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NHAXUAT BAN
GIAO DUCVIET NAM

B BAC TRUNG HOC CO SO

LAETIRCIRITTA
Vil cunc sine

AP DUNG CHO NAM HOC 2024-2025

Tén sach Gla bla (déng/cudn)
\ Ng(r vin 6, tip mt 19,000 23,000
2 | Nglrvdn 6, tp hal 16,000 20,000
3 Todn 6, tip mot 17,000 21,000
4 | Todn 6, t§p hal 16,000 20,000
5 Gldo dyc cdng dén 6 8,000 12,000
6 | Lichsivaplalie 27,000 32,000
7 ‘ Khoa hoc ty nhién 6 27,000 32,000
8 ] Céng ngh¢ 6 10,000 14,000
9 Tinhoc 6 10,000 13,000
10 | Gldo dyc thé chat 6 16,000 20,000
N Amnhac6 9,000 13,000
12 t Mi thuft 6 19,000 13,000
13 Hoat déng tril nghi¢m, hudng nghlgp 6 8,000 12,000

Tén sach
Ng@ vin 7, tjp mét 19,000
2 Ny vén 7, tp hal 18,000
3 Toén 7, tp mot 16,000
4 | Toén 7,tép hal 16,000
5 Gléo dyc céng dan 7 9,000
6 Lichsitva Plali 7 24,000
7 Khoa hgc ty nhién 7 24,000
8 Céng nghé 7 11,000
9 Tin hec 7 11,000 |
10 | Gi4o dyc thé chat 7 14,000
n Am nhac 7 10,000
12 Mi thugt 7 ; _ 10,000
f 13 | Hoat ddng tral nghigm, hudng nghiép 7 10,000

26,000

12,000

Tén sach Gla bla (déng/cudn)

1 | Nglf vin 8, tap mdt 18,000 19,000
2 | Ngirvan 8, tip hal 19,000 20,000
3 Todn 8, tdp mt 17,000 18,000
4 Toén 8, tdp hai 19,000 20,000
5 Khoa hoc ty nhién 8 26,000 27,000
6 Céng nghg 8 14,000 15,000
7 Lichstva Pjali 8 23,000 25,000
8 Mi thujt 8 9,000 10,000
9 Gldo dyc céng dén 8 9,000 10,000
10 | Tinhocs 13,000 14,000
"N | Amnhac8 9,000 10,000
12 | Gldo dyc thé chst 8 14,000 14,000
13 Hoat d9ng tral nghié¢m, hudng nghiép 8 10,000 10,000

SACH GIAO KHOA TIENG ANH

B& sach hgp tac xust ban vél Pearson Education

Gia bla

Tén sach

Gia bia

(dong/cudn

-

W N O b NN

10

Ng(r vin 9, tdp mét

Ngif vén 9, tép hal

Toan 9, tip mdt

Toén 9, tép hal

Gldo dyc céng ddn 9

Lich s va Blali 9

Khoa hoc ty nhién 9

Cdng nghé 9 - P|nh hudng nghé nghiép

C8ng nghd 9 - Tral nghiém nghé nghiép
- M3 dun L3p dit mang dién trong nha

C8ng ngh@ 9 - Trdl nghi¢m nghé nghi¢p
- M dun Tr&ng cdy &n qua

Céng ngh@ 9 - Tral nghlém nghé nghiép
= M8 dun Ché bién thyc phdm

Tin hgoe 9

Ml thu§t 9
Am nhac 9 Wag
Hoat ddng trdl nghigm, hudng nghiép 9
Gldo dyc thé chats

20,000
19,000
16,000
18,000
8,000
31,000
29,000
5,000

7,000
10,000

10,000

13,000
10,000
9,000
9,000
14,000

Tan sach

Tibng Anh & - Global Success (t4p 1)
Tiéng Anh 6 - Global Success (t4p 2)

Ti&ng Anh 7 - Global Success

Tiéng Anh 8 - Global Success

o oA wN

Tiéng Anh 9 - Global Success

33,000
33,000
62,000

38,000

38,000

70,000

Ti€ng Anh 6 - Friends Plus
Ti&ng Anh 7 - Friends Plus
Tiéng Anh 8 - Friends Plus

Tiéng Anh 9 - Friends Plus

Gla bia
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TRUNG mnf CO S

Duya vao quy luft cla dy s6 ta c6 nhiéu cich gidi
bai todn vé bét ding thirc lién quan dén ddy sé va
ing dyng cia nd. Nhiéu hoc sinh con ling tang
khi gdp nhiing bai toan thudc dang bai lién quan
dén bét ding thie vé diy s6. Bai viét nay gioi
thi€u vdi cdc em céc cich giai dang toan bit ding
thirc vé ddy s6 va ing dung cia né.
DANG 1. CHUNG MINH BAT DPANG THUC
VE DAY SO.
Bai 1.1. Cho
1 1 1

- + +ot ;
1.3 23530 1012.2023.2025

1s

Chung minh S < %

Lai gidi. Cdch 1. Xét sb hang tong quét
1 1
n(2n—1)(2n+1)  (2n=1)(2n+1)

Al
2 2n-1 2n+1

(v6i neN,n22). Ap dung bat ding thirc trén véi

n=2,3,4,...,1012 taco
§<tivady it o4 o
[t B 7 S 1 7 ) 2023.2025
l(l | TR W7 |4 B |
PRl - — Trhe T = + ..
2N 37 BT T

1 1 1 1
+ o + ek
2021 2023 2023 2025)
.—.>S<i.(1——i—)<l Z Vay S<g
2\1 2025).2 | 3
17 s 1
n(2n=1)(2n+1) n(n+1)(n+2)

Cdch 2. Ta cé:

: _%[n(nlﬂ) (e 1)1(" ¥ 2)} |

(v6i neN,n22).

Ap dung bét ding thirc trén v6i n=2,3,4,...,1012
1 1[11‘ QR

23 34 34 45

ta cO: S +—
32

1
+
1012.1013  1013. 1014]

1 1[1 1 0 B T
DI<—F—|————— |[< == —=—
3w 2 ki3 }013.1014 12 e Mo % S
:>S<—.5—<72-.
3
1 2
; n(2n 1)(2n+1) (2n—l)2n(2n+l)

Cdch 3. Ta co:

{ 1 1
‘ _'[(Zn —‘1)2n__ 2n(2n+1)]
(v6i neN,n>2). \ ‘

Ap dung déng thirc véi n=2,34,.,1012, suy ra:

1 (-1 Sk BRI 1 |
S=— ——-———-+_.....-._
3 \34 45 56 67

i | : 1 =7
+' —
2023.2024 : 2024.2025)
:>S<1+—1- Vit bk s A
3 34

1‘ OGP g O Lo 1.

4.5 56 67 2023 2024 2024. 2025
2
=:>S<—5—<Z Vay S<-—
12 3. 3

Nhdn xét. + Tir céc céch gidi'ta cé két qué t6t h0'n

1as <% . Ta c6 bai todn tong quat: Chimg ‘minh:

1 1 1 ‘] 5

+ +..+ <—

113 235 357 n(2n—1)(2n+l) 12
(voi neN ).

+ Trong céc cach gidi trén, s6 hang tong quat dugc
danh gid mot cach phu ho'p, xut hién ddy méi c6
thé rit gon dugce tong céc s6 hang cua day, tir a6

c6 bit ding thirc can chung minh.
: TOAN HOC
§8565(7-2024) 1

Dugc quét bang CamScanner


https://v3.camscanner.com/user/download
FreeText
https://www.facebook.com/letrungkienmath            https://sites.google.com/site/letrungkienmath




https:.//www.facebook.com/letrungkienmath https.//sites.google.com/site/letrungkienmath

Bai 1.2. Cho tdng Loi gidi. a) S6 hang tdng quét cia tong S c6 dang'
1 1 1 1 3n+2 P :
S E i) WAl WIS PR . ,voi n=1,2,3,...,2022 .
12472573810 " 1000.2999.3001 n(n+1)(n+2)
Ching minh rang S<—5—. 3n+2 o 2(n+1) g i L
24 n(n+1)(n+2) n(n+1)(n+2) n(n+1)(n+2)
Loi giai. Bat S =1+L+P, trong do 2 i 1
8170 n(n+2) (n+1)(n+2)
1 1 1
= + +ont (). ' 1 1 1 1 S
3.8.10 4.11.13 1000.2999.3001 ] === + 5 {5
Véi neN,n>3, tacéd: ' ;z nIrZ n2+1 n+2..

1 1 1 =t — .

n n+l n+2

n(3n-1)(3n+1) 1 n(9n2 —1) < n(9n2 -9)

2 1 1 1 co: _
=1sn(n-1)(n+1)25[(,1-1)"‘”("“)]' r (1 1 2)+(1+1 2J+(1+1 2)

— +——— —_t——— —_t -
Ap dung bét ding thirc trén véi n =3,4,5,...,1000 2 3/ \2 3 4/ 3 45
ta co: +....+( 1 . e 2) ‘
: (1 { , { ) 2022 2023 2024
<—|—=——+..4 - ‘
1823 34 999.1000 1000.1001 spuaki Xl o sie,
2023 1012
b 1 11
=> P< ey < = (3) 1 1 1 1 4 1
1823 1000.1001) 18.6 108 b) Pit P=—+—=+—t..+——, tong P cb
Tir (1) va (3) c6: 5 6.1 02340 » Jins Vi
g 2019 s6 hang. Vi ne N,n22 ta cé: E
S—1+L+P<_1.+L+L<.l_+_l.+L : ;
8 70 "8 70 108 8 70 105 0<(n=1)n(n+1)=n-n<n’ E
MR W S 9 T G G O NPT O B0 o A W SISV S
§ 210 8 42 8 40 20 n’ (n=-Dn(n+1) 2| (n-1)n n(n+1)
La1co—3-<— suy ra: S<-5—— Ap dung BDT trén véi n = 567, 2023 taco: :
20 24 24" . {
i <1[L_L+L AaR] G
Nhin xét. Ta c6 két qua tét hon 1a S<%. Tir d6 2145 56 56 67 67 178 |
' LN p B 1 1 |
6 két qua td at:  Chir inh: = - —
tal ¢ le o °ng-1 : g 3“"5 el 2022.2023 2023.2024]
+ +... . <— 1[ 1 1 1 1 1
1.24,. 25.7 . . pl3n-1)(3n+1) 20 ., .o m = i e M = L (),
‘ : PR 51 420 v g 2[45 20232024] 2745 20 M
(dinel): : o Véi neN’, ta co: :
Bai 1.3. a) Cho tong 1 1 O Ll e T [ § o
. ] ] _— =-— — .
LoBagB o pSl o Rl 0008 Uit A(HEN(HF2) 27n(n4+l) (n+1)(n+2) |
123 234 345 20222023.2028 | Ap qung BDT trén voi n = 5,6,7,...,2023 ta cb:
MBIV IGI e Aty 0 g I[L_L e
) e SR 56 67 67 718 78 89
Sl PR g e SN S TR e
65 5 6 2023% 40k 1 ¢ RPN O S LG S
2023.2024 2024.2025
TOAN HQOC
2 & Cl'ubltr;e 'S8 565 (7-2024)
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1

2156 20242025
Hie-s] -
2390 65
Tir (1) va (2) suy ra:
B RTLLL O W T
65 5 6 9T 2023 40

Nhén xét. + Véi phan a) co bai todn tong quat:

Chirng minh:

54_8_'_114_+ 3n+2
123 234 345 n(n+1)(n+2)
1 2
2,_____._
b n+l n+2

(V6i neN;n>2),

+ V6i phan b) ¢6 bai toan tdng quat: Chimg minh:

l L_ : < . 1 + L
2(5.6 (n+1)(n+2) 53+63+73\+'" s
1| 1 1
Gl i o
21 4.5 n(n+1)
(véi neN,n>5).
Bai 1.4. Cho

11 1 1
=—+—+..+ +
14 29 n’ +(n+l)2 (n+2)2
Chieng minh rang: 0,15 < A< 0,25.

Loi gidi.
= - + : +
L S T LD A TR L
1 Nt 1
A : g W o s £
n*+(n+1) +(n+2) 24% +25% 426
Pt B=n’+(n+1) +(n+2)" =3n* +6n+5.

a) Véoi n21,tacé:

B <3n’ +9n+6=3(n2 +3}n+2)=3(n+1)(n+2).

Ap dung véi n=1,2,3,...,24 ta co:

A 1,:1 + 1 + : +;j|
3123 34 (n+l)(n+2) 25.26
=l(l_l+l__1. L_L)
3\2°737:3 4 25 26
=1.(1—iJ=3>0,15
3226718

+ .
1877
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b) Véi n 21, ta cb: ‘
B>2n' +6n+4=2(n+1)(n+2).
Ap dung véi n=1,2,3,...,24 taco:

A<— ! (L+—l—-+,...+;)
2\23 34

Nhdn xét. Ta c6 bai toan tong quét: Chimg minh
1 1 1 1

6 3(n+2) T+2243 21344
‘ 1 bk
P4(n+1)’ +(n+2)" 4 2(n+2)

(vé6i neN"),
Bai 1.5. Cho day s6 (u,) xdc dinh bdi
u, = (n2 +n +1)2 +1 (voi neN).

TR T

Dat P, = . Chimg minh rang:

Uy Ul g... My,
B+ Bt t B <%.
Loi gidi. Ta co: 7 » ’ .
u, =(n2 +n+l)2 +1=(n2 +l)z +2n(n +1)+(n® +1)

=(n2 +1)[(n+1)2 +1].

u,,, (4" —4n+2)(4n* +1) _(2n-1)'+1
u,,  (4n* +1)(4n* +4n+2) (2n+1)7 41
P+1 3* 4157 +1 (2n-1)"+1
3’+1'5’+1‘7’+1"“(2,,+1)=+1
gl e
(2n+1)" +1° 20 +2n+1

1 11 .1
2n(n+l) Z(n n-i-l) Y

BR+PR+.+P < 1(-‘-—14-1—-1-4\ +1-L)

Do d6: P, =

281:-2 2 3

l(l 1 ) 1

= ——— -
2\1 n+l) 2

TOAN HOC
' CTusilpe 3
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Nhdn xét. Ta chiung minh dugc: Bai 1.7. Chirng minh rang: :

B+P+P+..+P <—;—(1—-—1 1), I Lo 1 )2+
4 2024 (2024 2024°
voi HGN.. ‘ i 2023 i1 ‘\}
Bai 1.6. Day so (u,) dwoc xdc dinh nhir sau: +(m+£ﬁ4‘:+""+ 20242023) <2T023' A

1 ol

= =123,k ¥i gidi. Vi RGeS

" n(n+1)(n+2)(n+3) PR = Loi gidi. V6i a,n€N,a,n>1 ta thu gon tong; Wil
Dat S =u, +u, +u, +....+u,. Chirng minh rang A =l+—12-+—3—+,,,,—n-. Ta cé:
{ a a a a ‘ s

Y " . 1 - i

18<S..24 (a—l)Sn=aSn—Sn =(1+l+_12_+_3+.m+_1~1J o

0 a a a a" .

Loi gigi. Taco u, >0 voi n=1,2,3,...k. Lo 1 i oy
T 1 1 “(—+—2+—3+ ..+—)=1——n—<1 Sk
Dodovo'lkZIthiSZu,=§=>§S24 (D). a a a a a" :
Véibatki n>1 ta co: =8, <L1 (1.
a- : &
1 = 1 1)

T a(nr1)(n+2)(n+3) Ap dung BDT(l) cho @=2024  va
n=2,3,4,..,2023 taco: SHBR

_l (n+3)—n ; o
3" n(n+1)(n+2)(n+3) P +( 1 2 il J i
1 1 2024 (2024 2024 T
n(n+1)(n+ n+1)(n+2)(n+ g i i ,
(2024 2024 2024”’3) i
Do d6: 38 =3(u, +u, +ty +....+u,) &

1 2023
tiiit| — 4
(2023)

=P« l +( 1 )2+( l )3
=( 1; .5l ]J{ Ly el ]+ ‘ 2023\ 2023) 2023

t&3 (123440 xaBika 34 Lai 4p dung bét ding thirc (1) cho @ =2023 va
+( 1 3 1 J n=2023 ta cé:
k(k+1)(k+2) (k+1)(k+2)(k+3) PR SRR CRWRTN Srom ot s '
_1 1 rads oy 2023 2023 2023 7 2023°F 2022
"6 (k+1)(k+2)(k+3) 6 Suy ra diéu phai chimg minh.
=>S<i<:>-l—>18 2).. Bai 1.8. V6i ne N' ching minh rang: |
Lt WS NN s (Hl)(l+L2)(1+—]3-)....(1+;17)<'3 (1).
T (1) va (2) suy ra: 18<-§.<.24. 2 2 20 ) AN B i
. . L O I il 8
Nhn xét. Ta c bai toan tdng quat: Day s6 (u,) Loigial. D@tA=(l+5](1+?)(1+?)""(’1_+27J- :
1 ‘ )
sc dinh boi: i A Lo yorighis. _1_ dne.
dugc xdc djn ‘ -4, a(n+1)(n+2).(n+1) Véi-n=1 thi A—l+2<,3,khl do (1) dang
in=1;2;3;..;k vat21. \ ‘ 1 !
i b Cia et eVein22 thl A=3.(1+i,)(l+-s)~---( +—n]-
Pat S =u, +u, +u, +....+u,. Chimg minh rang %] Gl | 2}k 2

1 ~ Nhén xét: Véi meN,m>2 thi
tle<—<(e+1)L |
ity W e
TOAN HOC

e & 565 (7-2024)
4 CTudilpe__ S8s565(7 .
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That vy, xét higu:
1. 3%=1 (1 1 ) 2" -1 2" 41
PN TR e e ey
2 2" -] 2" (2™ 1) 2t

& 1

2" (2 -1)

Do d6 BDT(2) duge chirg minh.
Ap dung bét ding thire, véi m =2,3,4,...,n ta c6:

3 [1 22~1}(1 2’—1) (L 2"-1]
b W enne] =,

212 2-1 02027 =1 e e
J3 1 (22 -).(20=1)

227 (2-1)(20 1) (2 1)

¢ 1<31-3

>0 (vimz22).

=3.

Bai 1.9. Cho
1 1 1 1
=—+ +—t...+

1.1 2.2 - 3.3 2025.2025!

o : 3
(ki hiéun!=1.2.3...n). Ching minh rang A< 5

Loi gidgi. Cich 1. V&i neNpn>2 ta co

n(n—l)>l<:>n2>n+1.DQd6:
_1_ 1 n n 1
n! (n+1) (n+1)
Ap dung BDPT(2) viao biéu thic 4
n=2,3,4,...,2025 tacod:
Lo i oy
+ + e ——————
.11 2217 33] 2025.2025!
0 el e 1 Fas e
Foit————
21 3131 41 2025! 2026!
3 1 3 |
2 2026! 2
Cich 2. Vi neN,n>4 thi
Lodeialute bl 1
nn! n23..n 2n2n (2n-3).(2n-1)

@).

(n+1).n! g n.n! .

vai

A=

=%[(2n1— Vi (2nl—l):| )

Ap dung BDPT(3) vio biéu thuc A 'vai

n=4,5)6,...,2025 taco:’

1 1

Lol 221 331 2025.2025!
<1+—l—+-l—+l [l——l- -1- l +—-1——L:|
4°18 218 7. .47:19 4047 4049
| £ Al T )| 1
=>A<I+Z+T§+5.(§—m)
<1+1+—1—+—l-= 7—3<E.
4 18 10 180 2

DANG 2. CHUNG MINH BAT PANG THUC
VE DAY SO LIEN QUAN PEN CAN THUC.

Bai 2.1. Cho day 56 (a,) dwgc xdc dinh nhi sau:
1

a,'= AL 23
n' (n+2)Vn+1 ’
; : g l S
Chitng minh rdng: a, + a, + a; +.... + a, <_£\/—§ |

Lai gidi. Cdch 1. Véimbi ne N ta cé:

1 2 1 [1 1 ]
2n\/;i-_l n(n+2) 2n\/nT n (n+2)

1
«/n+ 2n(n+2)s/n+
1 : 1

n*\n+1 _.2(n+lv)2\/n+l.

Véi n=1,2,3,.. i
a,+a,+a,+..+a <(-—L——;J
R i SR e ¥ I, WV

1 1 | e i
+(2.4J§ ‘ ;.9@)+'f7+[2n"/n+1 2(n+1)2\/n+2]
1 1
2«/‘ 2.(n+1)*Vn+2 RN
. taco:

ta cO:

=ajta tayt..ta,

Cach 2.V6i n=1,2,3,..

2n? >n+1<:>\/5n>\/n+l<:>—< .

N2n~ Jn+1
2

=n(r.1+2").\/5.n\/m | 2.
T nm+2Nn+ldntl n@+(n+2)
e wmem

n(n+l) (+)(n+2)|

=a,

Do d6:

S 565 (7-20249)

TOAN HOC
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3i 2.3. Cho day sé (a,) dugc xdc dinh nhi sau:
a,+a2+a3+....+angg[( s | ) ( R J+ Bai o day . ( n) j - sa

12 23) \23 34 =lLap, = \/a” (an -Fl)(a,l +2)(an +'3)+ 2:
l 1 * ’ s M {
+(n(n D i T +2)]] (n eN )7 Chitng minh rang:
1 | 1 1 1
Jal i 1 + e +ot <—.
>a+a,+a+..t+a, <T{E—m:| m‘ al+2 a, +2 03+2 d2024‘+2 2

Bai 2.2. Cho biéu thire Loigidi. Tacé a >0 voi VneN'. Xét
iy ] 1 a,, =\a,(a, +1)(a, +2)(a, +3)+2

=ttt —— 1 ;

W 32 a3 200 i
>Ja,( (a,+1)(a, +2)(a, +3)+1

)

Chirng minh 8 <A< ﬁ
89 45

= (a2 +34,)(a + 34, +2)+1
Loi gidi. V&i neN', ta co: %

T 2— ;
i leaE Gy = (a"+3an+1),_a"+3an+ly |
(n+l)\/; (n+l)n n (n+1) \/_ Jn+1 =a,,+1>a +3a,+2=(a, +1)(a, +2)
ApdungBDTtrénvéin=‘1,2,3,.:.,2022,taco: i 1 1 cosliiied
(1 1] (1 1) ‘ ( 1 1 J a,,+1 (a +1)(a,+2) a,+1 a, +2
A>|—=——F= |+| =——F |+ it —=—T—
V1 V2)\V2 3 vaz V2023) 1 1 1 (i neN')
1 87 a+2 .a.+1 a,.+l
= A>1-——>— (1). Laicé: ANl
J2023 89 Ap dung BDT trén véi n=1,2,3,..,2024 ta cé:
1 2 1 PR o - i i Wi,
(n+1)v/n 2\/n+1 Vnaln+1 a+2 a,+2 a,+2 " g, +2
11 1
: 1 A o)) SLGL a1 1+1_ 1+1
< =< , I 2 a,+11 a;4
J(n+1)+n Jnaln+1 Jnaln+1 1 s 3 i i
Rl —— .+ - o
[ ; : ) g+l a4l g+l g+l
Jn Jn+l S I e i
ApdungBDTtrenvorl n—l23, 2022, ta'co: a]+l ams+1 a,+l_2"
A<2(i__l_ _1____1_ Lm il J Nhgn xét. Tacobaltoéntongquét g
N RN RN N TP NI Y SERIE AT SR M. .
v 1 a+2 a+2 7 a,+2 e+l a +1 ]
¥ (_J_zosz z0 © (reN). R
Tir (1) va (2) suy ra: _Z_Z<A<§ Bai 2.4. Chtmgmmh rang

9 45
Nhén xét. Bai toan tong quat: Chimg minh rang: 1+,/1+ + 3,1 i n’l + S n+—*
focdat ] 1 o 1

1- < +i—= + ot
Jn+l 201 312 43 (n+1)Jyn  véineN,n22, n'—123 .

<2(l— ! J Loi gidi. Truéc hét, nhin xét r%m_g véi x>0 va

Vntl) g eN (k22) luénco: (14+x) >1+ke (D).
WAL That vay, v6i k=2 tacé:
TOANHOC
6 - CTuditpe _S6565(7-2029)
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(1+x)" =1+ 2x+x? > 1+ 2x.
Viy (1) ding khi k=2. Gia st (1) ding véi
keN'(k22) ticla (1+x)" >1+kv. Khido:
(1+x)" =1+ x) (14 x) > (1+ k) (14 x)
= (1+x)" >1+(k+1)x+ k? > 1+ (k+1)x. Do
dé (1) dang véi k+1. Viy (1) ding voi
VkeN' (k22). T (1) suy ra: ¥4 ke <14,

Vi “":("zfl—)!’ ta co:
e 5 <
(k+1) (k+1)
K 1 1
G T

2
bat P=1+Jl+i+‘3}1+2+....+n1+ Bepid:
3! 4! (n+l)!
Ap dung bit ding thire (2) véi k = 2;3;4;...:n ta c6
P<l+[l+i—l)+(1+—l——l Ho 1+l— !
2! 3! 31 4] n! (n+l)!

1
R 7351 iy

DANG 3. NG DUNG BAT PANG THU'C VE
DAY SO
#18

Bal 3707 Chov ARy 999999
479 16 1000000

Tinh [A] (Ki hiéu [a] la 50 nguyen I6n nhat

khong vuot qua a).

Laoi gidi. Ta c6:

1
2l e e T e L~
a=(1-3) (-5 (1=56) - iam)
1 1 1) ( 1
=|1- 1-— - |+t 1=——
(1 2) ( 32) ( 4 10002j
1 1
=999—(%+—3—2—+27+ =999=1p £
tr d'B—l“+v—l—+r—1—‘+‘ +‘#>0
O T LA 1000E T
suyra 4<999. Ta co:

+——.._
10002)

B——1—+—1—+i+ —

ik AT 42 T 16007

1 1

— i ———

4 999.1000

1 1

— — — |

Lk
4 999 1000

1 1
& s e s o
1.2 4
o -~

3 3
ot
l 2. 2'3.%9
1 1

e
1 1000
Do. d6 A=999-B>999-1=998,

998 < A<999. Vay [4]=99.

at i
Nhin xét. Cho A—3+8+E+ gt
4 9 16 n’

neN,n22. Ta cling chirng minh dugc:
n-2<A<n-1va[d]=n-2.
Biai 3.2. Cho

B o e )

(véi neN"). Tim n dé'[A]=4951: (K7 hiéu []

1’56 nguyén 16m nhdt khéng viegt qud x).

suy ra

, VoI

Loi giai. Ta c6:

A=(1+2+3+...+n')4-(;+i+ i b ")

22 23 2ll
DtB-1+—2—+%+ -, tach:
0 LR Sl S R
BZI 2—1VneN n>2
o RiN

Lai co: B=23—B=(1+1+%+...+ 2 ) ;
‘ 2 g%

—1+1+i+—13- f+1_l 2

B i2b R AR e
Pit C= 1+1+l2+i3+'" 0.
2 Y Al &5

(i f i |
:>2C 2+1+1+—1-+ t— . k
2 2 i 2'._

Do dé: C= 2c—c=,2-§-"1:.»

TOﬁN HOC
* Cusilge
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Do d6 ISB<2:>[B]=1_

Véi VneN,n22 t (n2+l)eN'.

n+l) n+1)

Do do: [4]=

+[B]=
Dé [ 4]=4951 thi @H:wsl

& n(n+1)=9900 < (1-99)(n+100) =0 <> n=99.
Bai 3.3. Cho

Vay n=99 14 gié trj can tim.
s=\/2+1+3(3+1+4/4+1+ +2025(2025+1-
2 3.V 4 2025

Tinh [S] (Ki hi¢u [a] la sé ngdyén I6n nhat

khong vuot qua a).

Lai gidi. + Ta c6 mdi s hang ciia tong S déu Ién
hon 1, do d6 S >2024 (1).
+ Nhn xét.* Véi x>0 va ke N (k2

co: (1+x) >l+ke (2).
Tir (2) suy ra: 41+ ke <1+,

) ta ludn

+ Vi x—-—l— taco: ‘

Nt ke -k1+— ,/“ b 5 O)

Ap dung BDT(3), véi k=2,3,4,.. ,2025 cho 2024
s6 hang cua §,ta co ! ' '

1 1' 1 1
1 14— |+...+| 1+
S<(+22) (”3) (+42) ( 20252)

%
{

1.1 1-» 1
2t P 42 _2_025’*”,
17 T T ot v
<2024 +— +—F o t—
+12+23 34 7 20242025
| e Tpoptre g B 0
2024+—-—+———+——— e i e
5 272737374 " 2004 2025
1 | T

= 2025 —— <2025, (4).
2025

Tir (1), (4) suy ra: 2024 < S < 2025 = [S]=2024.
Nhin xét. Ta c6 ket qua tong quét;' Vm
\/2 +1 \/71 J4 +1

TOAN HOC

8 - & CTuditpe 'S8 565(7:2024)

'Vay max P=1012+/2025 khi

(neN,n22) thi [S] n-1.

Bai 3.4. Vzet 2024 6 tir nhién tir 1 den 2024 thea &
m@t thit ty ndo do dugc ddy 50 a,,az,a3,._..,q20u. :

Tim gia tri lon nhat cua tong:

S T

P :\/ar +a, +\/;73 +d, +\[a5 +ag '!'----Jf‘\/‘;zozs T 024~
g kil ‘
Lai gidgi. Tinh tong

(1+2024).2024

S=14+2+3+...+2024= -1012 2025

Ap dung BDT Cauchy ta co:
2025+(a,+a;),
2

2025+ (a, +a,)

202025

2025+ a +a
Tuorngtuc() ,/a3+a4._ 2 4),..., 14

242025
m 2025 +2 Sz;;,z: /) [
1012.2025+a, + @, + @+t @yps
242025 oy
_1012.2025+S 1012.2025+1012.2025
24205 242025
=1012./2025,
Ping thirc xay ra khi
=00 = Qpgy F oy = 2025.

2025.(a, +a,) <

&g ta, <

Suyra: P<

a+a,=a,+a,

4 +a,=a,+a, =...= dyyy + Ay =2025.

Bai 3.5. Cho o L AR ,4'_;_'4_.:;
n = ¥ i ___+ oy
erann i THELES 142434407
véi neN'. Tim sé hiru ti a nhé nhdtdé ‘

S <a,VneN. T TR e

Loi gidi. V6i ke N’ thi
R0
14243 +..4k  k(k+1)

'=2(1-L]. |
k' k+1)

Thay lan lugt k =1,2,3,...,n ta dugc:

‘ : - i
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122334"‘nn+1

=2.(l— ! )=2———2—<2.
1 n+l n+1

Viy S, <2,VneN'. Ta chimg minh a=2 13 s8

s 2(1_1 ok pli L +,1_.._1__.)

hiru ti nho nhit dé S, <a,VneN'.
Thét vy, gia sir ton tai 8 hitu i b<2 sao cho
S, <b,Vne N". Khi d6:

2 <b=>2—-b<—2w_
n+1

n+1

S =2~

n

Do b<2<2-b>0 suyra: n+1<2T2b’V"EN"
Piéu nay khéng xdy ra khi ta chon » 1a sb tu
nhién 16n hon 2—31). Vdy s6 hitu ti cin tim 14
a=2.

MOT SO BAI TOAN TUONG TU'

1. a) Cho A=—22_ 25 97 cpgmg minh
468 9981000
raing: A< : i
12900
232 = e n+1 2025
b) Cho S=? > +?+ T S

Chimg minh §<3.
2024 +2023  2024% + 20232

2. a)Cho §= + i =
2025+2024 © 2025 +2024°
, 2024’ +2023° ‘ | 20247 4 20232
2025 +2024° 2025 420247
Chimg minh § < 2024.
b) Cho

(343 +1)(5" +5° +1)....(2021* +2020° +1)
(2% + 27 +1)(4* + 47 +1)....(2020* + 20207 + 1)
Chimg minh A< 12B.

3.a) Cho a,n e N'. Chimg minh ring:

A=4043%;B

 [ASTS BRSO e | 127201 1
—_——— e — ..+ -——<
a2 a4 + a6 as adn-Z a4,. az +1 .
b) Cho n e N*va a>1. Chimg minh ring:
l+ 3 +i3+ +—< & =
a. gt e a" (a—l)

¢) Diy s6 (a,) dugc x4c dinh nhu sau:

3
al+a2 +a3+....+an <5.

4.Cho neN", chimg minh ring;

+-—1—+——l—+ +-]—>-3-[ (n+1)2—1]
287 U 2

5. a) Chimg minh ring tong

n+l n+l n+l n+l
A= ) 2 2
n+1l n"+2 n"+3 n“+n
(n e N,n >1) khong phai 12 s6 nguyén.
b) Ching minh biéu thirc
N i e s 3 o 914
\/F J13+23 J13+23 +33
¥ b i)
Gl
VI +23 430 4. +2024°

khong phai 1a sé tu nhién.,

6. Tim sé nguyén duong &k sao:cho diy sé sau
gdm toan sb nguyén: a, =1;a,, =5a, +\[ka® -8
véimoi n=1;2;3;.....

7. a) Tim phén nguyén clia P, biét ring

1 1 I 1
= + t———t.t :
N2 B+ 5406 7 999 +41000

b)cho1>='\/1+2i2+312 \/1+312 412-

) et | 1 1
Fltiat e e
 GIR n’(n+1)
(v6i neN",n>2). Tim phan nguyén cia P.

1. 1. 1 1
)(H ZJ(H 3)...(1+—
2025 2025°% 2025 2025"

2025% -1
2024% -1

8. Cho A=(l+

neN') va'B= Chirmg minh 4 < B.
(neN’)

9. Cho n 1d s6 nguyén dwong va ki hidu
Un)={d,;dy3dys..3d,,} 12 tip hop tht ca céc wée
sd nguyén ducm‘gyj‘cﬁa n. Chimg minh ring |

Al +d]+di 4. +dl<n’n.

TOAN e
¢9
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HUGNG DAN GIAI PE THI CHON HOC SINH GIOI
LOP 9, TP. HO CHI MINH

MON TOAN, NAM HQC 2023-2024

CAu 1. Cho cdc so a, b, ¢ > 0 thoa man:

a b c
L + =2024.
b+c c¢+a a+b

Tinh gia tri cua biéu thire

P=(a+b+c)( ! + : & 1 J=2024.

b+c c+a a+b
Loi gidi. Ta c6: |
P=(a+b+c)[ ! ) + : )
b+c c+a a+b
=a+b+c a+b+c+a+b+c
b+a c+b a+c
a b

iy POl +1+
b+a c+b a+c

=3+2024 =2027.

Cau 2. Gidi cac phuong trinh
a) 2Mx+1=3x-2;
b) x+4=4x" +24x+3.

+

Loi gidi.
a) 2Vx+1=3x-2 & Jx+ =%x—,l
C .
%x—lZO Py
== ; , & :
x+1=(—x—l] =x"-4x=0
. 2 v
xZ% ng
1 (9 =" 2 2. i
: x[—x—4)=0 x=0 hodc x=—""
a4 . 9

Sx=—.
9

Vay tép nghiém cuaPT 1a S = {196}

b) Ta cé: x+4=4x2+2\/x+3

TOAN HQC
1 0 * Cludilré S8 565 (7-2024)

& x43-20x+3+1=4x"

& (Vxr3-1) =(2x)

o Jx+3-1=2x
Ax+3-1=-2x

o Er3=2el (1)
Tl VEr3=241 (2)

|

A
i~

=

[ ¥
+ %
v\
eIk
o

~3-441
8 8
=—3+~/ﬁ_
-2x+120
e
x+3= —2x+l
x<—
4x* -5x-2=0
5+J_ _5—\/5
8
e 8

Viy tap nghiém cua PT d3 cho la

S={—3+JH : 5—«/5_7}_

g = T Tug
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-~ L4 ‘ -~
Céu 3. Cho cac 5o dwong a, b, ¢ thda man:

ab +be +ca = 3.
a) Chimg minh rdng: a* + 72> 2(a+b)(a+c).

b) Tim gia tri lom nhat ctia biéu thire

be ca ab
)= / +J +J "
¢ Va*+7 \b'+7 Ne'+7

Lo gidi. Ta co:
a)a'+7=(a’-1)" +2a +62 24’ +6=2(a’ +3)

=2(a’ +ab+bc+ca)=2(a+b)(a+c).
b) Theo cdu a) va BDT Cauchy ta cé:
bo . | be
a‘+7 V2(0+b)(a+c)

Tuong tu:

ac
<l a

b +7 2\/—kc+b a+b

2\1/—(al:b a+c) (1)
@

va

ch(z\l/_(c+a c+b) (3)

Tur (1), (2) va (3) ta co:

< + +
Q 2s/—k0+b c+b c+a
Dau“="xdyraca=b=c=1.

Viy gia tri 16n nhit cia 013 —= 3J_

2~/—

Cau 4. Cho hai phwong trinh x* =bx+c=0 (1)

vi X —bx+c=0 (2) (beeZ).

Vai x1, x3 la hai nghiém cia phwong trinh (1) va

x3, x4 la hai nghi¢m cia phwong trinh (2) théa

man x,—x, =x,—x, =1. Tinh gid trj ctia a, b, c.
Lai gidi. Theo dinh li Viéte ta co:

{x,+x2=b i {.):,+.):‘_—.bz
XX, =c nx,=c

1 (a+b b+c c+a) 1 3J§

Ma x, -x, =x,~x =1(gt), do dé:
b =x,+x, =1+ x, +14x,=24b
b -b-2=0=>b=-1 hojic b=2.
t=xyx, =(14x)(14x,) = 14x, +x +xx,
=]l+b+ec.
Tach: ¢ =1-b-¢c=0.
eNéub==1thi ¢ —=c=0&c=0 hodc c=1.

li\/—

eNéub=2thic* - c-3=0

Mit khéc A, =b* -4¢20, A, =b* -4c220 nén
b= -1, ¢ = 0 (thich hgp).
Cau 5. Cho dwong tron (O; R) va day cung

BC=RJ3 o6 dinh. Goi A la mét diém trén cung
lon BC va D la mét diém trén cung nho BC théa
man DB = 2DC.

a) Tinh 56 do géc BAC.

b) Tinh dién tich tam giac BDC theo R.

¢) Goi K la' mét diém trén AD théa man goc
CAD = ABK. Tim vi tri ciia A trén cung lon BC
dé dién tich tam giac ABK dat gia tri lon nhat.

Loi gidi.

a) V& OH vudng goc vai BC tai H.
AOBC c6 OB=0C(=R)

S8 565(7-2024) a q-
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=AOBC cén tai 0. Do d6 OH 1a dudmg phén gidc
va la duong trung tuyén ciia AOBC. Suy ra:

BC R\3

BH-—-—:—-—
2 2

Do d6: BOC =2BOH =120".

—  BOC 120°

Vay BAC = ~2— = =60

b) Vé CEL BD taiE.
Dit CD=x, tacéd: BD =2x, CDE = BAC = 60"
AECD vudng tai E nén

CE = CD.sin CDE = xsin 60° = x\/—
vi ED = CD cos CDE = xcos 60° =

Do d6: EB=BD+ ED =2x+

NIH
(¥,
le le

AECD vuong tai E nén:
EB* + CE* = BC* (dinh li Pythagore)

:[2) (‘/—xJ = (R\3)?

2 2
S5

BD =2x —£R CE=

1BD CE= 3\/_

2
c) Ta c6: CBD = CAD (hai goc ndi tidp cung chin
mot cung) va CAD = ABK (st).

Do d6 ABK = CBD.
Xét AABK va ACBD cb:

ABK = CBD, BAK = BCD (hai goc ndi tiép cing

=7x’=3R’=

x\/— 3\ﬁ N p

2 14

R21
X =T.

Vay Spep = ——R? (dvdt).

chén cung 175).
Do dé: v |
AABK ~ACBD (g.g)

TOAN HOC
; CTusitre S3 565(7-2024)
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2
:>S—AB£=(£J .
SCBD BC
Vi AB la diy cung cia dudng tron (O) nén
AB <2R.Taco:

e (3%) g {RIJ e

Déu “=" xdy ra <> A4 d6i ximg v6i B qua O.
Vay gia tri 16n nhit cia dién tich A4BK Ia

2\/—

2N~ R? khi 4 1a diém dbi ximg v6i B qua O.

Cau 6. a) Cho p, q la cdc s6 nguyén 16 théa man
(p+q) +3p+q la so chinh phwong. Tim gid tri

cuap,q.
b) S6 n goi la s6 ‘Tét”* néu n théa mén la hiéu
ciia hai s6 chinh phwong. Hoi c6 bao nhiéu so
“Tot” khong viegt qud 20247
Laoi giai. a) Ta cé:

(p+a) <(p+q) +3p+q

<(p+q) +4(p+_q)+4=(p_+q+.2)2,
Do doé:
(p+q)2'+3p+q=(p+q+1)‘2 =p=q+l.

o Néu g > 2 thi p >3 va p chia hét cho 2, v6 1y:

e Néug=2thip=3. Tacévmp 3véq 2th1
(p+q) +3p+q= 36 14 56 chinh phuong
Vayp=3vag=2.

b) Gid sir ton tai hai s6 ty nhién x, y sao cho
n=x*-y%.

Néu xi2 thi x*i4,

Néu x khong chia hét cho 2 thi dit x = 2m + 1,
meZ. Taco: x* =(2m+1)" = 4m(m+1)+1 chia
cho 4 dur 1. Do d6 x* chia cho'4 dw 0 hodc dw 1.
Tuong ty »* chia cho 4 du 0 hogc du 1.

(Xem tiép trang 14)
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PE THI TUYEN SINH VAO LOP 10, TRUONG THPT CHUYEN,
PHSP HA NOI - NAM HOC 2024 - 2025
VONG 1

(Thoi gian lam bai: 90 phut, danh cho mgi thi sinh thi vao truong chuyén)

Bai 1 (3 diém). a) Cho

A=11-642 +\11+642.

Tim gid trj cia 4°.

b) Cho b, ¢ 1a hai s§ thyc' théa man
24b + ¢ =-523. Biét phuong trinh x* +bx+c=0
¢6 hai nghiém 13 hai sé nguyén duong. Tim hai
nghiém d6.

Bai 2 (1,5 diém). Ban' Hanh 1am mét ngdi sao 6
canh c6 dang hinh phing t6 dim nhu hinh bén
theo céch sau: Trén to gidy,
ban vé dudng tron ban kinh

2cm, ngoai tiép mot luc gidc

déu. Sau d6, mdi cung nho
cing day cung 12 mét canh cua lyc giac déu duge
14y déi ximg qua canh d6. Hinh phing t6 ddm gi6i
han béi 6 cung tron vira dugc vé tao thanh ngéi
sao ban dinh lam. Em hdy gitp ban Hanh tim dién
tich ngdi sao 6 canh do (léy gid triciamla 3,14 va

gié trj ctia /3 13 1,73).

Bai 3 (3 diém). Cho tam giac ABC can tai 4. Trén
canh BC lay diém D sao cho DB = 2DC. Pudong
théng qua D song song v&i AC cit canh AB tai E.
Pudng thing qua E song song véi BC cét canh A4C
tai F. Puong tron ngoai tiép tam gidc AEF cit AD
tai M (M khic 4).

a) Chimg minh tir gidc BDME va tit gidic CDMF
14 hai tir gidc ndi tip.

b) Chirng minh MB = 2MA.

¢) Chimg minh BMD = 2CMD .
Bai 4 (1,5 diém). Tim s thuc x sao cho cic sb

x+2024 va 222 _ 2004 déula céc sb nguyén.

X

Bai 5 (1 diém). Cho 45 sb a, as, ..., ass, mbi s6

chi nhan mét trong ba gi tri 0; 2; 3. Biét ring
(a,-2)" +(a, ~2) 4.+ (ay —2)" =65
va (a1 —3)3 +(a2 —3)3 +...+(a4s —3)3 =-280.

Hoéi trong 45 s0 noéi trén c6 bao nhiéu so bang 0?

3k sk 3k sk 3k ok ok 3 ok ok sk ok ok ok sk 3k sk 3k 3 ok ok sk ok ok ok ok ok sk ok ok sk sk ok ok sk ok ok ok ok ok sk sk sk sk ok sk ok ok sk sk ok ok sk sk ok ok ok ok ok ok ok ok ok ok

'VONG 2

(Thoi gian lam bai 120 phut, ding riéng cho thi sinh thi vao chuyén Todn va chuyén Tin)

Bai 1 (3 diém). a) Cho hai s6 thuc a, b thoa man
cac didu Kién sau: |al <2024, |b] <2024 va

Va+2024 +42025-a -v2024 ~a = .

1 =\b+2024+4/2025-b5 —2024 -,

r .y * L) . x L4 ;
Tinh gia tri ctia bieu thirc
M = g™ 4 g5 _ 2024 _ 2025

b) Ton tai hay khéng céc sb hitu ti duong a, b sao

cho \/E+\/I;=\/\/M?

TOAN HOC
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'S8 565(7-20249) ' CTugilpe

Dugc quét bang CamScanner


https://v3.camscanner.com/user/download

Bai 2 (2 diém). Gia s ta c6 quy tic * ma véi méi
cip sO nguyén duong (a ; b), ta luon xic dinh
dwge chi mdt sé nguyén duong twong img ki higu
1a @ * b, sao cho ba diéu ki¢n sau duge théa man:

i) a*a = a v6i moi sé nguyén duong a;

ii) a*b = b*a véi moi s6 nguyén duong a va b;

iii) a*b = (a — b)*b v&i moi sé nguyén duong a
vaibmia>b.

a) Tinh gid trj ca 16%2024.

b) Hay chi ra m{t quy tic * théa man ba diéu kién
trén.
Bai 3 (3 diém). Cho dudmg tron (O ; R) va diy
cung BC c6 dinh khong di qua tim O. Diém 4 di
dong trén (O ; R) sao cho tam gidc ABC nhon va
AB # AC. Céc duong cao AD, BE, CF cua tam
giac ABC cit nhau tai diém H. Puong thing EF
cit (O ; R) tai hai diém P va Q (diém F nim giira
hai diém P va E). Goi M 14 trung diém cia canh
BC. Chimg minh

a) AP’ = AQ* = AH. AD.

b) Bén diém P, O, M, D cing thudc mot dudng
tron ().

c¢) Tam I cia dudng tron (@) chay trén mot
dudmg tron ¢b dinh.

Bai 4 (1 diém). Véi neN’, ta dat f(n) 1a tong
céc chirsé cuasd 3n* +n+1.

(Vidu: véin=3 thi 3 +n+1=31vaf(3)=4).
Tim gid tri nho nhit c6 thé cua fin) (neN").

Bai 5 (1 diém). Cho bang vudng kich thuéc 8x8
dugc chia thanh 8 hang, 8 cgt, 64 6 vudng don vi
c6 cung kich thuée. Ta lit kin bang dé bing cic
domino miu den va domino mau tring (mdi
domino nhur thé 13 hinh gdm 2 6 vudng don vj ¢6
chung canh) théa man diéu kién sau:

i) Moi domino phu ding 2 6 vuéng don vj cia
bang;

ii) Hai domino khéng ciing phu mét 6 vuéng don
vi cua bang;

iii) Moi hinh vuéng 4 6 vuéng don vj cia bang
déu c6 it nhit mot 6 vuéng don vi duge phu bai
mdt domino mau den.

Tim s nguyén duong & nho nhét sao cho ton tai
mot cich 1at bang ban diu théa min ba diéu kién
trén ma trong céch lit d6 ta s dung ding k

domino mau den.
NGUYEN THANH HONG
(GV THPT chuyén, DHSP Ha N¢i)
Gidi thi¢u

EE R I s s s e T e T T TS TSI S 2 s S s s k]

HUONG DAN ... (Tiép theo trang 12)
Do d6 n = x* — y* chia cho 4 ¢ s6 du khac 2. Ta
chimg minh céc s6 nguyén duong n chia cho 4 ¢6
s6 du khéc 2 déu I cdc s6 “tot”.
-Néun=4k+1thi

n=4k+1=(2k+1)’ - (2k)%.
-Néun =4k thi

n=4k=(>+1)* -(k-1)%.

TOAN HOC ;
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-Néun =4k + 3 thi
n=4k+3=(2k+2)’ —(2k +1).
Cic sb nguyén duong tir 1 dén 2024 c6: 506 sb ¢6
dang 4k + 1; 506 sb c6 dang 4k; 506 s6 c6 dang
4k + 3. Viy c6 506 + 506 + 506 = 1518 s6 “tot”
khong vurgt qua 2024.
NGUYEN bUC TAN

(TP. Hé Chi Minh)
Sww tim va hwdng dan gigi
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Khi gidi céc bai todn ching ta di kh6ng fit Ian mic
phai sai 1am ddng tiéc. Trong chuyén myc Sai lim
¢ ddu?, c6 rit nhidu 191 gidi sai lim da dwge chi ra.
Nha su pham todn ndi tiéng G.Polva di néi: Con
ngwoi phdi biét hoc nhimg sai lam va thiéu sét cia
minh. A.A. Stoliar cdn nhin manh: Khdng dipe
tidc thoi gian dé phéan tich trén gio hoc cdc sai
lam ciia hoc sinh, cdn theo J.A.Komenxkee thi: Bdt
k' mot sai lam ndo ciing c6 thé lam cho hoc sinh
kém di néu nhwe gido vién khong chi y ngay dén
sai lam @6, va hwong dan hoc sinh nh@n ra, sita
chira, khdc phuc sai lam. Trong bai viét ndy ching
ta & phin tich mdt s6 sai 1dm thudng gip cua hoc
sinh khi gidi todn vé ciin bic hai.

1. Hoc sinh hiéu sai vé ciin bic hai ciia mjt sb
dwong @ va ciin bic hai so hgc cia mdt sb
duong a

Bai toan 1. Tim can bdc hai so hoc ciia 36 roi suy

ra can bdc hai cua ching.
e Cdch giai sai:
Taco: V36 =6 = sb 36 ¢6 2 ciin bic hai dugc
viétla V36 = 6va 36 =6 ()
e Cdch giai diing:
Cin bac hai s hoc cia 36 1a: 36 =6
Con can bdc hai cua la 36:

V36 =6 va—/36 =-6.
o Nguyén nhan: Hoc sinh hiéu sai vé cin bic hai
ctia mdt s6 duong a va ciin bic hai sé hoc ciia mjt
s duong a, tir 46 khong phén biét duge hai vin dé
nay.
Bai todn 2. Tink V49,

» Cich gidi sai: Hoc sinh dén ddy sé gidi sai nhiw
sau:

J_ —7va-7cb nghla Ia J— 17.

Nhu viy hoc sinh di tinh ra dugc s649 ¢6 hai
ciin bic hai 1a hai s6 ddi nhau la:

J49 = 7va V49 =-7.

+ Cdch gidi ding: 49 = 7 (c6 thé giai thich
thém vi 7> 0 va 7° = 49).

Trong cdc bii todn vé sau khéng can yéu ciu hoc
sinh phai giai thich.

Nguyén nhdn: Do vi¢c tim cin bic hai va cin bac
hai s6 hoc di nhim lin véi nhau.

Bai todn 3: So sinh 9 va V10

e Cich gidgi sai: 9< V10 (vi 9<10).
« Cich gidi ding: 81> 10nén V81 > V10.

Viy 9 = V81 > J10.

e Nguyén nhén: HS s& khong biét nén so sinh
ching theo hinh thirc ndo vi theo dinh nghia s6
V10 chinh 13 ciin bic hai s hoc cia 10 do d6 néu
dem so sénh vé&i s8 9 thi s6 9 ¢6 hai cin bac hai sé
hoc 1a 3 va -3 cho nén véi suy nghi d6 hoc sinh s
dua ra 101 giai sai nhu sau: 9 < V10 (vi trong ca
hai cn bac hai ciia 9 déu nhé hon V/10).

Tét nhién trong cdi sai ndy cia hoc sinh khong
phéi cdc em hiéu nhim ngay sau khi hoc xong bai
ndy ma sau khi hoc thém mét loat khdi niém va h¢
thirc méi thi hoc sinh s& khéng chi ¥ dén vin dé
quan trong nay nura.

Bai todn 4. 7inh V623,

« Cich gidi sai: 625 = J25 =5.

« Cich gidi diing la: J625 =25.

o Nguyén nhén: O diy hoc sinh nhim tudng cin
béc hai c6 tinh chdt rit gon gidng nhu phin sé dé
dwa mot phén s chura tdi gidn trd thinh mét phéin
s6 tdi gidn.
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2. Sai 1am khi HS khéng chi y dén diéu ki¢n aé
m{t bi¢u thirc ¢ ciin bic hai, JA4 ¢b nghia; cac
quy tiic nhan cic ciin bic hai, chia ciin bac hai

Jx-1

Jx+2

=2.

Bai toan 1. Tim x biet:

e Cdch gidi sai:

x—l=2 x—1

=
Vx+2 x+2

Sx-1=4x+8 &3x=-9ex=-3()

=4 x-1=4(x+2)

e Cach gidi dung: DPKXD:
x=120 x>1
&
x+2>0 x>—2<:>

Jx-—1 x—1

=2&
x+2

x21.

Khi d¢6 : s

Sx-1=4x+2)x—1=4x+8

& 3x = -9 & x = -3 (khéng théa mian DPKXD).
Vx-1

Vay khong tn tai gia tri cua x dé =23

\/x+2'

Bai toan 2. (Ba1 tap 1.29, Séch bai tap co ban'va
nang cao Dai 56 9). -

=4

Tim gia tri nho nhdt étia'biduthire: A=x + Jx.
o Cich gidi sai: G bai ndy HS 'thudng khong tim

didu kién dé Jx xdc dmhma voi vang tim gla tri

nhé nhét cia'4 bang cdch’dya vao ding thirc

2 1 é
x2+x=(x+l- —.l “ma bién dbi:
: : 2 / 4 FTES ! PO

P xm_(ﬂ e

ATy
1 kY
= mind = —-— <& x+—=0©x=——-.- -
4 QY 2 i $131
<1355 1. 1
Vaymind = - — & x= ——.
4 4 :
o Cdch gidi ding: Vx xdc dinh kh1x>0

Do a5 415 =0 =5 phind = 0 x= d

* Nguyén nhan: Khl lam ba1 HS chua nam vung
va cung khong chu y dleu k1¢n aé \/— ton tai, HS |

chuwa nim rd céc quy tic nhan céc cdn béc hai,
chia hai cén béc hai. s

1 6 T(Pg{!ug.% 'S6565(7-20249)

3. Sai 1am khi hgc sinh chwra hleu dung vé d;nh
nghia gia tri tuyét ddi ciia mot s0.
Bai toan 1. Ruit gon biéu thirc sau:

A=20a* —5a (véia<0).
 Cich gidi sai: A=2a* - 5a=2|a| - 5a

=2a-5a=-3a (vo’ri a<0)(l) -

o Cdch gidi ding:
A= 2\/—— S5a = 2|a|

=-Ta (v6ia<0).

5a=-2a- 5a

Bai todn 2. Tim x biér: \|4(1-x)" —6=0.

e Cdch gidi sai:

Jal-x) —6=02(1-x) =6

S2(l-x)=6e=1-x=3ox=-2.
e Cach giai dung

,[ 1-x) —6 0<:>2\/

L& (l—x) =3 |l-x'=

Ta phai di giai hai phuorng trinh sau :

H1l-x=3 & x=-2.

+)1-x=-3 &S x=4.
Viy ta tim duoc hai gia tri ciia x 1a

X1= -2 va X2 = 4,

o Nguyén nhén: HS chua hidu o vé s6 4m va sb
d6i ciia mot sé ma HS chi hiéu a < 0 thi |a|

4. Sa1 lam khi HS chua nim vnrng hang dang
thire: V4> = |Al
Bai toan 1. (Bai tap 9d, SGK Toan 9, tap 1)

Tim x biét:  \Jox> :|—12|.
o Cdch gidi sai: 9x* = |—12|
Vox? = 3x)2 = 32 néntaco:3x=12=>x=4.

o Cich gidi diing: Vi Vox? = ,/ 3x |3x| nén

ta co: |3x| |—12|=>3x— 12 hoac 3x——12
Vay x =4 hodc x = 4.

Bai todn 2. (Bai tap 14¢, SGK Toan9; tap 1)-

4-\17).

Rut gon biéu thirc:

= Jorr=12.Vi

z ;"WW‘H;‘ ; '
PRSP

4
i
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o Cdch gidi sai:

S1: \J(4-+/17)? =|4-\/ﬁ|=4-\/1_7;']
HS2: y/(4-17)* =4-+17.

o Cdch gidi diing:

\/—_—)2_|4\/—|~/_4

Bai todn 3. Khi so sanh hai s6 a va b. Mét'HS
phat biéu nhie sau: “Bdt ki hai s0 ndo ciing bang
nhau " va thue hién nhw sau:

Ta lav hai sé a va b tay y. Gia sira > b,
Taco: a*—2ab +b*=b>-2ab +a*
@=bF=0=a® (1)

Lav can bdc hai hai vé ta duoc:
\/(a—b): :\/(b—a)2 &g b gy
Tirdo:2a=2b=>a=b,
Vdy bat ki hai sé nao ciing ban g nhau.
e HS nay sai lam ¢ ché:
Sau khi lay cin béc hai hai vé cua' ding thuc (1)

hay

phai dugc két qua: |a—b|=|b—a| chir khong thé

cba-b=b-a.
e Nguyén nhdan: Hoc smh chua nim vu'ng hang

diang thirc \/F=
am. : ' _
Bai toan 4. 'Tim x sao cho B ¢o gia tri la 16
B=16x+16 — V9x+9 +Vax+4 + Jx+1
voi x> —1. ! ’

e Cach gidi sai:

B=4Jx+ 3\/x+1+2\/x+1+ x+1
=4«/x+ 1'(x =2 -1).
Tacod: 16=4+Jx+1 < 4=

e

&4 = (x+1) @16= (x+1)°
6= 1 16 =x+1 x=15
i [+ l 16=—(x+1).c> x=-=17".

e Cach gidi ding:

B=4+/x+1 3Jx+ 1+24x+1+ Vx+1
=4~x+1 (x = -1).
Taco: 16 =4Vx+1 < 4=+x+1 (dox >- 1)

S 16=x+1=>x=15.

o Nguyén nhdn: Vi cich giai trén ta dugc hai gia
trj ciia x 1d x; = 15 va x, = =17 nhung chi c6 gia tri
= 15 14 thod min, con gia trj x, = —17 khéng
ding. Diu 13 nguyén nhin cia sy sai 1dm d6?
Chinh 1 sy 4p dung qué rdp khudn vao cong thirc
ma khong aé y dén diéu kién da cho cua bai toan,
voi x 2 -1 thi cée biéu thirc trong cin ludn ton
tai nén khong cAn dua ra biéu thirc chira ddu gia tri
tuy@t ddi nita.
5. Sai 1Am khi hgc sinh chwra nim vimg cic phép
bién doi biél_l thirc chira ciin bac hai.
Bai toan 1. (Bai tap 58c, SGK Toan 9, tap 1)
Riit gon biéu thire sau:
J20 - /45 + 318 +/72.
e Cdch gidi sai:
V20 /45 +3\18 +72
=~/4.5-49.5+3v9.2 ++/36.2
=25 -3V5+9V2+642

=5 +15J2 =144/7.
e Cdch gidi dung la:
V20 = /454 318 +/72
=v45-9.5+39.2+/36.2
=25 -3J5 +9V2+ 642 =15V2 - 5.

e Nguyén nhdn: Sai 1im & chd HS chua nim vimg
cong thirc bién dbi:

xVA +y\/§—zx/z+m=(x—z)\[:4-+y«/E+m.
6. Nhirng sai lAm ciia HS khi duwa thira so ra
ngoai diu ciin, dwa thira sé vao trong déu cin,
sir. dung dinh nghia-cin béic hai sb hoc dé giai
phwong trinh.

Baitoan 1. Rut gon:
A= 3x+[(=5) x —ax (wix>0).
o Cich gidi sai: A=\/32_x+m—\/a
=3Vx = 5Jx - 2Vx =—4Vx.
o Cdch gidi diing: V¢ix 20 ta c6:
A=V + (-5 x-ax
=[3|Vx +|-5|Vx - [2] Vx = 6.

TOAN HOC
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Bai todn 2. (Bi 3b, SBT toén 9)
Riit gon biéu thirc: M = 2x e ++/—48x.
X ;
o Cdch gidi sai:

R P 3%
M= 2x ?+ -48x =2,[—— +4+/-3x
x

= 2J=3x +4V-3x =6v-3x (1)
e Cdch gidi ding:
Diéu kién dé& M x4c dinh 1a: x < 0. Khi d6:

--2,/‘_3(;‘_)1 + JI69)

= —2/-3x +4v-3x = 24/-3x.
Bai toan 3. (Bai tdp 1, sich ning cao toan 9 tap 1)
Giai phuong trinh: m . 2 (*)
e Cdch gidi sai :
M ox-2=14-x =x*-3x-10=0
< (- 5%+ (2x=10)=0
x=35
x=-2
Vay phuong trinh (*) c6 hai nghiém: |
x=5va x,=-2(!)
o Cdch gidi diing : :
(,)é{ -220. ;7{2622 il
(x-2)' =14-x  |¥*-4x+4=14-x

@(x—S).(x#2)=0¢[

: X220 .
T (x - 5x)+ (2x-10)=0

Lgs x22
b{(x-5)(x+2)=o 2 [x=52 G 3
x=-

Vay phuong trinh da cho c¢6 mét nghiém: x = 5.
Bai toan 4. Rut gon biéu thirc:

o Cich gidi sai:
M= ‘/_ \/— J; Jo = \/'_ \/7
. \f J’ J’ \f
18 T?ﬁ'}quggg S48 565 (7-2024)

=—1 (s (T

i

£
e Cdch guii dung.

BDKXD: xy>0;y#0. Taxéthaitruémghqp' i
TH1: x < 0;y < 0. Khi d6:

M_J_J—(\/—\/_\f

ofofrrof

TH2: x=0;y> 0. Khi d6:
P e r \[ Pr(y )
B

-

J—- \/_ ——-—l+‘/_._£__1'
= P
Vay: nbux<0;y <0 thi M=1-2,|%;
y

néux>0;y> 0 thi M=—1.
e Nguyén nhdn: HS ‘ném chua vimg quy tic
JAB =|4]JB v6i B > 0, diéu kign d& mét thira
sé dua dugc vao trong diu cin bic hai, diéu kién
dé VA tbn tai, dinh nghia cin bic hai sb hoc, quy
tic khai phwong mot thuong.
7. Khi truc ciin thirc & miu, khai phwong mét
tich, khai phuwong mét thwong hoc sinh thuong
mic phéi mgt s6 sai lAm
Bai todn 1. (Bai tap 32b, SGK Toan 9, tip 1)
Tinh: \/1,44.1,21-1,44.0,4.
o Cdch gidi sai:
J1,44.1,21-1,44.0,4 = 1,44.1,21-/1,44.0,4

' =1,2.1,1-1,2.0,2= 1,08 (!)
e Cdch gidi diung:
V1,44.1,21-1,44.0,4 = 1,44.(1,21-0,4)

=1,44.0,81 =1,2.0,9=1,08.

Bai todn 2. Tinh: a) v81.256; b) 61265

e Cdch gidi sai:

a) 81256 = \/9./16 =344 =12 ()

‘
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625 25 5 _5
o (B0

o Cdch giai diing:

a) V81256 = V814256
.. =.2._5_
Vie 16

Bu toan 3

=9.16= 144,

. Khi gidi bai todn vé truc cdn thirc 6
Hh“l

o Cach giai sai:
\/g+°_\/-f+2 \/_+2
3 (Br 8
2 _2(5-1_2(S5- D_+5-1

D5 5= 5-1 2
frte 2 2:5+)  _2(65+)_V5+
T Bl (B-DEE+) 5+l 3
L o 25+ 245+
Bl (o) () -1
_265+D) _V5+1
25-1 12
i 2 25+ _2(5+1)
hode B B- 15+y -1 +264 41
2 __ 2B+ 265+ -1
J_I(J—l)(\/—ﬂ) 5-1 2
5 V1 sV1 _s5\7
2J7+3 WINT+3 2743 17
5 567-3)  _s67-3)
2ﬁ 13 2WT+3)(T7-3) 207-9)
_567-3) _-5(47-3)
ol 4
2Wa 1
d =3 b
) 2J;+3 o
2Va Na 2Va 2a

2Ja+3 =(2JZ +3).(2JZ -3) 2 2(,/;)’ 3 2a-9
o Cach giai dﬁng:

J_+2 V3(5+2) _ J—-+2J_
B . . B

2 __2%5+)  _2(45+n {5+l

J'l(fl)(J’n) 5-1 2

s 5.(247 -3)

N T (2v7+3)(2V7 - -3)
_5(21-3) (z‘ﬁ‘3)_lo~ﬁ—ls_

(2J-) 3 28-9 19
) wJa 4 2\/;.(2\/;—3)
Wa+3 (2Va+3)(2va-3)
Wa(2Va-3) 44
 (2Va) -3 4a-9

vGia>0 va a%%.

o Nguyén nhén: + HS chira biét bién déi biéu thirc
dudi diu cin bic hai thanh dang tich dé khai
phuong ma ngd nhin sir dung cong thirc

«JA+B =JA+JB " tuong ty nhu
JAB=JAJB (v6i420,B20)

dé tinh.
+ HS hiéu mo hé vé quy tic khai phuong mét tich,
khai phuong m¢t thuong.

+ HS mit kién thirc ciin ban & 16p dudi nhat 1a cac
hing ding thirc va tinh chit co ban cia phan thirc.
+ HS chua hiéu 15 quy tic truc cin thirc bac hai &
mau va nhu thé ndo 13 hai biéu thirc lién hop cua
nhau, hai bidu thirc ndy lién quan dén hing ding
thirc: A>—B*=(A-B)(A+B).

8. Sai 1Am trong k¥ ning bién déi.

Trong khi hoc sinh thyc hi¢n phép tinh cdc em co
don khi bo qua céc diu cia sé hoac chiéu cua bat

.....

Bai todn 1. Tim x biér:
(4-\17).2x < 3.(4-\17).
« Cich gidi sai: (4=17).2x < J3.(4-17)
V3

©2x<+f3 (chia ci hai vé cho 4-+/17) x<
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o Chch gidi ding : Vi 4 = 16 < 17 nén

4-17 <0, do 86 12 o

re

4 ~x‘ﬁ,21 /»@_ 4—3‘ﬁ)ﬁh>ﬁ x> 3-?—

o Nguyén nhin: ‘\hn gz thi thiy hoc sinh giki
ding vi kbéng b vin & gi. Hoc sink kbi nhin
thiy bii toén ndy thiy bii tofn khing kho nén ¢3
chis quan kidng 8¢ § én dhu ciia bis ding thic:
“Khi mhin hodc chia ¢ hai vé cha hét dng thirc
w1 cung min 86 dém thi it dimg thire 863 chiéu”,

Bai toén 2. For pon biew tnic, —
o Clch gidi sai;
& -3 3
E '; =(l ,’(I*I) = y~v3
xhﬁ ¥+q3

o Clch gidi ding: Bitu thic &6 12 min phin thirc,
& phin thiss the t2i thi chn phsi o6 x++/3 #0hay
3, Khi db, 12 b
#-3 (x-43)(x+43) 5
x&ﬁz x+43 ‘Exd.;
(v(vixt-\f.’;),
o Nguyén nhin: RS ving by x=—3 thi
7 =3
x4+ 3 =0, mﬁwmvém

thn i Mie &b kés qui gidi duge olia hoe sinh d6
khing sai, niumg s2i trong lc gidi vi khong ¢b
cZn ol p lun, i vy bidu thisc trén e thé khong
thn 3 thi lam 820 ¢b thé b kés qus duge.

Bai todn 3, Pt gon M, roi fim gid trj nko nhat
cua M.

na ‘3
— P

e . (ot g prid
ﬂ'ta ,r{;-g d 2(']"1«
f«vl

o Clich gl sai: u-{a_' ‘,47,,".‘,} “a-2a+1
,{ 1+4a (J‘;"),,J;"
Jaflay) T

Tach: us% {-‘- 7'"'7'

% ﬂ["’v

20 cﬁﬁtzg, S4 565(7-20249)

Khi &6, ta nhin thiy M < 1 via > 0. Do &:
minM=0ca=1.

o Chch giii ding: Ca

1 1 )  Jasl
M= 2 o0 g > 0w
\a-f Ja~ 1} a-2Ja+1

Ja-1#20 heya > 0vaa#l.

Vi didu kién tén, ta cb Mz-‘%zl,xau
a

trudomg hop :

THI: Ja >1e>a>1. Khids uz;’/%:bo,
Ja

TH2: 0<+Ja <145 0<a <1, Khi 86

Ja-1
M=T<0
a z

Viy M khing cb gis trj nhé nht, B
o Nguyén nhin: Nhin vio két qui ciia bii toén
rﬁgonthikwng’sai,nh{ngsaiédﬁhocsﬁ:hl@
lufn v iz ra két qui vé gid trj nho nhit olia M.
R& ring hoe sioh khong 8¢ § 8én chi tiét: Khi
a=1thi Ja =1 dodd Ja-1=0, didu niy s&
méa thidn trong diu kign thn 1i cia phin thise.
Céc bpn by giéi cic bii thp sau vi dimg méc cée
szi Vam nius trén nhé!
Bai 1. 2) Tim cZa bic hai sb hoe clia 9 o suy 12
%n bje hai cla chiing
b) Tim cin bje 2 ciza 81 ¢)Soshnh 5 va 2L
Bii 2. Timx, biét;

2) Jl+x+%\fléx+lé-6=0,

b)V¥ —4x+4-3=0;

¢) Jx<3 &) 3x-J5+1+1=0.
Bii 3, RGt gon:

2) xz_ﬂlf;?ﬂ vix>0,x#1; .
b) ,j(JZ'—'n +) +J(_JZ'-T-1)’ Wiaz1.
: 5
B4 4. Trye elin :
e cén thise & mbu: 3)75—:;

i3 | 1 |
b - ] - Y
)3-37 3#71 ? 3-75 354»1

: = '7 ,.} @ 'S"."
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CAC LOP THCS
Bai T1/565 (Lép 6). Tim sb ty nhién ¢6 ba chir sb
sa0 cho binh phuong chir s6 hang don vj ta dugc
mdt 86 ¢b hai chir sb dugc thanh l3p tir chir sb
hang trim va hang chuyc (theo thir tir tir trai qua
phai) va tich ciia s6 méi thanh 13p v6i chir sb hang
don vi ta duge sb cb hai chir sb chinh 14 chir s6
héang chuc va hang don vi (ciing theo thir ti tir trai
qua phai),
’ LE QUANG HAO
(GV THPT chuyén Huynh Min Pgt, Kién Giang)
Bai T2/565 (Lép 7). Cho a, b 14 chc sb thuc théa
min @’ +b =3191 va (a+bXa+1)b+1)=2023.
Tinh gié trj cia tong S = a + b.
: NGUYEN TAN NGOC
(GV THCS P, Binh Dinh, An Nhum, Binh Djnh)
Bai T3/565. Tim céc nghi¢ém ty
phuong trinh
(2 +2x) +68x—4y)=8y* +272y+1817.

BUI HAI QUANG

(GV THCS Vin Lang, TP. Viét Tri, Phii Thy)

Bai T4/565. Cho tam gidc ABC vubng tai A cb
AC = 24B. Ké duing cao AH. Trén canh BC lay

diém D sao cho BA = BD. Tinh :ysé%.

nhién cua

POAN CAT NHON
(GV THCS P. Binh Dinh, An Nhon, Binh Dink)

Bai T5/565. Cho céc sb thyc duong a, b, ¢ théa
min abe = 2. Tim gi4 trj nhé nhét cia biéu thirc

P= a’ _+L+L
Jb+c Je+a Ja+b
LAI QUANG THO

(Phong GD&DT Tam Duong, Vinh Phiic)

CAC LOP THPT
Bai T6/565, Cho céc s thyc duong a, b, ¢ thoa
min a + b + ¢ = 3. Tim gi4 trj nhé nhét cia biéu
thirc

P=6 : + l + :
a*(b+c) b (c+a) c*(a+b)
~5(a> +b* +*).
TRAN VAN THUONG
(GV THPT Phi My, Ba Rja ~ Viing Tau)
Bai T7/565. Giai hé phuong trinh
4_ 4_!562x-1563y
~_———4xy
1563x+1562y"
14y 4yt = ——
x y+y e

DAO CHi THANH
(GV THPT chuyén Vinh Phiic)

Bai T8/565. Cho ling try dtmg ABC.A'B'C’, c6

d4y ABC 1a tam gi4c vudng tai A. Diém § 14 trung

diém cia AA’. Chimg minh ring

1 1 4

Ry Ly L

B® AC® AA

NGUYEN ANH VO
(GV THPT chuyén Chu Vin An, Binh Dijnh)

Bai T9/565. Cho a, b, ¢ 14 4) dai ba canh ciia mjt

tam gi4c. Chlmg minh ring

mp(SBC) L mp(SB'C’) >

PV (asb~cYb+c~a)c+a~bfa+b)hb+c)c+a)
2 s A

PHAM VAN THUAN
(565 Nguyén Trii, Thanh Xudn, Ha Ni)
TIEN TOT OLYMPIC TOAN
Bai T10/565. Tim tht ¢4 cic sb nguyén tb p sao
choplaubccia 177 +27" 4...+20127",

NGUYEN TUAN NGOC
(GV THPT chuyén Tién Giang)

Bai T11/565. Tén tai hay khong da thirc P(x) bic
2024 cb hé s6 thyc thoa mén bit déng thic
P(a)+ P (b)+ P’(c)>3P(a)P(b)P(c)

ToﬁNHOC21

S8565(7-2029)  * CuGilré
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vai moi sd thuc a, b, cemaa+ b + ¢ =0 va da thirc
P(x) ¢ thé c6 2024 nghiém thye khic
nhau?
NGUYEN DUC TUONG
(Pleiku)
Bai T12/565. Cho tam gide ABC nji tiép dudmg
tron (0). a. 12 mdt goe thay doi. Phép quay tam O,
goc quay a bién A, B, C lan lugt thinh D, E, F.
Duang tron (D; DA) cit AC, AB Van lugt tai A,, Ay,
duimg tron (E; EB) cit BA, BC Van lugt i B, B.;
duimg tron (F; FC) cit CA, CB Van lugt i C,, C).
Chimg minh ring tim duémg tron ngoai tiép tam
gisc 120 bai giao diém cic duimg thing A.Ay,
B.B,, C,Cy chuyén ddng trén mit dudmg tron cb
dinh.
NGUYEN VAN LINH

(GV THPT chuyén KHTN, PHQG Ha Ngi)

Bai L1/565. Mét dién tich diém dimg yén t3i O
trong phong thi nghiém. Gi4 trj cua dién tich bién
thién theo quy luat: g = 10cos10% (C).
a) Tinh gi4 trj cuimg d9 dién truimg tai diém M cich O
mét khoang r=0M=30km.
b) Tai mdt diém bét ki trong khong gian c6 tir trudmg
bién thién khong? Tai sa0?

VIET CUONG (Ha ngi)

Bai 1.2/565. O noi phat ngudi ta truyén cong suft
truyén tai di¢n ning 14 1,2 MW duéi dién 4p 6 kV.
Dién tro cia duimg day truyén tai tir noi phat dén
ndi tiéu thy 12 4,05 . Hé sb cong suat cia dogn
mach 0,9. Gi4 dién 1800 dong/kWh thi trung binh
trong 30 ngay, sb tién khau hao bao nhiéu?

THANH LAM (Ha ngi)

PROBLEMS IN THIS ISSUE

FOR SECONDARY SCHOOL
Problem T1/565 (For 6” grade). Find three-digit
natural numbers such that the square of the units
digit gives us a two-digit number formed from the
hundreds and tens digits (in order from left to
right) and the product of the new number with the
units digit is a two-digit number formed from the
tens and units digits (also in order from left to
right).
Problem T2/565 (For 7° grade). Let a , b be real
numbers  satisfying & +b5°=3191  and
(a+bfa+1)b+1)=2023.
Calculate the value of the sum S=a + b .
Problem T3/565. Find natural solutions of the
equation

P (P +2x" +68x~4y)=8y* +272y +1817.

TOAN HOC

' CTugifre

S3 565(7-2024)
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Problem T4/565. Let triangle ABC be right-
angled at A and has AC = 24B. Draw the altitude
AH. On the side BC, take the point D so that

DH
BA = BD . Calculate the ratio —~.
e AH

Prohlem T5/565. Given positive real numbers a, b’,{
¢ satisfying abc = 2. Find the minimum value of the
a v ¢ '
~ + .
Jbic Je+a Ja+b

FOR HIGH SCHOOL

Problem T6/565. Given positive real numbers a,
b, ¢ satisfying a + b + ¢ = 3. Find the minimum
value of the expression

expression P=

f .4 =6[ ' + : + I
a*(b+c) b(c+a) (a+b) 7_
—5(a* +b* +S).

(Xem tiép trang 31)

s
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Churmg minh rang 5 ’E,

Lii gidl. Ta gi4i bi tobn thng quét hon khi %t

. I 2 3 2025 .
a=4,tiaclacho §~= ;—4—74;,-4»,.,47; v{i

s6 nguyén duong a 2 4 vi chimg minh ring
.§-<-l—.Tinh
r 4

1 2 3 2025°
aS-—Ssa(a a’ a. +73')-S

2 3 4 2025
-l+; a’+ —. +-;m—

l 2 3 2025

2’ 2 a’ 1* ams

| R | L _1__2025 -

—-l+a a’+a’+'+a"” a”’“'

1 1 1 .
D&Pl+-+az+,+ +am,ﬂwodéng

thitc (*) trén vOi a = 4 cb: (a ~ 1)S < P (*%),

: | BN 7R | | G
Tinh aP-P=a| 1+ —4—4— 4%, 4+ —0r
a. a( - a,+ +a’"‘J

(P 30 9. 2 !
[l+a+a’+a’+"'+7)

’a-;;,ul—'<av6iaz4
hay I (a - 1)P < a. Tit 86 va (**) c&
(a-1YS<(@a-1)P<a hayls §<

Nbiriélagki)ia=4d:is<%<%,

a
(a-1y"

Ché § ring 2a < (a - 1) chikhiala~4)+1>0,
tiac 14 dGng vii a = 4, con khi thay 2025 bii 36
nguyén duong k > | nio &b thi Vp lujn trén vin
ding.
Nhin xét. Ban Luu Diép Chi 85 gisi bii whn ting
quét kbi thay 4 bii ob nguyén duong a vh thay 2025
béri b nguyén duong k nhung &% diéu kién ciz a
chusa chubn. Che ban sau ob Vi gisi dlng:
Phé Thy: Nguyén Link Vin, Ding Kitu Trang,
Dink Vin Vi Phong, 6C, THCS Thi Trin 2, Yén
Lsp; Thés Binh: Luu Digp Chi , 6A5, THCS Ky B4,
TP. Théi Binh; Nghé An: Nguyén 57 Bio Long,
Nguyén Thii Ding, Phgm Nguyén Nguyés Linh,
Nguyén Déc Sang, Nguyén Thj Kim Ngin, THCS Ly
Nhjt Quang, Db Luong; Dink Bao Ngin, 6A, THCS
Cz0 Xuin Huy, Dién Chiu; Quang Ngii: Trin Vin
Phyng, 6C, THCS Nguyén Kim Vang, Ngiia Hanh;
Cimg biva Aw: L2 Bgch Hai Ding, 18, Truimg Quix
1 song ngis c2p 2,3 GIBS, TP, Graz.

NGUYEN VIET HAI
Bai TU561, Cho a, b ld cic 56 nguyén thia min
M =44" + 1 +2ab+4b+2 chia bt cho 5. Tim 6
du khi chia 202%a~b)+2024 cho 5.
Léi gidi. Bién 85i M vhus sz
M=4G2 + 1} +2ab+4b+2

=5+ +2h(a+2)+(a+2f
~(a+2f+2-4
=54 +(a+bh+ 20~ Ua+ 1),

Doa blacicshnguyénnind;a+b+2;a+1;
M 13 cie sb nguyén vi 5% 5. Dé M chia bét cho 5
thicin(a+b+2)-Ua+ 1) chiabétcho 5,
Puax=a+b+2,y=a+1(doa, beZnén
3, yeZ),13¢h -2y chiabétcho 5 ().
Ta biét ring: Mit sb chinh phuong chia cho 5 du
0,1,4.
+ Néu y#: 5 du | thitis (*) suy ra 7 5 dus 2 (Yozi vi
£:58u0,1,4).
+ Néu y: 5 du 4 thi tis (*) suy ra £ 5 dur 3 (logi vi
£.5du0,1,4).
+Néuy : Sthitis () suyrax’: 5. Tiz &6 suy ra
x, y ciang chia hét cho 5. Ta ¢
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[ta+b+2)i5 _ [(a+b+2)~(a+1)=(b+1)i5
l(a+1):5 l(a+1):5

=(a+1)-(b+1)=(a-b):5.
Vivay 2023(a - b) + 2024 chia cho 5 du 4,

Nhin xét. Bii nay cb nhiéu ban tham gia giri bai voi
cach lam twong ty nhu trén. Tuy nhién, nhiéu ban
sau khi dn dén (a + b + 2)*- 2(a + 1)* chia hét cho 5
da suy ra ngay (a + b + 2) va (a + 1)’ ciing chia hét
¢ho 5 ma bd qua céc budc suy luin.
Tuyén duong céc ban sau ¢b Wi gidi cb 13p lugn chit
ché va nghn gon:
Théi Binh: Luu Diép Chi, 6A5, THCS Ky B4, TP
Théi Binh; Cing hoa Ae: Lé Bach Hai Ding, 1B,
Trudong Qudc 1€ song ngir ¢ip 2, 3, G 183, TP, Graz
 PHAM TH] BACH NGQC

Bai T3/361. Goi H la tip hgp giom 7 diém phin
;/.’('! A Az, As, /ff,, Af, /1{, A‘_' bat l’} f/’tul;’, hiﬂ/} 1ron
tam O ban  kinh R 2024. Voi mai
74, k3 hicu d(A;, A)) la khodng cach
giita hai diem A, A, Goi

p(H)=min{d(4,A4,)11i,j<7}.

-

i,jeil,2,3,..,

Hay tim gid tri lém nhit coa pu(H ).
Lii gidgi, Xé\ye gibe déu B,B,B,B BB, ndi tiép
duémg tron (0). Hinh tron (O) duge chia thanh
s4u hinh quat tron B,0B,,B,08,,....,B,0B,. Bay
diém A, A,...,A, thujc hinh tron (O) nén theo
nguyén 1§ Dirichlet, ton tai hai diém ciing thuje
vio mijt quat tron. Khong mét tinh thng quét, gi4
sir A, A, ciing thuc quat tron B,0OB,.
Néu mit trong hai diém A, 4, tring v6i tim O,
gid sir 13 4, thi AA, =04, =max(04,04,).
Néu A,A, khong tring v6i tim O thi ba diém
A,4,0 lp thich mit tam gise. Ta thiy
404, < B,OB, =60’ Suy ra:
max(OA4 4, 04,4 2 60" = 404,
Theo bét ding thc trong tam gilc thi
AA, smax(04,04)SR. Rd ring 1a
AA 2 p(H) nén p(H)SR=2024.

TOAN H
24 ¢ crwigcé

S84 565(7-2024)

Hon nita, khi 4 =B,,i=12,...,6 va A, =0 thita
6 AA,=R=2024 v6i moi i#j, kéo theo
u(H)=R=2024. Viy gid trj I6n nhit cia
u(H) 132024,
Nhin xét. Bi 10hn niy khong kho, chi 14 bii todn 4p
dung nguyén Iy Dirichlet co bin nhung rit tiée
khong cb ban nao gl Wi gidi. Xem ra chc bii todn
To hgp van la nhimg bii toén lim cho eic ban
“ngai”.

NGUYEN TIEN LAM

Bai T4/561. Cho tam gidc ABC (AB khic AC)
npodi ticp ducmg tron (). Goi D, E, F theo thi iy
la tiep diém cia (Q) vii cde canh BC, AB va AC.
H la giao diém cig DE vii BO, ] 1 giao diém cia
FE i AO. Qua E vé duing thing song song vdi
BC cdt HI tai K. Chimg minh ba diém A, K, D
thang hang. '
Léi gidi. (Theo ben Nguyén Bio Khinh, 9C, THCS
Nhir B4 $7, Hoéing Héa, Thanh Héa).

Goi J 14 giao diém cia DF v AQ. Theo tinh chit hai
tiép tuyén cit nhau, ta ¢6 OA, OB lan lugt 13 trung
trye cia EF, ED, hon nita I, H Van lugt 14 trung diém
cia EF, ED.

Vi O 14 t2m duidmg tron ndi tiép tam gibe ABC nén

o 1B ¢
08=180-3_8 _00o. € 1,
B30ty )

M2t khée, tam gide DCF cén t3i C (tinh chét hai tiép

tuyén cfit nhau) nén: Eb‘ﬁ=90°+% (2).

Tis (1) va (2) suy ra tir gibe OJDB ni tiép, dan &én

OJB = ODB =90", Tis 86 suy ra BJ /| EF.
Taciling cd HI // DF (tinh chét duimg trung binh).
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Goi K’ 14 giao diém cisa AD va HI, 4p dyng dinh li

Thalestach: AMBIHEINBY A -EA (3,
TR

auposk1ipr A K4 4
UKD
. EA K4
1G)vidyach £4 KA
Tu) B =k

Tir 86 suy ra EK’ 1/ BD (dinh li Thales d4o),
Suyra K’ =K .Dodb A, K, D thiing hing
Nhin xét. Chi o6 ban Nguyén Bio Khinh, 9C, THCS
“hir B4 S§, Holng Hoa, Thanh Héa vi ban Nguyén
Vin Diec Thing, 9A, THCS Qujmh Trang, TX. Hoing
Mazi, Nghé An cho i gidi dang.
NGUYEN THANH HONG
Bai T5/861. Cho x, y, z la cdc 56 thye duong thoa
man O« x<y<z Tim gid tri lom nhdt cua biéu
thirc P = if}‘—:)~i(z~x)~‘—l—(}'—x),
x y 4
Lai gidgi. Taco; P=2+Z4Z42 2 %
Xy y z'x 2
Tir gia thiét 0<x< y <z, tacé:

(x-y)(y-2)20=y* +xzs3y+yz ().
Déu bing dat durge khi va chikhi x=y<z.
Chia ¢4 hai vé cia (1) cho xy >0, ta cé:

2122142 (2).

x .y x
Lzi chia ca hai vé ciia (1) cho yz >0, ta ¢é:

ZeZ<Z41 (3). /

z ¥y 2
Cong theo vé ciia (2), (3) ta duge:
o SUAT T PN

S FFHY X3

=P=Z+£+£+-’:-5-552.

X'y ¥y 2 %2
Déubéngda;duqckhivﬁclﬁklﬁx:y<z,
Viy max P =2, gi4 trj 86 dat dugc khi va chi khi
x=y<z,

Nhin xé1. Co thé giai bai toén bing cich bién dbi

Px(l;!.)4(!+.z_]_(i+£)
x y)\lz y)\x 2

2 2 2
w34 8228) o 008) 1y (5-4)

2y zy xz
., 2ly=sf 4x(z-p) -y(z-x)
m s

sau khi r(t gon, ta duge:
Pzz*(r-y)(ﬂz)(z-y) 2
xyz
(x-y)(x+z)(z~-y) o
xyz

Cic ban sau day cb bai gisi tht;

Thanh Héa: Nguyén Bio Khanh, 9C, Nhit Ba $7,

Hoéng Hoéa; Humg Yén: Lé Tudn Hiép, %C, THCS

Doén Thj Diém, Yén My; Thai Binh: Luu Diép Chi,

6AS5, THCS Ky B4, TP. Thii Binh; TP. Hé Chi

Minh: Nguyén Phuong Hoang Mink, 10E2, TH,

THCS, THPT L Thinh Téng, Q. Tin Phi , Nguyén

Chdnh Thi¢n, 9/12, THCS Lé Quy Don, quén 3.
NGUYEN ANH DUNG

Bai T6/561. Khong sir dung cong thiec nghiém

vivoi 0<x<sy<z ¢hd

cho phwong trinh bdc ba, gidi phuong trink sau
trén tdp 56 thye: 2x —6x+5=0 (1),

Ldi gidi. Cach 1. (Theo ban Ha Phuong Anh, 10
chuyén Tozn, THPT chuyén Hing Vuong, TP.
Viét Tri, Phi The).

Ta cb: (1)@;’-3”-;-:0. Dit x=v-u,vi

v=u) +3u(v-u)+u’ —v' =0

=X +3ux+1’ -v’ =0,
Dong nhit bé s tir hai PT trén ta duge:
u’-v’=£
2&
uv=~|

2u* -5u’ +2=0
luv=~]

u

M’+-l—v=2
3 2@{

|
— = —
u
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DEX=V~U= ——&r-(‘-
12

Thir lzita m—--' nghiém nay thoa man.

Viy PT da cho ¢6 nghi¢m x=-‘:ﬁ-{‘g ;
Céch 2. (Theo ban Luu Diép Chi, 6AS5, THCS Ky
B4, TP. Thii Binh, Théi Binh).

Tach: 28 ~6x+5=2x +DYx -1y + 1, Tie 86
vOi x2-2 thi 2x° - 6x+ 521>0. PT & cho

v nghigm.

Véi x<-2 (%), dit x:l«.‘»% (1<0,0%~1). Khi db

PT &3 cho trér thanh:
sf
2q(t A -6(14-D+5 Ow2t3+-€-+5 =0
(N Y J 4

U +50 +2=06(2° + 1) +2)=0

+) Véi 1=-7'2. thi xz-ﬁ-ig-.

+) Véi 1=-42 ti x=-d§-dg,

Dbi chitu véi diéu kién (*) ta thiy PT d3 cho ¢b
nghiém x=-1/—2'-§g.

Nhin xét. Cb thé sis dyng hing déng thirc:
& +B + -3abe
=(a+b+cfd + B+ - ab-be-ac)

82 bién 85 PT 83 cho ta ciing @i 8én két qua cén tim,
Ngosi hai bgn Ha Phuong Anh vé Ly Digp Chi,
cée ban sau ciing cb Voi gisi tot: Vinh Phéie: Bach
Thai Som, 11A2, THPT chuyén Vinh Phic; Hung
Yén: L2 Tuin Hiép, 8C, THCS Doén Thi Diém, Yén
M§; Thanh Hob: Nguyén Bio Khanh, 9C, THCS
Nhiz B4 7, Holing Hos; Déng Thip: V5 Hai Yén,
11H, THPT chuyén Nguyén Quang Diéu, TP. Ca20

LZnh.
HO HAI
Bai 1T7/561. Khong diung may tinh hay bdng 50,
hay tinh sin3’,
Léi gigi. (Cia ban Ha Phuong Anh, 10 Toén,
THPT chuyén Hing Vuong, Phi The).
267 TOAN l'iOC

S 565(7-20249)

Ta cb: cos36’ =sin54"

<> c05(2.18°) =sin(3.18")
«>1-2sin” 18° =3sin18° - 4sin’ 18",

Dzt sin18” = x (0 < x <1), ta ¢b phuong trinh:
1-20 =3x~42 45" -2 ~3x+1=0
< (x=1f4x" +2x-1)=04> x = | (khong théa

min), x=-'*4’5(ux6ngmm),
~]
" i : 2 (thoa mén)

Suy ra: sinl8°=:l'i_‘§.

= cos18’ =/l -sin? 15 =__Jl():2\/§‘
50:1-“)530’ ‘_2-J3.

2 4
Jz_f

2543
s
Do d6: sin3’ =sin(18"—15')

=s5in18’ cos15° - cos1%’ sin15°
A5 2448 0525 -
4 2 4 2

__ 2+ B 10555 + Juo+205x2- )
2

Lzi cb: sin’1

=sinl5’ = cosl5’ =

Nhgn xét. Ban Ngo Vin Truomg, 10A1, THPT
Hoang Mai, TX. Hoang Mai, Ngh§ An cb Wi gidi
tiwong ty nh 107 gidi cia ban Anh. Ngoai cich gidi
trén, ban Nguyén Chanh Thién, 9/12, THCS Lé Qui
Dén, Q. 3, TP. Hb Chi Minh vi bzn Bach Thii
Som, 11A2, THPT chuyén Vinh Phiic, Vinh Phic
dua ra céch gidi bing hinh hoc khé thé vi. Xin boan
nghénh céc ban.

NHU HOANG
Bai T8/561. Cho tam gide ABC nhon (AB < AC)
voi M la trung diém cia BC va duong tron
(M, MB) cdt lgi AB, AM, AC lan legt tgi P, K, O.
Tia KP cdt lai dudng tron ngogi tiép tam gide
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BMP 19i E va tia KQ cdt lgi duomg tron ngogi tiép
sam gidc CMQ 1gi F. Gpi J la trung diém cia EF.
Chirng minh JM vuéng gioc voi BC.

Lii gidi, (Dya theo ban Ha Phuong Anh, 10
chuyén Toén, THPT chuyén Hing Vuong, TP,
Viét Tri, Phé The).

Ki hiéu (XYZ) chi duimg tron di qua ba diém X, ¥,
2. Tacs ABAP=ACAD= Pocpy, = Prvcugy

suy ra A thuje tryc ding phuong cia hai duimg

tron (BMP), (CMQ) = AM 15 tryc dling phuong
cita hai duimg tron (BMP), (CMQ).
Vi K € AM = Peypur, =1’Kua¢g,

= KP.KE = KQ.KF = KP.KE = KO KF
nén tir gidc EPQF nbi uep
Tir cic tix gide ndi tiep PEBM, EPOF, POCB,
KQCB, ta cé:
JEM = PEM ~ PEJ = PBM - KQP
Tuong ty, tix cic 0 gihe ndi
OFCM ,EPQF,PQCB,KPBC = JFM = KCB
= JEM +JFM = KBC+KCB=% = FME =9,
Tgxngiécmzmtaiu,u&giami&Jﬁmmg
diém EF

:Jzzjuzjfzﬁzﬁl:@,

Mit khéc:

tiép

KQA = FOC = FMC = JMC = JMF + FMC

= JMF + JME =90°
= JM 1 BC.Ta duge diéu phai chimg minh.
Nhgn xét. Ngoii ban Ha Phuong Anh, céc bzn sau

Thanh Hok: Nguyén Bdio Khinh, 9C, THCS Nhir
Bi S%, Hoing Hoi, Nghé¢ Am: Trin Quang WNhit,
10A1, THPT chuyén DM Vish, Phan Dgi Hodng,
11A1, THPT chuyén Phan Bdi Chau, TP. Vish;
Thira Thién Hué: Nguyén Nhu Thugt, 11 Toén 1,
THPT chuyén Qubc hoc Hué, TP. Hué; Quing
Nam: Nguyén Tri Hién, 10 chuyén Toén, THPT
chuyén Nguyén Binh Khiém, TP. Tam Ky; Binh
Pinh: Tran Ngoc Tuyén, 11 Toén, THPT chuyén Lé
Quy Dédn, TP, Quy Nhon; Phé Yén: Hujnh Trin
Gia Huy, 10 Toéa 1, THPT chuyén Luong Vin
Chénh, TP, Tuy Hoa,

HO QUANG VINH
Bai T9/561. Cho a, b, ¢ la cic 56 nguyén duong
thoa min a + b + ¢ = V00. Tim gid tri liom nkat va
nhé nhit ciia biéy thire

P=a’b+bc+a+abe.
Léi gidi. (Ciia bzn Nguyén Phuong Hodng Mink,
10E2, TH, THCS, THPT L2 Thénh Tong, TP. Hb
Chi Minh)
o Tim gid trj nhé nhit cia P.
Taco: (a-1)b-1)20=abza+h-1
Sab2d yab-a.
Tuongty: be2b +bc-b, Fa2c’ +ca-c.
Mt kbéc: (a—-1)b-1)c-1)20
< abc2ab+bec+ca-a-b-c+).

Do &6:
Pzd +b + +Uab+bc+ca)-Aa+b+c)+)

=(a+b+c-1)* =99° =9801.
P = 9801 khi (g, b, c) = (1, 1, 98) vi chc hoén vi.

Viy min P = 93801,
o Tim gid trj lom nhit cia P.
TOAN HOC
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Xét ba sb: a — b, b - ¢, ¢ — a. Theo nguyén 1y
Dirichlet ludn ton tai it nhat hai sb c6 tich khong
am. Khong mét tinh tdng quat, gia sir hai s6 d6 14
a-bvab-c Khido:
(a=b)b-c)20<>b* +ca<bla+c)

Suy ra: P=ab(a+c)+c(b* +ca)

< ab(a + c) + be(a + c)= b(a + c)* = b(100 - b).
Ta sé chimg minh:

b(100-b)* <33.67* (1) véi beN',1<h<98.
That vay: (1) <> b* - 2006 +10000b-33.67> <0

& (b-33)(b* —167b +4489) <0 (2).

Tam thirc b* —167b + 4489 c6 hai nghiém:

b =l67-\/9933 167++/9933
2 2

[ =33,7; b, = =~133,3.

Ta c6 bang xét ddu VT(2)

b -0 33 b| bz +
b-33 -0+ | + |+

b* —167b + 4489 + + 0 — 0 +

VT(2) ~< 0 4+ Q= 0+

Tir bang xét dau ta thdy: Véi b <33 thi (2) diing,
do d6 (1)dang. Véib>33 = 34 <b <98, thi(2)
dtng va do d6 (1) dang. Vay (1) diing véi be N
va 1£b<98. Dodbé P<33.67* =148137.

P =148137 khi (a, b, c) = (33, 33, 34) va cac hoan
vi. Vay maxP = 148137.

Nhin xét. Co hai ban gidi sai, nhirng ban con lai
déu c6 két qua dang. Ngoai ban Minh, cac ban cé 15i
giai dang 12: Vinh Phic: Bach Thadi Son, 11A2,
THPT chuyén Vinh Phiic; Phii Yén: Hujnh Trin
Gia Huy, 10 Toan 1, THPT chuyén Luong Vian
Chéanh; Thanh Héa: Nguyén Bdo Khdnh, 9C, THCS
Nhit B4 Sy, Hoing Héa; Binh Djnh: Nguyén Trdn
Ngoc Thi¢n, 10TAL, THPT s6 1, Tuy Phuéc; Ngh¢
An: Nguyén Vin Pirc Thing, 9A, THCS Quimh
Trang, TX, Hoing Mai.

TRAN HUU NAM

28 T?g?-luggce S& 565(7-2024)

Bai T10/561. Cho day s6 (u,) duge xdc dinh bai

Ju,——-S

|4,,, =3u,-2",YneN"’

Tim tdt cd che 56 nguyén 16 p sao cho 25|u 5
Loi gidi. (Duya trén 10i giai cua ban Ha Phuong
Anh, 10 chuyén Toén, THPT chuyén Hing
Vuong, Phia Tho)
bit v, =u,—2". Tacé:

w=3,v,=3v,=2v =324 =2"+3".

n+l
Ta co bd dé sau

Bb a& LTE: Véi p la s6 nguyén 16, ky hi¢u v ,(x)
la s6 mii ciia p trong phdn tich tiéu chudn cia sé
nguyén duomg x. Cho a, b ld hai so6 nguyén
duong, p la 56 nguyén to 1é sao cho

(p,a)=(p,b)=1 va pla+b.
Khi d6 véi méi s6 nguyén duong Ié n, ta cé:

vp(a‘ +b’)=vp(a+b)+vp(n).

Véi p = 2 ta 6 u, =13khong chia hét cho 25.

Véi p > 2 thi p 14 56 1¢. Ap dung bd dé LTE ta co:
vy(u,)=v,(27 +37)=v,(2+3)+v,(p)

=1+v,(p).

Ta cé: 25|u, < v’(up)?.2<$v,(p)2l=>5|p.

Vi pl1a sb nguyén to nén suyrap = 5. Thir lai ta

¢6 u, =275 chia hét cho 25. Trd loi: p=5.

Nhgn xét. Cac ban sau day c6 11 giai tdt:

Ha Tinh: Trdn Duy Hung, 10T2, THPT chuyén Ha

Tinh ; Vinh Phie: Bach Thai Son, 11A2, THPT

chuyén Vinh Phiic; TP. Hb Chf Minh: DS Dinh

Thién Phi, 10, THPT chuyén Lé Hong Phong; Phi

Yén: Huynh Tran Gia Huy, 10 Toén 1, THPT

chuyén Luong Vin Chinh; Binh Phwéc: DPdng
Hodng Long, 11T, THPT chuyén Binh Long.

DANG HUNG THANG

Bai T11/561. Tim tdt ca cic ham s6 f:R—R
thoa madn:

G+yy)=x w29 +(F)) ),

vaimoi x,ye R,
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Ldi giii. (Theo da sb c4c ban)
Gia sir f{f) thbéa mén (1). Thay x = 0, y = 0 vio (1)
ta dugc:

f(0)=(f(0))" < f(0)=0 hojc f(0)=1,
o Xéttruomg hgp f(0)=0.
Thay x=~1,y =1 vao (1), ta thu dugc:

0= -20()+(f(1)),V1eR < f()=1, 1R
Thir 12i, ta thiy ham nay thoa min béi ra.
o Xéttruimg hgp f(0)=1. Thay y=0 vio (1)ta
thu duge: f(x*)=(x+1)},YxeR. Tir day suy ra
f)y=4va  f((x+1))=(x+2) ,YxcR (2).
Thé y=1 vao (1) ta dugc:

f((x+1)")=x" +8x+16,Yx < R.
Két hgp véi (2) suy ra:

(x+2) =x* +8x+16,9xcR.

Diéu nay khong xay ra.
Két lugn: fi1) = t 14 nghiém duy nhét ciia bai to4n.

Nhin xét. Diy 1a dang to4n vé phuong trinh ham
mét bién véi cip bién ty do sinh béi hing ding thixc
dai sb dang co ban, twong dbi don gian. Da sb cc
ban déu giai theo cich nhu d3 trinh bay & trén. Céc
ban sau day co 10i gii dlng:
Binh Dinh: Nguyén Nguyén Thinh, 10T, Trdn Nggc
Tuyén, 11T, THPT chuyén Lé Quy Don; Binh
Phudre: Ding Hodang Long, 11T, THPT chuyén Binh
Long; Vinh Phic: Bach Thdi Son, 11A2, THPT
chuyén Vinh Phiic; Ha Tinh: Nguyén Khic Anh
Minh, 11T2, THPT chuyén Ha Tinh; Ngh¢ An:
Phan Pgi Hoadng, 11A1, THPT chuyén Phan Bji
Chau; Pha Tho: Ha Phuong Anh, 10T, THPT
chuyén Hing Vuong; Phi Yén: Hupnh Trin Gia
Huy, 10T1, THPT chuyén Luong Vin Chénh;
Quing Nam: Nguyén Tri Hién, 10T, THPT chuyén
Nguyén Binh Khiém; Thanh Héa: Nguyén Bio
Khénh, 9C, THCS Nhit B4 S7, Hoéing Hoa.
NGUYEN VAN MAU

Bai T12/561. Goi L la diém Lemoine ciia tam gidc
ABC. M, N, P theo thir ty la trung diém ciia BC,
CA, AB. K la diém ding gidac cia L déi vii tam

gidgc MNP. Chimg minh K thugce duimg thdng
FEuler cua tam giac ABC.

Lai gidi. Ta chn cb hai bd dé.

Bb a2 1. Cho tam gide ABC, duimg cao AD, L la
diém Lemoine. M la trung diém ciia BC. Khi d6
LM di qua trung diém ciia AD.

Chimg minh. Goi S 1 giao diém cia cic tiép
tuyén tai B va C cia dudng tron (0) ngoai tiép
tam gi4c ABC; E la giao diém cia AS va BC,
F 14 giao diém cia LM vi AD; T 14 giao diém
thir hai cia BL va (0).

Vi L la diém Lemoine cia tam gisc ABC nén tir
gi4c ABCT diéu hoa. Do d6:

A
;\.\
\
o[AAT
\\ 1 L \
B m ED/C
\\\
S

M(ADFS)=(AELS)=B(AELS)
=B(ACTS)=B(ACTB)=(ACTB) = -1,

Tir 86, chl § ring MS//AD ,suyra FA=FD,

Bb aé 2. Tam duong tron ngogi tiép va tryc tim

cua mgt tam giac la hai diém déing gidc cia tam

gidc db.

Phép chimg minh bd aé 2 rit quen thude, khong

trinh bay ¢ day.

Tré 1ai gii bai tosn trén.

Goi O, E theo thir ty la tim cac dudng tron

(ABC), (MNP); B*, C’ theo thir ty 14 giao diém

thir hai cia (MNP) vai AC, AB; Y, Z theo thi

ty 12 giao diém thir hai ciia (MNP) va BB', CC';

T,V theo thir ty 14 giao diém ciia MP, MN va

BB'; U, W theo thir ty 13 gizo diém cia MN,

MP va CC'.

Dé thiy NM // AB; PM // AC. Do d6:

TOAN HOC 20
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(YM,YV) = (YM,YB") = (NM,NB"(mod r) Viy K thugc OF. N6i cach khédc K thuge dudng
=(4B, AC)=-(AC, 4B) thing Euler ctia tam gidc ABC.

=—-(PM,PC' d
( JETE) Nhdn xét. 1) Bai toan nay khé, chi cé bén ban tham
=—(ZM,ZC) = (ZM,ZW)(modx).  gia gidi.

Dé thdy YB'LNB'; UC'LPC'. Do d6 E la 2) Xin néu tén ca bén ban: Ha Tinh: Trdn Duy

tnlng dié]n chung cua NY , PZ (1). Hlfng:‘ 10T2, TS’IPT Chuyén Ha T‘ihh; Quﬁng Nam:
L Nguyén Tri Hién, 10T, THPT chuyén Nguyén Binh
Tir (1) suy ra YMV=—,2-[-=ZMW. Khiém; Binh Pinh: Tran Ngoc Tuyén, 11T, THPT

. chuyén Lé Quy Don; Phii Yén: Nguyén Tan Nguyén
Viy cdc tam gidc MYV, MZW dong dang (ngugc  Chuong, 11T, THPT chuyén Luong Vin Chénh.

huéng). Tir do, cha ¥ ring NGUYEN MINH HA
MT //AC L BB'=YV ;
MU I/AB LCC'=ZW,
suyra: (TVY)=(UZW) (2).
D& thdy T, U theo thir tir 1a trung diém ciia BB'
vad CC'.Do d6, theo bd d& 1, L dong thdi thude
NT va PU (3).

Bai L1/561. Hai diém A, B nam trén cing mét

duong thing di qua nguén dm S va & ciing mot

phia so véi nguén dm. Coi nguén ém la déng

hwéng va méi truong khong hdp thu dm. Biét mirc

cuong do dam tai A la Ly = 50 dB, tai B la

Lz =30 dB. Cho C la mét diém trén doan AB ma
CB =2CA. Tinh mirc cwong do am tai C.

Loi gidi. Ta c6:

I sBY

L,—-L,=10lg=2 =101 (—) =20dB

4~ Lp gI g A

B
=SB =1084; SC=454;
scY
LA_-LC=101g(§) =101g16~12 dB

= L. ~38dB.

Nhdn xét. Chiic mirng hai ban da cé 1oi gidi dung
cho dé ra ki nay: Pham Xudn Khanh, 12A2, THPT
Tam Phuéc, Bién Hoa, Déng Nai; Lé Thi Hong Nga,
11 Héa, THPT chuyén Nguyén Quang Diéu, Pdng
Thap.

Dé thiy O 13 tryc tAm cia tam gisc MNP va NGUYEN XUAN QUANG
TV=BB'1 AC; UW=CC'LAB. Do &b BaiL2/561. Poagn mach AB gO:m bién tro, cuon

ON/ITV;0P//UW va, theo bé 8 2, O, E 13 hai cam thuan va tu di,én’md'c néi tiép. Dat vao hai
. ) dau doan mach dién ap u= U2 cos ot (V). Khi

diém lién hop déng gidc di v6i tam gidc MNP R =R, thi céng sudt tiéu thu trén dogn mach AB

va (4). Tir (1), (2), (3) v (4), chit § rang phép ddi dat cyc dai bang P,,. Khi R=R, hodc R=R, thi

x{mg truc bao toan ti s6 kép, suy ra: cong sudt tiéu thy trén doan mach AB bang nhau
N(KPOE)=N(LMEO)=N(TVYO)=(TVY) bang 120 W va c6 hé s6 cong sudt trong tmg ld
= (UZW) = P(UWZO) = P( LMEO) = P(KNOE). k, =0,6 va k, =0,8. Tinh gid tri cia P,,

3 0 T?gpug% S5 565(7-2024)
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Loi gidgi. Khi R=R, thi R =|Z,-Z | va
2

P SR Khi R=R, hojdc khi R=R, thi cong

sudt bang nhau: Ry, R, 1a hai nghi¢m cua phuong

2
trinh R? —%J—R+(ZL —ZC)2 =0

2
= P = ¢ ;
R + R,
9. R+R ‘
Suy ra —é;zwlZ_Rf (1).Ma RR, =(Z, - Z,.)

1

7 7 2
1' ( L CJ
R

— ke (2).
1+[—R1J
RI

1+[£)
RZ

g £ R
nén hé so cong suat: k=—=

=k =

Tir (1) va (2) suy ra:

Iu 1R B
2 2\R, R

=_1_ k‘ + k2
2\ 1=K 1=K
25

24

= P,=125W.
Nhin xét. Chic ming cac ban da c6 loi giai dang
cho dé ra ki nay: Lé Pinh Khdanh Duy, 12 Ly, THPT
chuyén Tién Giang, Tién Giang;, Pham Xudn
Khéanh, 12A2, THPT Tam Phuéc, Bién Hoa, Pong
Nai; Truong Dinh Phuc, 11 Ly 2, THPT chuyén
Quéc hoc Hué, Thira Thién Hué.

DINH THI THAI QUYNH

PR RS RS S AR LS T R R R R R R A R R R R R R R R R R R L L L R

PROBLEMS ... (Tiép theo trang 22)

Problem T7/565. Solve the system of equations
4 4_1562x_1563y

4xy
2+ 14527 45 =156332c+15262y
x‘+y
Problem T8/565. Given = a right prism

ABC.A'B'C’, with the base ABC is a right triangle
at 4. Let S be the midpoint of AA’. Prove that
(SBC) L(SB'C')
- 1 . 1 crid
AB*  AC* 44
Problem T9/565. Leta , b, ¢ be the lengths of the
three sides of a triangle. Prove that

(a+b-c)b+c—a)(c+a—-b)a+b)b+c)(c+a)
P :

TOWARDS MATHEMATICAL OLYMPIAD

a’b’c’ =

' Problem T10/565. Find all prime numbers p such
that p is a divisor of

177 427 4 42012770

Problem T11/565. Whether or not there exists a
polynomial P(x) of degree 2024 with real

coefficients satisfying the inequality
P’(a)+ P’ (b)+ P*(c)23P(a)P(b)P(c)

for all real numbers a, b, c such thata+b+c¢c=0
and the polynomial P(x) can have 2024 different

real roots?

Problem T12/565. Given a triangle ABC
inscribed in a circle ( O ). The rotation with the
center O and the angle of o, which can vary, turns
A, B, C into D, E, F respectively. The circle
(D; DA) intersects AC, AB at A., A, respectively;
the circle (E; EB) intersects BA, BC at B,, B,
respectively; the circle (F; FC) intersects CA, CB
at C,, Cp, respectively. Prove that the center of the
circumcircle of the triangle created by the
intersection of the lines 4.4, B,B., C,C, moves
on a fixed circle.

DR. NGUYEN PHU HOANG LAN
(University of Education, VNU, Hanoi)

S 565 (7-2024)
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' (Truomg DHKHTN/DHQGHaAW

Archimedes (287 - 212 tr.CN) thudc vao s6
nhimg thién tai rat hiém hoi ma nhimg phat
minh cta ho di chiéu roi va vach ra con duong
phét trién cho nén khoa hoc thé gi6i qua hang
thé ky.

Archimedes (287 - 212 tr.CN)

Ong sinh ra va 16n 1én & thanh phé Siracuse
trén dao Sicille 1a thugc dia cua Hy Lap Cb
dai, nay thudc Italia. Vao thoi diém d6 & Hy
Lap C4 dai da hinh thanh nén céc trudng phai
toan hoc. Diéu d6 d4 dan téi su hinh thanh, ra
ddi va phat trién mot nén toan hoc suy dién va
quy ngp cho dén tan ngay nay. O diy phuong
phap suy dién cin dugc hiéu 1a tir cac chan ly
da biét s€ rit ra cac chén ly mai sao cho 16gic
suy dién ddm béo tinh ding dén cla cac két
quéa moi.

Trong nén toan hoc d6, Archimedes duwoc xem la
nha todn hoc vi dai nhdt théi cé dai va la mjt
trong nhitng nha todn hoc Vi dai nhdt moi thoi
dai. ‘

TOAN HOC
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I. MQT PHAT HIEN BAT NGO . ...

Vo thé ky III tr.CN Archimedes d4 giti cho ban
ong 1a nha bac hoc Eratosthenes & thu vién
Alexandria (Ai cgp) mft cong trinh c6 tén
"Phuong phdp" dudi dang birc thu. Trong "Birc
thu" d6 Ong thong bao mot loat két qua toan hoc
mé&i ma 6ng thu dugc nhd phwong phdp nguyén
tir (b4t kha phan!) dé thé hé sau tham khao.
Déng tiéc 12 "Birc thu" d6 bj thit lac hon hai nghin
niim. Do d6 khéng ai biét dugc gi vé Phuwong phdp va
Ket qua ma Archimedes dat dugc.
Va, mét phdt hién bdt ngo da xay ra ... "Buc
thu" d6 cua Archimedes da dugc Gido su ngudi
Pan Mach 1a Johan Ludvig Heiberg (1854 -
1928) phat hién ra vao nim 1906 gin 2200 nim
sau tai thanh phé Constantinople - tic I3
Istanbul (Thd Nhi K¥) ngay nay.
Nhur viy céc nha todn hoc thdi ky XVII nhu
J. Kepler, G. Galilei, B. Cavalieri, ... khong hé
dugc biét ndi dung birc thu nay.
Mic du vay, J. Kepler da déu tién phat hién ra
phuong phap cua Archimedes va tham chi con
mo réng pham vi ap dung cua n6 véi viéc tinh
thém dugc thé tich ctia 87 vit thé tron xoay méi
(M

(1) Phichtengon, Co s¢ Gidi tich toan hoc, Ha Noi,
1972 (tr.350)
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Nghién ciru "Buc thu" cta Archimedes va sy
phét trién toan hoc thé ky XVII ngudi ta cho
ring "nguoi thdy thuc sw ciia cde nha todn hoc
thé ky XVII la Archimedes". " Ciing tr "B
thu" ndy ngudi ta méi nhan ra ring Archimedes
di vugt trude thoi dai minh qué xa ... Ching
han, tai ddy ong da néi vé "sw phdt minh ra
phirong phdp tong tich phan va cdi goi la

phicong phdp vi phan", @

il. CAC PHUONG PHAP TiCH PHAN CUA
ARCHIMEDES.

Theo Archimedes, gan nhu trong moi linh vuc
todn hoc (ddc biét 1a trong hinh hoc) bai toan
xip xi cac ddi tugng phirc tap bing céc d6i
tugng don gian hon 1a ¢6 vai trd goi mé hét strc
I6n ... Ching han, khi tinh cic dai lugng hinh
hoc 6ng da &p dung nguyén 1y ctia Democritos
vé kha ning xz‘ip xi mot hinh cho truéc bai mot
hinh x4p xi don gian hon v&i d§ chinh xéc tiy
)”- c z 2

Tir @6 xuat hién céch xap xi hinh (vat the) boi
hinh hay vat thé béc thang noi va ngogi tié:t) do
Archimedes dé ra dé tinh.c4c dai lugng hinh
hoc.® Theo thuyét ngﬁyén tir cia Democritos,
viéc tinh c4c dai lugng hinh hoc ciia céc hinh bac
thang nay dugc quy vé tinh tong dién tich - thé
tich moi "nguyén " tao nén hinh bic thang do,
& day céc dai lugng hinh hoc dién tich - thé tich
dbi véi nguyén tir xem nhu da biét. Ciing tir d6
hinh thanh nén cac phwong phdp tich phdn (hay
phuong phdp tong trén va tong duoi) cla
Archimedes @i trude thoi dai hon hai nghin ndm.
Nbi dung ctia phuong phap d6 1a nhu sau:

Gia sir.can tinh dai lugng ¥ ciia mdt hinh nao
d6 (c6 thé 1a thé tich hojc dign  tich).
Archimedes di ndi tiép trong hinh ndy va ngoai
tiép ngoai no cac hinh bac thang Iap nén tir céc
(1) Rupnhikov, Ljch st todn hoc, T1, tr.75.

(2) Nguyén Thiy Thanh, Tap chi TH&TT, N°550, tr.,
15-18""

phén tir so clp ma dai lugng clia ching c6 thé
tinh dugc.

LAy téhg moi phén tir ndy 6ng thu dugc thé tich
hay dién tich twong g clia hinh ngoai tiép §"
(tdng trén) va hinh noi tiép Sy (tdng dudi). Khi

46 Sy < V< " Tibp 46, Archimedes da xac lap
ring hiéu S* — Sy c thé 1am cho bé tuy ¥ khi s6

céc phén tir so cip ting 1én con kich thuéc clia
ching thi giam xubng. Tir d6 6ng tim dugc gia
trj chung nhu 12 gi6i han ciia c4c téng S, va .

Mic du 6ng chua phan bi¢t mét cach rach roi
nhung trong moi trudng hop 6ng thu dugc ring
A L.2 A - b 14 : ~

cac tong dudi don dig¢u tdng con céc tong trén
thi don diéu giam.

Pay chinh 1a phuong phap chung dé 6ng tinh
duoc dién tich c4c hinh cong va thé tich ctia cac
vat thé gidi han béi mit cong.

III. PHAT MINH RA SO 7

Viéc tinh dugc ty s6 gitra 40 dai duong tron vai
dudng kinh ctia n6 c¢6 ¥ nghia cuc ky to 16n dbi
Vi su phat trién chia toan hoc.

Trong cong trinh "Vé do dac hinh tron”
Archimedes d3 cong b6 gia tri xdp xi ndi tiéng
ma dng tinh dugc dbi v6i sé m ma lich sir toan

hoc (LSTH) goi 12 "sé Archimedes" 1a 3% va

thuit todn hoc ma Ong sir dung dugc goi la

"thudt todn Archimedes". Két qua 1a dng da udc

lugng dugc d5 chinh xac cua gia trj xép xi do.
10

3—<Tt<3l.
71 7

Pé chimg minh didu d6 6ng di dung céc da gidc
déu noi tiép va ngoai tiép 96 canh va tinh do dai
cta chung. Tiép d6 ong sir dung phuong phap
w6c luong tong trén va tong dudi dé tim gisi
han. Ciing trong cong trinh ndy 6ng da ching
minh ring dién tich hinh tron ban kinh R la
bing R,
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Nho phat minh ra sé n, Archimedes da chuyén
sang ap dung dé tinh mot sd dai lugng hinh
hoc. Pic biét, trong cong trinh "Vé hinh cdu
va hinh try" 6ng tim duge biéu thire tinh di¢n
tich mit cau (duéi dang: dién tich mit ciu
béng bdn lan dién tich hinh tron 16n), tirc 1a
bing 4nR*. Ong 1a ngudi dau tién chimg minh
ring thé tich hinh ciu ban kinh R bing hai
phan ba thé tich hinh tru ngoai tiép hinh ciu

86, tirc 12 bing %nR’. Ong rit tyr hao v& thanh

tuu ndy cia minh bdi vi trude 6ng khong ai
¢6 thé 1am duwgc. Ong phdn chin voi phat
minh diic biét ndy dén mirc da bay to véi ban
bé minh mot di nguyén: khi 6ng mit di, hay
khic trén tim bia md cia 6ng modt hinh cau
ndi tiép trong mot hinh try!

Nim 75 tr.CN, tirc 12 135 nidm sau khi 6ng mat,
nha hung bién ngudi La Mi 13 Cicero ¥ di tim
kiém va phat hién ra ngéi mo clia 6ng di hoang
tan va bi che phu rdm rap ...

Ngai Cicero di cho don dep va nhin thdy hinh
khéc trén bia md ma Archimedes da trdi tring
lai cing mdt s6 cdu tho ma ngudi doi ting dng

IV. AP DUNG PHUONG PHAP TONG TiCH
PHAN PE TINH PAI LUQONG HINH HQC

Trong céc cong trinh "Vé hinh cau va hinh tru",
"Vé cdc diong xodn dc" va "Vé cdc khoi ném va
phong cau" ("Vé cac canoid va spheroid")
Archimedes da ap dung phat minh ciia minh dé
tinh cac dai lugng hinh hoc.

Trong Tir dién bach khoa Toan hoc, Vién sy
Vién Han Lam khoa hoc Lién X0 A.N.
@

Kolmogorov @ viét:

(1). M.T. Cicero (106 - 43 tr.CN) 13 nha hing bi¢n
va nha triét hoc La Ma.

(2) Tir dién Bach khoa Todn hoc, Mosc. - 1988, tr.15
(tiéng Nga).
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"Céng lao co ban ctia Archimedes trong hinh
hoc la 6ng dd xdc dinh dugc dién tich va thé
tich ciia nhiéu loai hinh khdc nhau nhu: dién
tich vién phdn parabol, dién tich mdt cdu, thé
tich hinh cdu va chom cdu, chom paraboloid, ...
Trong nhiéu truong hgp, cdc tinh todn cia
Archimedes la twong dwong voi viée ap dung
cdc tong tich phin Darboux va tim gidi han ciia
ching nhu ngay nay".

A.N. Kolmogorov (1903 — 1987)
Chéng han, nhd phuong phép tich phan ctia minh
(1ap hinh bic thang xap xi, lap tong trén va tong
du6i) Archimedes da tinh dugc thé tich cua cac
hinh nhw: chém ciu, chém ellipxoid, chom
paraboloid va choém hypecbolid hai ting tron
xoay. Ong ciing dd chimg minh dién tich cua
moét ellip bang mab, trong d6 a va b 1a cac ban
truc.
Trong khi tim cach phét trién mon hinh hoc,
Archimedes ciing ddng thoi tao nén dugc diém
mdc quan trong nhAt trong Lich sir khoa hoc 12
su ra doi cia mon Giai tich toan hoc - mot 1y
thuyét ma thiéu n6 kho c6 thé hinh dung viée
nghién ctru sy phat trién ciia giéi ty nhién va
k¥ thudt s& dién ra thé nio ...
V. CAC PHUONG PHAP VI PHAN CUA
ARCHIMEDES, ’

Céc nha toan hoc cd Hy Lap di timg nghién ciru
va gidi quyét nhitng bai todn vé tiép tuyén voi
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dudng cong va tim gia tri cyc dai va cyc tiéu
cia mdt dai luong bién thién. By gio, tiép
tuyén vo1 duong cong duge ho dinh nghia nhu
la dwong thing gdp duomg cong &y nhung
khong cit né. R rang 1 dinh nghia nay khong
giong dinh nghia ngdy nay dang dung. Chi c6
Archimedes 1a sit dung cach thirc twong ty nhu
phép tinh vi phan dang sir dung ngay nay. D6 1a
khi 6ng trinh by cich xéc dinh tiép tuyén voi
dudng xodn mang tén Ong tai bat cir diém nao
ciia n6. O day duong xodn 1a dudng cong dugc
vach nén bai mot diém M ddng thdi chuyén
dong déu theo mot dudng thing trong khi
dudong thing nay quay déu xung quanh mot
diém O thudc duong thing d6 va & thoi diém
diu cta chuyén dong diém M tring v6i tim
quay O cua duong thang.

Trong tac phAm "Vé cdc duomg xodn" ciia minh
ong da trinh bay mot cach ddy du phép dyng tiép
tuyén véi dudng xo4n mang tén ong .

Bén canh d6, trong mft cong trinh clia minh
ong da khao sat bai toan cuc tri va khing dinh
ring cuc tri cia biéu thic W = ¥’ (a - x) dat

. 2 \ 4 hY s
dugc  khi x=—3E va d6 1a cuc dai
Wmaxzﬁ_a-s'

27

Pidu dic biét 12 d6i v6i bai toan ndy ong d giai
quyét nho phuong phip dua vin d& xac dinh
cyc tri vé bai toan tiép tuyén @,

Lién quan dén viéc giai bai toan tiép tuyén
Archimedes con dua vao khédo sat mgt cong cu
goi 1a "tam gidc vi phdn" ma sau nay Leibniz
goi 1a "tam gidc ddc trung". Do 1a tam gidc
vuéng tao thanh béi hai canh goc vudng 1a

(1) A.P. Tuskevich, Lich st todn hoc tir o dai dén
ddu thé ky XX, Nauka - Mosc., 1970, tr. 126 - 127.
(2) K.A. Rupnhikov, Lich sit todn hoc, Tap 1, Ha
Nbi - 1967, tr. 83 - 85.

cic sO gia toa d0 Ax va Ay giira hai giao
diém cia dudng cong va cat tuyén, con "canh
huyén" 13 sb gia d6 dai cung dudng cong gitra
hai giao diém cua cat tuyén véi duong cong
va AS? = Ax? + Ay®. V@ sau, Leibniz va céc
nha toan hoc thé ky XVI - XVII da sir dung
tam gidc vi phdn nay lam mdt diém xudt phat
khi x4y dung phép tinh vi phan.

W.V. Leibniz (1646 - 1716)

VL. PHEP TiINH CAC VO CUNG BE
Nhu vidy cic phat minh 16n nhit cia
Archimedes trong toan hoc déu gén lién véi céc
phuong phép ma 6ng da sang tao ra.
Céc phuong phép do6 la:

(i) Phuong phép vét kiét;

(ii) Cac phuong phap tong tich phan;

(iii) Cac phuong phap vi phan.
Cac phuong phap nady lai gin lién véi bai todn
xac dinh dién tich, thé tich, tiép tuyén va cuc tri.
Pé giai quyét nhimg bai to4n ndy 6ng di sang
tao ra nhitng phuong phip co bian ma chung ta
str dung cho dén tan bay gio: phuong phap céc
tdng tich phén trén va dudi va phuong phap dua
bai toan hoc cuc tri vé xac dinh tiép tuyén
Nhimg tién b c6 tinh nguyén tac tiép dén theo
dudng hudng ndy it phai din téi dich 1a xdy
dung phép tinh cac v cung bé (PTVCB). Lich
sir toan hoc ching té rfmg chi sau khi Viete -

Descartes xdy dung Dai so chir va Descartes -
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Fermat xdy dung hinh hoc gidi tich cung voi su
phat trién clia nhiing phin toan hoc khac
PTVCB méi du diéu ki¢n dé ra doi. Va né da ra

doi !

F. Viete (1540 — 1603)
Thing loi hét sirc to 16n nay cé dugc 13 nho
nhirng khéi 6¢ va nhiét huyét ciia ca mot thé
hé nha toan hoc limg danh thé ky XVI - XVII
bit diu tr Kepler va Galilei va két thuc voi
Newton - Leibniz.

G. Galilei (1564 - 1642)

TOANHOC
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1. Newton (1643 — 1727)

T#t ca c4c nha toan hoc ndy déu it nhiéu xudt
phat tir cdc cong trinh ciua Archimedes bang
céch khai quat héa hodc lam manh cdc phuong
phap cua 6ng.

Khi danh gid ¥y nghia cia cac céng trinh cua
Archimedes d6i v&i phép tinh méi, nha toan hoc
Duc Leibniz viét:

"Khi doc mét cach kj cang tic phdm ciia
Archimedes ban sé hoan toan khong con chuit
kinh ngac ndo doi vdi nhitng phdt minh mdi

nhat ciia cac nha hinh hoc", @

Diéu d6 ciing c6 nghia ring trong "Thdng loi toi
cao cua tri 6c con ngudi nhu sw phat minh ra
Phép tinh cac dai lugng vé cung bé (PTVCB)
vao nira cudi thé ky XVII" @ da co sy déng gop
to 16n ctia Archimedes ...

VII. TIEN PE ARCHIMEDES .

Dau tién, tién dé Archimedes dugc phat biéu
dbi voi cac doan thing véi mét ndi dung nhu
sau. '

Néu a va b la hai doan thdng bdt ky trén
duong thing thi bang cach dat lién tiép doan
bé nhét trong hai doan d6 véi chinh né du
mét sé lén bao gio ciing cé thé thu dwoc mét
doan thing phii hét doan lém nhat.

Tién d& Archimedes c6 thé phat bidu tuong tu
d6i véi dai lugng dién tich, thé tich, cic sb
duong ... Néi chung, mét-dai lugng cho trudc
théa man céc diéu kién ciia tién ¢ Archimedes

(1) A. P. Tuskevich, Sach da dan, tr. 129.
(2) C. Mac va Ph. Ang-ghen, T.20, tr. 768, 1994.
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néu d6i voi hai gié trj bt ky 4, B ciia né ma
A < B thi 1uén luén tim dugc s6 nguyén m sao
cho Am > B,

Tién d& Archimedes di dugc Archimedes phét
biéu ranh mach vao thé ky thir Il tr.CN trong
tic phdm "Hinh cau va hinh try" cia ong. Y
nghfa cua tién dé ndy duge séng to 16 rang vao
thé ky thir XIX. Ngdy nay nd trd thanh tién dé
thit tir trong Ly thuyét s6 thyc hién dai,

Poi véi cdc s6 dwong a va b (a < b) thi luén
luén c6 thé cong a véi chinh nd di mot sé 1An
sao cho tdng thu duge c6 tinh chét

ata+..+a=axm>b.
m lin

Néu 4p dung cic tinh chét quen thudc cia sb
hiru ty thi didu d6 twong dwong véi bt ding
thiuc n >2.

a
ta thu duoc dang don gian cua tién dé
Archimedes thuong dugc trinh bay trong cac
gi4o trinh Giai tich toan hoc: Véi moi s6 ¢ > 0,
ton tai sé tw nhién n sao cho n> c.

Néu ky hiéu thuong 2 béi ¢ thi
a

Ciing tir day 6ng két luan ri'mg day céc sb tu
nhién 1, 2, 3, ... 1a v0 han.

VIII. CAC CO THE ARCHIMEDES

Cach day hon hai nghin ndm trong khi nghién
clru céu tric cia vat chit nha triét hoc vi dai
nhét thoi cd dai Platon (427 - 347 tr.CN) da
khing dinh rﬁng: chi tén tai nam khéi da dién
16i déu. Ngudi ta dit tén cc da dién nay 1a céc
da dién Platon. D6 14 cic da dién 16i déu: tr
dién déu, da dién shu mat déu hay khéi 1ap
phwong (luc dién déu), da dién tim mit déu (bat
dién déu), da dién muoi hai mat déu (thdp nhij
dién déu) va da dién hai muoi mit déu (nhj thap
dién déu). _

Tiép d6, trong mot cdng trinh phat minh cia
minh Archimedes 43 ching minh rang chi tdn
tai 13 (va chi c6 13) c6 thé goi Ia 13 khoi da
dién 16i ban déu ma LSKH goi 14 céc cd thé
Archimedes. O day, khéi da dién ban déu la

khoi da di¢n cé cde canh b(fng nhau, 6 cde mdt
ctia khdi tai mot dinh nhiéu hon hai logi mét da
gide déu dupe to chite theo mt quy lugt nhdt
dinh.

Archimedes d& chimg té ring trong sb 13 khdi
da dién ban ddu c6 mot s6 khéi c6 thé suy ra tir
da dién Platon bing céch cit cyt c4c dinh ciia n6
mét céch thich hgp. Ching han, khi ddng loat
ciit cut céc dinh cta tr dién Platon mét cach
hop 1y ta thu duge da dién ban déu gdm bon
miit luc gidc déu va bbn mit tam giac déu. Hinh
1ap phuong céit cut cac dinh mdt cach thich hgp
cho ta khéi da dién ban déu voi shu mat 14 lyc
gidc déu va tim mit con lai 14 nhimng tam gidc
déu. Néu cit sdu hon c4c dinh cta hinh lap
phuong thi thu dugec mét khdi da dién ban déu
gdm sau mit 13 hinh vudng va tim mjt 14 tam
giac déu ... Sur dung cong cu tim kiém ban doc
s& nhin thiy c4c biéu tugng lung linh cua cac cb
thé Archimedes ...

Bén canh nhitng thanh tuu vi dai nhét trong toan
hoc thdi Cd dai, Archimedes ciing di ¢ nhimg
phat minh chéi 19i va dang ghi nhé trong Co
hoc, Thiy tinh hoc va Thién van hoc.

Trong gido trinh PTVCB ctia minh, nha toan
hoc Hoa Ky 14 Georg F. Simmons (1925 - 2019)
viét ring;

"Trong tdt cd nhitng thanh cong ctia con nguoi
vé todn hoc va vit Iy trén moi luc dia va trong
moi nén vin minh tic thué so khai cho dén thé
ky XVII ¢ Phuong Tay, thanh

Archimedes dwoc coi la 1om nhat. Ong chinh la
t".(l)

twu cua

mot nén van minh vi dai nha
Nhitng thanh tyu cua nén vin minh d6 di di vao
sach gido khoa ciia moi thé hé hoc trd cla moi
thoi dai va moi dan toc ... Nén vin minh d6 da
va dang hién hién trong qua khi, hién tai va sé
mii mii roi sdng cho cudc séng twong lai cua
nén khoa hoc nhén loai.

(1) George F. Simmons, Gidi tich nhiéu bién s, tr.
277, Trudng PH Thuy l¢i, Ha Ngi - 2007.
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PHUONG PHAP

GART TOKT

Bai viét nay gom hai phin: Phén 1 dua ra shu két
qué ciia phuong trinh bic ba khéng c6 nghiém
hiru ty; phan 2 néu c4c img dyng ciia phuong trinh
béc ba trong céc bai to4n bét ding thirc va phuong
trinh.

PHAN 1. MOT SO KET QUA CUA PHUOUNG
TRINH BAC BA KHONG CO NGHIEM HO'U TY

Khong mét thng quét, ta cb thé gia sir phuong
trinh bic ba cb dang ¥ +ax’ +bx+c=0 (1).
1.1, Sir dyng tinh tién bién x =1+, Khidd (1)
tro thinh ((+a) +alt+a) +bt+a)+c=0
hay £ +3'a+3a’ + o’ +af +2ata

+a0” + bt +ba+c=0,
Dé& mét sb hang bjc hai ciia bién, ta chon az--;—,
Két qua 1.
¥ ra +bx+c=0(1)——2iost’ + pt+g=0 (2).
1.2. Sir dyng phép vj ty bién 1= fy.
Khi {p”’"’" 0O g r=pymi @

thanh (By)’ + pPy+q=0.Dé lugng gik hos, ta

g _rp :\/:7:
chon4 _3hay/323.

o

Két qui 2.

{t’+pt+q =0 (2)

4y’ -3y =m (3).
p<0

1.3. Khi {J"’" 3y=m 3 y4i (3) b3 nghiém
mi<1

phin biét thude (~1;1).

S4& 565(7-2024)
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f(v)==4v’;-3v

B e et |

[

Dt y=cosa , (3) tré thinh

s

4¢co05’ a-3cosa=m
ocosda=cosff.

Do phuong trinh ¢6 ding 3 nghi¢m phén biét, ta

+2r
chon y, =mg,m =°°‘ﬂ—3—-
Két qua 3.
(4¢ ~ 3y = +
{‘} 3y=m (3) s y,zcmg.y,,,scmﬂ‘z”
imi<1 3 3

Nhin xét. Phuong trinh (3) ¢6 3 nghiém thyc khi
vachikhi Imig1.

m.xm{“"”"””" G) i (3) 6 nghiém duy

mp>1
obit nim ngodi dogn (-11). (Khong xés trsimg
hgp | m =1 vikhi d6 (3) c6 nghiém hiru ty).

bt y=—(u+ ) (3) trés thanh

("4'%)’-—3(u+%)=2m

Iuy (u’)’-2.mu’+l=0.
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Do A'=m’~=1>0 nén phuong trinh cb hai
nghiém phén bigt
u,={’m~\’m2-—l,u, =dm+\lm’~l.

Khi d6 vdi chit § wu, =1, (3) ¢b nghi¢gm duy
o= i 1Y 11 )
Két qua 4,
4y’ -3y=m () rie]
m >}
(
yull J?m-Jmi-t+7——l—:a,
2\ Um~Am 1)
, = .
1.5. Khi {’ +P4a=0 ) 4 b whi cia
p>0
phuong trinh (2) 14 biéu thizc x4¢ dinh ham bic ba
dbng bién trén R nén (2) cb nghiém duy nhit.
Tuong tiy phén 1,2 tach
Két qua 5.

=
=2, P—p

/‘l"’l”*q:() (2}___9___’4};34.3}201 (4)

p=>0
| |
1.6. Tuong ty 1.4, dit y=-i(u—;J. (3) tro
1Y B
thanh: |u-—| 43|u~—|=2m
u u
hay (W) =2mu’ -1=0.

Do A’=m’+1>0 phuong trinh c6 hai nghi¢ém

phan biét =dm-\’m’+l,uz .-.d,,”‘/,,,? dd .

Khi 46 v6i chl § u,u, =-1 , (4) cb nghiém duy
P 1 1 1 1

nhat vi y, =E(u, -Z]=E(-;;+uz]=yz,

Két qui 6.

LY
4y’ +3y=m (4)—2—2

=-]- dm- m 41 - : :‘-
e 2( ”r— T.J,,,—?HJ

PHAN 2. CAC UNG DUNG
Bai 1. Gidi phuong trinh
85 + 245 +6x-10-36 =0,
Li gidi. Phuong trinh duge viét lai
2437 +%x- "’*83"3

=0.

Pt t=cosa=>cos$a.—.cos%

V4 Iz =
=1 =Cos—,1, = —_—t = —_—
AR A W AT
V3y phuong trinh ¢6 céc nghi¢m:
&zﬁm%-l,xzzﬁcosgf-l,

T
=4+3cos—~1.
5=3 12

Bai 2. Gidi phuong trinh
2 =3 44x411=0,

Lii gidi, D3t x =141 =1 +1+13=0,
| 8 2
b t=2J: = - +13=0
at 3)’ W;)” 7;}’
=8y +6y+393 =0,
| 1 |
Dt y:i(u-;):u’ "7‘!’39»/5 =)

o+ -1=014 = ’39\5;\/4567 '

Viy phuong trinh ¢6 nghi¢m:

-3943+4567 _ |

i )
=1+ 3 L
7 75[ 2 V-39m]

Bai 3. (THETT sb 467) Cho ba 56 thye x,y,z

o

: (x+y+2=3
thod mdin cdc diéy kién / y .
ly+yz+zx=-9

Tim gid tri lom nhat, gid trj nho nht cia biéu thire

S =z
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Ldi gidi.

Tacd x,y,z 143 nghiém thye cia phuong trinh:
=3 -9~ [ =0,

=u +1, tadugc:
u=12u~f-11=0,

D3t u = 4v, phuong trinh tré thank:

4y’ =3y = —[-ﬂ!
16
Phuzong trinh ¢6 3 nghiém thye khi:
Lf+11
/——ﬁiﬁl hay -27< f <5.
16 |

Do d6: min [ ==27 khi x,y,z 12 3 nghiém thyc
phuong  trinh -3 -9%4+27=0  hay
(x;532) =(~33;3) va chc hoén vi.

max f =5 khi x,y,z 12 3 nghi¢ém thyc phuong
trinh 1 =37 ~91-5=0hay (x,y;2)=(~L~15)
va céc hoén vi.

(Bii wén nay duge gidi trong THETT 6 471. Co
hai bzn dgc dua ra cich giki dya trén cong thic
Cardano, khing duge hoc trong chuong trinh
trung hoc pho thing).

Bii 4. Cho ba 16 thye x,9,z thod man cic dicu

Pt 1

kién :’f "_"' ; . Tim gid v Lim nhd, gid
tri nho nhit cia bicu thitc P=x" + 5" +7°.

Ldi gidi. Ta cb:
xyl’ﬂ+z‘=(x+y+z)’-2(x’+y’+z’)=_l,
P+y+2 <3z

=(x+y+z)(F 4y +2 —xy-yz-zx) =0,
Chonén P=3xyz=3f vbi f=xyz.
x+y+z=0
wayz+zx==1 nén x,y,z 14 3 nghi¢m
wz=f
thyc cia phuong trish 1 ~1~ f =0,

Do

40 cmgg(é 4 565(7-2024)

Dt l=£3éu, ta duge 4u’~3u=-33/—i— ,

uongmnhu'cnoéiingluanmuckhl

!_y/_'[islm 2J' J'

P-——-{—} khi 4,5, 143 muan

thye phuong trinh: 4u’ —3u =~1

Do d6:

3

hogn vi. Tac la (xy;2) = [-—{ —2[-[-'} chc

o
hay ("::"z:u,)=(ms-;5;cmmcmi) vi che

: B

3 gac A 22
hoén vi; maxP=-2—;-r- khi u,u,,u, 143 nghiém

thye phuong. tioh 44’ -3u=1  hay
(u30,345) = (cos&mz?” 4;) va che hoén
vi. Tae 13 (xy;2)= (2‘[ _{,_{) cic

hoén vi.

Bai 5, (TH&TT s6 417) Cho céc 56 thue 1,3,z

s
ix,y,zek

thod man cic didu kign 1 x+y+z=0 ., Ckimg
[P
minh P=x "7 < — :
54
x+y+z=0

Lk gidgl, Do Ay+,w+zxz-% nén x,y,z B3
wz=f
nghigm thyc cla phuong trinh: r’--;-t-/’ﬂ'

oa::-‘ééu. ta duge: 4u’ - 3u =36f.

Phuong trinh ¢6 3 nghiém thye khi
Bifls1 by p=ryd=pisgy
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i'di (1. ’IH(Z.TT ?j') 4{;4) Ck() {_‘(j(' :(5 l’:lf( d_.;//,

thoa min @ v b + ¢ =% vi ab+ be + ac = -4,
- . . Z Y I ; 3 . 4
lm pid tri lim nhat va gia 1ri nho nhat caa bicu
; a +b vt
thirc /1 A
{1 - }, . ,(
Lo gidi, Ta b

(a+bsc)f =a* +b + +2ab+bc+ca)=0;

a* b+ =(d 4 4+ O ~2d'W 41 +Pd),
Ma

@ +b'¢ +a* =(ab+be+ca) ~2abe(a+b+c)
=16

=da' +b +* =32

&+ s ~Babe=(a+b+c)(d +V +¢ ~ab~bc-ca)
=0

=a +b +c =3abe,

Ta dua vé bai tobn: Cho cdc 56 thyc a, b, ¢ théa

min a+b+c=0 va ab+bc+ac=-4. Tim gid

tri lom nhdt va gid trf nhé nhit cia bitu thize

3
=3

Dit abe=f thi abec 153 nghiém thyc cia
phuong trinh f’-4lff=0,
D&tt-i;éu,taduqc 4w - m-"f‘ﬁ
Phuong trinh ¢6 3 nghié¢m thyc khi

3‘5’51@! 16f§/§16f
Do dé:
rmnP:-ig-afz-w;’; khi khi 11,4, 13

3 nghi¢m thyc phuong trinh 44’ ~3u = -1 hay

(u,;u,;a,)z(cos%’-;m:r;m%) vA che hodn vi,

2J'—4J'2J'
353

t(:clé(a'b')[ }amm

vi.

:mxl’zij- khi u,u,,u, 12 3 nghiém thyc

6

phuong trinh 4y’ -3y =1 hay
(u,;u,;u,)-(cmﬂ,cosgsi;m%f-) va chc hoén
i Tie 14 (abc) = [4{ -2;/"-2;/')
hoén vi.
Bai 7, Gidi phuong trink %5° ~4x - = 365 +1,
L gidi, Phuong trinh duge viés 13i

(2x) +25=(Y6x21) + Yo 1.

Sis dyng ham [ (¢) =+ +1 dbng bién trén R nén

12 cd: 06,!4*[ =25 404y -3y =~

Do 66 phuong trinh ¢6 3 nghiém:

o 0s 15 5 ae il 5 = sl
xl 9”‘2 9 773 »

9
Bai 8. Chey 56 thye x thog min

(3+22) =(-/2-1) +3
Chimg mink (42 +1) = 2057,
Lk giit, Ta cb.
(3+242) =(v2-1) 43
=(f2+1)" =32 +1) -1=0.

M::(Ji+1)'>o=>r’-3t-lso,

5241 t=2u= 44" -3[4:%

-7 4 =z

DU = oos-9-,u,=cos % ~—<0, u,zcos-5—<0

Viy (Ji 'H)‘r =2m%,

TOAN
'gw':ggéll

S84 565(7-2024)
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Bai 9. Giai phwong trinh
(8sin’x + l)) -162sinx+27 =0.
Lai gidgi. Phuong trinh dwge viét lai
8sin* x+1=Y162sinx-27
& (6sin x) +27.6sinx = (V162sinx - 27)°
+271162sinx - 27
& 6sinx =V162sinx - 27

) ek 1
& 4(sinx)” —3sinx = g

(Tinh todn chi tiét xin danh cho ban doc).
Dung két qua trén va cdc két qua tuong ty, ta giai
duoc cdc bai sau:

BAI TAP
Bai 1. Giai céc phuong trinh :
1) =37 +4x+11=0 2) X +3x*+2x-1=0
3) - -2x+1=0 4) X’ +6x+4=0
5) 4x° -3x=3 6) X¥* +2x* +3x+1=0
7) 2x° +5x" +4x+2=0 8) X =5 +4x+1=0
9) 8x° +24x* +6x-10-3J/6=0
10) x> +6x° +8x+9=0
11) 8x' —6x-1=0
12) * —33x* =3x+4/3=0
13) 2 +6x% +10x+13=2Y4x -1
14) 8¢ +12x* + Tx+5=23x-2

15) 162x-+27V3 = (8¢ -\B)

16)
(x* +9x-45)’ +81(x’ +9x-45)=1215+81x

17) ¥* +1=3¥3x-1
18) (Ssinlx+l)3 -162sinx+27=0

3
19) (4x3 ——x-l-3)3 =x+=

2
20) Yx+3=x"-3
21) ¥x-9=x*-9x* +27x-21

T?ﬁc'#uggg 'S8 565(7-2024)

42

22) (4x' —x+3) -x’ ==

23) X' -2x+7= st +6x-5

24) 3¢’ —6x* ~3x—17=39(=3x* + 21x+5).

Bai 2. Cho x, y, z 1a céc sb thyc duong théa man
x+y+z=4,xy+yz+2zx=3.

Tim gi4 trj nho nhat va gid tri 16n nhat cia bidu

e e |
thirc P=(x" +)’ +z3)(; +—+—].

y 2
Bai 3. Cho cic sd thuc abc thoa min
a*+b*+ ¢*=6 va ab+bc+ac=-3. Tim gia
tri 16m nhét cua biéu thic P=a®+ b°* + c°.
Bai4.Choa,b,cla3l ) thye thoa man
a+b+c=0,a> +b* +c* =1.
Tim gia tri 16n nhat P=a® +b° +¢°.
Bai 5. Cho a, b, c 1a 3 s0 thuc thoa méan
a,bc>0,a+b+c=3,a* +b* +c* =4.
Tim gi4 tri nho nhét va gia trj 16n nhét cua
P=a’b’c?, Q=%.
Bdi 6. Cho a, b, ¢ la 3 s thyc thoa min
a,b,c>0,a+b+c=6,a*+b* +c* =14. Tim gia
tri 16n nhét, gia tri nho nhét cua biéu thirc
4a+b

P= 5
c

Bai 7. Cho x, y, z 1 3 sb thuc thod man

¥ +xp+y* =3,y +yz+z' =16. Tim gia trj 1én
nhét cua biéu thirc P=xy+ )z + zx.
Bai 8. Cho x, y, z 1a 3 sb thyc thoa min
X*+y*+2°=5x-y+z=3. Tim gid tri lén
x+y-2
z£3 7
Bai 9. (British M'athematical Olympiad 1996)
Cho x, y, z 1a 3 s0 thyc thoa man

nhit, gia trj nhé nhét cua bidu thirc P=

x,y,zeR
x+y+z=0
P +y'+z' =6

Tim gid trj 16m nhit cia P=x’y+y’z+2*x.
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TIENG ANH QUA CAC BAI TOAN
BAI SO 106

PROBIES: The function [ is defined by
xy=msimlbx e }s d. for constants @. B, « ond

‘n the 1y - plone, the point (2, 7) represent 4
# ’A'ﬂVj%ﬁﬁ[ﬂﬁd!ﬂf;ﬂdﬁ"‘;4’ﬂqwzu¢1"&;
veaf marinm point on the graph of [. What are

VR {{,’ i)A’J

Solution, The function [ is of 2 fom of 2 sine
tancrem and the horizonsd diflerence betwesn
o mearest extreme powts is 2, Therefore, the
period of the function fis 4,

Honce 2% <4 (ohy?) snd hen = 2.

Remark: The problem is selocted from an AP-
precalovivs practice exam.

TU VNG
primimum pin - diém cyc tidu
LI ey sef : diém cye dyi
extreme points 2 chie diém cye tr

NGUYEN PHU HOANG LAN
(University of Education, VIVU, Hanoi)

P L s e e s

BAI DICH SO 104

BAL TOAN, S 45 dudi diy bidu thi & thi chs
hams 86y = fix) vii y = ghi). Mé th disy dla trink ty
s haai phip bidn dii dis thi hém 5 v = Rx) think
do thi y = glx).

4

B i B e e e e e

PR R

& g0

EHEN
D R SRt St -
-

LA ghi, Dieus tin, choiong 12 ob thé giin @b thi ciza
i sb y = flx) thoo chiks dugng ciia trys Oy i
hEsb2.
Sau 46 ching ta tivh tibn ¢ hi méi niy theo
vosio b 103 6h (6 ; 0) €& duge €b thi hien b
y=ew.

Luu f; Bii thp wiy Quge s then tir mde bii thi
todn triah 45 AS.

Nhgn 1. R tiks ki mby kidng ob ban nio g

b dich o8 Tod soga.
1O HAS (Ha 550

‘chﬂ"’i<><:“£;

S8 565(7-2024) 4
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Tiép theo ta danh gia bidu thic:
2 2 2
a b &
= <+ + i
v a’+ab+b® b +bc+c® ¢ +ca+a
Thit vdy theo bét déng thirc Schwarz thi

s_:"‘ =
fn e e v e

/

=ia.2 2 CRTYY ] 2 2
(2a” +3ab+2b")—a" (2b° +3bc+2c”)-b Do do:

2

[: : 2 2 y
\ a c (a+c)
> .
CHD MaT BA' TDAN, a’+ab+b’ c(a+b+c) a’+b*+c* +ab+bc+ca’
\\“
i o (b+a)’ 1
. v ¢ 2 2 2 2 2 ’ )
BAI TOAN 85. Cho a, b, ¢ la cac so thie dieong. bi+be+c® a(a+b+c) a' +b'+c'+ab+betca ;
Chirng minh r.f‘.r:g 2 2 2 |
gm / X ‘ - c % b §oasite (cz+b) . |
_a b* . ¢ . c*+ca+a’ b(a+b+c) a'+b'+c'+ab+bctca ‘,
2 \“;“\f ‘IJA:“_‘_ K | ‘:“*‘, ’:,_-——‘ R z < P = q‘
@ +Jab+2b g b"+3bc+2c” ¢ +3catla” 2 Cong theo vé ba BDT trén rdi rit gon sé dugc: ]
LO"I giai. Dt :’e trdi cia bai todn la M. 0+122c0>1. Viy
Cdch 1. Ta thay ] i ) ) i
. 7 a b c 3 '
2 2 Zp> + + 2= P>=,
. b 3 a*+ab+b® b +be+c? S +ca+d’ : 7 |
i

c 9
-3

+ 2 2 2 M2 2 2 2 i
(2¢* +3ca+2a*)-c ol a Fodied P ] .
e b2 2a’ +3ab+2b"  2b* +3bc+2c’  2¢” +3ca+ 24’ i
= +1+ |
(2a* +3ab+2b)-a’ (2b* +3bc+2c*)-b’ > e 3 -3 =l. |
2 ]
2 . 4
+1+ T C+2 T—+1-3 7
bl Déu ding thirc xdyra <> a=b=c.
a bio nong lbz Bai toan dugc chimg minh.
a
1- 5
2a° +3ab+26* ' 2b* +3bc+2¢* Cich 2. Theo BDT Schwarz ta c6:
(]
l——c— a +\2) o 2 _3 a
2¢% +3ca + 2a* a*+3ab+2b® 24’ +b _.3(a2 +ab+b2) 4'a’ +ab+b?
Theo BDT Schwarz ta C(:; & & N 3 a 1 & i
M2 P 5 P 3 a*+3ab+2b' " 4’ a* +ab+b® 4 2a*+b
3_(2a’+3ab+2b=+2b‘+3bc+2c’*2c2+3m+2a’) Tuong tr: ”
Bay gid ta di danh gia biéu thirc B Cg L g
Y a 5 B .. § c b +3bc+2c* 4’ b +be+c® 4 2 +C° @ |
T 2a°+3ab+20®  2b*+3bc+2c?  2¢3 +3ca+2at . y i e
el | Iy , - 2.— s
That vdy ta dé dang chimg minh dugc PRl YT Y i (s B il b e
7a® 3a’ A H
> - Cong theo vé (1), (2), (3) ta dugc: ]
2a’ +3ab+2b* a’ +ab+b’ 3 ; (: p? 2 |
qé - . A th' 6 l -’ 2. M 2_. a + + c %
Pénh gi tuongtuvél hai biéu uc con lai, roi 4(a’+ab+b’ b +bc+c® S +cata \

cong theo vé ba bat ding thirc d6 lai s& duge:

7 £ b? . TEE i b’ 2 ¢
3 T rabeb P rberd Freard 4\2a°+b* 20+’ 27 +d’)

44 T?g?uggg S8 565(7-2024)
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Theo cich 1 ta ¢é:

2
2
a b o

—_— +
a’+ab+d' b 4 be+ c’+m+alz
Mit khdc ta cé:

a1 I)2 ci
R N B Y e At e 4
20 +b° '+t 204 at
I 1 b % o at
ramts B st} + '
2 212a° 40 W+ 24 dd
Theo BDT Schwarz ta ¢d:

a’ b ¢

-~ .2 2+‘)1 2+'§2 2
2a+b° W+ 2% +a

3 1 b* ¢l at
=3 3l ottt
2 2{2a°+b° '+t 20+

- z
(a‘ +b? +c’)

1
2{a* +d' vt v 2@ v 20 v 20t |

3
h—— -—
2
3
a b. c}

\ Saanieces + <l1.
28+ 22+ 2+ ad

Cich 3. Truée hét ta chimg minh
2 2

el el oo Loy

a +3ab+2b 12 a+ab+b” 36

Thit viy BDT tuong duong véi bt ding thirc sau
(a-b)’(16a +9ab+2b)

36(a+b)(a+2b)(a* +ab+b?)

BDT trén ludn ding. Tuong ty:

b 7 b 1
P s -— (5):
b +3bc+2c 12°b*+bc+c? 36 ©)
2 2
c 7 c _L (6).

= i
¢ +3ca+2a® 12°c*+ca+a’ 36
Cong theo vé (4), (5), (6) ta s& dugc:

2 bl c!
M>L £ +— — - — <o
at+ab+b® b +be+c  +ca+dl

12’ 12
Theo cach 1 ta c¢é:
2 2 2
i pepaseots i 3 1
a+ab+b® b +bc+c’ ¢ +ca+a
: y AEE G
N ¥ LA SRS
Suy ra: 12 12 2

Cdch 4. St dung bd dé quen thuge:

(n'l +b 4 ¢ )2 2 3(a’b +be+ b“a)
Thit viy BDT tuong duong véi:
%(u’ ~ab+ 2be-b -ca) + %(b’ ~be+ 2ca-c* -ab)’

+%(c' —ca+2ab-a’ —bc): >0.

Ap dung BDT Schwaz ta ¢6:

a' b

+
a' +3a'b+ 240" b +3b'c+ 2

4
c

¢t +3c'a+ 2848

(a2 +b +c’)2 1

S5 565 (7-2024)

(02 +b +c’)2 +3(a’b+b’c+ c’a) 2

Bai todn duge chirng minh.

PAO VAN NAM

(GV TH&THCS May Academy, Hoang Mai, Ha Noi)
Nh@n xét. Ky ndy hai ban Dang Dinh Minh Tri,
8C2, THCS Lac Vién, Ngé Quyén, Hai Phong,
Nguyén Vian Dirc Thang, 9A, THCS Quynh Trang,
TX. Hoang Mai, Ngh¢ An ciing déng gép mot sb
cdch gidi twong ty nhu cde cdch trong bai viét trén.

Xin hoan nghénh cdc ban.

LE MAI (Ha Noi)

Moi cc ban gt 10i giai BAI TOAN 87 dudi day
vé Tod soan Tgp chi TH&TT truéc ngdy
31.8.2024,,

BAI TOAN 87. Cho ¢de 56 thie x. v théa man

> Y
XTH+y —xy=4,

Tim gia tri nho nhar va gia tri lon nhat cia biéu

thiec P =x¥+y2

'~ NGUYEN VAN XA
- (GV THPT Yén Phong s6 2, Bac Ninh)

TOAN H
Pohubige 45
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i, E

i 4V A
I »”
?, DU LICH THE GIOI

| A\ QUA CACBAI TOAN HAY

.J“;f

A

BAI TOAN 93 (USAMO., 1974). Cho a, b, ¢ la
ba so nguyen phdn bigt P la mét da thire voi hé so
nguven. Clhing minh rang khong thé xdy ra dong
thoi Pa) = b, Pd) = ¢, P(c) = a.
Lo gidi. Cich 1. Gid sit cdc didu kign P(a) = b,
Pb)=¢,P(c)=a laxdym dong thi. Ta cb:
P(x)-b=(x-a)R(x) (1)
P(x)-c=(x-b)A(x) (2);
P(x)-a=(x-c)R(x) ).
Trong céc s6 a, b, ¢ ta chon 2 s6 c6 gid trj tuyét
ddi cua hidu hai sé d6 16n nhit. Khong mét tinh
tdng quat, ta gia sir 2 s6 d6 13 @ va ¢. Khi dé:
la-b|<la=c (4.
Trong (1) thay x bai ¢ ta dugc:
a=-b=(c-a)R(c).
Do Py(c) 1a sb nguyén nén ta c6: |a-b|2|c-d|,
didu ndy miu thudn véi (4). Diéu miu thuin nay
chimg to gia sit P(a) = b, P(b) = ¢, P(c) =a 1a
xdy ra dong thoi 13 sai. Viy ta cd diéu phai chimg
minh.
Cdch 2. (Cha ban Dang Dinh Minh Tri, 8C2,
THCS Lac Vién, Ngé Quyen, Hii Phong)

Bé dé. Véi a, b la hai s nguvén phdn biét va P(x)
la da thire véi hé s6 nguyén thi
P(a)- P(b):(a-b).

Thit vily, do a 1a nghi¢m cia da thirc P(x) -~ P(a)
nén P(x)-P(a)=(x-a)Q(x), trong d6 O(x) 1d da
thire véi h¢ s& nguyén. Cho x = b ta duge:
P(b)-P(a)=(b-a)Q(b)= P(a)- P(b):(a-b).
Bé dé duge chimg minh. Trd lai bii todn, ta c6:

b-c=P(a)-P(b)i(a-b) (5);

c=a=Pb)-P(c)i(b-c) (6);

a-b=P(c)-P(a)i(c-a) (7).
Do a, b, ¢ 1 céc sd nguyén phén bi¢t nén tr (5), (6),
() suyra: |a—b|<|b-c|<|c-a|<|a-b|. Do dé:

la-8|=|6-c|=|c-a| (8). Trong 3 sba, b, c gia
sir a 13 58 16n nhit thi t (8) suy ra b = c. Diéu ndy
mau thudn véi gia thiét a, b, ¢ phan bit. Suy ra
diéu phai chirng minh.
Nhdn xét. Ngodi ban Tvi, ban Vi Minh Quang,
10T2, THPT chuyén Lam Son, Thanh Héa ciing c6
1 giai dung. Xin hoan nghénh hai ban.
NHU HOANG

Sau ddy 13 bi tip d& nghi. Ban doc hiy gui 181
gidi vé Toa soan TH&TT trude ngay 31.8.2024. E

BAI TAP PE NGH] , |
BAI TOAN 95. Cho cde s0 nguyen d:rmw a, b, |

e deu lom hon | théa man
sin A.sin 8 <sin’ \/ /_\’\/‘ ’N”

voi moi N> 1. Gid wri clia b bang lmo nlneu
A7 aiB.l e L. DS B G

| Knmm(ﬂwmi

i#t#t##titt#*#t#t#t##*###t\\#\\#tt:##t#t##t*#tt*#*#t##*tt#*t***###ttt*#*t#t*t*%tit*!‘tt‘t*

SAILAM. .. (Tiép theo trang 47)
Suyn |7 = =8. Tacé:
P=|i(Z+1)—w|<i-Z]+|-w| +|i| =8+ 6+1=15.
Din téi M =max P =15. Ta lai ¢6:

P=|i(§'+l)—ui=|(i-§—-w)+l1

x4yt

TOAN HOC
46 ¥ crusige_ SSsesa-2029

il i A e
2 2] - puf -} =l8-6-1]=1.

Suyra m=minP=1. Viy M -m=14¢(10;16).

Chon dép an C.

Theo cdc ban, ddp sb ciia ban Ngoc Lan cé diing
khong?

NGUYEN VAN XA
(GV THPT Yén Phong 56 2, Bac Ninh)

§

3
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Qﬁ”pq-

'@L?

GIAI DAP: TIEP TUYEN CUA DU GNG TRON
DI QUA MOT DIEM

(Dé dang trén THRTT sé 561, thdng 3 nim 2024)

Phén tich sai lam.

Loi gidi cda ban Twan sai vi chua xét tnromg hop

dwomg thing x +3=0 o6 1 tiép tuyén cla dwdmg

tron (C) hay khdng.

L&i gidi cua ban Dung sai do gidi phuong trinh
—4ab+3b* =0 = —4a+3b=0 thiu trudng hop
b=0.

Loi gidgi ding. Phuong trinh dudng tron
(€):(x=2)" +(»+3)"=25. Suy ra dudng trdn
(C) co tam 7(2;-3) ban kinh R=5.

Goi n=(ab) 1 vecto phip tuyén cia dudng

thing (A).

Dutmg thing (A) di qua didm A(-37) nén

dwdmg thing (A) ©6 phuong trinh:
a(x+3)+b(y-7)=0 < ax+by+3a=-7b=0.
(4) 1a tiép tuyén cda dudng tron (C) khi va chi

|a2+5.(-3)+3a-78

khi d(1,A)=R &

B0 o la-28
\/a +b’ Ja +b

c>|a—2b|=\ja2 +b Q(a—lb)' =a’+b°
& a*-dab+4b' =a’ +b' © dab+3b* =0
< b(—4a+3b)=0

b=0
= :
[-4a+3b=0

Véi =0 chon a=1 suy ra phuong trinh dudmg

thing (4) A x+3=0,

Vi ~4a+3b=0 chon a=3=b=4 suy nm

phwomg trinh  duwmg thing (A) 1

x+4y=19=0.

Viy dudmg tron (C) di cho ¢6 hai tiép tuyén di

qua diém A4(-3;7)

x4+3=0va 3x+4y-19=0.

Nhdn xét. Cic ban sau di phdt hi¢n duge sai lim va

dna ra I gidi ding:  Hwvnh Trinh Vinh Phi, 10A1,

TH, THCS, THPT L& Thinh Téng, TP. Hd Chi Minh;

Ha Phwong Anh, 10 chuyén Todn, THPT chuyén Hing

Vuong, Phii Tho; Nguyén Tran Ngoe Thién, 10TAL,

THPT s6 1 Tuy Phude, Nguyen Hing Cuwong, xa Nhon

Mg, TX. An Nhon, Binh Djnh. Hoan nghénh cic ban.
KIHIVI

. BAITOAN VE SO PHUC !

B todn. Xét cde sd plmc ,w thod man |w{=

liw-2]=10 va zw 0 thwe. Goi M,m lan
hept la gia tri lom nhat, gid tri nho nhat cia biéu
llu'rcP=li (E'+l)—ui. Hi¢u M —m thugc khoing

nao sau ddy?
A (—1-;3). B. (3;10).
2
B. C. (10;16). D. (16;25).

Loi gidi cia ban Ngoc Lan: Goi w=a+bi,
z=x+yi, trong d6 a,b,x,y € R. Tacd:

W=6 a’+b’ =36
liw-2|=10{(~x=b)' +(a+y)' =
z-weR ay+bx=0

(a® +b% =36

o +y =64,
ay+bx=0
(Xem tiép trang 46)
: TOAN HOC
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XUAT BAN TU 1964
S6 565 (7.2024) )
Tda soan : 1878, Glang Vo, Dong Da, HA N§i
DT Bién tdp: 024.35121607,
OT Phit hanh: 024.35142649, 024.35682701
Email: toanhoctueitrevietnam@gmall.com

BAN CO VAN KHOA HQC
GS. TSKH. TRAN VAN NHUNG
TS, NGUYEN VAN VONG
GS. POAN QUYNH
PGS.TS. TRAN VAN HAO

CHIU TRACH NHIEM XUAT BAN

Tdng Gidm d6c NXBGD Viét Nam
NGUYEN TIEN THANH
Téng Bien tap NXBGD Vi¢t Nam
PHAM VINH THAI
Vién trudmg Vién nghién ciu Séch va HLGD
PHAN XUAN THANH

HOI DONG BIEN TAP

Tong bién tdp 1 TS. TRAN HUU NAM
Thie ki Téa soan : ThS. HO QUANG VINH

Phd téng bién tgp : CN. TRAN THI KIM CUONG
TS. LE HONG MAI

7S. TRAN DINH CHAU, TAS. NGUYEN ANH DUNG, T5. TRAN NAM DONG, 75. NGUYEN MINH DUC, TS. NGUYEN MINH HA,
7S. NGUYEN VIET HAL PGS. TS. LE QUOC HAN, ThS. PHAM VAN HUNG, PGS. TS. VU THANH KHIET,
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, TS. PHAM THI BACH NGQC, PGS. TS. TA DUY PHUDNG,
ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAI, ThS. VU KIM THUY, PGS. TS. VO

DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY

@ Danh cho Trung hoe Co'si
For Lower Secondary School .
Vii Hitu Chin — Mot s6 bai todn bét ding thirc
ve diy s0.

@ Huing din gidi d& thi chon hoc sinh gidi mon
Toén - 16p 9, TP. HO Chi Minh, nim hoc 2023
-2024.

(® P& thi tuyén sinh vao 16p 10, Trrimg THPT
chuyén, DHSP Ha N¢i, nim hoc 2024 - 2025,

@ Dién din day hoc todn
Nguyén Thi Thu Hang — Mt sd sai 1dm thudng
gip khi gidi bai toan cin bic hai va cic gidi
phap khic phyc.

e D2 ra ky nay

Problems in This Issue

T1/563, ..., T12/565, L1/565, L2/565.
@ Giii bai ki trude

Solutions to Previous Problems
T1/561, ..., T12/561, L1/561, L2/561.

@ Lich sir tosin hoe
Nguyén Thiy Thanh — Archimedes, nhi toin
hoc Vi dai nhét cua thé giéi cb dai.

@ Phwong phdp gidi todn
Lé Lé — Phuong trinh bic 3 khong c6 nghi¢m
hiru ty va cic img dung.

@ Tiéng Anh qua cdc bai todn — Bai s6 106 -
Bai djch s6 104.

@ Nnhidu cich giai cho mdt bi todn — Gidi bai
todn 85 — D¢ bai toén 87.

0 Du ljch thé giéi qua céc bai todn hay — Gidi
bai todn 93. P& bai todn 95.

@ ssitiméaan?
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THU NGO

Ban doc thdan mén!

Trong 60 nam qua, Tap chi Todn hec va Tudi tré¢ khong nging phat trién va da trd thanh ngudi ban
than thiét cla nhi¢u thé h¢ hee sinh, gido vién va ban doc yéu todn trén cd nude. Tap chi Todn hoc va
Tudi tr¢ dd nhin nhiéu Gidy khen, Huan huy chuong va nhitng phdn thudng cao quy khac ma Dang va Nha
nudc trao ting. Dicu nay c6 duge la nhd cong siic clla cdc nha toan hoe, cic nha su pham, cic iy vién hoji
dong bién tap, cdc cong tic vién va ban doc yéu todan trén cd nude. Thay midt Ban bién tap, ching toi xin

cdm dn ban doc gin xa, cdc nha khoa hoe va cic cfng tdc vién vé nhifng déng gop to Ién do.

D& chao ming 60 nam thanh lap va phat trién Tap chi Toan hoc va Tudi tré, tif thang 4.2024, Ban bién
tap s¢ md chuyén muc: Nhiing héi tic, nhilng ki) ni¢m vé Tap chi Todn hoc vd Tudi tré. Noi dung céic baj |
trong chuyén myc nay s¢ viét vé nhitng héi e, nhing ky ni¢m, gdn bé cia ban doc vdi Todn hoc va Tugi

tré; nhing dnh hudng, déng gop ciia Tap chi Todn hoc va Tudi tré d6i véi phong trao hoc todn, gidi toan,...
trén toan quoc.

Bai viét c6 thé viét trén gidy hodc dinh mdy vi tinh (nén bing chudng trinh soan thdo vin ban word).
Trén bai vict cdn ghi ro: Ho tén, dja chi, s6 di¢n thoai. Bai viét khong qua 4 trang danh may.

Bai viet c6 thé gii vé Toa soan:

- Giii file word theo dja chi email: toanhoctuoitrevietnam@gmail.com

- GUi bai theo dudng Buu dién. Phong bi c6 ddn tem, gii vé dja chi: Tap chi Todn hoc va Tuéi tré, 187B
Gidng Vo, bong Da, Ha Néi.

- Hodc dén Toa soan Tap chi gii tnyc ti€p.

Ban bién tap mong mudn nhdn dudc cac bai viét ti ban doc. Tran trong cam on!

. TH&TT

CUGC THI VIET CHUYEN DE TOAN CHAO MUNG 60 NAM TOAN HOC VA TUOI TRE |

P& chao mimg 60 nim thanh 1dp va phat trién Tap chi
Todn hoc va Tudi trd, Ban bién tap t6 chic cudc thi
viét chuyén dé Todn cho bic THCS va THPT. _

« D&i tugng dy thi: Gido vién da hoic dang day & bac
THCS, THPT, Gidng vién, Sinh vién & cdc truing Dai
hoc, Cao ddng va ban doc yéu thich Todn.

« NG§i dung bai dy thi: LA cic chuyén d€ bdi dubng
hoc sinh gidi todn; cidc chuyén d& on tap, 6n thi cudi
cdp; nhing tim tdi, sdng tao trong viéc day hoc Todn
(bic THCS, THPT).

o Thé 1& cudc thi: MGi ngudi tham gia cudc thi dugc
gUi khong qud 3 bai dy thi khdc nhau. Cic bai dy thi
co thé 12 cic sang ki€n kinh nghiém da ding ky, hoic
dat gidi & Truong, Phong, Sd,... nhung chua timg dudc
xudt bdn thanh sich, bdo, tap chi va cling chua tham
gia cudc thi nao khac.

- K&t qud cudc thi s& dugc cbng bd trén TH&TT théng

11 ndm 2024 (S6 569). C4c bai hay ¢ thé dugc chon
ding trén Tap chi hodc in thanh sdch. Cdc tic gid

dugc hubng nhuan bt theo quy dinh clia Tap chi. Bai

viét tham dy cudc thi thudc ban quyén clia TH&TT.

» Thai han gii bai dy thi: Trudc ngay 15/10/2024.

 Quy cdch bai dy thi: Bai dy thi dugc danh may vi
tinh, nén dung chuong trinh soan thdo vdn bdn word
(co file). Trén mdi bai dy thi ghi ro: Ho va tén, dia chi
Trudng, X3 (phudng), huyén (quin), tinh (thanh phé),

s6 dién thoai. Bai dy thi khong qua 15 trang danh i

may. Trén cing clia trang 1 m&i bai dy thi ghi ro:
Bai du thi viét chuyén dé Todn
chdao miung 60 nam TH&TT.
« Cach gii bai dy thi: Bai dy thi gli vé Toa soan
TH&TT bing céch:
- GUi file word theo dia chi email:
toanhoctuoitrevietnam@gmail.com .
- GUi bai theo duing Buu dién. Phong bi c6 dén-tem,
gui vé dia chi:
Tap chi Todn hoc va Tudi tré £
1878 Gidng V&, Déng Ba, Ha Nal ¢
- Hoac dén Toa soan Tap chi gui tryc tiép. o=

» Gidi lhuﬂng Nhﬁng ngudi doat giai sé dwc nhan

Gidy chimg nhan va Tang ph5m clia Tap chl.
" TH&TT

Glay phép XB so 534/GP-BTTTT cap ngay 19.11.2020; Ma so: 8BT7M24

In tal Xi nghiép Ban do 1 - BQP
In xong va ngp luu chiéu thing 7 nam 2024

Gld: 18.000 déng
Mudi tdm nghin déng
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