi cing cho s3 m.rqtdﬁn.u‘IOVé 1:

TOANHOC
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Chiimg minh. C6 thé d8 ding sir dung cde djnh li
& phin 2 d¢ chimg minh ring cdc hinh binh hanh &
trang thii ban diu, trung gian va két thic cia cde
bidn ddi bdo todn dign tich ddu 6 dign tich bing
nhau.

3.2 Chumg minh djnh li Pythagore cia Hazard
D¢ chimg minh dinh i Pythagore, W, Hazard
chimg minh djnh li sau [2):

Cho hink bink hinh ABCD noi ticp hink binh
kink MNPQ wii 4 € MN, B € MO, C € OP,
D € PN. Puwong thing qua A wi song song voi NP
adt QC tai E. Duong thing qua B wi song song
song Wi QC it NP tai F. AE va BF odt nhau i
L Khi d6: S5, = Soes +Spare

Trong trudng hop MNPQ va ABCD 13 hinh vudng,
odng thirc trén twong dwong vai dinh li Pythagore.
V& hink: Khi v& hinh ta cin chi y ring d¢ thoa
min ABCD 1a hinh binh hinh ndi tiép hinh binh
hinh MNPQ thi cin ¢§ AM = PC (chimg minh
A4BM = ACDP do AB = CD va céc cip goc ke hai
‘canh ndy nhau vi 13 géc ¢é canh trong Umg song
song).

Trong chumg minh cva minh, Hazand v@ thém mdt
& domg thing Khie. Dudmg thing qua C va song
song Vi MQ s& odt BF @i J v MN i G, CD kéo
Ai odt udmg thing MY tai M. Dudmg thing GF
ot dudng thing PQ tai K. Dudng thing BF cit
didmgy thing MK i L.

Trude hét, Hazard chimg minh dign tich cua hinh
binh hinh ABCD bing véi dign tich hinh binh
hanh AILH.
Minh hpa trong GeoGebra nhir sau:
Buwde I3 Tho thanh tnrgt va dich chuyén cée diém
C, D theo vector DH
sl = slider(0,1)
C’ = Translate(C, s1*vector(D,H))
D’ = Translate(D, s *vector(D,H))
Buwde 2: Tyo thanh tnrgt va dich chuyén céc diém
B vi C’ theo vector BI
2 = slider(0,1)
B’ = Translate(B, s2*vector(B,I))
C"'= Translate(C"",s2*vector(B.)
Buwde 3: V& hinh binh hinh 4B°C*'D’
Polygon(4,8",.C"\D")
Ta tién hinh thao tic cdc thanh trugt nhu sau:
Bit diu t trang théi s7 =0, s2 = 0, djch chuyén s/
din vé 1:

OAN
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chimg minh AJLH 13 mdt hinh binh hanh. Vi 43 co
AM /7 1L nén ta phdi chimg minh A7 7 HK.

- Ep
D& chimg minh AGFN ~ AKFP nén PR = —.
GN FN

Tuong W ACDP ~ AHDN nén 2 Q\— O trén
cPPD

ta dd 0 AAMB = ACPD nén PD = BM = FN. Ma
GN = CP nén ta két ludn duge NH = PK. HNPK 13
hinh binh hinh do ¢dp canh NH va PX song song
va bing nhau. Do dé HK // NP va do 46 HK ' Al
Mit khéc, do di¢n tich cia hai nira hinh binh hanh
cit bai dudmg chéo ludn bing nhau nén ta co thé
bidn ddi nhw saw: S, = Sevx = Sore = Sirc

- s(;m “Sux = Sn;x - Srue\- .

Ma Sgp =Sy né0 Ssiro + Spve =Serey +S10vr

=Suey + St =S = Suscn
I 4 3.3 Quy tiic cosine trong tam gidc

Trong qud trinh dich chuyén trén, ta van ludn ¢d Trong ABC,wii a=BC,b=AC,c=AB ta co:

C'D’ song song Vi bing 4B nén khi s = 1,

ABC’D’ 13 hinh binh hinh v €’ nim trén BF.

Tiép theo, ta djch chuyén s2 tir 0 din dén 1

A

¢ =a" +b° =2ab.cosC.

Vé hink: Bén ngodi A4BC dymg cdc hinh vudng
BCDE, ACFG va ABMN. H 1A tryre tim ciia A4BC.
Céc dudng cao BM,,CN,, 4K, cia A4BC khi kéo
dii cit cdc cgnh hinh wudng lin Tugt tai
M4, N,,K,. Céc dudng thing tr D, G, M lin lugt
song song véi AC, 4B va BC st ciit cic dudng cao
kéo dai lan heot tai 1,1, 1,

E K 3}

: , Truée hét, ta bit diu phép bién ddi dién tich cho
O trang thi cudi ta thiy C*'= L vi tir 2 phép bién  hinh chir nhit AM MG .
43i bio todn dign tich trén, ta ¢6 S, =S, . O Bude I: To thanh trugt va dich chuyén cdc diém

—_—

diy dé chimg minh C” s& tring Véi L, ta cdn M, M, theo vector M,B
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sl = slider(0,1)
M1’ = Translate(M1 s1 *vector(M1,B))
M2’ = Translate(M2 51 *vecton(M1,B))
Polygon(4,G.M2'M1")
Budce 2: Tao thanh trrgt va thye hign phép quay
90° theo chiéu kim ddng hd quanh A

s2= slidcr(o.—%{)

M1’’'= Rotate(M1',-s2,4)
M2''= Rotate(M2',~s2,4)
G '= Rotate(G,~s2,4)
Polygon(4,G' M2 M1")
Bude 3: Tao thanh trugt va dich chuyén M," va
G' theo vector CN,
53 = slider(0,1)
M2'"'= Translate(M2 '’ s3 *vector(C,N1))
G ''= Translate(G';s3*vector(C,N1))
Polygon(4,G"",M2""" . M1"")
Ta tién hanh thao tic cdc thanh trugt nhu sau:
Bit ddu tir trang thdi s/ =0, s2 =0, dich chuyén s/
din vé 1:
si=0

i
N\
>

M /
n /
8 [ K c
n
E K D
s1=05
—_—
2=0
G
s3=20
*—_—

n/
/
M/
L)
Bl C
/"
E'ﬁlﬂ D

-
G
0220 0/ M2
— y .
s3e0 // N
e S Vav \\
N Lrg N

N

Khi ndy M, s& tring véi B va M, s& tring vdi
I, (Chimg minh: Ta c6 AM, =GM, va dé diang
chimg minh dugc A4BM, = AGI,M, (g.c.g) nén
BM, = I,M,. Dong thi ciing c6 Bl, = AG=CF.
Ma BL, // CF nén BLFC la hinh binh hanh va
LF I/ BC. Piy la két qua quan trong khi ta xét
trudng hop cua hinh chir nhit M M,FC).

Tiép tuc dich chuyén s2 dé thyc hién phép quay.

si=1
s2=05
—.————
s3=0
M
si=1
2=157 ¢ M2
s3=0
ol A R 2
N2
M1
: /o
A
B Kt C
/ "
Er K2 2}
; TOAN HOC 4 ~
S3564(6-2029 ¢ CTyifpe 17

Dugc quét bang CamScanner


https://v3.camscanner.com/user/download

Khi hoan thanh phép quay 90 d¢ theo chiu kim
ddng hd quanh 4, ta duge M,"=N,M," =1, va
G'=C. Hién nhién N 1 4nh ciia B con C 14 anh
ciia G qua phép quay. Ta chi cin chimg minh I,
¢ anh 12 I; qua phép quay. Vi 4BI,G 1a hinh
binh hanh nén GI, // AB hay G, L CI;. Do d6 gbc
A/(-}T2 = A/C73 (g6¢ c6 canh tuong mg vudng goc)
va GI, = AB=AN. Chimg minh twong ty phin
trén ta dugc ANLC 1a hinh binh hanh nén
Cl,=AN =GI,. Déng thdi AG =
AAGl, = AACL

AC nén
nén Al, =AI, va gbc
GAlL, = CAL,. Tit quan h¢ ndy c6 thé d& dang
chimg minh Al L Al;. Viy 14 ta di chimg minh

dugc I3 1a anh cia I qua phép quay.
Tiép theo, ta cho 53 ting dan tir 0 dén 1.

si=1
Sty G

$2=157 M2
—
83=1
1
*F
A 12
N2
M1
M
13
(c3
B it c
"
E K2 D

ta dugc anh cudi cing 1 hinh chir nhat AN,N,N .
Céch ching minh tuong ty nhu trong truéng hgp
chosl.

Chimg minh twong ty cho céc cip tam gidc con lai
ta dugc cac cip dién tich hinh chir nhit bing nhau
nhu dudi day:

TOAN HOC ;
& Uﬁlmé S0 564(6-2024)
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& M2
N A e
\) 5
N2 1 W1
M Sg N
B [K1 C
S; S,
E K2 D

Do dé: ¢ =8, +8, =a® +b* -25,.

Ma §,=CM,-CF =(BC-cosC)-AC =abcosC
nén ¢? =a® +b% -2abcosC.

Két ludn, Bai viét trinh bdy kha ning sir dung
phin mém hinh hoc dong GeoGebra trong day va
hoe mét s6 djnh Iy hinh hoc nhé phuong phap giir
nguyén di¢n tich, qua d6 hy vong ban doc c6 thé
thdy duge thé manh cia GeoGebra trong kha niing
gitp ngudi hoc d& ding tiép thu vd cdm nhin
nhimg vé dgp cia cdc dinh Iy ndi tiéng va khé
chimg minh, khé hinh dung khi chi ding phuong
phép suy lugn thudn ty. Hy vong ban doc c6 thé
sir dung GeoGebra trong day va hoc nhiéu véin dé
khéc trong chuong trinh toén phd thong ciing nhur
trong nghién ctru toén,

TAI LIEU THAM KHAO

[1] Euclid, Co so ctia Hinh hpe, NXB Tri thirc,
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[2] Hazard, W. J. (1929). Generalizations of The
Theorem of Pythagoras and Euclid’s Theorem of
the Gnomon. The American Mathematical
Monthly, 36(1), 32 - 34,
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NS ok e _wk/
CAC LOP THCS

Bai T1/564 (Lép 6). Chimg 19 ring
_.;.i.;. ! ‘
R ERARETIYIN T
NGUYEN bUC TAN
(TP. Ho Chi Minh)

Bai T2/564 (Lép 7). Cho cdc s6 nguyén dwong a,
b, ¢. Chimg minh
3a 2b Se
= + +
Ja+35b 2b+3¢ Sc+2a
khong 13 s tw nhién.

1
ot

TA KHANH HA

(GV THPT cluyén Ha Ngi - Amsterdam)

Bai T3/564. Cho m, n 1a céc sé nguyén duong
théa man m > n >1. Tdn tai hay khdng m + n 6
nguyén duong phin biét sao cho tdng cia m 6 bit
ky trong ching chia hét cho tong cia » s6 cdn lgi?
HOANG NGQC MINH

(GV THPT cluvén KHTN, PHQOG Ha Noi)

Bai T4/564. Cho tam gidc ABC vudng tai 4 véi
dudmg cao AH. Goi ry, r; theo thir ty 13 bin kinh
céc dudng tron ndi tiép cic tam gidc AHB, AHC.

440032,
n+n 2

Chimg minh

CAO HAI VAN
(GV THPT Nguyén Chi Thanh, Pleiku, Gia Lai)

Bai T5/564. Cho a, b, ¢ 1 ba s6 duong. Chimg

2¢¢ 2 &
minh —t—+—22a+
rénng: b+ec b &

TA HOANG THONG
(TP. Ho Chi Minh)

CAC LOP THPT
BAl To/S64. Gid sit a, b, ¢, 4, B, C, D 1A cic sd
thye théa min (Ax+ B)Cx+ D)=ax® +hx+c vai
moi 86 thye x. Chimg minh ring ¢4 it nhit mdt
trong cdc s0 a, b, c khdng nho hon

4(A+BYC+D)
- ,

NGUYEN DUY LIEN
(GV THPT chuyén Vinh Phiic)

Bai T7/564. Gidi h¢ phuong trinh

{3‘“" =(\/y’ +1 +_v)(s/x“ +1 -.r’).

3 -3t 2203 45y 41
NGUYEN TAT THU
(GV THPT chuyén Lwong Thé Vinh, Dong Nai)
Bai T8/564. Cho tam gidc ABC véi 4B =
BC=a, C4A = b. Chimg minh
2 _p2
coos(8+£)—bcos(c+£)= el
3 3 2a
LA DAI CUONG
(GV THPT Cam L§, Qudng Trj)
Bai T9/564. Cho d 1 mt sd thyc dwong va f1a
mdt ham sé xdc dinh va c6 dao ham cdp hai trén
R. Chimg minh ring ton tai ¢ € (=d; d) thda médn

d’*f7(c)= f(d)-2f(0)+ f(-4).

NGUYEN HUY HOANG
(SV 16p Sw pham Todn K45, PH Quy Nhom)

TIEN TO1 OLYMPIC TOAN

5]

Bi T10/564. Cho a=) 2'C¥ va b=) 2'Ci",
=0 =0

(>4F ]

\
wong 86 C* s mttance
8 e RN

phén tir. Hiy tim wéc s0 chung 16m nhét cua a va
b.

1a 56 t6 hop chap & cia n

NGUYEN VIET HUNG
(GV THPT chuyén KHTN, DHQG Ha N¢i)

OAN
T'cué'fé‘éw
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Bai T11/564. Tim tit ca ciac ham sé lién tuc
Sf:R">5R" théa man:
f(x):2,VxeN’
f(2x)=2f(x),VxeR*
S (x)=4x1(x),VxeR*
TU HOU SON
(S0 GD&DT Ha Tinh)
Bai T12/564. Cho tir gidc ABCD. Diém E thuc
AB. Diém F thay ddi trén CD. Céc diém M, N theo
thir twr 13 hinh chiéu vudng géc cua C, D trén EF.
P 1a giao diém cua dudng thing qua M vudng géc
véi AD va dudng thing qua N vuéng goc véi BC.
Chimg minh ring tim dudng tron ngoai tiép tam
giac MNP chay trén mdt duong tron cb dinh.

NGUYEN MINH HA (Ha Ngi)
LUU CONG BONG
(GV THPT chuyén DHSP Ha Ngi)

Bai L1/564. Mot chit diém dao dong diéu hoa
Ut ,
theo phuong trinh x = 4cos“T‘t (x tinh bang cm:

t tinh b:ing s). Ké tir t = 0, chat diém di qua vi tri
¢6 1i @) x = — 2 cm lan thir 2011 tai thi diém niao?

VIET CUONG (Ha Noi)
Bai L2/564. Bing mt dudng day truyén tai, di¢n
ning tr mét nha mdy phit dién co cong suat
khong d6i duge dua dén mdt xuong san xuat. Néu
tai nha may dién, ding may bién ap o ti sé vong
diy cua cu¢n thir cap va cudn so cap 1a 4 thi tai
noi st dung s€ cung cflp du di¢n nang cho 80 may
hoat déng. Néu ding mdy bién dp c6 ti s vong
day cua cudn thir cdp va cudn so cip 13 10 thi tai
noi st dung cung cip du di¢n ning cho 95 may
hoat dong. Néu dit xuong sin xudt tai nha miy
dién thi cung cip du di¢n ning cho bao nhiéu
may?

THANH LAM (Ha Ngi)

PROBLEMS IN THIS ISSUE

FOR SECONDARY SCHOOL

Problem T1/564 (For 6™ grade). Prove that
Lisiliau ) | 2
— bt <.
Wl e 2024 24
Problem T2/564 (For ™ grade). Given positive
integers a, b, c. Show that
3a 2b Se
= - +
3a+5b 2b+3c¢ 5Sc+2a
cannot be a natural number.

A

Problem T3/564. Suppose that m, n are integers

satisfying m > n >1. Do there exist m + »a

distinguished positive integers so that the sum of
~ arbitrary m numbers among them is divisible by
~ the sum of the n remain numbers?

Problem T4/564. Given a right triangle ABC with
the right angle at 4 and the altitude AH. Let ry, 1

5O HOC

' CTudilre S48 564(6-2024)

respectively be the inradius of AHB, AHC. Show

AH ... 2

that 2l+—.
n+n 2

Problem T5/564. Given positive numbers a, b, c.
Prove that

2b2 c!

2 y |
-i-+ +—22a+c.

b+c b+c

FOR HIGH SCHOOL

Problem T6/564. Suppose that a, b, ¢, A, B, C, D
are real the

(Ax+B)(Cx+D)=ax* +bx+c for every real value

numbers  satisfying equality

of x. Show that at least one number among a, b, ¢

is not less than
4(A+B)(C+D)
9 <
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& Problem 17 364 Solve the system of
i‘va‘_ 1.2 vVt 41 <2’
jons 1 (\\ 1 _\)(\.\ S )

B =2 2 23 e Sred

Problem 1X¥ 364 Given a tangle ASC with
AR = o BCw @, C4 = A Show that

-

cm{n - 5\-‘— M\\s‘ Ce
) v O3 @

Problom 19 Sod. Given a positive number o and
£ a function which has second denivative on R
Show that there exists ¢ € () ) such that

@O = A =200+ (=)

TOWARDS MATHEMATICAL OLYMPMAD

number of teombinations of # elements. Find the
greatest common factor of @ and b,

Problem 111 %64 Find all continuous functions
PR R sanisfying
fldvaeN

FERO=2 e R
FUUT N = (L Ve R

Preblem 12 Sod Given a quadnilateral 48CD, a
point £ is fixed on A8 and a pommt F varies on €D,
The points M, N respectively be the perpendicular
projection of C, D on EF, Assume that P is the
intersection  between  the  line  through M
perpendicular o AD and the hne through N
perpendicular to BC. Show that the circumoenter
of MNP belongs to a fixad circle.

DR NGUYEN PHU HOANG LAN
(Unmiversity of Edwoation, VNU, Hanoi)

"'-'""“"'I"‘IIlllllliiIi\l‘iﬁililllli*Illllll*‘lillll!l‘il"l!"ii"’l.‘l.ﬂ“‘

Problem T10 304 Let a-il‘(‘f‘ and
ey
fea}
LS !
=Y 20" where Cla—e s e
& ke S R
PHAT TRIEN ... (T3 theo trang J)
Ap dung BDT(**) ta et
32 3(eed)+2ad)
a+d c+d (@ +d)(c+d)
2(3c+3d «2a+ ). - 1)
(asd+c+d)
S .. - S
(@=clib= 4) (@a+deced)
Cong theo V¢ hai BDT trén ta ob:
3 3 a+d 12

~ - ~

a+b‘coJ*(a Qc\(b*-.'” Tasbiced

Al & & ~ b2 Bt 2as A sl aay AP B3
m. Oa- (-’.J t:. -"\ K ted ey oW \u':ir TG MY lam
s Chame mink radwe:

CELNEN ‘ h..\{ AR T ‘L

7
~

(<*a) ‘
; .":“j--“‘l b (\’.

& A 2 -
N T v o

Hwdng ddn. Vi, b, ¢ > 0 14 & dii ba canh cua
mit tam g ndn theo BOT tam gide ta o

Aa+d>¢>0 a+e>d>0c+b>a>0

Ap dung BDT(**) ta dwoe:
S R o HENP IR S SR
asd=c ola+d-o) (c+asd-c)
:M)«.
a+b-¢
Chimg minh tromg tr
U’#(‘ 4‘ &——2&
-a+b+c a-b+c
Cdng theo vé cée BDT trén ta ol
2
a+b) (bn) (c+a) SA(aeh )
a+b-¢ 4+b+¢ a-b+c

TOAN HOC
sssea-2020 ¥ eugippe 2 1
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33!.1 %
1 .¢(

Gaika
L s [ N

" 'nvnumc" '\ \

¢ :
f"JI““’. \ "h’”vr S -'-)i>‘ ‘: ‘\
‘!‘ ) Jap

Bai T1/860. Cho toay A

s0 nguyen to. Tim p sao cho 4 ¢o dung 8w S0

= pt 498, trong Jo p ki

nven diong,

Lai gidi. Xét s8 nguyén td p.
+Véip=2tach: 4 =27+95=99 =311, sd ndy
6 6 ude sb nguyén duong 1 13 3; 9; 11; 33; 99,
khong théa mdn.
+Vdip=3cod =3"+95=104 =213, sb nay
06 8 wde sb nguyén duong 14 15 2; 4; 8; 13; 26; 52;
104, thda min.
+ Xét s6 nguyén t& p > 5 thi p 1A s 1& vi khdng
chia hét cho 2, cho 3, vi thé p c6 dang 6k + 1 hoje
6k -1 vaik>1.
-V&ip=6k+1thid=(6k+1)+95
=36k + 12k + 96
= 1243k + 1) + 96.
S6 96 = 24.4, cdn A(3k + 1) 14 6 chin dd s§ & 1
hay chin, do 6 s A = 24k véi s nguyén duong
h>2.
-V&ip=6k-11thi
A = (6k = 1)'+95 = 368 - 12k + 96
= 1283k - 1) + 96.
$6 A3k - 1) 14 56 chin di sd & 1¢ hay chin, do 4o
sb A = 24n v6i s nguyén duong n > 2. Nhu viy
voi p ¢6 dang 6k + 1 hodic 6k - | thi sd 4 o0 it
nhit 9 ude s6 nguyén duong 14 15 2; 3; 4; 6; §; 12;
24 va chinh s§ 4 > 24, khong thda min. Viy sd
nguyén td p phdi tim 1 p = 3.

TOAN HOC
C]'udmé S4 564(6-2024)
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Nhdn xde. Co thd et bat todn ndy ki thay & o4 94
v yéu cdu sd 4 co nhidu woe sd nguydn duong how

Cée ban san ¢d W gt Qung. Thdl Winh [ew Dip
Chi, 6AS, THUS Ky B4, TP, This Bish, NgM An
Newdn Thii Ding, Pham Ngww'n Npwat Lisk,
Ngwwdn 8P Bdo Lomg, Dwomg Mink Quang, Phom
Hdng Qwadn, 61, THCS Ly Nhit Quang, DO Luong

NGUYEN VIET HAL
BaAL TS0, Cho

] 4 3
o wones b & - L |
124% 2386 lan? 2021 022 2024 0.3

. .
So vanh A Wi -
s

Lov gidi. Trude hit ta chung minh ring
ned

n(na1)(ns3)(ned)

1 T
":'[n(n.\)‘(“n(nu)J i

Thit vy, ta od:

1 1
n(n+3)-(u+l)(n+4)

. (ne1)(ned)=n(n+3)
n(nal)(ne3)(n+d)
_ i +Sned-n’-3n
n(ne)(m s )(n e d)
2(n+2)
n(n +1)(n+3)(n+4)

l[ 1 |
2| n(n+3) (n+|)(n44)

Thay lin lugt 2 =1,2,3,.,2021 vao (1) rdi cdng

2023
L I
2021.2022.2024

2028

+ -
2021.2024  2022.202%

(_'__.__L__ gl
14 20222023) %
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Nagn xd, C6 th giai bai todn blng cdeh:
Chimg minh

6(n+2) \ \ ai
n(nel)(ne \)(Mwl) n(-nl) (re3)(n+4) -
| \

R T N

v b ¥ () thay Ma gt

n(asl) 2 asl

R® l‘cn\ \~\-0‘l \i ‘P d\‘w ‘2‘\ “‘ N‘ x\‘n‘ ta

doess 0= 000 TR Sy
Cée han sau ddy o0 bai gidi 1t

Phit Tht Ceo Dwy Hwmg, TA, THCS Nguyén
Quang Bich, Tam Ndng, Thin dnk Duix, Tridu Ank
v, TAX, THCS VA Dud, Lim Thao; Quing Ngii:
Irdn Van Phung, 6C, THCS Nguydn Kim Vang,
Hich D, Nghia Hanh; Ngh An: Ngwwen SV Béo
Long, Ngwwn Thii Darg, 6B, THCS Ly Nhit
Quang, DO Luong: Thai Binh: Lwu Digp Chi, 6A3,
THCS Ky Bd, TP. Thii Binh; HA Tiah: Ngwen
Hodng Phwong Lé, 7A, THCS Hodng Xuin Han,
Dic Tho: Sée Trang: Ngwwdn Tdn Phde, 911,
THCS Ly Thudng Kigt.

NGUYEN ANH DONG
Bai T3%e0. Chumg minh ?‘.';\7;;.: VOT MO S0 e nhidn
w thi hice (Qr)Y" <1 Rhong thé Ja Iy thava cila

w30 e whidn Vor S0 ma e dwong Wi lon

dom 1.
Loi gidi. Gid sir tdn ti sO te nhidn x VA s0 nguyén
dwong & véi & > 2 sao ¢ho
@)™ -1 =
h‘y l(zn)lﬂlll + |)]‘[(~2n)|ﬁlll _ I)l ‘J!.

Nhin thiy (h)mnu -1va (h)mu. +1lhaisd w
nhidn ¢ lidn tiép.
Goi UCLN((".’A)M"'« . (2‘")“)“»+ ) =d (@l
sd tyr nhidn), suy ra

(@22)°"" +1) - (@)™ = 1) = 2 chia hét cho d,
md o 13 s6 16 nén & = 1. tire 1 hai s6 20" - 1)
W (22)"" + 1) nguyén td cing nhau.

1W0ile

DO dd '™ = A @)™ w1 = b (v
1 <a<b avddcic sd te nhidn, (a d) = 1)
nén B -a' =2 (1)
Mitkhic, do t €a<bvad>2ndn
b -d
w-a)d b e et a2
Ta thdy (1) va (2) mau thudn nhau, nén didu gia si
13 sai.
Viy (20 - 1| khong thé 14 Ny thira cia mt s
tr nhidn véi s& mi nguyén duong va Im hon 1,
Nhgn xée. DAy 1 bii todn vin dung Kidn thire vé sé
hoo va tinh chia hét @& gidi. Cac ban g bai khong
nhidu, tuyén duomg ban  Hodng Vin Nhdn, SC,
THCS Ly Nhit Quang, DS Luong, Ngh¢ An ¢d 1
gidi chiit chd va ngdn gon.

PHAM TH| BACH NGQC
Bai TH860. Cho didm 4 ndm ngodi dwong 1ron
(O) Qua A &¢é hai ficp nvén AB, AC v (O)
(B. C thude (). Ke dwong kinh CD cuwa (O). Ticp
raven dai D cnia (0) o dwomg thiang BC i E, AD
cat BC wi 1. Chimg minh Ol vuong goc wi AE.

L gidi,

e
Goi F 1A giso diém thir hai ctia AD v&i dudng trdn
(O), H 1 giao diém cia A0 va BC.
Ap dung b¢ thire trong tam gidc vudng ABO ta 06
AB* = AOAH (1).

TOFINHOC23

S3564(6-2024) ¢ CTudilyeé

Dugc quét bang CamScanner


https://v3.camscanner.com/user/download

Chi v g ABE < ADE (g g) nén ta o
AR = AFAD )

T (1L (2) suy ra b gide FHOD W nr gide odi tidp.
Suy HFO = HDO (0
Mt Khie, Wi EDO = RO = 90° nn i gide DENO
Wt gide ndi i, do 8 HDO = HEO (4),
T O (@) suy ra WO = HEO , nén tr gide EFHO
AL
Viy cde didm £ MO, D, E cdng thude dudmg trdn
Awdng kich OF, do 88 EFO = EHO =90°, suy m
EF 0 tdp aydn cda (O)
Theo tinh chit hai tidp tuydn clt nhau ta 0 47 L OF
VA ET L A0, Do 88 71 e tim tam gide AOE, Suy ra
Ol L AE.
Nhgn xét Chi o ban L& Thi Ngdn Tim, 9G, THCS
Phan Dinh Phing, TP. Ddng HA, Quang Trj cho i gidi
dang.

NGUYEN THANH HONG
Bai TS/860. Cho x. v & cudc 50 thire thoa man dicu
kien 2x° - RIS ‘-l\ =6. Tim gid tr§ iom nhat va
id ri nho nhdt ciia dicu thine P = X
Loi gidgi. (Qva ban Ngwwén Chanh Thign, 912,
THCS L& Quy Dan, TP, Hd Chi Minh).
Tir gid thiét ta 06 nhin xét 1a x va » khong ddng
thi bing 0.
Néu y = 0 thi tr gia thiét ta duge x° = 3. Suy ra
P=x =3

Xéty = 0. Ditx = v, Khi do:

£ X +2y
6 2% =dp+dy’ :
y 2(:‘-) “3. 544
n“ "‘
.2
2 -3+ 4

S QAP-6) =3Pr+4P-12=0 ().

24TORERE_ sssauesonn

Né&u P = thir= 0, suyrax = 0,
Xé&t P e 3 khi 46 2P - 6 # 0 va (*) 1A phuong
trinh bic hai dn ¢, DE PT(*) ¢d nghidm thi

A=OP — 4P -6XAP<12)20
APy ~[4J§u'-n]: >0
c»[(.\-w‘z'u'»lz\li}[u‘«.”iw 12V :]m

L) A
Y "3‘ Ps ‘.,.‘" .
4243 423
1242

\ £ . .
Khi f=—==<y2 tire la kin
¥

Viy minpe= T——

' W2
(\*\) [ J- n J4J-3+3] h“é\
(“1"\~)=(_J OJ‘ |

4

V243 \J-w‘ﬂ
12V2 i a2 o e ki

ll\&‘P=m v
()= 2 J 3
a2-3"Vav2-
=\
‘\‘ 1

Nl | 6V2 N- |
(ey)= [\/-zf 3 \LJE-.\ |

Nhgn xét. Chi ¢6 ban  Thi¢n tham gia gidi bai nay.
Xin hoan nghénh ban.

.
- {

NHU HOANG

Bai T6/560. Cho cic 56 thie a. b, ¢ lom how |

thoa man 2@+b+c)=ab+be+ca (D).Chimg
minh ring

a b ¢

f_» + ) ?
N BN, |

b S |
o~

o)

v3 Q).

Jai -1

Loi gidi (Cua ban Lwu Di¢p Chi va da sd cée ban)

Tr gid thiét (1) ta ¢6:
6(a+b+c)=3(ab+bc+ca)$(a+b+¢')=.

Suyra: a+b+c26 (3).
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Ta ¢b:

2) & —= - + ~b —
( )a\/(;b-—li)(bﬂ) \/(‘.MT-})(t‘#l)

+ —""_.......f_‘...\ i ;,\_ 2 (. .
J(3a=3)(a+1)
Ap dung BDT Cauchy cho hai s6 diong ta ¢6:

b -~
JE =R s 2 gy,

Suy ra:

b
-

a - a - a
J3b=3)(b+1) 2b-1 2ab-a’
bl
J(Be=3)(c+1) ~ 2be-d’

c)

¢
2 .
J(3a-3)(a+1) 2ca-c
Cong vé véi vé cdc bit ding thire trén ta cé:
a’ b’ ¢

Tuong t:

VT(¥) 2 - + 3
2ab-a 2bc-b 2ca-c
Ap dung BDT Schwarz, két hop véi (3), ta duge:
a’ b’ c
+ +
2ab-a 2bc-b 2ca-c
5 (a+b+c)
2(ab+bc+ca)-(a+b+c)
_ (a-i-b+c)2
“4(a+b+c)-(a+b+c)
___a+b+c22.

Viy (*) hay (2) dugc chirng minh.

Nhdn xét: Tt ca cac ban da guri bai ¢ 191 gidi tdt:
Binh Djnh: Nguyén Hé Ding, TP. Quy Nhon, Ddng
Thép: V6 Hai Yén, 11H, THPT chuyén Nguyén
Quang Diéu. Ha Tinh: Nguyén Khdc Anh Minh, 10
Toén 2, THPT chuyén Ha Tinh. Ngh§ An: Nguyén
Vin Dirc Thang, 9A, THCS Quynh Trang, TX.
Hoang Mai, thj xi Hoang Mai. Phi The: Had
Phuong Anh, 10 CT, THPT chuyén Hung Vuong.
Phi Yén: Nguyén Tan Nguyén Chwong, 11 Toén 1,
Hupnh Trin Gia Huy, 10 Todn 1, THPT chuyén

Luong Vin Chanh. Quing Binh: Hodng Kim Lee,
11 Todn 1, THPT chuyén V& Nguyén Gidp. Quing
Trj: Lé Thi Kim Ngdn, 9G, THCS Phan Dinh Phung,
TP. Dong Ha. Sé¢ Tring: Dodn Trong Qui, 1172,
THPT chuyén Nguyén Thi Minh Khai. Thai Binh:
L Digp Chi, 6AS, THCS Ky Ba, TP. Thai Binh.
TP, HO Chi Minh: Ngwvén Chinh Thi¢n, 9/12,
THCS Lé Quy Don, Quin 3.

TA DUY PHUQNG

Bal T7/560. Cho a, b, ¢ la cac so thwe thoa min
@+ b+ =3 Tim gid tri lom nhat va nho nht
clia biéu thire

? = Id +b+3c|+|a+3b+ o+{3a+b+c
Lai gidi. a) Gid tri lon nhat
Ap dung bit ding thirc Bunyakovksy, ta c6:
P 53((a+b+3c)2 +(b+c+3a)’ +(c+a+3b)1)

=30
voi @=11(a”+5* +¢*)+14(ab+be +ca).

Suyra: P? <225, kéo theo P<15.
Khi a=b=c=1thi P=15. Viy maxP = 15.
b) Gid tri nhé nhat
Binh phuong biu thirc P, ta ¢6:
P*=0+2) |(a+b+3c)(b+c+3a)l.

o

Ap dung bit ding thirc

|x1+|y|+|:|2|.\'+_\'+:|,

PP20+2 Z(a+b+3c)(b+c+3a)l

o

ta ¢6:

=Q+67+62ab|

Y

=0 +6|R]

trong 46 R = 7+6Zab.

o
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Chuyld Q0= 31+ldzabn-[7 +620h]+—2

ov ov

=1R+—5-9
3 3

nén dp dung bit ding thire x + |32 0, ta duge:

pial 7R +6|R2 —9-+1R
3 3

~ -

LT
R R

Kéo theo: PZ‘{ Khi a—b-—% ~=-2‘f;

sf

Nhgn xét. Bii todn ndy khdng khd, nhumg ding uéc
13 khdng ¢ ban ndo cho I gidi dung va hodn chinh.

NGUYEN TIEN LAM

thi P= 3‘3/—_ Viy gid tri nhd nhit cva P 1A =—

Bai T®560. Cho dicm M nam trong tam gigc
nhon ABC. Goi D, E. F lan heot 1a hinh chiéu
vuong goc cua M wrén AB, BC, CA. Cinimg minh

MD + ME + MF > L.\!J.sin%)

. " A}
+| MB.sinﬁ\. ~1~L.\lC.sin£ | .

- -

Lai gidgi. Cach 1. (Theo ban Nguyén Tin Nguyén
Chwong, 11 Todn 1, THPT chuyén Luwong Vin

Chanh, TP. Tuy Hoa, Phu Yén).
4

1

B E ¢

Trude hét ta chimg minh két qua sau:

Véi x,y e(o;%) sao cho x+ye(0;-:—) thi

, ' . of x+
sin’ x+sin® p2>2sin (-—2'!)

Thit vy bit diing thirc trén twong duong voi:

T?@F'uggg S4 564(6-2024)

26

1-cos2x
+
a

- -

—4cos(x 4 yv)=120

l-cos2y
3

|
e>cos (x4 y)=—(cos2x+cos2y) 20

eacos(x+ p)[1-cos(x=»)]20

X=y
: >
3 )‘_0.

Bit ding thire ndy ludn ding vai .\'+ye(0;%)‘

e>cos (x4 v).sin’ (

Ta ¢6 didu cdn chimg minh. Ding thirc xay ra khi
vil chi khi x =y,

Tro lai bai T8/560, sir dung két qua trén va hwu y
tam gidc ABC 1A tam gidc ¢6 ba gée nhon ta ¢d:

MD? + MF* = m’(em MAD +sin’ \m)

22MA? sin’ '—:-;

-

ME® + MD? = MB? (sinz MBE +sin’ .\‘iEi))

22MB* sin’ g.

MF? + ME* = MC? (sin’ MCF +sin? u’EZ‘)
22MC? sin? %
Cong theo vé ba bét diing thirc trén ta thu duge:

S S e . AY . BY
MDD+ ME*+MF* 2> .‘L-!.sm—z- + MB.sm:

+(MC.sin E_) .
2

Ding thirc xay ra khi va chi khi M 13 tim dudng
trdn ni tiép tam gidc ABC.

Cich 2. (Theo ban Nguyén Duy Hing V¥, 10CT,
THPT chuyén Hang Vuwong, TP. Vit Tri, Phi
Tho).

Gia sir tam gidc ABC ndi tiép dudmg trdn (O, R).

Goi L 13 giao diém cua AM véi (O, R), dudng
phan gidc trong ctia BAC cit (O,R) tai K. Dé
thiy:
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MD = MAsin MAB = MB.sin MBA:
ME = MBsin MBC = MC.sin MCB;

MF = MAsin MAC = MC.sin MCA.
Suy ra:

MD® + ME? + MF? =%MA’ (sin? MAC +sin? MAB)
-l»-;-MB2 (sin MBC +sin® MBA)
+-;-MC’ (sin® MCA +sin® MCB).

Ta s& chimg minh:

sin® MAC +sin® MAB > 2sin’ FA—;— (1.

Tir dinh Iy ham s6 sin ta thiy:

2 2 2
0o LB ;-ILC " 21;12(
o LB +LC* 22BK* (2).

Ap dyng dinh ly codsin cho
BCL,BKC ta cé:

BC? = BL? +CL} - 2.BL.CL.cos BLC;
BC? =2BK? - 2BK* cos BKC
= BI* + CI? - 2BK* = 2.BL.CL.cos BLC
~2BK? cos BKC.
Dé ¥ ring cos BLC = cos BKC < 0, nén dé chimg
minh (2) ta cin chimg minh BLCL < BK”.

cdc tam gidc

Liy B' ai ximg véi B qua K,C' thude tia ddi
tin LB sao cho LC'= LC . Lie d6 tam gide BCB
vudng tai C. Ta cd:
— ] | g e
BC'C rEBLL =—2~HM = BR'C,
nén tr gide BB'C'C ndi tiép duimg tron duimg
kinh BB'. Suy ra:
BB'2BC'=52BK 2 BL+ LC

BL+LC

= BK 2 >JBLLC (BDT Cauchy)

=> BK* 2 BLCL.
T\r d6 biit diing thire (2) duge chimg minh.
Tuong ty c6:
ABC

2

—

sin® MCA + sin® MCB >2sin’ %(4).

sin? MBC + sin® MBA > 2sin’ (3);

Tir (1), (3) va (4) suy ra:

MD? + ME* + MF? Z(MA.sin %) +(.\lB.sin g)

+(MC.sin E) ‘
2

Déu “=" xdy ra khi M 13 tim dudng trdn ndi tiép

tam gidc ABC.

Nhén xét. Ngodi ban Nguyén Tin Nguvén Chirong
vi ban Nguyén Duy Hung V¥, Tda soan khdng nhin
duge thém bai gidi ndo khic cua cdc ban gini vé.
HO QUANG VINH
Bai T9/560. ‘Cho a, b, ¢ la cdc so thwe dwong.
Chieng minh rang
be N ca b ab

(@a+b)a+c) (b+e)b+a) (c+a)c+bd)

3 IM(M -m)

=4
4 da+d)b+c)c+a)

A

trong d6 M =max{a,b,c}, m=min{a.b.c}.

Loi gidi. Ta c6:
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(1) > dbe(d + @)+ dau(e + @) + dab(a + b)
S 3@ + DX+ eXe+ @)+ (M - m)

D ad-cr +Mc=a) +ea -0 MM -m) ()

Vim<abdesM ndntacd:
(M =m)Sa=dSM-m=afa-NSM-m

e (@=0) S(M=m) =>(@=d) < MM -m).
Tuong
a(d =) SMM =my 1 Ne-a) SMM -m),
Cong theo vé cde BDT niy dupe BDT(R). do & ta
o0 BDT cdn chimg minh, Ding thie xdy ra khi
a=bd=¢
Nhgn xé Cic ban tham gia gidi bai ndy ddu o Wi
gial ding twong tyr nha cach gidl tdn, Danh séch cde
ban 1 Phi Yén: Ngwwén Tin Ngwven Chaong, 11
Todn 1, Mwiwd Thin Gia Huy, 10 Todn 1, THPT
chuyen Lwong Vin Chinh: Phi The: Ngwdn Duy
Hang 1Y, 10 chuydn Todn, THPT chuydn Hing
Vuong, TP, Vit Tr

TRAN HUU NAM
Bai T10860. Im it od ode 8O rguven 10 p, ¢ Sa0

Pl 2023 )
¢F+1 2023 41
Loi gidi (Dya trén i gidi ca ban Ngwwn Tin
Nguvén Chwong, 11 Todn 1, THPT chuyén Luong
Vin Chinh, Phi Yén)
Khang gidm tong qudt ta gid s\t p < @
Véip=2tacd:
$12023¢ + 1= 2023 =4 (mod $)
= 3 =4 (med ).

Ditg=4k+r (1srgl)
Suy it YVe=dmodd)=>r=2=2¢=>¢=2
Thir li ta thdy p = ¢ = 2 thda min didu ki¢n bai
todn.
Xét 3< p<g. Goi r1a mdt wée nguyén 1 1& bit

k¥ cia pl el

TOAN

28 ¢ ﬁ% SG 564(6-2024)

Ta o& plel(modr)= p'=1(modr). Goi

heord, (p) Suyrah|dhay heil2.4),

N el thi plel(modr)=>r=2 miu

thudn. Viy & = 4. Theo dinh Iy Fermat bé ta cd:
plel(modr). Suyrad|r-1

Tach

Pl Al r 202 41> 2023 = <) (modr)

= (=2023)¢ =1 (modr). GO m=ord, (-2023)

=mig=>mel gl

o Néum = | thi khi d&:

(=2023) =1 (mod r) => 2024 =0 (mad r).
Taod: 2024 = §.11.23 = re {1123}, Kéthop voi
4ir = 1 ndn ta o8 didu ndy 12 Khong thé.

« Néu m = g thi theo dinh Iy Fermat bé ta od:
(=2023) "= 1 (modr) = g|r=1=>r =1 (modg).
Tacd: pP+1=25".n%, §d6r W cdc sd nguyén
1. Vi 7 =1 (mod@) véi moi i = 1, 2., & nén suy

a: pPal=2(modg)= pP ~1=0(modq)

= ql(p -N(p+D).
Taod ¢ 2 p>p =1 nén ¢ khong 1d wde cua
p=-LViyvelp+1l Tach

pSqSprlg#Ep=29=p+l
Didu ndy khong thé vi p, ¢ 1a cde s§ 18
Kétlugn:p=q=2.
Nhkgn xér. Cic ban sau ddy ¢ 101 gidi dung: Phi
Tho: Hd Som Binh |, 10 CT, THPT chuydn Hing
Vuong: Quing Binh: Hodng Kim Lée, 11 Todn I,
THPT chuyén V& Nguyén Gidp ; Phi Yén: Hunk
Tnin Gia Huy, 10 Todn 1, THPT chuyén Luong Vin
Chénh; Vinh Phic: Trdn Thdi Dwong, 8 , THCS LY
T Trong, Binh Xuyén,
DANG HUNG THANG
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Bai T11/560. Cho hdm 56 f:(0;400)—> (0;40)
théa man diéu kién: f(3x)2 f(lz- Q2 \‘)] F2v (1)

voi moi x > (. Chung minh ning S 2 x voi moi
x>0.
Loi gidi. (Theo da s6 cdc ban).

Tir (1) suy ra f(x)Zf(%f(%))+%,VxeR’

va do do f(x)z%.v.velR’.

pé y ring khi f(x)2ax véi moi xeR'va
a€(0,1) thi

163x)2 f(% f(2x)) F2x2 % £(2x)a+2x

|
25x2xxa2 +2x=(a’ +2)x

a*+2

nén f(x)2 x,VxeR".

Xét day (x,) véi x, =§ vi

2
v =21*2 93,0
3
2
Do 1>4 +2>a nén x, >x,,, tuc diy (x,)

don diéu tang va bi chan trén boi 1.

Suy ra diy (x,) hdi tu. Gia st lim x, =b thi

n—»+w0

b*+2

b<1 vatheo (3),tacd b= o b=1.

Trdoésuyra f(x)=x,VxeR",

Nhin xét. Day 1a dang todn vé udc lugng bat
phuong trinh him v6i ham mét bién twong ddi phirc
tap khi phai van dung nguyén ly hoi tu Weierstrass
déi véi ddy don diéu. Pa sb cac ban déu giai theo
cach di trinh bay & trén. Céc ban sau day c6 10i giai
dung:

Phii Tho: Nguyén Duy Hiung Vy, Lé Gia Huy,
10CT, THPT chuyén Hung Vuong, TP. Viét Tri;
Pha Yén: Huynh Tran Gia Huy, Dinh Quée Duy, 10

Toan 1, Nguyén Tin Nguyén Chwong, 11 Toén 1,
THPT chuyén Luong Vin Chéanh.

NGUYEN VAN MAU
Bai T12/560. Cho tam gidc ABC ngi tiép duimg
tron () va mot diém P bdt ky nam trong tam gidc
ABC. Gid sit BP ¢t AC tai E, CP cdt AB tai F,
EF cit BC tai D va AD cdt lai (O) tai mgt diém O
khic A. Goi R la giao diem ciia PQ va EF. Chimg
minh rang dwong tron dwong kinh DR va dwomg
tron (O) truee giao.
(Hai dwong tron duoe goi la triee giao néu chiing
cdt nhau va tiép tuyén cia hai dicong tron tai moi

giao diém vuong goc voi nhau).

Léi gidi.

Goi U, ¥ 1a cac giao diém cua EF va (O); K, L, S,
N theo thtr tu 1a giao diém thir hai cua BE, CF,
OP, AP va (0); J la giao diém cua EF va KL.

Ap dung dinh 1i Pascal dao cho siu diém
(ﬁi}, chu y ring J, E, F thing hang, suy ra J4
tiép xic vai (0) (1).

Qua phép nghich dao tdm P giir nguyén dudng
tron (0) cac diém Q, N, K, L theo thir ty bién
thanh céc diém S, 4, B, C.

Tir do, ché ¥ ring phép nghich dao bao toan ti s6

kép, ta co:

TOAN HOC
0s29
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(S4KL) = (ONBC) = A(QNBC)
« ADPBCY = <1 ().
T (1) va (2) suy ra JS tidp xie véi (Q). Do do:
(UVDR) = QUVDR) = Q(UVAS)
= (UVAS) = -1,

(Cha ¥ rdng J4, JS tidp xie voi dudng tron (O) thi
AVSU A wr gide didu hoa),

Viy dudng trdn dudmg Kinh DR trye giao voi
dudmg trdn (0).

Nhgn xée. 1) Bai todn ndy kho, chi ¢o hai ban tham
gia gidi, tuy nhidn 1 gidi cva cd hai ban déu dai.
2) Xin néu tén cd hai ban: Phii Tho: Nguyén Duy
Hung 17, 10CT, THPT chuyén Hing Vuwong, TP.
Vit Tri; Phi Yén: Nguyén Tdn Chwong, 11 Todn 1,
THPT chuyén Luong Vin Chénh.

NGUYEN MINH HA

Bai L1/560. Mot con lac 16 xo dat trén mat

phang nam ngang gom lo xo nhe o
d¢ cimg 20 N/m va vdt nho khoi heong 400 g. Hé
SO ma sdt tregt giwra vat va mat plufng ngang la
0.1. Ban dau giir vdt o vj tri lo xo bi dan 6 cm roi
budng nhe d@é con lic dao dong tat dan. Lay
g = 10 m's". Ké ur hic buong vit cho dén thoi
diém toc d¢ cua vat bat dau gidm, thé nang cia
con lac lo xo da giam mét heong bang bao nhiéu?

Lai gidi. Tai O, ta co:

FJI =Fum Qk‘o=/""g

2z = pumg _ 0,1.0,4.10
k 20
=0,02m=2cm.

Ngay khi qua vj tri cin bing O thi toc d¢ bit ddu
gidm, thé ning cua con lic 16 xo giam:

3 0 T?g?umcé S3 564(6-2024)

A, = et - L
2 2

- -'2-.20.(0.06)’ -%.20.(0,02)2

=0,032J =32ml.
Nhin xét. Chiic mimg hai ban da c6 loi giai dang
cho d¢ ra ki ndy: Pham Xuin Khénh, 11A2, THPT
Tam Phudce, Bién Hoa, Mng Nai; con ban thir hai
khong ghi tén va dja chi dé ching t6i tuyén duong
ban.

DINH TH] THAI QUYNH

Bai L.2/560. Chiéu danh sing tring c6 huic song
tir 038 pm dén 0,76 am véo hai khe trong thi
nghi¢m Y-ang. Tai vj tri tmg vdi van sang bdc 3
cua anh sang tim co buoc song ). = 0,4 xm con c¢o
vdn sdng ciia dnh sang cé budc song bang bao
nhiéu?

Léi gidi. Néu tai M c6 birc xa khac cho vin sing
tring vdi van séang bac 3 cua birc xa tim:

1,2.10°
k

x=x,kA=34=>A= (1.

Theo d& bai: 0,38.10° <4<0,76.10° (2).

Tir (1) va (2) suy ra:

0,316 S%S 0,663.

Vi k nguyén nén k =2 hojc k=3.
Viy M thém birc xa cho vén sing la:
A =0,60um.
Nhgn xét. C6 hai ban cho 15i gidi ding: Ddng Nai:
Pham Xudn Khdnh, 11A2, THPT Tam Phudc, Bién

Hoa. Con m{t ban gidi ding nhung quén khdng ghi
ho tén va dja chi vao bai lam!

NGUYEN XUAN QUANG
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'8 Bh
N

Trong pham Vi bai viét ndy, ching tdi xin gioi
thidu 11 ban doe cdch gidi mdt s6 cde bai todn Dai
3 « Gidi tich theo hwdmg hinh hoe, oy thd bai vidt
wr dung cde kidn thire lidn quan i dwdmg thing,
dwdng trdn trong Mt phing tog 4o Descartes dé
phin nhin bai todn mdt cdch tryre quan, mach
lpe. Hy vong qua bai vidt, ching ta o6 thé it nhidu
trang bi thém cho minh nhimg kinh nghi¢m &é
il cdc i todn twong .

Thidy L Jm v 8t o e Qi trf thye cha tham SO

e Sue of L ¥ ‘m“.\' trink NMAEAX+tVR-=-X=2MN 0
AR ;’.»L
l’?

ol 3
Xét m < 0. Phuong trinh v0 nghi¢m.
Xét m =0, Pharong trinh thinh:
J.;+\’(:\-*=0@.\‘x0.
Xét m> 0. Dt vakrsXxe
vm=-x=Y20
- 2
T bl R
m-x=Yy?

Tir phurong trinh di cho tacd X & ¥ =m.

Xem X+ Y =m i phuong trinh dwdng thing A,
X?a ¥t =2m 1 phuong trinh dwmg trda (C)

tmng mat phlna toa a¢ on (m s aum e
(O) it chidu duong cia céc true OX, OF lin et
ti A, 8. Ké OK L AB (K € AB), goi M 1a giao
didm cda OK véi cung A8 (hinh v2),

Tinh duge:

d(().A)n%. O =2m, OK =m.

Phuong trinh ¢o nghi¢m khi chi khi A o6 diém
chung vdi cung AB. Din dén:
OKSJ(QA)SOH@J;S%SJ-!;
H2<mLa
Viy, ¢ phuong trinh o6 nghi¢m thi 2<m<4
hodc m =0,
Thi dy 2. Tim a4t o odc gid rf thie cua tham so

m sa0 cho phwong trinh 4V-x" +6x -5 = m~
o0 nghiém duy nhat.

Lov giai.
clk"
N
Y
a
N |
>4 >
ol Y™\ o S\ \x

Dit y=vV-x?+6x=-5 = =n? 1 6x-$

o (x=3) +37 =4 (y20).
Phuong trinh di cho trd thinh 3x+4y-m=0,

Phuong trinh di cho 6 nghi¢m duy nhét khi va
chi khi dudng thing d:3x+4y-m=0 Vi nra

S3 564(6-2024)
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dudmg trdn ((‘):(\\‘—3): Ayt =d (r20) o duy
nhdt mot didm chung, xét trong mat phing tog dd
Qo

Suy ra edng thing o ndm gidra hai duwdng thing
a VA b (d o0t ting W0 . Khng ting b)
hode o tring vt udng thang ¢, trong d:

Dudng thing @ dx4dy=m=0 di qua didm
(k0) ndn tim duge m, =3,

Dudng thing b dvedyv-m=0 & qua didm
(5:0\ ndn tim dupe m, =13,

Pudng thing ¢:lv+dy=m=0 tidp xi¢ véi mira
Audng tron ndn tim deee =19,

Viy 3<m<1S hode m=19 thod min ydu cau
bai todn,
Thi dy X Tim &ir od qde @id i the ik tham s0
m S0 Cho phwong frink

sy +(m=1)cosx+m=0

. -~

|

i
QO RERICm X €| l\;-‘~ 1\
|

~ -

Lo gidi.

.
= 4

Dat X =sinx, ¥ =o0sx

N

Do xeloc"] 22X, 720w X+ ¥ =1 (C)

Pharomg trinh di cho tnd thanh:
X +(m=1)Y+m=0 (d).

Xét trong mit phing tog 4 OXY ta 0d dwdng
thing @ Vi mt phin tr dwdng dn (C) nim &
gdc phin tr thir nhit.

TOANHOC |
32 Vemdipe  SSseas-02e

|
Nhin thdy @ di qua didm od dinh (-;;-I) v d
phai ndm gia hai duomg thing @ va b (d od thé

ting v @ hode b).
Dudng thing 5:20 +(m=1)Y +m=0 di qua

didm (0:1) nén tim duge m, —-1-

Dudng thing @:2X +(m=1)Y+m=0 d&i qua
didm (L0) nén tim duge m, = <2,
Viy =2€<ms % thod man yéu cdu bai todn,
Thi dy 4. Tim tar cad cdc gia iy thee cua tham so
m sao cho k¢ Nt planomg trinh

[O0<x+ ysl
\[\‘ + y \E\\-t m>1

o0 nghidm duy nhat,

Lo gidi.
VA
b
NG
,/":
o) v
O<x+y<li

Tach: HPT&
2v+m21-(x+y)

O<x+y<l )
A 2 2

{(x-—l) +Hy=1) sm+1 (2
Mién nghi¢m cda (1) 13 phin nim gitra hai dudng
thing a:y=-x; biy=-x+1 Wy ca dudng
thing & va khong liy dudmg thing a.
Néu m<-1 thi h¢ vd nghi¢m.
Néu m> -1 thi mién nghi¢m cua (2) 1 hinh trdn
(C) 6 tim Z(131), ban kinh R =Vm+1 (ké cd
bién).

Dugc quét bang CamScanner


https://v3.camscanner.com/user/download

H¢ dd cho cd nghiém duy nhit khi hai midn
nghiém c6 diém chung duy nhit, din dén b va
(©) tiép xdic v6i nhau.

V2 1

Suyra d(I;b)=R<Vm+1 = em=—,
2

1
Viy m = -3 thoa man yéu cau bai toén.

Thi du 5. Xét cac so thue a, b, ¢, d thod man
a-+b -2a-4b+4=0 va 2c-d =3. Tim gid

tri nho nhat cua biéu thire

T:\I'(U“l')z "'(h—d): +V,(C-¢-2): 4 ‘(1+2) ’

Lai giai.
(&)
B
A
B
L d
% M
A 1]

Xét trong mit phing toa 46 Oxy, ta xem diém

B(a;b) thugc dudng tron
(C):x*+y*-2x-4y+4=0

c6 tim 7(1;2), ban kinh R =1va diém M (c;d)

thupc duong thing d:2x-y-3=0. Goi

A(-2;-2) thi T =MA+ MB.

Nhan thdy diém A va duong tron (C) ndm cing

phia so v&i dudng thing d .

Liy d6i ximg A qua d dugc diém A'(2;-4), suy

ravdi M ed taluoncé6 MA=MA'".

Dén dén:

T=MA+MB=MA'"+ MB2MA'+ MI - R
>MA'+ MI =12 A'T-1=37-1.

Déu bing xdy ra khi A, M, B, I thing hang.

Viy minT =37 -1.

Thi du 6 (THPT 2020). \ét tat cd cdc so thie

. v théoa man 27V :4(.\“ + ¥ —2,\'4»2)4‘-

& a2 /' . , v fx+4
Tim gid tri lon nhat cua bicu thiue P = — '
2x—y+]

Lai gidi. Tir gia thiét, chia hai vé cho 4° va bién
ddi ta duge:
2 g (.rz +y' -2x+ 2)4'

o ! [(\' - l)z + yz] -1<0.

bit l=(.r-l)z+y2, ta co:
2 —1-1<00<1<1=(x-1)" +y* <1 (1),

8x+4

T P=
2x-y+l1

=(2P-8)x—Py+P-4=0 (2).

Trong mit phing toa 49 Oxy, mién nghiém cua

(1) 1a hinh tron (C) tim 7(1;0), bén kinh R =1

ké ca bién.

Xem (2) 1a phuong trinh cia dudng thing:
A:(2P-8)x-Py+(P-4)=0.

Piéu kién dé duong thing va hinh tron cé diém

|2P-8+ P-4 "

J2P-8) + P

o pP-12)s (2P-8) + P*
& 5-J5<P<5+45.

Vay max P=5+ NG

Thi du 7 (THPT 2022). Xét tat cd cdc so thuc

chungla d(I;A)<R &

4x-log;a’ =30-)° o 2 Al
x, ¥ sao cho a** ™% <25 vgi moi 5o thue
dweong a. Tim gia tri lom nhat cua biéu thiec

P=x*+)"+x-3y.

Lai gidi. Taco: a** s <25

= (4x— log, az)log5 a< 2(40—y1)

© logi a -2xlog,a+40-y* 20.
Dit t=log;a tacé +* —2xt+40- y* 20 nghi¢ém
ding Vi eR, suyra: A'<0 & x* +y’ <40 (O).

Tir P=x’+y’+x-3y suyra:

TOAN HOC 33
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{x *-i-Y [v- -‘—l = P& ().

- -

’ 3 \ 3
&t P"--Sr? ."‘-‘3.)“'3 \

) .
X& P> toag it phing ta & Ow

-

(€)1 phuong twah dedng tda tim l(--‘-* ‘)

2%
{, 3
bin kinh R'= [Pe >,
DY hai dng mda(C) W () 0 &idm chung
2 : S . e 5 )
thi R .\.R+()I¢3JP*:S\N0* '2 < PL
Viy max P =00

Thi dy & Thm adr
m S 200 dai Gy mREE 0@ (N1y) Thod mdn dong

O QdC 2 g MRpC oNe Bham $0

v log, {\' e et ey *l) ‘(\ «»')

shog, (3 + 3% e 4 xt oy

Vi T ey —duedema=Q,
Lé% gidi. DR 1 =17 + 37, (£>0) Vi bidn &di ta
Qupe: log, (FF+e41)+ 27 log 1+ 4

e log, (¢ +r+1)-log, 1 s u-¢
au,(n«:-n)sl-(:-l)‘ (*).
Tacd: VP(*)=1-(t=1) <L
Ta o t+l+l>.1F1»l-3
:\T(')-Iog,(n-:-d)zl. Do &&:

34 TOMEN  ssssreamo

(Nevt=la ey’ «1 (1)

Taoh

Vol cdradomeer(x=2) 4y em (2)

Khi m <0 suy ra Khang tda tai odp (ny) ndo

thod mdn bii todn,

Khi m >0, vt trong [ -

it phing toa & Ow v §

W (1) W opweng

weh drdng tron Bm N

O(®0), bin  Kinh

R=N

(2) W phuong trinh dwdng trdn tim 7(2,0), bin

Kinh R'=/m .

Bii todn trd thinh tim didu kidn & hai dudmg trdn

tidp X Vi nhau,

Hai dudng trdn tidp xie ngodi khi
Ol=R+R>2=l+Vmem=1.

Hai udng trdn tidp xie trong Khi
Ol=R-Re>2=Vm-13m=9,

| o
! o

Thi dyp 9. Xér ait od ode 50 e X v ¥ thoa main

X4y

g . :,\-(.\'«-3)*.\'(_\“3)-.& Xy

ey exve
Tom gd
4y + Sy -3

x+2vel

Lo gidi. DX:

lon  nhdt cua  bicu  thee

P=

X+y

— >02x+y>0. Ta
X+ a2

X+
o ks Fayeas2 =x(x=3)+y(y-3)+ 0

& dog,(x+y)+3x+3y
x2b&(.t’+y’+.g~+2)+x’+y’+x_\'

© 2og, (3x+3y) +3x+ 3y
.Ilog,(x’+y’+xy+2)+.t1 +y +xp+2 (1)
Xét him s§f(¢)=2log,t+t v&i >0 o
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Y
! (t)'mn-i*l‘ﬂ\\'!\“: dla ®a Nm o
£i7) Qng didn trén (O 4) . Do

(e FAvedy)m Flat sy v e )

@ lredvaiavianws2 (N0

Khi dd (*) wd thinh @® + 3 =1 ()
dx+3y=3

™P=
x+2v+l

@ Pa+pel)=dv+8y-3
™
2(P=d)a+\3(P-2)b+4P-6=0 (A
Trong mdt phing toa &) Qed ta e dwdng
thing A VA Qudng tda (C) o tim O(®0), bin
kinh R=1.
Didu kidn & A wa (€) o &idm chung B

d(GA)s R -12P *28?—820Q§$P$2.

Viy maxP=2, dat duge Khi x=2, y=1 (img
Vi @=1, d=0).

Thi d‘ 18 \er oW
Iy« 3= 25 = 2. Tim @id iy nho mhdt ovia bidw thie

0 phic 2 thda man

. 4 ¥ 2
P=lreal-2+22-2-8

i -

Gt M1 didm bidu didn cho s phare 2 trong mit
phing toa @0 v T gl thidt 2 = 3= 21 = 2 suy
i A thude g trdw (€) tm 7(%2), bdn Kinh

Rodi Poleel =il de=2=8i= Mo 2MB
Wi d=(=12),  B=(285).  Nhin thiy
et aae2 nin My didm K thude doan 14
sao ¢hoe X --1-),\! . @O tim duee toa &
WK M il ;
P \i SR T - M gl .UVR
K(%2) TRTI) ol
AM M
=D e e 2 D =5 AM = JMK.
MK X
Dindén P = M4+ 2MB
« 2( MK + MB) 2 25K =6.

Viy min 2 =6 khi 8, M, X thing hing.
Thi dp L Bict hai 50 phc 2, w thod man
<™ W

‘I‘: -l ‘“:l‘j = L j“" ‘} \l + ‘ f‘i‘ \“ ‘; ¢j— n; ‘l‘
thwan do. T gid of lom nhat Wi »ho nhdr cwa

) )
L - ““\

Lov gidi, Goi M, N
lin hrot 1 didm bidu
didn cho s phire =
Va w, suy a M
thudc dwdng trdn
(C) o6 tm I(1:2),
bin kinh R=1

dix+y+l=0

=W

™ vy 1 88 thudn do, suy ra tdn tai 8§ ke R

I o ki z-w=k(-1+2i). Dindén MN

2+|
cing phwong Wi 1 =(=1;2).
Goi @ I gde tho bdi vecto u=(-L2) Vi vecto
chi phwong w, =(=11) cla dwdng thing d, ta tim

OAN
T'cruggcé35
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Qe sina -»«;!«)-. Goi # 12 hinh chidu vadng

N
g¢ ol M wa 4, KW ®
AN = ~‘-’-’i = V108,
|ama

Suy rar man )z = w = max MN = V10 max M
= WO[d(hd)+ R] =408 4 V10,

iR 2 = wj = min MN = 10.min MH
=\10[d(hd)- R] = 45 =\10.

AL @y 120 Bié? Aat 50 phave phin Sidt 2, w thod
bl o2 W (2 1ed)(we vi) Ao
. Tiwe it trf dom bt Wi nho nhdt ol (2 - W)

Loi gidi, Goi M. N M heot 1 didm bidu didn
o 88 phae = va W
suy m M.N ang
thude dudng wa (€)
o Hm O(X0), ban
kinh R=2.

B S
-."‘l-.

Do (z-1-i)(w-1+i)eR= eR, nin

0y

w=l=i
Waisd ReR & z-l=i=t(w=1=1) (%)
Goi H(L1), ur (*) swy MH v NH Qng
phuong, bén badidm M, H, N thing hing.
Suy ra: maxjz-w{=maxMN =48=4 (khi &
MN 1a dudng Kinh cia dudng trdn (O
minjz ~ w = min MN = CD = NR - OH* =2\2
(khi &6 MN L OH).
BAl TAP VAN DUNG

Bai 1. Tim tit cd cde gid tri thyre cda tham s§ m
sa0 cho phuong tinh Vdm+dx +Vm-x~l=m
0 nghi¢m duy nhit.
Bai 2. Tim tit cd cdc gid tri thye cda tham s§ m
s20 ¢ho phuong trinh

(m=2Nx+3 +(2m=1)VI-x+m-1=0
o0 nghidm.

TOAN
36 'S cruae
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BAE & Nét tht cd cde sd thye @, b thod min
@ b = 20-6h+950. Tim gid tri Kom nhat vd
nho nhat cda bidu thie I'=a’ + b 4 da =20

BAL 4, Nét tht cd cde O thwe @, & thod midn
@ + 85 4 dab s 2a -4 =0, Tim gid i m nhit
2a-bel

asrd-2

Bai & Xét tdt cd ode sO thye Khdng dm v vd
thoa mdn 2x+ 4" ' 23, Tim gid t nho nhdit
ca bidu thire P ey e v sove 4y

Bai 0. Xét tit od cdc 80 thye x, v théa man
g, .. (2r+¥)21. Tim gid wi In nhat coa
bidu thire 7= 2x+ v,

BAi 7. Tim @p S tdt cd cde gid trj thyre cia tham
s& m @& tdn tai duy nhit &dp 88 (1)) thoa min

v nho nhdt coa bidu thie 7 =

}\\g.,",q(i.\w{\‘—b ami)21

v eyl e dx=dpal=0,

Bai 8. Xét tit cd cde 8O thye x,» sao cho
&5 > @™ M \di moi 6 thyre duong a. Tim gid
tri nho nhdt cda bidu thire P =" + ¥ —=6x-8y.
Bai 9. Xét tit ca cde sO thye khong dm x va v
théa mdn 2x+ ylog,(x+y+1)26. Tim gid m
nho nhdt cda bidu thire P=x* + y* + 2x + 8y,
Bai10. Xé&t c¢ic s0 phie = théa
Jz=1+2]=2V2. Tim gid trj nho nhit cva bidu
thie T =|z -5+ 6] + 2|z + 4+ 5}

Bai 1. Xét cic s phic z théa min
3|:+:-]+2|:-:-‘$|2. Tim gid trj 1én nhdt, nho
nhit cda |z -4+ 3i],

man

Bai 12. Gid s =, z, 14 hai trong cdc s6 phire théa
min (2—6)(84-5) I s§ thye. Bidt ring
2, = 2,| = 4. Tim gié trj nho nhit cda |z, + 3z,
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KY thi Todn hoe Quéc & IMO B thir 46 ndm
2003 tai Mexico b b todn 8 3 dep, khd nhur sau

By Ao vy thras Saomer o2 A s fhons e im .5.\‘
2 &G 3 A0 i { WO TRANT ddM QX s N

.. i o
C Al minf mang
A Al g 3
§ -3 A Y - &
T N a— ¥ | (‘\‘

Tap chi THRTT s 343 thing 3 ndm 2006, dng
Bai Vidt V2 cdie hudmg md rdng bat ding thire (*)
Cla ¢ gl Nairt M. Sedratyvan sau diy:

2 - "
v i

.y x
" (,A\‘;., - LN . s >
SRR T8 sty O U e

| - s $#h a8
he 2 1, prove thal

pe _ ad -0
’ =y &¥ = ¢
PN (i S . S G -, SO T Y |
« g - ~ ~ & ~ \
$ 5 2 3 2
AR Tk Yo ek Yo 7 Pk 3 M

hows D - &
where 23 @ S

& < & 3 3
S - ¢ 2
W) a -4« o -0 & WP \
by S SR - ;.-___ e - .4_:...”.._.....__. — l
& 2 i | & 3 g & 2 3
o 0Ty O +¢ +4a < t& + :\
»
N 20 :
where —lsa s

D2 thiy cdu a) 13 mdt md rdng dep cda (), nhumg
@ chi thude [2:35]. Con cdu b) khdng phai 1 mt
md rng cta (*), nd chi li ciu tromg iy vii cdu a)
md thoi. Bay gid ur cich gidi dep bit ding thie
(*) clia Jurie Boreico, t9i xin ¢ xudt thém mt sd
md rdng méi, md ring twong tr clia (*) d¢ ban
doc tham khdo.

Trude hét ta hiy xem céch gidi bit ding thie (%)
cua furie Boreico.

DAt vé trdi clia bai todn 14 S,

Nhin thiy voi x, v,z >0 thi

(»* -I)[x’ (xF+pts :’)-—(.t’ +3° +z’)]
=(¥ =) (3 +2%)20

< A\
b e 3

ariar’ T at eyierd)

Tuong ur:

B
‘5_-= o
- . »

- - PRy
Aapiazt atapied?
Cong theo vé cée bit ding thire ndy ta dwrge:
| S RPN |
B N it ¥ e
x v z
xapted?

S2

y AV T

e
eyt

Xayaz

Do xyz 2 1 suy ra
2(x’+y’+:’)—(.xy+y:«r-.:.r) (
xepied?

Ma X +3 #2200+ 3z +2x 13 bit ding thire
quen thude. Viy $20.

Ding thic xdym e>x=y=zx=1,

Bai todn dwge chimg minh,

Céch gidi trén tuy ¢6 thiu ty nhidn mdt chu,
nhung nd hét sirc ngin gon twdmg minh cdc ban
hoe sinh THCS déu ¢6 thé hiéu duge. Biy gio ta
1ip lai cdch gidi 46 s& md rng VA gidi duge cdc
bai todn sau diy.

A) ).
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\\‘\k‘ M ‘\ \"\\t

<
AN 20 rSh <= el

-

Chasge miwd rideg

‘\‘ 5 ‘! ‘J . ‘ :l a?
e ® g Mt S SN {\
ey ez’ yer'eax ayey

Lov gidi, DN v trd o N todn B MV gid
thidt & cho thi

(“‘-..a L ‘):‘q > (“~ . \\\1 % =w ) ‘.(\\j N \\\' N “v )]

‘(\‘!-n ‘l)z(‘\\‘ N -")20

et At -l
« 'Y » S T TP > »
e ez T ey )
N ﬂ-.!- -
A=y

P’ -

X . [
e MRS Y.

- ‘ N
ey ey ez
’ l

™
-2 i

1 A
XA Xy 2

Cdag theo W cde hit dlag thire niy ta duge:

Xay ez’
o 2 I 2
(02)™
Xay e
Doxz2 I suyra(nz) ™ 21, Khidé:
W ey 42 = (0) 7 «(02) o ()
M2 [ Ytk M ]m
X4y ez
Vi (2) 13 bit diag thire 801 ximg, khong midt tinh
wng quét gid st x2v22>0, két hop vhi gid

thi&dlcbnrzt).2r$k$§r wod

R yR 0

L
X +y ez

AT 3 A 5 5 0,
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38

Theo bt ding thire Chebyshey ta duge:

R

. Wad »
(e o :'\L‘.&‘;L\ g ) + 2 M)x
(RN g AP | A

Mt Khde vz 2 1 say
(0z)" M 20

Theo bit ddng thire Cauchy, ta od:

| " 3 Y
'i‘(."‘ Nl " ,\‘Q R " :\r ')2{1(\“2)‘ i

2L
Do &&
@ ey a2 e
Viy
v D) | N | )

) " :a‘ :“)

X ey ez
_ ()" + ()" (=)' -
X"y e
Ap dung bit ding thire quen thude
a+dre? 2adb+derca
& dinh gid bidu thire & tr v phai clia (3) & duge
M 20, Ding thire xdy ra ¢ x=y=z=1,
Bai todn dupe chimg minh,
Mé rong 2. Cho ba 30 thye dwong x, ¥, = thoa
min el wi a2+ B>~ AR Ching

Q).

m‘nhning
s o Wy 2* .2
T ~.' R Y 7 X g P ‘a 0.
M aptag® TR ext 2P x4y
Lai gidi. D3t vé trii cda bai todn 13 P,
Nhin thiy véi x, ,2>0, a2 8+3, f>-1, 1eR
thi

- —l){x"' (et dt)- (e yt 4 )]
=(x =) (™ -1) (0 + #)20

x* -y S |
il
x” 2 +y‘ +2‘ x(xl+yl+zl)
xc—ﬁ-l e
-ﬂ

xt eyttt
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Tuong Kt
gk e 1
"Q - \" N “\ .

>
A \‘ z! .\“ +'\\‘ +at’

a1
. _ob 2 &
2 -3 \ -
l.-.
“,’o(nl "_“‘l *+ : ‘ + ¥ * ot
Cong theo v cde bit ding thire ndy ta e
xﬁ*'-l S 1 y‘"‘"‘ - ‘_ =" S o I l
. v -
P s s -
atartart alavtast ayta

(,\"‘“‘" PR Y ) T A+ I+
) ne

xtaytagt
Doxyr2 l suym

(Jl'~f*‘+“‘“‘f‘*“"f l) (\\ +‘“ “‘)

P2 ).

xt e A fagt
Vi (4) 13 bit ding thire ¢di ximg, khdng mdt tinh
dng quit gid st X2y 2

i 3 i P wha

>0 Suyra

>0
2ay22>0

Theo bit ding thire Chebyshev ta od:

@ ey

1. .o e ; »
2o(x P a2 AN ) 4 2Y)

Mt khic theo bit ding thire Cauchy thi

@-F2 + :&-}-l)

"~ e - @ a=-F=3
1‘(sr‘ Yyt a2 (o) 21

S 4y L N2 (P ) 20
Viy

(x*eyiez’)- (n-+vz+:x)
P2 X
xX*aytez

Ding thirc xdyra <> x=y=2=1,
Bii todn dwge chimg minh.
Mé ring twong ty

Cho ba 56 thie dwomg a.b,¢ thoa mdn abe21 Wi
y - o, -p % - 2
a2 2204 ¢ R. Chaimg mink ring

* A '
\’ e \3. & - "'u s &
e S A T . T s . 0‘

P I U IAY T e

L9 gidi. D)t \é trdi ca bai todn 1A N

D& thiy vii a2 >0,@> 20, Ae R thi

£ -I)[.v"(x‘ sytart) (o 4y -»:‘)]
= <a)(@f =) (" +2Y)20

J" —\"’ > ~‘~"" _‘
[
Mravtat Tt eyt azh

Ap dung (3) ta duoe:

av? <1

g+ d’

hay

v

)

b’ -1 ey |

&
' +¢* v+’

N2

+
a'+d' 4+t et vat +

O '”+b“"'+c" ) - 3
at+d' vt
Ma gid thict cho @be 21, theo BDT Cauchy thi:
@ P +d"% +c* )2 3{}(«:&)"”
23

i I

a* +d' + ¢t
Ding thire xdyra > a=b=c=1 hojic a=f.
Bai todn duge chimg minh.

Viy N2

Trwde khi két thic bai viét tic gid xin giri t6i ban

doc hai bii todn sau dé thir sire.
BAI TAP
Bii 1. Cho @2 20va ba s§ thye duong thoa
min abe21. Chimg minh ring
1 | 1

4 8

- -
a*+b°+¢ b ac"+a® *+a+V
Bii 2. Cho n sb thye duong a,,ay,.4a, (23)
théa min @a,.a, 21 i a2p$20,4AeR, dt

S=a'+a} +...+a:.c1mguﬁnhx§ng
Za‘ml 20.

+Sa
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KYNIEM 090 TOAN HOC VA TUOI TRE

60 NAM AY
BIET BAO NHIEU TINH (%)
L o0 NAM VAP CHLTH&RTT
Ching ta vui numg va e
hido vii nhimg thanh twa va
ddng gdp to 1dm xuyen thé

ky cta Tap chi Todn hoe va
Tudi tré (THRTT) cho nén

todn hoc, khoa hoe va gido

GS. Tnin 13n Nhung

duc nude nha trong sudt 60
ndm qua (1964 - 2024) va chic cho Tap chi cua
ching ta tiép tue phét tridn va hi nhip quéc ¢
trong 10, 20,..., Vi 40 nim tiép theo!

C6 thé ndi Tap chi THRTT 13 mdt trong nhimg dn
phim todn hoc diu tién cla nude Vigt Nam din
chi cdng hda v mrée Cng hoa xid hdi chu nghia
Vigt Nam. Bio TH&TT s§ mt a ddi thing
1071964, Tap chi Acta Mathematica Vietnamica ra
ddi ndm 1964, Typ chi Vietmam Jowrnal of
Mathematics ra &0 ndm 1973, ci hai tap chi ndy
déu duge qude té dinh gid cao vé chit hrgng khoa
hoc, gido duc va ndm trong danh sich Scopus. Hi
Todn hoe Viét Nam duye thanh 1§p ndm 1966.

Téng Bién tip diu tién cua Tap chi THRTT 1A
GS. Nguyén Canh Todn. GS. Ta Quang Biru,
GS. Lé Van Thiém, GS. Hoang Tuv, GS. Phan

TOANHOC
40 ¢ CTudilpa__ SO 564(6-2029)

Dink Di¢u, GS. Hodng Xudn Sinh, ..., 14 nhimg

nha todn hoe ¢6 nhidu dong gop cho sir ra doi va

pht trién cda Tap chi.

On lai ching didmg 60 ndm qua, ching ta ghi nha

cong lao to lém cia GS.TSKH. Nguven Canh

Todn, cia cic Tong Bién tip, Phod Tdng Bién tip,

Thu k¥ Tda sogn, cua cdc thinh vién Ban Bién

tip, cdc thiy, cde ¢d gido va hoe sinh, sinh vién ¢d
nude qua cde thai ky, di dong gop dé xdy dung va
phat trién Tap chi.

Toi con nhd cich diy chimg 235 - 30 ndm, trong
mt cuge hop HM d«‘mg Bién tip cia Tap chi TH
& TT, do GS.TSKH. Téng Bién tip Nguyén Canh
Toan chu tri, toi da phdt bidu: Trong cude ddi lam
khoa hoe va gido duce ¢ua minh, GS. Nguyén Canh
Todn di timg dim nhi¢m nhidu trong trich, nhu
Higu trudmg Truwdng DHSP HA N§i, Thir trudng
By GD&DT, nhumg ¢d 18 véi tu cich ngudi sing
13p rdi 1dm TBT nhidu nim cua Tap chi TH&TT,
GS. Nguyén Canh Todn di cong hién va ¢d déng
gdp ding ké cho gido dyc todn hoc nude nha.
PGS. TS. Hodng Ching 13 Thu ky diu tién cia
Tod soan Vi trong nhidu nim di hd trg dic lye
cho Tong Bién tip Nguyén Cinh Toan va Ban
Bién tip. TWr d6 dén nay, nhiéu thé h¢ Ban C§ vin
Khoa hoe, TBT, Thu ky Tod soan va cdc thinh
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vin Hoi ddng Bién tip da thay nhau edng hién rit
phidu d¢ xdy dymg, khic phye khé Khin, phat trién
vi ndng cao chit lrgng Tap chi. Téng Bién tip
hign nay cda Tap chi 14 TS. Trin Hitw Nam VA
Thu ky Tod sogn 1A ThS, Ho Quang Vinh, Ban C§
vin khoa hoe gdm TS, Nguwén Van Vong, GS.
Podn Quwnh, PGS, TS, Twin Van Heo vd GS.
TSKH Tnin Van Nhung.

Nhimg ngudi ban qude t& ddng hanh cing Tap chi
THRTT va cdc ban doe Viét Nam 1a Tap chi
“Kwant™ (Todn - Ly) cla Lién X0 (cil) ra ddi ndm
1970 do ¥ trdmg cua Vign sy P. Kapitsa, nha vit
1y Nga doat Gidi Nobel nim 1978, ¢6 sy tham gia
cua nha todn hoe Nga thién @i 4. N. Kolmogorov
vi nhimg nha todn hoe, Vit 1y hoe xudt sic khic
cda Lidn Xo. Tep chi “Todn hoc trong nha
mweong™! “Mamevamuxa ¢ wixare™ cia Lién XO ra
ddi ndm 1924, dén nay 2024 vira tron 100 nim.
Tap chi caa My “The American Mathematical
Monthly™ duge ra doi boi Bewjamin Finkel nim
1894,

Tep chi TH&TT 1d tdi lidu todn hoe gdi diu
giudmg cua hoc sinh, sinh vién nwde ta, ngay or
ngiy mdi ra doi, trong nhimg nidm chi¢n tranh dc
lidt. Tap chi di gdp phén tich cye trong vige phit
hi¢n, dio tao, bdi dudng hoc sinh ¢6 ning khiéu
todn hoe, cdc tii ndng todn hoc, cing véi cdc cude
thi chon hoc sinh gidi todn & cdc trudng phd

thang, cde tinh va i mrde nhar ede ky thi Olympic
Todn Qude gia (VMO) va Olympic Todn Quée té
(IMO).

Tap chi gop phin quan trong dé thanh thidu nién
Vigt Nam lam quen, thir sire v hdi nhip vai ban
be quée t&, Vi nhidu bii todn, dé bai thi, cde bai
todn cla cdc mrde v quic &, vi dy nhu
Mamevamuxa & wxote, Kvant, The American
Mathematical Monthly, ..., cing 4§ duge duge
trich din trong Tap chi TH & TT.

Qing voi thanh tich xudt sic (top-ten) trong nira
thé ky vira qua (1974 = 2024) tr khi Vigt Nam
tham dy Olympic Todn hoe Quée t& (IMO), Tap
chi TH&TT ciing di giy dn twgng tot dep vé todn
hoe va gido dyc pho thdng cho ban bé ASEAN vi
quée té.

L TH & TT CUNG CAN HOI NHAP QUOC TE
Cling trong mt cude hop Hoi ddng Bién tip cua
Tap chi TH & TT, do GS. TSKH. Téng Bién tip
Nguyén Canh Todn chu tri, va mét s6 1an hop sau
cla Hoi dong Bién tip, t6i di d¢ nghj: Pé md
ong pham vi dfc gid trong mrée, khu wye
ASEAN, quéc té va ting cudng chit lugng, uy tin
cda Tap chi TH&TT, di dén lic ching ta cin phai
xuit bin Tgp chi bing tiéng Anh, nhu Acta
Mathematica Vietnamica hay Vietnam Journal of

Mathematics. Rit ding mimg 1 tir nhiéu nim nay,

S3 564(6-2024) T?ﬁng‘% 4 1
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phin cde @2 bai todn méi ra kY ndy da duoe dich
ra cd tidng Anh, Probems in this isswe. GS.
TSKH. Ngd Fidr Drung cdng &4 bin bi trong
nhitu ndm ddng gop d& ting crdng phin tidng
Anh trong Tap chi cda ching ta. Trong qud trinh
hoi nhip qudc t& nhanh ching, todn dign Vi tit
A& nhu hign nay, ti tiép tue & nghj sém xudt bin
Tap chi THRTT bing tidng Anh hode it nhdt 1A
song ngd Vidt-Anh, 0 thé online. Ddy cling chinh
1A cich lam ding, lm nhanh va thye chit dé hi
nhip quic t&, ning cao trinh d§ todn hoe va tiéng
Anh ciia thiy Vi trd trong nhd tnrdmg Vit Nam,
Tap chi Pi ra ddi ngdy 10712017 do sing kién cia
GS. TSKH. Ngo Bdo Chdu va Téng Bién tip GS.
TSKH. Ha Huy Kkodi, Ching ta rit mimg, tr khi
30 Tap chi THRTT da hop tic vai Tap chi Pi va
céc tap chi, 13 bdo khic, d¢ cing nhau phit trin
su nghi¢p gido duc todn hoe & Vidt Nam. Toi rit
hoan nghénh Pi ciing ¢6 nhimg bii bio vidt bing
tiéng Anh 06 phin Vocabulary.

3 TRONG THOT Al TUOI TRE VAN CAN
TOAN HQC

Thé gidi dang bude vio ky nguyén Cich mang
cdng nghiép (CMCN/ IR) 4.0 va Tri tu¢ nhin tgo
(AD). O nhiéu nganh ngh¢, nhimg cdng vide ¢l 8
mét di, cdng vide mai s ra ddi. MOt sy thay ddi
nhanh chéng va khé dodn chua img thdy. Thé h¢

T?ﬁf-'tggg S3 564(6-2024)
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tré nurde ta can phai chudn b gi, hoe gi, m gi ¢é
¢d cong dn vige 1Am va tranh by thit nghigp!
TOi nghi chi c0 todn hoe mai 06 thé gidp duge thé
h¢ tré chung ta kKhi mdi tnrdmg, vige 1am thay ddi
nhanh chong va Khé hromg. Nén tang kién thire
todn hoe cao ¢ip v todn hoc, tin hoe chuyén
nganh i chie chin s& 1A odng cu hiu higu nhit
gup cdc ban tré vugt qua moi thar thich Khie
nghiét va nhanh chdng cua thye tidn: “Di Ait bidn,
mg van bicn™,
Vi sa0? Vi ba cuge CMON 1.0, 2.0 va 3.0 33 qua
1A co khi hda, didn Khi héa vi ty ddng hoa, iy
mdy mdc thay lao ddng chin tay. Cude CMCON
4.0 13 thong minh hda, liy mdy mée thay lao dong
tri &¢. CMCN 1.0, 2.0 va CMCN 3.0 dd ra dd nho
vt Iy img dyung. Nhumg CMCN 4.0 va Al dd wa
dang didn bidn, phat trién nhd todn hee.
D& két thic bai vidt, tdi xin nhic lai cdu ndi (**)
cla GS. Ta Quang Bin va khing dinh ctia nha bac
hoe Italia , bich khoa toan thu cudi cing cua nhin
logi, Leonardo da Vinci: “No human investigation
can be called real sciemce if it cannot be
demonstrated mathematically.” Tam djch: Xhong
6 nghién ciiu ndo ciia con ngwdi o6 theé dwpe xem
la khoa hoc thwe s néu né khong thé chimg minh
dwpe bing todn hoc.
(*) Mugn ¥ cvia nha tho 76 Hitu,

Ha Ngi, ngay 19/32024

TRAN VAN NHUNG
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TIENG ANH QUA CAC BAI TOAN
BAI SO 105

PROBLEM: The function [ is defined by
f(x)=a.sin(bx + c)+d, for constants a, b, ¢, and
d. In the xy - plane, the points (2, 2) and (4. 4)
represent a minimum point and a maximum point,
respectively, on the graph of f What are the

values of a and d?

Solution. The function f is of a form of a sine
function and the vertical difference between a
maximum point and a minimum point is 4 -2 =2.

Hence a = 1 (why?).

The basic sine function has minimum value -1
and f'has minimum value 2. Thus d = 3 (why?)

Remark: The exercise is selected from an AP-
precalculus practice exam.

TU VUNG
minimum point . diém cure tiéu
maximum point . diém cuc dai
graph . do thi

NGUYEN PHU HOANG LAN
(University of Education, VNU, Hanoi)

Rk kkk kR EkE R R R R AR R R AR R R E R Rk Rk kxR

BAI DICH SO 103

BAI TOAN. Cdc diém M va N la trung diém hai
canh cua mgt hinh chit nhdt (hinh dwdi). Ti so
di¢n tich gira pha:n t6 dam va dién tich hinh chi

nhdt bang bao nhiéu?

Léi gigi. Déi véi hinh tam gidc bt ki nao, ching
han tam gidc ABC (hinh bén), thi ti sb di¢n tich
giita phin t6 dam trong tam gidc ABC va dién tich

. |
tam gidc ABC bang .

Va tir d6 ti s6 dién tich cua phan to6 dim trong
hinh chir nhdt va dién tich hinh chir nhét ciing

S |
bang —.
. 4

A

Luwu y: Bai tip ndy dugc suu tim tir mdt dé thi
toan trén JKMC.

Nhén xét. Rt tiéc ky ndy khong cé ban ndo gui
bai dich vé Toa soan.

HO HAI (Ha Ngi)

TOAN H
S3 564(6-2024) : um% 43
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Cho

BAI TOAN 84. log, x +log, v =5 va
Xdac dinh gia tri cua x.y

C.512 D.1024.

log, y+log, x" = 7.
A.128  B.256
Léi gidi. Diéu kign: x>0,y > 0.

Cich 1. Ap dung céng thicc bién doi logarit.

Ta c6:
o WA 08 1 w8 0o BE o 2l0gY |
s 4 |og8 |°g4
3
o loB)
3log2
& log(xy’)=15log2
=x'=2" ().
* Iog; )’+|0g‘ ,\‘2 =7& los.v + Zlog.r =7
log8  log4
) )
o loglxy)
3log2
& log(x'y) =21.log2
=»x y= ™ ().

Nhin vé theo vé cia (1) va (2) ta duge:
xyt=2%
Ldy ciin bic bon hai vé ta duge:
=2 =512. Ch¢n C.
Céch 2. Diing cong thirc bién doi In

Ta cé:

Inx 2lny
log.t+log,) -Salns .

TOAN HOC
3 crwh;e S3 564(6-2024)
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log, ¥ +log,x" =7
. ll!. . 2Inx
In8 In4
Cong theo vé va phan tich thanh nhin tir cua (3),
(4) ta co:

=7 (4).

1
—+—|(Inx+Iny)=12
(lnS ln-J( r y)

hay In(x.y)=——"-—7—<
—_—
(lnS ln-J

(5w

an(n)-——s—-

6ln 2
& In(xy)=9In2

In2°

< In(xy)=

)

& In(xy) =

C-).\)'=2. =512, Ch¢n C.

Cach 3. Twong tw cdach 1 va 2; va sie dung thém
cong thiec: log , b* =log, b.
Taco: o log,x+log, y' =5
= log, (Vx)’ +log, y* =5
5hgzv;+l°gz)'=5
= log, Yx.y =5 (5);
o log, y+log,x* =7

= log,, Qly) + log, x* =7
:log,{/'y-+log,x=7
= log, 2/;.: =7 (6).

Cong vé theo vé cta (5) va (6) ta duge:

i 4

log, x’y* =12

= 512.
Cich 4. Dt an phu dwa vé hé phuong trinh

n?
= xy=12"% =2
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Dt log, x=a, log, y=b. Tir diéu ki¢n dé bai ta
¢6 hé phuong trinh:

a+3b=5
b+3a=7'

Cong vé theo vé va don gian h¢ phuong trinh ta
dugc: a+ b=3. Do d6:
log,(x.y) =log, x +log, y =3
hay x.y =8 =512.
Cach 5. Cyng hai phuong trinh theo vé dé dugc
log, y +log, x +log, ¥* +log, x* =12
< log, xy +log, x'y* =12.
Pat: log, x.y=m; log, x’.y* =n
Khidé: xy=8"; (xy) =4
hay m=3;n=9.
Do dé:
log, x’.y' =9= (xy) =(2°)
=>xy=2"=512.
Céch 6. Cong hai phuong trinh theo vé dé dugc
log, y + log, x +log, * +log, x* =12
& log, xy+2log, xy=12
& log, xy . 2log, xy -12

log,8 log,4
- log, xy - 2log, xy 12
3 2

= :;-log, xy=12
=>xp=2"=512
Cach 7. Dung phwong phap mii hoa logarit
L
Tacod: log x+log, )’ =log,x* +log, y=5

1
=>xy=2" (7).

]
log, y+log, x* =log, y* +log,x=7
|
=y'x=2" (8).
Nhin vé theo vé (7), (8) ta dugc:

Cich 8. Cong hai phuong trinh & diéu kién bai
todn theo vé va bién déi ta dugc:

log, xy +2log, xy =12.
L 2ok 3
Chi y rang: log, xy = Elrogs xy.

Dit: a=log, xy thi ta dugc:
a+3a=12=>a=3
= log, xy=3=>xy =8 =512.

BUI ANH TRANG
(GV THCS Trin Vin Quang, Q. Tin Binh,
TP.Ho Chi Minh)

Nhdn xét. Ngoai 8 cach gidi cua ban Bui Anh Trang,

ngudi dé xuit bai todn trén, Toa soan khong nhidn

dugce thém cdch gidi nao khéc cua cac ban g vé.
LE MAI (Ha Ngi)

Mai cac ban giri 16i giai BAI TOAN 86 dudi diy
vé Toa soan Tap chi TH&TT truéc ngay
31.7.2024.

BAI TOAN 86. Cho tam gidc ABC cin tai A nji
tiep duomg won (0). M la diém trén cung AC
khéng chita diém B. D la hinh chiéu vuing goc
ctia A trén MB. Chitng minh rang

MB - MC =2MD.

NGUYEN PUC TAN
(TP. Hé Chi Minh)

TOAN HOC
' Tusite 45

S 564(6-2024)
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BAI TOAN 91 (101 problems in algebra - T.

o (5 Lcn THE G101
A

0 QUACKC
\ \' [

Andreescu & Z. Feng). Cho ham [ :N = N thoa
man f(n+1)> f(n) va f(f(n))=3n voi moi n.
Tinh 12001).
Lai gigi. Cach 1. Trude tién ta cin bd dé
Bo de. V6in=0,1,2, .. taco:

1) f(3")=23%

2) f(2.3")=3""
Chirng minh. Ta chimg minh bing quy nap theo n.
Véin =0 thi 1) # 1. That viy, néuf{1) =1 thi

3=£(1)) =A1) = 1, miu thuan.

Do f:N—> N nénf{1)> 1.
Vi f(n+1)> f(n)nén f 1a ham ting.

Do d6:

1 <A1)<AfiR1))=3 hay f{1)=2.
T d6:

A2) =AA1)=3.

Gia sir ring véi s6 nguyén duong n nao dé, ta co:

f(3")=23"va f(2.3")=3""
Ta co:

f@N=f(f23)=23"
va

f@3"=f(/@"")=3"
Theo nguyén 1y quy nap, bd dé dugc chimg minh.
C6 3" -1 cic s nguyén m sao cho
F<m<23

va ¢6 3" -1 cic s6 nguyén m'sao cho

TOAN H
46 "nusigs

S§ 564(6-2024)

f(3)=23"<m' <3 = f(2.3").
Vi f1a ham ting nén
S(3"+m)=23"+m
vai 0<m<3.
Do do:
(23" +m)=f(f(3" +m))=3(3" +m)
vii 0<m<3.
Viy
£(2001) = f(2.3° +543) =3(3" +543) = 3816.

Cach 2.

Véi s6 nguyén duong n, goi n, =aa,..a 1a biéu
dién cua n trong hé co sé 3. Ding phuong phap
quy nap twong ty nhur cach 1 ta ¢6 thé chimg minh
ring

2a,..aq, néu a =1

f(")(!) ={

1a,..a,0 néu a,=2
Tir 2001, = 2202010, ta co:

f(2001),,, =12020100
hay f(2001)=1.3%+2.3*+2.3° +1.3” =3816.
Nhén xét. Rit tiéc 1a khong c6 ban ndo tham gia giai
bai nay.
NHU HOANG

Sau diy 1a bai tip dé nghj. Ban doc hdy gii 15i
gidi vé Toa soan TH&TT trude ngdy 31.7.2024.

BAI TAP PE NGHI

BAI TOAN 93. Cho tam gidc ABC. Chimg minh
ning diéu kién can va du dé rén doan AB ton tai
mét diem D sao cho d¢ dai CD Ia trung binh nhan -
cua do dai AD va BD la

sin A.sin B < sin’ g—

—

KHANH HU'U (Ha Ngi)
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GIAI DAP: GIA TRINAOCUA «
DE GIOTHAN LA -

(N Qg o TR TT 58 S00, thdng 2 mame 2024)
Phdn ok sad Mw, Cd hai odch gidi teda & Ao
phdt hida AL AL Ngie trinh Dy Khdag o, ohi od
W v Kinh nghidm trong D todn givd han. De
DIdt trong cieh SIA1 cla dan ek Qude, vt kho &
DA dang ban dhu B dang g\-\i‘,u\(\&-ée\\u

Bl ket qua gidi han cling 00 the 1 W cdng.
r\%uhi.k\ic\\awmoa.s kh\@nh\\m&»

m(‘ ‘

!'“ ‘ ‘_l
&a&wmmm a=2=0,

Khig-2=0a=2 acd

ﬁmum hode 0 nén

o N =
lim(‘ \-\\ "tlin\ ~-4
TENXT el -x """:ix‘ﬂ—x

= lim, (=R +1+1)

.!ﬁ—{\'{\fh}!; +l]
= -0,

Viy @ = 2 cling thod véu odu bii todn.
Viy trong hai R gidi @3 trinh By ohi cln thém
trudmg hop @ = 2 nilra 1 hodn chinh,
Nigm iz Rit tide 1 khdng o6 ban ndo phit hitn
Supe sai lim trong 104 gidi bii todn ndy.

KIHIVI

Trong mdt 38 thi diah gid ndag he o cdu b
S

OO Do mhid ood vy ool ham w0 m & &5 Ay hdm
0 vex =0 amivem o hai didm e o i

Mgt koo sink chpn phvong dn B wi trink ddy i
LT mhaw yaw?

Tach M= —orvem’ ¥y
V=0 It —ovem =0 ()
DY thi ham 88 00 hai didm e i
<> (1) o0 hal nghidm phin bigt
@A =0-In >0 —VI<m<vd (M)
Lal @0 ' =tx=6=0e>x=1 =>dd thj him &6
o Sidm uda & Um? +m=2),
Ta o0 hai didm eyre tri ¢8I ximg qua didm udn, Hai
ddm owe i & ximg qua dwdmg thing
(@:y=3v-3 i (@ B tung tye dogn thing
ol 2 didm oye trf = (@) di qua didm udn hay
a*+n-2=%.l-§-¢bu’+n-2a—2

c:u’ﬂnﬂ)a[.:o
m==]

(thod min (*)).
Theo dgm I3V gidi trén di ding chwa? C6 bao
nhiéu gid trj tham 6 m thod min?
NGUYEN THANH GIANG
(GV trwomg THPT chuyén Himg Yén)

S3 564(6-2024)
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rwmunommm
M“MW

\ e AN
NUAT BAN U 1904
SRR FUWLN
o sogm  VETR, Vo, Pdag Ba. W) N
01 B U uunma.
Y POt Ml B20 SH1ADSR RLIS8RITIY
L maes O L YUY

BAN CO VAN ANOA HOC

GX TSN TRAN VAN NIUNG
IS NGUYEN VAN VONG
GXDOAN QUINI
PGX TS TRAN VAN AO

CHIU TRACH NHIEM XUAT BAN

Tdeg Gidon 8¢ NXBGD Viet Nam
NGUYEN TIEN THANM
Téng Bien Wp NXBGD Vigt Nam
PHAM VINH THAY
Vien tring Vidw nghudn con Sach v HLGD
PHAN XUAN THANH

HOLDONG RIEN TAP

Péing w2 TS, TRAN HUU NAM
Tha ki Tow soem ¢ TAS, HO QUANG VINK

P g Midm i ¢ ONCTRAN THI KIM CLONG

TS, LE HONG MAL

X TRAN DN CHAL, PAS NGUYEN ANH DONG, 78 TRAN NAM DONG, 7S NGUYEN MINH DUC, 75 NGUYEN MINK B
IXONGUYEN VIET HAL AR X LR QUOC WAN, 7AS PHAM VAN HUNG, 2GS 78 VO THANH Kl
GY TSKH NGUYEN VAN MR Ong NGUYEN KHAC MINIL 5. PHAM THI BACH MR, AGE 78 TA DUY PHUENG
TAS NGUYEN THE TRACI GR TSEN. DANG BRUNG THANG PGS 7S, AN DOAN THOAL TAS VO KIM THUY, PGS T3 VT

DUONG THUY, G ISR, NGO VIET TRUNG

TRONG SO NAY

@) Mmmmaa

Lower Sexx v SOk
e ok T~ Phit i cho N ok 60 ot

it dding thire quen ol
© tomg dln gidi ¢ i chon hoo sinh gidi mdn
Todn - K 9, tish Nam Dinh, ndm hoe 2023 «

204,

(D) DX i ehon hoe sind g mdn Toda « Wp 9, TP,
HS Chi Minh, nim hoe 2023 - 2024,

@ vitn dan dgy hoe todn
Ngwén Hodng VR, Ha Mink Thu - S¥ dung
phin mém Geogebra trong chimg minh mdt s
dinh Iy hinh hoe bing phong phip biln &8 gid

Q D ra k3 ndy Probiems in This Isswe

TIS64, .., TI2'S64, L1/S64, L2564,
@ Giai vai ki trwie

Solwmrons & Previons Probioms

T17560, .. TI2/560, L1360, L2/560.

@ vhuong phap gidi toin

Ngsown Thanh Hai - Tidp cdn mt sd hai toun
Qai s, idi tich theo hudng hinh hoe.

© B doctiment

Ngd Van Théi — Mo rdng cdu bit ddng thae
trong 48 thi IMO Hn thit 46 nim 2008,

© Xy nigm 60 nim Todn hoe VA Tudi tré

Thin Van Nhung - 60 ndm dy bidt bao nhidu
tnh.

Q Tidng Anh qua cdc bai todn — Bai s§ 108 -

Bai dich sd 103.

@ Nnidu cich gidi cho mjt BAI todn - Gidi bai

todn 84 - D& bai todn 86.

@ Du tich thé gisi qua cic bai todn hay - Giai

bai todn 91, D bai todn 93,

© sinmoasn
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RTARICHITOANIHOCI/ATUGINTRE
Bo dong tap
| \l’ (lll TOAN HOC \ \ ll ()l TRE HANG NAM

Nam 2010

Khd 19 x 26,5

Gia bia: 99.000 dong
Nam 2012

Khé 19 % 26,5

Gia bla: 152.000 ddng
Nam 2014

Khd 19 x 26,5

Gia bia: 185.000 déng
Nam 2015

Khé 19 x 26,5

Gia bia: 199.000 ddéng
Nam 2016

Khd 19 X 26,5

Gid bia: 199.000 dong
Nam 2017

Khd 19 x 26,5

Gia bia: 199.000 déng
Nam 2018

Khd 19 x 26.5

Gia bia: 199.000 ddng
Nam 2019

Khd 19 x 26,5

Gia bia: 199.000 déng
Nam 2020

Kns

W X265
Gia b\a 210.000 dong
Nam 1 &

‘Gid bla: 269 OOO

Nam 2023 .
Khé 19 x 6.

wwwﬁgl

TAP CHI TOAN HQC VA | TRE
Dija chi: 187B Giang V6, Ha NI
@ Dién thoai: 024.35121606 - 024 35121607
© Email: d.com
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THU NGO

Trong 60 ndm qua, Tap chf Todn heoe va Tudl tré khong ngitng phdt trién va da trd thanh ngudi ban
thin thi€t cda nhidu th€ h¢ hoe sinh, gldo vién va ban doc yéu todn trén cd nude. Tap chi Toan hoe va
Tudi tré da nhan nhi¢u Gidy khen, Huan huy chiung va nhitng phdn thtdng cao quy khac ma Ddng va Nha
nude trao tdng. Didu niy c6 duge 1a nhd cong site clla cde nha todn hoe, cdc nha sif pham, cic dy vién hol
ddng bién tap, cde cong tac vien va ban doc yéu todn trén cd nude. Thay mat Ban bién tap, ching toi xin
¢dm on ban doc gdnxa, cic nha khoa hoe va cdc cdng tic vien vé nhitng déng gop to 10n dé.

D& chao mimg 60 nam thanh lap va phét trién Tap chi Todn hoe va Tudl tré, tir thing 4.2024, Ban bi¢n
tap s¢ md chuyén muc: Nhing hél e, nhitng kg ni¢gm vé Tap chi Todn hoc va Tudl tré. Noi dung céc bal
trong chuyén myc nay s&¢ vi€t vé nhitng hdi e, nhiing ky ni¢m, gdn bé cia ban doc vdi Todn hoc va Tudi
tré; nhing dnh hidng, déng gop cda Tap chi Todn hoc va Tudi tré d61 vai phong trio hoc todn, gidl todn,...

Ban doe than mén!

trén toan qudc.

Bai viét o6 thé viét trén gidy hodc dinh mdy vi tinh (nén bing chudng trinh soan thdo vian bdn word).
Trén bai vi€t cdn ghi ro: Ho tén, dja chi, s di¢n thoai. Bai vi€t khong qud 4 trang danh may.

Bai viét o thé giti vé Toa soan:

- Gifi file word theo dja chi email: toanhoctuoitrevietnam@gmail.com
- Giii bai theo dudng Buwu dién. Phong bi c6 ddn tem, gl vé dja chi: Tap chi Todn hoc va Tudi tré, 1878

Gidng Vo, Dong Da, Ha Noi.
- Hodc dén Toa soan Tap chi gii tryc tiép.

Ban bién tap mong muén nhin duge cdc bai viét tif ban doc. Trin trong cim on!

TH&TT

CUOC THI VIET CHUYEN DE TOAN CHAO MUNG 60 NAM TOAN HOC VA TUOI TRE

D& chao mimg 60 nAm thanh 14p va phat trién Tap chi
Todn hoc va Tudi tré, Ban bién tap t§ chic cudc thi
viét chuyén dé Todn cho bic THCS va THPT.

« DO tugng dy thi: Gido vién da hoic dang day & bac
THCS, THPT, Gidng vién, Sinh vién & cic trwing Dai
hoc, Cao ddng va ban doc yéu thich Todn.

« NQI dung bai dy thi: L cic chuyén dé bdi dudng
hoc sinh gidi todn; cdc chuyén dé 6n tap, on thi cudi
cdp; nhilng tim toi, sdng tao trong viéc day hoc Todn
(bdc THCS, THPT).

o Th€ 18 cudc thi: MSi ngudi tham gia cudc thi dugc
gl khong qué 3 bai dy thi khac nhau. Cdc bai dy thi
6 thé 1 cac sdng kién kinh nghiém di ding ky, hoic
dat gidi & Trudng, Phong, S&,... nhung chua timg duge
xudt bdn thanh sich, bdo, tap chl va cling chua tham
gia cudc thi nao khac.

. K€t qud cudc thi sé dugc cong bl trén THRTT thing

11 ndm 2024 (S8 569). Céc bai hay co thé dugc chon
ding trén Tap chi hodc in thanh séch. Céc tic gid
dugc hudng nhudn bit theo quy dinh clia Tap chi. Bai
vi€t tham dy cudc thi thudc ban quyén clia TH&TT.

» Thai han gii bai dy thi: Trudc ngay 15/10/2024.
» Quy cdch bai dy thi: Bai dy thi dugc danh may vi
tinh, nén dung chuong trinh soan thdo vdn ban word
(c6 file). Trén mdi bai dy thi ghi r3: Ho va tén, dia chi
Trudng, x3 (phudng), huyén (qudn), tinh (thanh phd),
s§ dién thoai. Bai dy thi khong qué 15 trang dént
mdy. Trén clng cla trang 1 m&i bai dy thi ghi r&:
Bai dy thi viél chuyén dé Todn
chao ming 60 nam TH&TT.
o Cach gifi bai dy thi: BAi dy thi gli vé Toa so-
TH&TT bing cach: _
- Gi file word theo dia chi email: .
 toanhoctuoitrevietnam@gmail.com
- Gli bai theo dubing Buu dign. Phong bi co dan tem,
gli vé dia chi:
Tap chi Todn hoc va TuGi tré
1878 Gidng V6, Béng Da, Ha Noi.

- Hodc dén Toa soan Tap chi gl tryc ti€p.
+ GI3i thudng: Nhiing noudi doat gidl sé& dugc nhdn
Gidy ching nhdn va Tang phim clia Tap chi.

: . TH&TT

Gldy phép XB s 534/GP-BTTTT cdp ngay 19.11.2020; Ma s&: 8BT6M24

In tal Xi nghiép Ban dé 1 - BQP
In xong va nép luu chi€u thing 6 nam 2024

Glad: 18,000 ddng
Mudl tAm nghin d8ng
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