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AP DUNG CHO NAM HOC 2024-2025

N

AL TIRC TR S 4 . ' A A
vt sie  BO SACHKET NOI TRI THUC VOI cUOC SONG BO SACH CHAN TROISANG TAO
——
i T Tén sach Gla bla (ddna/cudn) Tén sach Gia bia (déng/cudn)
| S SBPE :
1 Ng{ van 11, tip mot 22,000 23,000 1 Ng@ v3n 11, tp mot 20,000 | 21000 |
2 Ng van 1, tép hal 18,000 19, !
’ S g . 2 | Ng@van, tip hal 16,000 | 17,000 |
3 Toanm,tap mdt [ 18,000 19,000 ;’ |
4 Toanm,tép hal 16,000 | 16,000 4 | Tosnlh,Hemat #5000 | " |
5 | Giso dyc thé cht 11 - Béng a4 13,000 13,000 4 Toan 1, t&p hal 16,000 i 16.000 |
6 ' Gldo dyc thé chat 11 - Ciu Idng 13,000 13,000 g Lich sit 1 15,000 | 1
7 | Gido dyc th& chat 11 - Béng chuyén 10,000 10,000
8 | Gléo dyc thé chat 11 - Béng ré 11,000 11,000 6 | oalin 22:000 24,000
9 | Hoat ddng tral nghigm, hudng nghigp 1 11,000 11,000 7 Gléo duc Kinh t& va Phap lust 11 23,000 24,000
RS 14,002 Heog 8 | wvatum 18,000 18,000
[ m | ejaln 23,000 24,000
12 | Gido dyc Kinh t va Phap lugt 1 20,000 21,000 9 [ Hol moe ] 20,000 20,000
! 13 vatlin 16,000 17,000 10 | sinhhocm 26,000 27,000
W e R 21,000 22,969 | 1 | Amnhacn 23000 | 23000
15 | Sinhhoc T 25,000 26,000
% | C6ng nghé 11 - Ca khi 20,000 Ha0s 12 Chuyén dé hoc tap Ng@ vin 1 12,000 12,000 .
17 Cong nghé 11 - Chan nudi 18,000 18,000 ’ 13 Chuyén dé hoc t§p Todn 1 14,000 14,000 ‘
% 7} Yeakec tL.< Diohhaong 1in hec Une d0ue 21,000 22,000 14 | Chuyén dé hoc tap Lich sit 11 8,000 5,000
19 . Tin hoc 11 - Bjnh hudng Khoa hoc mdy tinh 20,000 21,000
20 | Amnhacu 15,000 10000 15 Chuyén dé hoc tap Pja li 11 8,000 8,000
21 Mi thudt 11 - Thiét k& mi thujt da phuong tién 6,000 6,000 Chuyén dé hoc tép Gido dyc Kinh t& va
| : 16 Phép lugt 1 1,000 11,000
22 | Mithuft 11 - Thiét k& 8 hoa 6,000 6,000
| 23 | MTthust 11 - Thiét k& thai trang 7,000 7,000 7 Chuy@n dé hoc tap Vit li 11 9,000 | 9000
24 | :‘tnh:ﬁ;ﬂ - Thi&t k& mT thu§t san khau, 6,000 6,600 18 Chuyén dé hoc t3p Héa hoc 11 9,000 5,000
|
! 25 | Mithudt 11 - Li ludn va lich st mi thujt 6,000 6,000 19 Chuyén dé hoc t3p Sinh hec 1 1,000 11,000
1
26 | MT thujt 11 - Diéu khic 6,000 6,000 20 | Chuyén d8 hoc tip Am nhac 11 10,000 1,000
27 | Mithudt 11 - Kién tric 6,000 6,000
28 | Mithust 11 - Hoi hoa 6,000 6,000 B ,‘f"" trdl nghigm, hudng nghigp 11 13,000 14,000
| 29| MithustT1- D8 hoa (tranh in) 6,000 6,000 g
Hoat ddng trdi nghiém, hudng nghié¢p 1
30 | Mithut 1l - Thiét ké cong nghigp 6,000 6,000 R e o e TS hyie 13,000 14,000
| |
31 | Giso dyc GuSc phong va An ninh 11 15,000 15,000 .
23 Gi4o duc QGudc phdng va An ninh 11 | 15,000 15,000
32 | Chuyén dé hoc tap Ngi van 11 13,000 14,000
33 | Chuyén dé hoc tép Tosn 11 11,000 12,000
34 | Chuyén aé hoc tap Lich sir T 8,000 8,000 o
35 | Chuyén aé hoc tdp Pjalin 9,000 10,000 SACH G'AO KHOA Tlé‘NG ANH
26 S:ng&: ?:.l;q;: tép Gido dyc Kinh t& 10,000 1,000
BQ sdch hgp tac xuidt badn val Pearson Education
37 | Chuyén @& hoc tap VAt If 11 9,000 9,000
38 | Chuyén @& hoc tip Héa hoc 11 8,000 8,000 Tén sach G4 bla s
39 Chuyén d& hoc tép Sinh hoc 11 9,000 9,000
40 | Chuyén dé hoc tép Cong nghd 11 - CJ khi 10,000 12,000
41 | Chuyén dé hoc tp Cong nghd 11 - Chan nudi 10,000 12,000
|
| Chuyén dé hoc tép Tin hoc 11 - Bjnh huéng
o L hoc Ung dyng 14,000 14,000
| chu
yén @& hoc tép Tin hec 11 - Bjnh hudng
43 | Knoa hoc may tinh 13,000 13,000
44 Chuyén & hoc t3p Mi thust 1 10,000 13,000
45 Chuyén dd hoc tip Am nhac 11 9,000 10,000
e o e st
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T GHAT DIEM “DAG BIET" TRONG HINH YuoNG )

VA AP DUNG

(GV THCS V5 Trit, Tuy An, Phii Yén)

Khi giai toan, ¢ thé chung ta di gip nhidu bai
toan “ho hang” véi nhau, tic 14 gia thiét hay két
ludn cua nhitng bai toan tuong duong nhau. Doi
khi ta giai dugc bai ndy nhung sau do lai ling ting

I TINH CHAT
Cho hinh vuong ABCD c6 do dai canh la a. Goi E,
M ldan lugt la trung diem cia doan CD va BC; H

la diem dac biét uing voi doan BE; F la trung diém

ctia BH. Tia CH cdt AD tai G: tia DH cdt BC tai

vé&i bai kia. Nguyén nhan 13 ta khong thiy dugc s , ;i
i g HEyauyesy K; Tia AH cat CD tai I. Ta co cac tinh chat sau:

twong duong giira chc bai todn 4y. Bai viét nay xin ‘ ]
1) Diém F la diém “dac biét"” img voi doan AM.

2) AH = DF = a.
3) EFC =45".
4) H la trong tam cua tam giac DFC.

chia sé cich giai mot sb bai todn thong qua tinh
chit cia mot diém “dic biét”. N6 giéng nhu “chia
khoa” dé giai quyét kha nhidu bai toin vé hinh

vuong. . oA =
5) DH vuong goc voi FC va DH di qua trung diém
I. DINH NGHIA ciia ME.
Cho hinh vuéng ABCD c6 E la trung diém cua 1
_ 6) a) GD=—a.
canh DC. Xét tam giac vudéng BCE, goi H la hinh 2
chiéu vudng goc cua dinh C trén canh huyén BE. b) KC = %a_
Ta goi diém H 13 diém “dic biét” cia hinh vudng |
ABCD tmg v&i doan BE (h.1). R
A B Chirng minh. (h.2)
A B
& -
1
F,
H 3
, G
D C
E A i
Hinh 1 | b
Véi dinh nghia trén, img véi mi doan thing néi
trung diém mot canh véi dinh khong nim trén D E I C
canh d6 cta hinh vuéng thi c6 mot diém “dic  Hinh 2
biét”.
) TOAN HQC
S3566(8-2024) ¢ Clygifye 1
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=M S MF ) HC
FB=ry > MEN

= MF L BF = BMF + B, =90° (1).

Mgt khic, ABMA=AECB (c.g.c)=> MAB=B, (2).
Tir (1) va (2) suy ra: BMF + MAB=90° (3).

Ta lai ¢6 BMA + MAB = 90° (4).

Tir (3) va (4) ¢6 BMF = BMA hay M, F, A thing
hang. VAy F 13 diém “d3c biét” img véi doan AM.
2) AM vubng géc véi BH tai trung diém cua BH
nén AM 13 trung tryc cua doan BH, do d6
AH = AB=a . Ching minh tuong tu ta ciing c6
DF=DA=a.

3) MFE =MCE =90°, suy ra tir gidc CEFM ndi
tiép, do d6 EFC = EMC = 45",

4) Tam gidc CHF vulng cén tai H nén HC = HF.
Ta lai c6: AEHC ~ AECB (g.g)

Két hop véi EF 1a trung tuyén cia tam giac DFC
ta c6 H 1a trong tdm cua tam gidc DFC.

5) Vi DF =DC, HF = HC nén dudng thing DH
1a dudng trung tryc clia doan FC, do d6 DH vuéng
gbc voi FC.

Goi N 14 trung diém cia ME ta c6 FN 1a trung

tuyén Umg véi canh huyén cia tam gidc vudng
MEF nén NF=NC=%AE. Do do N thugc

duong trung tryc cua doan FC hay DH di qua
trung diém cia ME.
6) a) T(r gidc AMCG 1a hinh binh hanh suy ra:

AG=CM=2a.
2
b) Goi L 1a giao diém ciia DK va FC ta c6:
ADLC ~ ADCK
TOAN HOC ;
2 * CTusilpe S6 566(8-2024)
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=i e

CD LD
Mt khac, tam gidc HLC vudng can tai L, suy ra
LC=LH (6). Vi H la trong tdm cua tam giic

1
DFC nén LH=§LD (7).

Tir (5), (6), (7) suy ra:

CK_1_ cx=-ep-Ll,
CD 3 3 3
¢) AdBH ~ AIEH
El_HE_1_ o lp 1,
AB HB 4 4 4

Ma EC=%a suy ra 1C=%a.

III. BAI TAP AP DUNG

Bai toan 1. Cho tam gidac ABC vuong can tai A.
D, E lan lwot la trung diém cia AB va AC, Il
hinh chiéu cia E trén CD. Ching minh BA = BF.
Loi gidi.

Cach 1. (h.3)

R
A!

Hinh 3
Liy A’ dbi ximg véi 4 qua BC ta c6 ABA'C 1a
hinh vuéng. Ta thiy F 14 diém “dic biét” tng véi
doan A’E = BF = BA'= BA (theo tinh chit 2),
Ciéch 2. (h.4)

Hinh 4
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Goi G 12 hinh chiéu vudng goéc ciia A trén CD.
Ta c6: AAGD = ACFE = GA= FC = GF
hay G thugc trung tnirc doan AF.

Lai co GD=EF=-£12-GA:%GF = GF = 2GD

nén G la trong tdm tam gidc ABF. Tém lai: G 1a
trong tdm tam gidc ABF ma G thudc trung tryc
doan AF nén tam gidc ABF cin tai B hay
BA = BF.

Bai toin 2. Cho hinh vuong ABCD. Goi E, F, H
lan heot la frung diém ciia CD, DA, EC. Goi [ la
hinh chiéu ciia D trén FC. Chimg minh IE song
song voi AH.

Loi giai. (h.5)

Ta thay 7 13 didm “dic biét” img véi canh FC. Goi
K 1a trung diem cua IC.

A B
FN1
K
D E H C
Hinh 5

Theo tinh chat 1 thi K 1a diém dic biét tng véi
canh BE. Ta lai ¢6 HC = %CE = i—CD . Két hop
v6i tinh chét 6¢ ta c6 ba diém A4, K, H thing hang,
Tam gidc CEI c6 KH 1a dudng trung binh nén

KH | IE=IE || AH.

Bai toan 3. Cho hinh vuéng ABCD, goi E, F, G
lan heot la trung diém cia BC, CD, AD. Doan AE
cdt BD. BF lan lwot tai K, H; doan CG cdt BD,
HD, KF, BFF lan leot tai M, N, P, I. Chitng minh
rang IN.PC = PM IC.

Léi gidi, (h.6)

https://sites.google.com/site/letrungkienmath

4 B
K
~/H
G E
M
N
P
/
D F C
Hinh 6

Ta thdy I, H 14n lugt 14 diém “dic biét” tmg véi
doan BF va AE. Theo tinh chét 4 thi / 13 trong tim
IN 1
(1)

cua tam giac HDC = — =—,
IC 2

= PK =2PF = P la trong tam
IH =2IF
cua tam giac KDC.

2.1
PC 2

Tir (1), va (2) suy ra:

IN_PM
IG i PC

IP /| H.
Tacé:{ Eid

= IN.PC=PM .IC.

Bai todn 4. (Trich dé thi Olympic Toén hoc tré
Quae té tai Pai Loan nim 2012)
Cho hinh vuéng ABCD, F la trung diém ciia AD
va E la trung diém ciia FD, cdc dwong thang BE
va CF cdt nhau tai G. Tinh ti s6 dién tich cua tam
gidc EFG vai dién tich hinh vuong ABCD.
Loi gidi. (h.7).

B : : C

A F E D
Hinh 7

TOAN HOC
* Cluditye

3
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Loi gidi. (h.8).

Theo tinh chét 6¢ thi BE di qua diém “dic biét”
{mg véi doan CF nén

DG 1 FC = ADGF ~ ACDF (g.g)

T_

Vi E 1a trung diém cia FD nén Serc 1 Q).

V5

5

L.

S
T (1), 2), (3) suy ra =2 =
S uaco
Bai toan 5. Cho hinh vuong ABCD cé do dai canh
la a. Goi E la trung diém ciia CD; H la hinh chiéu
ctia diém C trén BE. Puong thing qua H vuéng

goc voi HD cat canh AB tai F. Tinh d¢ dai doan

.
'
.
H

E

Hinh 8
Tacé: 90°— FHA=AHD (1),

90° - FDA = FDC (2).
Tt gidc AFHD ndi tiép suy ra FHA=FDA (3).
Ti (1), 2), (3) suy ra FDC = AHD (4).
Vi H 1a diém “dic biét” trén doan BE nén theo
tinh chét 2 ta c6: AD = AH = ADH = AHD (5).
Ti (4) va (5) = FDC = ADH = ADF = HDC.
Goi K 1a giao diém cia tia DH va canh BC ta c6:

TOAN HQC
* Cludilre

S3 566(8-2024)

AADF = ACDK (g.c.g8)
=>AF =CK .

Theo tinh chéit 6b thi CK = %a = AF = %a'

Bai todan 6. Cho hinh vuong ABCD tam O. Goi E,
F, G lan lwot la trung diem ciia BC, CD, EF. Goi |
I hinh chiéu ciia diém C lén duong thang BF; I
la giao diém cia BF va AE. Ldy diém K doi xitng

véi G qua I. Chimg minh OHGK la hinh binh

hanbh.
Léi gidgi. (h.9).
A B
H
Y E
k| 176
D F C
Hinh 9

Ta thdy I, H 1in lugt 12 diém “dic biét” img voi
doan BF va AE. Theo tinh chét 1 thi A 1a trung
diém cua IB

= OH [/ DI . Theo tinh chat 5 thi DI di qua G.
Do détacod OH /| KG (1). Mit khac:

IG FG 1 1
BD[|FG=>—=—===>KG=—
I ID DB 4 21D ).

Lai c6 OH la dudng trung binh cia tam gidc BDI

nén OH =—;—ID (3).

Tir (2) va (3) suy ra OH = KG (4).
Tur (1) va (4) suy ra OHGK 1a hinh binh hanh.

Bai toin 7. Cho hinh chit nhat ABCD co
AB = 24D. Goi E la hinh chiéu ciia diém B trén
AC, F la trung diém ciia BE. Chirng minh r(ing
FD vudng goc voi FC.

Scemed with
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Loi gigi. Cdch 1. (h.10).

A B
F
D Eﬁ \C
B3
K |
AI """"""""""""""" ‘:B'
Hinh 10

V& hinh vudng 4BB’A’ (4’B’ khic phia véi AB
d6i véi DC). Goi K 1a trung diém cia EB’ ta c6:

K § 55 {FK//DA'

FK:%BB' FK = DA"

Do d6 DFKA’ 14 hinh binh hanh = DF J/ A'K.
Vi E 1a diém “dic biét” img v6i doan AC nén theo
tinh cht 1 thi A'E=A'B'. Tam gi4c A’B’E cn
tai A’ ¢6 K 1a trung diém canh ddy EB’ do d6

AK1EB din dn DFLEB ma
EB'|| FC= DF 1 FC.
Cich 2. (h.11)
4 B
H
F,
b
E
D C
Hinh 11

Goi G 1a giao diém ctia DF va AC; H 14 hinh chiéu
vudng goc cua D trén AC thi ta c6
AH =EC =%EB =EF.

bit AD = x, AB = 2x. Sur dung dinh 1y Pythagore

ta tinh dugc: AC =+/5x, EC = EF =AH=§x
=> ACEF vudng cén tai E va HE =§{—2x (1);

3J5

HD + EF =Tx (2).

Tk AHGD ~ AEGF

_ HG _EG_HG+EG __ HE
HD EF HD+EF HD+EF
Tu (1), (2) va (3) suy ra:

HG o HG =HD = EG = EF
HD

(3).

= tam gidc OEF vudng can, Két hop véi tam gidc
CEF vubng can, suy ra tam gidc CFG vubng can
tai F din dén FD vudng gbc véi FC.
Cach 3. (h.12).

A

D C
Hinh 12
Tacoé: AEAB ~ AEBC ~ ABAC (g.g)

EC_EB_BC_1
EB EA BA 2
= AE =2BE =4CE = AC =5EC.
Goi O 14 tim cua hinh chir nhat ABCD ta c6:

EC=§0C hay EC=§OE Q).

Goi G 14 giao diém ciia AC va DF thi G la trong

tdm cua tam giac BDE do d6 EG = %EO (2).

Tir (1) va (2) = EG=EC=EF suy ra hai tam
gisc FEC vA FEG vudng cin din dén tam gic
CFG ciing vudng cén tai F, tir day ta c6 FD vudng
goc voi FC. .

Bai todn 8. Cho hinh vuéng ABCD, goi E, F lan
luot la trung diém_ _czi'a BC va CD. Hai doan AE va
BF cit nhau tai H, goi M, G lin luot la trung diém
ciia BH va EF, K la trung diém ciia CM. Hai doan
BF va DG cdt nhau tai I, KI cdt DC tai L. Chimg

minh rang:

TOAN HOC

S48 566(8-2024) * CTusitre 5
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a)LD = LF;
b) da doan DG, KL, IG L ba canh cua mor tam

Qe vuong.,

Lot gidi. (h.13).

A B
M
RS )
H/™
1L=7G
N D L F ¢
Hinh 13

a) Lay diém P trén BF sao cho

KP || DC = PF=PM=%FM.

Talaico: IF =%FM
= IP=IF =PH =HM = MB.
Tam gidc PEF c6 IG 1a duomg trung binh, do dé:
IGJ/PE (1)
IG = %PE 2
Do KP | FL, IP = IF = APKI = AFLI (g.c.g)

ﬁFL=PK=-§-FC:>LD=LF.

b) Goi N la giao diém cia EP va CD, ta co:

ENIDG | hn — DF = EN =2DG O):
GE=GF oy B SRk
LD=LF

= IN=LC.
ND=FC

Két hop v6i KM = KC, suy ra LK 13 dudng trung
binh ciia tam gidc NMC do 46 MN =2KL (4).

Ta c¢6 tam gidc PEM cin tai E suy ra
EM =EP (5).

Tir (2) va (5) ta c6: EM =2IG (6).

TOAN HOC ;
6 * CTudilpe _ S8566(8-2024)

NE /| DG

hit 5 ta c6 DG L CH , ma
Theo tinh ¢ c {ME /CH

do d6 tam gidc MEN vudng tai E (7)

Tir (3), (4), (6), (7) suy ra ba doan DG, KL, IG la
ba canh ciia mdt tam gidc vudng.

Bai toan 9. (Bai T2/504 Tap chi TH&TT)

Cho tam giac ABC yuong can tai A Gor M, ?
lin heot la rung diem cua cac doan AB, 1
NC: K la hinh chien vuong goc cua N trén cua
BC. Chuing minh ba dwing thang AK, Bl va !
dong quy tai mot dicm.

Lavi gidi. (h.14).

B D
M P
K
A N 1 C
Hinh 14

Ly diém D déi ximg v&i A qua BC, ta c6 ABDC
1 hinh vuéng va tia NK cit DC tai trung diém P
ciia canh DC va K 14 trung diém cua NP. Goi H 1a
giao diém ciia AK va DN, theo tinh chét 5 ta ¢6 H
12 diém “déc biét” trén doan DN = CH L DN do
d6 CM di qua H. Theo tinh chat 6a ta ciing cé BI
di qua H. Viy ba dudng thing AK, BI va CM ddng
quy tai diém H.

Bai toan 10. (Trich dé thi tuyén sinh lép 10
chuyén tinh Phi Yén, nim hoc 2020 - 2021)

Cho hinh vuéng ABCD. Goi E, F lan hegt la trung
diém ciia CD, AD va G la giao diém cua AE va
BF. Goi H la dicm doi xumg véi F qua G, 1 la giao
diém ctia BD va EF. Pwong thang qua D, song
song voi BF cat HI tai K. Chirng minh rang K la

tryee tam cua tam giae GDE.
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Loi gidgi. (h.15),

B A
H

G

F

M N

J /4
K

C E D

Goi J la giao diém cua DK va AE; M la giao diém
cua HI va AE; N 1a giao diém cua DG va EF.

Cdch 1. Vi AE 1 BF va EGD =45’ (tinh chat 3)
nén GN la dudng phén gidc cua tam gidc EFG, do

. NF_GF 1 , ;
do E=E=§,kéthcypvc’n IE = IF suyra:
1
NF ==1IF.
2

Tam gidac FHI ¢6 GN la dudng trung binh nén
GN /) HI = GD J/ HK do 46 HGDK 13 hinh binh
hanh = DK = GH = DK =GF din dén GFDK
12 hinh binh hanh = GK /) FD = GK L ED . Viy
K 1a truc tim cua tam gidc GDE.

Cdch 2. Vi G 1a trung diém cia HF, I 1 trung
diém cua EF nén M 13 trong tim cia tam gidc

EHF do d6 GM =§-GE. Ta ciing cé:

JE=%GE=> GM =MJ

= AHGM = AKJM (g.c.g)
:>JK=GH=%HF=—;?DJ
= EK J/ CJ = EK J/ CI.

Theo tinh chit 5 ta c¢c6 CILGD, do d6
EK 1 GD. Vay K 14 truc tim cua tam giéc GDE.

BAI' TAP REN LUYEN
Bai 1. Cho hinh vuong ABCD c6 d) dai canh 1a a.
E, F lan lugt 14 trung diém  cia céc canh BC, CD.
Goi H 1a giao diém cta BF va AE. Pudng thing
qua F va song song vdi CH cét BD tai M. Tinh do
dai doan BM theo a.
Bai 2. (Bdi todn 25 chuyén muc Nhiéu cdch gidi
cho m{t bai todn. Tap chi TH&TT)
Cho hinh vuéng ABCD va diém M trén canh CD
sao cho CM =2DM . Goi E 14 giao diém cua
duong thing AM va duong thing BD. N 1a trung
diém cta BC. Chimg minh ring dudng thing AM
vudng goc v6i dudng thing NE.
Bai 3. Cho hinh vudng ABCD. Goi I 12 hinh chiéu
diém C trén dudng thing BF; H 14 trung diém cua
IF. Pudng thing BF cit AC tai N. Chimg minh
rang NH.BF = NF.BI .

Bai 4. (Bai T2/418 Tap chi TH&TT)

Cho tam gidc 4BC vudng cén tai 4. Trén mit
phing bd AB c6 chita C v& tam giac ABD vudng
cin tai B. Goi £ 1a trung diém ciia doan thing BD.
V& CM vudng goc vdi AE tai M. Goi N la trung
diém cua doan théng CM. K 1a giao diém cta doan
BM va DN. Tinh sb do goc BKD.

Bai 5. (Trich dé thi tuyén sinh vao l6p 10 THPT
chuyén KHTN, PHQG Ha Ngi)

Cho hinh vuéng ABCD. Pudng trén (0) ndi tiép
hinh vuéng ABCD tiép xtic véi cic canh 4B, AD
lin luot tai cic diém E, F. Goi giao diém cua CE
vaBFlaG.

1) Chitng minh ring nim diém 4, F, O, G, E cling
nam trén mdt dudng tron.

2) Goi giao diém FB va duong tron (O) la M
(M # F). Chirng minh ring M 1 trung diém cia
doan BG.

3) Chimg minh ring tryc tim ctia tam gidc GAF
nim trén dudmg tron (O).

TOAN HOC
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HUONG DAN GIAI PE THI TUYEN SINH VAO LOP 10,
TRUONG THPT CHUYEN DHSP HA NOI
MON TOAN, NAM HQC 2024 - 2025

Bai 1. 2) Cho A=+11- 642 + 114642,
Tim gid tri ciia A’
b) Cho b, ¢ la

24b + ¢ = =523, Biét phwong trinh x° +bx +¢ =0

hai s0 thiee - thoa man

co hai nghi¢gm la hai so nguvén dwong. Tim hai

nghi¢m do.

Loi gidi. a) Ta c6:
A={3-V2) +J3+2)* =6

=>143=63=216.
b) Goi hai
x*+bx+c=0 (1) 1a p, q. Theo dinh li Viéte ta
co: ptg=—-bvapg=c.
Tir d6: 24b+c=-523 < -24(p+q) + pg =-523

nghiém cia phuong trinh

& (p-24)(g-24)=53=1.53=(=1)(-53) (*).

Khong mét tinh tdng quat, gia st p < ¢
= q—242p-24 (*%).

p-24=1,q-24=53

Tur (*) va (**) suy ra: .
CIva ) suy [p—24=—53,q—24=—l

Tir d6 tinh duge p = 25, g = 77.

Bai 2, Ban Hanh lam m¢t ngéi sao 6 canh co dang
hinh phang t6 ddm nhie hinh bén theo cich sau:
Trén to gidy, ban vé dwong
tron ban kinh 2cm, ngoai tiép
mot luc gige deu. Sau dé, moi

cung nho cang day cung la

mot canh cua luc giac deu
dwoc lay doi xirng qua canh dé. Hinh phang t6
ddam gioi han boi 6 cung tron vira dwgc vé tao

thanh ngoi sao ban dinh lam.' Em hay giip ban

TOAN HOC
8 Tensige
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Hanh tim di¢n tich ngoi sao 6 canh do (lday gia tr
ctia xla 3,14 va gia tri cua ﬁ da 1,73).

Léi gidi. Hinh trén c6 ban A
kinh bing 2 nén di¢n tich
cua hinh tron d6 la

S, =R =4x (dvdt).

Tam gidc déu OAB canh .
bing 2 nén

1 2\/1;:\/5_

Soup == 2.——
o8 =75 )

Tir d6 dién tich lyc giic déu ABCDEG 1a:

Sascoec = 6-Soup = 6‘/5-
Dién tich phan mau tring 1a:
Sy = 2(8, = S 4pcpeg) = 4,36.
Vdy dién tich hinh ngoi sao 6 cénh 1a
§=5-5,~8.2 (cm?.
Bai 3. Cho tam giac ABC can tai A. Trén canh BC
lay diém D sao cho DB = 2DC. Duong thang qua
D song song voi AC cdt canh AB tai E. Duong
llufng qua E song song voi BC cat canh AC tqi F.
Duong tron ngoai tiép tam gidc AEF cdt AD tai M
(M khac A).
a) Chirng minh tir giac BDME va tir giac CDMF
la hai tir gidc ni tiép.
b) Chirng minh MB = 2MA.
c¢) Chirng minh BATD = 2(,TM\D.
Loi gigi. a) Tk gisc AEMF ndi tiép nén
AME = AFE. Do EF // BC nén AFE = ACB.
Ma tam gidc ABC cén tai 4 nén /TC\B = A/B\C, suy
ra AME = ABC. Do d6 t& gidc BDME nbi tiép.
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Tuong ty, tr gide COMF noi tiép.
b) Cach 1. Ta cé:

EMA = EFA = ACB = EDB = EMB.
Tir 46 ME 1a phén gide ca gdc AMB. Suy ra:
Vi MA EA DC 1

= v— I —— 2

YMBTEE DB
Cach 2. Ta ¢

Do d6 MA = 2MB.

FAM = MDE = MBE ; BEM = AFM.
T d6 ABEM ~ AAFM (g.g). Do 46
MA_AF _AE _DC _

1
MB BE BE DB 2
A

B H D c

¢) Goi H la trung diém cia BD. Do tam giac EBD
cin tai E nén EH L BC. Hon nita, EF // DH va
EF = DH nén EFDH 13 hinh chit nhat. Tir d6, theo

cdu a) ta co:
D/M\C=5\FC=17E\D=%§I;‘B=%BMD.

Vay BMD=2CMD.

Bai 4. Tim s6 thuc x sao cho cac $6 x++2024 va
185
X

—2024 déu la cac so nguyén.

Loi gidl, D} a = x +2024, b = -l-ﬁ ~+2024

Thé x =a~+2024 vio b, ta cb:
185

b= ———1\y )
’ a- 32024

(a—-b)42024 =2209 - ab.

Do 2024 1 86 vO ty vi a, b 14 che 56 hitu tg, suy
ra a-b=0 vaab=2209,

T dosuyra a=b=47 hojc a=b=-47.

Do d6 x =47 /2024 hojc x =-47 -+2024 ,

Bai 5
mot trong ba gia tri 0; 2; 3. Biét rcfng

hay

. Cho 45 6 ay, ay, ..., dgs, moi so chi nhén

(a,=2) +(a,~2) +...+(a, ~2)" =65

vi (a,-3) +(‘a2 ~3) .+ (ay ~3)" =-280.

Hoi trong 45 56 ndi trén co bao nhiéu s6 bang 0?

Loi gidi. Gia sir trong 45 ) A),0y, .0y Qgs COM )
bing 0, n s6 bing 2 va p s6 bang 3.
T gié thiét, ta c6: ‘
(@, —2)* +(a, =2)° +.ct (@45 —2)°
=(0-2)’m+(2-2n+(3-2)'p
=4m+ p;
(a,-3)’ +(a, =3) +...+(a, -3)’
L =(0-3m+(2-3’n+..+(3-3)’p
=-2Tm-n. |
Vaym +n+p=45,4m+p=65,27m + n = 280.

Tir d6, tinh duge m=
c6 10 sb biang 0.

10. Vay trong 45 s6 di cho

VONG 2

Bai 1. a) Cho hai s6 thuc a, b thoa man cac diéu

kién sau: |al < 2024, |b| < 2024 va
Ja+2024 +32025-a -V2024-a =

=Jb+2024 +2025-b —2024 - b.

Tinh gia tri cua biéu thirc

M =a®™ 4 g2 — p2 _ p225,
: TOAN HOC
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b) Ton tai hay khong cac so hivu ti dwong a, b sao
cho Na +Jb = \/?/272_— ?

Loi gidi. a) Diéu kién & d¢ bai twong dwong véi
(Va+2024 - Vb +2024) + (v2025 - a - /2025 - b)

+(2024 -b -+/2024-a) =0

1
Ja+2024 +b+2024

<:>(a-b)[

1 1
- + =0.
J2025—a +42025-b  V2024-b + J2024-a]
Suyraa=b,dodé6 M=0.
b) Gia st tdn tai cac s6 hiru ti duong a, b sao cho

Ja +b =J2024. Ta cé:

Ja +b =\2024
& a+b+2Jab=2024
& a+b=y2024-2Jab (*).

Céch 1. Binh phuong hai vé ctia (*), bién di ta

duge: 3033 < 2924+ (a+b)' -4ab .
2(a+b)

D& thiy VT(1) 1a sb vo ty, trong khi VP(1) 1 sé

hiru ti, vo 1y.

Cich 2. Sir dung bd dé (ban doc ty chimg minh):

Néu x, y la hai 56 hitu ti phdn bi¢t khong dm sao

cho \x=\[y 1a 56 hitu ti thiJx va [y déu la

cdc s6 hitu ti,

Tir (*) ta thdy /2024 - 2J/ab =0, 4p dung bé dé

suy ra J2024 14 58 hiru ty, vo 1y.

Véy khong ton tai a, b hiru ti théa man yéu cau bai

toan.

Bai 2. Gia sir ta ¢6 quy tic * ma véi moi cdp s6
newven dwong (a ; b), ta luén xdc dinh dugce chi
mot S0 nguvén diwong twong ung ki hiéu la a * b,
sao cho ba diéu kién sau dwoc théa man:

i) a*a = a véi moi 56 nguyén dwong a;

i) a*h = b*a voi moi so nguveén dwong a va b;

a) Tinh gia tri cua 16*2024.

b) Hay chi ra mét quy tic * théa man ha Jic

kién trén.

Loi gidi. Taco: 16%2024 =2024*16
=(2024-16)*16=(2024-2.16) *16 =...
=(2024-126.16)*16=8*16=16*8=8*8 =8,

b) Quy tic a * b= UCLN(a, b) théa min yéu cau
bai toan.
Nhdn xét. Co thé chimg minh nguoc lai, quy tdc *
thda mén yéu cau bai todn khi va chi khi
a * b=UCLN(a, b).

Bai 3. Cho dwong tron (O; R) va dady cung BC ¢o
dinh khong di qua tam O. Diém A di dong trén
(O; R) sao cho tam gidc ABC nhon va AB # AC.
Cac dwong cao AD, BE, CF cua tam giac ABC cat
nhau tai diem H. Puwong tlufzrg EF cdt (0; R) tai
hai diém P va Q (diém F nam gitta hai diém P va
E). Goi M la trung diem cua canh BC. Chimg
minh

a) AP" = AQ" = AH. AD.

b) Bon diém P, O, M, D ciung thuoe mot duong
tron (o).

¢) Tam 1 cua duong tron (@) chay trén mor

duwcng tron co dinh.

Léi gidi,

a) Tt giac BCEF ndi tiép nén AFQ = ACB.

i) a*h = (a — b)*h véi moi s6 nguyén dwong a Suy ra AFP =180°— ACB = APB. Suy ra:

va bmaa > b.

TOAN HQC .
‘ CTuditye_S8566(8-2024)
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AAFP ~ AAPB(g.g), din dén AP* = AF.AB,
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Lai c6 AAFH ~AADB, din dén AF.AB = AH.AD.
Do 46 AP* = AH AD.
Tuong tw, AQ* = AP* = AH.AD.
b) Goi S 1a giao diém cia PQ va BC. St dung
phuong tich, ¢ y ring EFDM ndi tiép duong tron
Euler cia A4ABC, ta ¢b;

SP.SQ = SB.SC = SE.SF = SD.SM.
Tl d6 SP.SQ = SD.SM, suy ra bdn diém P, D, M,
Q cung thuge mdt dudng tron.
¢) Vi I thude trung tryc cia PQ nén I thuge OA.

Do I thugc trung tryre cia MD nén [ thude dudng
trung binh hinh thang ADMO. Do d6 I 13 trung

diém cla OA. Suyra OI = g Vay I thugc dudng
A , 1., R
tron tdm O, ban kinh E

Bai 4. Vi neN', ta dat f(n) laténg cdc chir

S0 ctia 50 3n” +n + 1.
(Vidu: véin=3thi3n’ +n+1 =3l va f(3) —4)

Tim gia tri nho nhat c6 thé cia fin) (ne N’ ).
Loi gigi. D& thiy 3n® +n+1=2n" +n(n+1)+1
1a s6 1& nén c6 hang don vi khac 0.
Ma 3n* +n+1>1 nénfn)>2.
Néu fin) = 2 thi 3n* +n+1=10---01, trong d6
chir s6 dau va chit s cudi bing 1, cac chir s con
lai (néu c6) phai bang 0.
Do 6 3n* +n+1=10* +1, hay n(3n+1)=10".
Vi (n, 3n+1) = 1 nén ta c6 cac truong hop sau.
THI1.n=1,3n+1=10"=4=10*(vo Iy).
TH2. n=2%3n+1=5"=3.2"+1=5"
Néuk=1thi3.2+1=5(vdly).
Néu k> 2 thi

55> 4k > 42k =32F+ 2% > 32K+ 1 (vo 1y).
Viy f(n) > 3. Mt khéc, f{8) = 3.
Do d6 gié trj nho nhét cia f{n) 1a 3.
Bai 5. Cho bang vuong kich thuwoc 8x8 dwoc chia
thanh 8 hang, 8 cot, 64 6 vuong don vi ¢o cing

kich thiroc. Ta lat kin bang do /ning cae domino
man den va domino mau trang (moi domino nh
thé la hinh gom 2 6 vuong don vi ¢6 chung canh)
thoa man dicu kién sau:

i) Moi domino phu ding 2

o vuong don vi cua
bang;

i) Hai domino khong cung phu mot o vuong don
vi cuia bang;

iii) Moi hinh vuong 4 o vuong don vi cua bang déu
co it nhat mot 6 vuong don vi dwoe phu bei mot
domino mau den.

Tim 56 nguyén dicong k nho nhat sao cho ton tai
mot cach lat bang ban dau théa man ba diéu kién
trén ma trong cach lat do ta su dung ding k
domino mau den.

Loi gigi. Ta danh ddu x vao mot s6 6 vudng don
vi ciia bang da cho nhu hinh vé&

x| ®| x| x| x| x| x| %
x| x| %} x| x| %| x| x

Phin con lai gdm cac 6 vudng don vi khong dugc
d4anh diu 13 hop ctia 9 hinh vudng 2x2. Ki hiéu
.» Hs.

Xét mot cach 14t thoa min yéu cau, d& thiy méi
hinh vuéng H; déu phai c6 1 domino den phi it
nhit 1 6 vudng don vi cia né. Do dé tong 50
domino den khong nhé hon 9.

cac hinh vudéng nay 1a Hy, H,, ..

Ta chi ra m¢t cach 14t véi 9 domino mau den va
23 domino mau tring théa man d& bai, tir do suy
ra gi4 tri nho nhét cha k13 9.

NGUYEN THANH HONG
(GV THPT chuyén, DHSP Ha Néi)
Gidi thi¢u
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PE THI TUYEN SINH VAO LOP 10, TRUONG THPT CHUYEN
LE HONG PHONG, NAM DINH, NAM HOQC 2024 - 2025

YONG 1
(Thoi gian lam bai: 120 phit, danh cho hoc sinh thi vao cdc I6p chuyén tie nhién)

Cau 1. (2,0 diém)

1) Tim diéu kién xéc dinh cia bidu thie

P=x+2024 + Z—Z()L ;
x=2x+1

2) Cho dudng thing y=2x+3 cét parabol
y=x* tai hai diém phan biét. Tinh tdng tung do
cia hai diém do.

3) Tinh dién tich cta hinh trdn ngoai tiép tam giac
d&u canh bing V3.

4) Cho tam gidc ABC vuong tai 4 ¢c6 AB=6,
AC =8. Quay tam giadc ABC mdt vong quanh
canh AC . Tinh thé tich ctia hinh dugc tao thanh.
Cau 2. (1,5 diém) Xét biéu thic

_ Jx+4 M Jx i Wx
x+5\/;+4 x—J;+l xs/;+l

1) Rat gon biéu thirc 4.

A vai x20.

2) Tim gié trj 16n nhit cia A4.
Ciu 3. (2,5 diém)

1) Cho phuong trinh x* -2(m-1)x+2m-5=0
(v6i m 13 tham sd).

a) Tim tit ca céc gid trj cua m dé phuong trinh
¢6 hai nghi¢m trai dau.

b) Tim tat ca cdc gia trj cia m dé phuong trinh
sao cho

c6 hai nghiém phan biét x;x,

(x3 —2mx, +2m)(2x, =5)=2024.

TOAN HOC
* Cludilre
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2) Giai phuong trinh

X +5x-4-2(x+1)3x-1=0.
Ciu 4. (3,0 diém)
Cho dudng tron (O) véi duong kinh BC. Trén
tia ddi cta tia CB liy diém D, goi DA la tiép
tuyén clia dudng tron (0) véi A 14 tiép diém. Ké
duong thing qua 4 vudng goc véi BC tai M va
ct duong tron (O) tai E (E khac 4). Goi AH
1a duong cao cua tam gidc ABE, AH cit BC tai
F. Goi I la trung diém cta doan AH , dudng
thing BI cit dudng trdn (O) tai K (K khic B),
AK cit BD tai N.
1) Chimg minh cc diém E,M,F,H cung thudc
mét dudng tron va DB.DC = DM.DO .
2) Ching minh AFEC 1a hinh thoi va
BAH = 4DB.
3) Chimg minh MK 1 AN va MD =2MN .
Ciu 5. (1,0 diém)

1) Giai hé phuong trinh

\/4x2 +(y+2)(x—y)+2\/E=4y
\/m+\/5y——=3x2-7x+6.

2) Xét ba sb duong a, b, ¢ thay ddi va théa man
diéu kién abc=1. Tim gia tri 16n nhit cha biéu
thirc
a b c
=7 Ty +=5 .
a+3 b+3 c +3
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VONG 2

(Thoi gian lam bai: 150 phit, danh cho hoc sinh thi vao chuyén Toan va chuyén Tin)

Ciu 1. (2,0 diém)

1 5

a) Cho x, y>1 thoa min l + = .
y+l xy+4

x+1

Tinh gid trj cua biéu thic 4=x"+y* +9xy .

b) Xétda thirc P(x)=x*+ax+b véi a, b 1 cic

. % " . : X A
h¢ sO nguyén. Chimg minh ring ncu

P(1 +J§) =2024 thi P(1 -ﬁ)= 2024 .

Ciu 2. (2,0 diém)

a) Giai phuong trinh
x = (2x-9) (V' +2x-8-2).
b) Giai h¢ phuong trinh

ch(x—y)+(y-1)2 =0
{4x3 —9x? +7x+3y* -10y+5=0.
Cau 3. (3,0 diém)
Cho tam giac nhon ABC ndi tiép dudmg tron (O)
va AB < AC . Ba dudng cao cua tam giac 4BC la
AD, BE, CF dbng quy tai diém H . Goi 40 1a

duémg kinh cia dudng tron (O), dudng thing
HQ cit canh BC tai diém M . Pudng tron ngoai_
tiép tam gidc AEF cét duong tron (0) tai diém
N va cét duong thing AM tai diém K (N, K
khéc A), duong thing AN cét duong thiang BC
tai diém P . Chimg minh ring:

a) HQ vuéng goc v6i AN vi FDH =HDE,
FDK = NDE .

b) Badiém P, E, F thing hang.

¢) PE.PF < PM*.

Chu 4. (1,5 diém)

a) Chimg minh véi moi s6 nguyén dwong n, s

n® —6n+33 khong 1a s chinh phuong.

b) Cho céc sé nguyén duong a, b théa min diéu

kign a+b+1 1d uwbéc nguyén t6 cia
4(a2+ab+b2)—3.Changminhréng a+b-11a

udc cua 4(a2 +ab+b2)—3.
Cau 5. (1,5 diém)
a) Xét x, y,z la cac s6 thuc duong théa man
xy+ yz+2x<xyz. Tim gi4 tri nho nhét cia biéu
thire O=xp"+yz’ +2x* -18(x+y+z).
b) Cho bang hinh chit nhat gdm 2 dong va n cot,
duoc chia déu thanh 2n 6 vudng don vi. Ban dau,
trong moi 6 vuéng don vi ngudi ta dit diing mot
vién bi c6 kich thudc rat nho. Ta goi mdi bién dbi
(T) 1a viéc thyc hién cac thao tac sau: Chon ra hai
6 vudng don vi tlly ¥ c6 chira bi, chuyén tir mdi 6
vudng d6 di mot vién bi sang 6 vudng don vi lién
ké (hai 6 vudng don vi goi 12 lién ké néu ching c6
chung canh). Tim tit ca cac s6 nguyén duongn dé
sau hiru han 1an chi thyc hién bién déi (T), ta c6
thé dua hét tit ca cac vién bi c6 trén bang lic diu
vé nim trong cung mot 6 vuéng don vj cia bang.
TRAN XUAN PANG
(5/7/136 Phan Dinh Phung, TP Nam Dinh,
tinh Nam Dinh)

Gidi thigu
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NGUYEN CONG CHUAN

(GV THPT chuyén, Dai hoc Vinh, Ngh¢ An)

Trong chuong trinh gido dyc phd théng 2018 mén
toan lop 10, kién thire hinh hoc duge xiy dyng
theo mach kién thirc: hinh hoc téng hep, hinh hoc
vecto va hinh hgc toa d§. Do do trong day hoc giai
bai tap todn gi4o vién cin quan tim bdi dudng cho
hoc sinh ning lyc nhin nhan bai todn theo nhiéu
goc d9 khac nhau, tao co hgi cho hgc sinh ciing b
c4c phuong phap khéc nhau dé giai toan, gép phin
bdi dudng cho hoc sinh ning lyc tu duy bién
chimg, nhin nhn van dé trong mdi quan hé tuong
hd 1dn nhau, x4c 1ap méi lién h¢ giira céc chuong
muc khéc nhau theo mach kién thirc: téng hop,
vecto, toa do. Théy dugc nét dep cua toan hoc
thong qua cac bién héa cua cac dién dat hinh hoc.
Pédng thoi quan tdm khai thic két qua bai toan ta
s& thu dugc nhiéu két qua tha vj. Ching ta bit dau
bing bai toan sau day:

Bai toan 1. (BT4.15, SBT Todn 10, tip 1, tr54,
B{ sdch Két ndi tri thire véi cufe song)

Cho tam gidac ABC ¢6 truc tam H, trong tim G va
tam duong tron ngoai tiép 0.

a) Goi M la trung diém ciia BC. C hirng minh rtfng
AH =20M.

b)‘ Chiing minh rang OA+ OB +OC = OH .

¢) Ching minh rang ba diéem G,H,O cung thujc

mot dwong thang (dwong thiang Euler).

Loi giai. Ddy 12 bai toédn kha quen thuc trong
chuong trinh mon toan 16p 10. Poc dé bai toén ta
c6 thé nhan ra ngay ¥ tudng ciia cic tac gia 1a sir
dyng phuong phép vecto dé giai. Hai y diu 1a goi
y dé giai ¥ cudi. Tuy nhién ta c6 thé giai bai todn
ndy theo mach kién thirc phwong phap tong hop,
phuong phép vecto va phuong phép toa dg.

S3& 566 (8-2024)

TOAN HOC
14~ crsige

Ciich 1. Ding phieong phdp tong hop

Pé chimg minh ba diém G,H,0 thing hang ta
quy vé ching minh OGM =HGA (M 1a trung
diém cua BC).

1

Theo gia thiét ta c6 GG_A,::E vi OMG = HAG

(so le trong). Bai ton quy vé ching minh
AGAH ~ AGMO hay OM = %AH.

Goi I 1a diém dbi xtmg v6i B qua O. Tir tinh

chét dudng trung binh, ta c6 OM = %CI .

Tk gidc AHCI 1a hinh binh hanh nén
AH =CI =20M. Tird6 ta suy ra didu phai chimg
minh.
Ciach 2. Dung phwong phdp vecto
a) Theo trén ta théy ngay AH =20M.
b) Ta cé:

AH =20M < OH - 04 = 0B + OC

< OH =04 +0B +OC.
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¢) Vi G latrong tdm tam gidc ABC nén
OA+ OB +0C =3006.

Két hop vdi két qua trén ta suy ra OH =30G. Tu

d6 ba diém G,H,0 cung thugc mdt duong thfmg.
Cdch 3. Dung phwong phap toa do

Y A
A
H
G
0
.l 4
B K M C

Goi K la chin duong cao ha tir dinh A4 cua
AABC. Chon hé tryc topa d) Oxy sao cho

K =0(0;0), B(b;0), C(c;0), 4(0;a).
Theo gia thiét G 14 trong tdm tam gisc 4BC nén
G(-b;—c;%). Do HeAK nén H(0;x). Tim x
tir diéu kién:

ﬁf.?é=0<:>ax+bc=0<:>x=—§-c—.

a
Suy ra H(o;—ﬁ). Vi M 14 trung diém ctia BC
a

b+c

nén M(T;O). Theo gia thiét OM L BC nén

b  5h d
o(%; y) .Tim y tir diéu kién:

b-cY » [(b+c ’ 2

- _a2+bc:>0 b+c a*+bc)
4 2 2a )
a) Ta co:
2 ] 2
A—H-z(o;_a +ch,OM=[0;-a +bc}
a 2a

suy ra AH =20M.

b

2
b) Ta c6: W:[—bzc;—“ +3”C]

2a
s, e i _ 2
OAd+0B+0C | -bte be-a
2 2a

b-c_ a+bc c-b a’+bc
+ 5= + =
2 2a 2 2a

_[_b+c, a +3bc
2’ 2a )

Suy ra OA+ OB +0C = OH.

c) Ta co:

GO = b+c;a +bc .GH = b c; a’ —bc
6 6a 3 3a

= GH =-2GO = G, H,O cing thudc mot dudng
thang,

Khai thac két qua bai toan nay ta thu dwgc rat
nhiéu két qua tha vi, ching han:

Ap dung tinh chét OH'=O0H i

204.0B = 04* + OB* — AB* ta cé:

—] —  dmanp e\
OH? =0H =(0A +0B + oc)
=04 + OB* + OC* +204.0B +20B.0C +20C.04
=04 + OB* + OC* + 04* + OB* — AB* + OB?

+0C? - BC* +OC* + 04* - CA*

=9R* —(AB* + BC* +C4*).
Dit a=BC,b=CA,c= AB tathu dugc bai toan:

Bai toan 2. Cho tam giac ABC noi liép duong

ron (O;R); H la triec tam tam gide ABC. Chirng

minh rang: OH* =9R* —(a: +b’ +c2).

Tir két qua 0G=§OH, HG=§OH ta c6 ngay

bai toan sau:
, TOAN HOC
S4 566 (8-2024) 4 Cludilre 1 5
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Bai todn 3. Cho tam gigc ABC nii li(fp dieong

tron (0; R) Co triee tam H, trong tam G, Ching
I ] ) )
()»(a b e );

“ 2 b) )

6(” } ,) )

D& y ring OH? 20. Diu bing xdy ra khi H=0
hay tam gidc ABC déu nén ta ¢6 bai todn:

minh rang: a) 0G” = R’

b) HG® = 4R?

Bai toan 4. Chimg minh rang trong moi tam giac

ABC ta luon c6 a’ +b* +¢* YR’

Lai ¢6 a*+b*+c* 2ab+bc+ca, ta di dén bai

todn:

Bai toan 5. Chimg minh rr?ng trong moi tam gidc

ABC ta luon 6 ab +be +ca <R’

Ap dung bt ding thirc Bunyakovsky, ta cé:
(a+b+c)2 S3(a2 +b? +c2)527R2

=a+b+c<33R

Ta di dén bai toan:

Bai todn 6. Chitng minh rang trong moi tam gidc

ABC ta luén c6 a+b+c <33R,

Ap dung bat déng thirc Cauchy ta c6:

-‘abcs(a+b+cj (3x/_R] 3\/_R’.

3

Ta di dén bai toan sau:

Bai toan 7. Chimg minh rang trong moi tam gidc
ABC ta luén cé abe < 33R’.

Sir dung céc két qua vira thu dugc va ap dung bt
déng thirc Cauchy ta c6:

Bai toan 8. Chitng minh ring trong moi tam gidc
ABC ta luon co:

1 1 1 |
.S TSR =5, S
a) aZ bZ c?. RZ
a b ¢ R

S& 566(8-2024)

T W,
L p=b

a+b+c

2 '
2 == VOl p=
p-c¢ R 2

Tir cde két qua trén két hop véi dinh i sin ta c6
ngay bai todn sau:

Bai todn 9, Chiing minh rang trong moi tam gidc
ABC ta luon co:

9
1) sin® A+sin’ B +sin’ C < 3

9
2) sin Asin B +sin BsinC +sinCsin A = 4

C
3) asin B+ bsinC +¢sin A < izli;

33

4) sinA+sinB+sinC£——2—;

33

5) sinAsinBsinCS—8-;
gt 1 1

6 + + >

), sin4 sin’B sin’B

1 + - + : 22\/5.
sin 4

sinB sinB

Lién hé véi dinh li csin ta c6 ngay bai toan sau:
Bai toan 10. Chirng minh rdng trong moi tam gidc
ABC ta luén co:

”

1) becos A+ cacos B+ abcosC 59%;

~

2)'cotA+cotB+c'otCS?R—;

45
Ap dung cong thirc tinh 49 dai dudng trung tuyén,
ta cé m:+m;+m’ =%(a2 +b? +c2) va 4p dung
cc bat ding thirc Cauchy, Bunyakovsky ta giai
dugc bai toan

Bai todn 11. Chirng minh r(fng trong moi tam giac

ABC ta luon co:
) m: +m; +m’ S%Rl;

2) m, +m,+m, <—R;

N | o
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3) m,sinA+m, sinB+m_sinC < 3/ R :

27R’
4) mmm_ < ——-;
A

b
5 — i h g,

m, m, m._ R
Lién h¢ véi cong thirc tinh di¢n tich tam gidc ta c6
b
S=pr= (;—RC (r 1a ban kinh dudng tron ndi tiép

tam gidc ABC)va

ha+hb+hc=2S l+l+l -_-_2295(1.4._]_.{..1_)
a b c 4R\a b c

_ab+bc+ca
2R
ta thu dugc bai toan

Bai toan 12. Ching minh rang trong moi tam gidac
ABC ta luon co:

wis
a) SS;:{—:’,RI';

b) SsﬁRi
4
c) h,+h +h s%_
Ap dung cong thirc
§=\p(p-a)(p-b)(p-c)=pr=(p-a),
=(p-b)r=(p-c)r.

v6i r,,r,,r. 1an luot 13 ban kinh dudng tron bang

tiép cac goc A,B,C va két qua thu dugc & trén ta
giai dugc bai toan sau:
Bai toan 13. Chimg minh rang trong moi tam gidc

2

ABC ta luén co: r, +r, +r, ST.
2

Loi giai. Ta c6:
4r.r;,=4£. )
p p—a
=(a+c-b)(a+b—c).

p(p-a)(p-b)(p-c)
p(p-a)

=4

Ap dung bit ding thirc Cauchy ta thu dugc:

4rr <

a

(a+c—b+a+b—c)2 >
g :

Lap ludn twong tyr ta c6 4rr, <’ 4rr. <2,

Suy ra: 4r.r, +4r., +4rr. <a’ +b’ +c? <9R?
2

hay r, 4+ +7, S —,
4r

Déu bing xay ra khi tam gidc ABC déu.

Tiép tuc khai thac ta s& thu dugc nhiéu kiét qua
th vj nita, ban doc 1am tiép nhé. Sir dung két qua
bai todn 1 ta c6 thé giai dugc rat nhiéu bai toan
hay va kho. Diac biét 1a cac bai toan trong hé toa
do Oxy, néu gia thiét bai toan c6 lién quan dén
trong tdim G, tryc tdim H va tam duong tron
ngoai tiép O cua tam giac ABC . Khi biét toa do
clia hai trong ba diém trén va sir dung két qua
IH =31G ta s& tim dugce toa do diém con lai va
day chinh 1a chia khoa gitp ta giai dugc bai toan.
Bai toan 14. Cho tam giac ABC khong can, noi
tiép duong tron tam O va co truc tam H. Goi
M,N,P lan lwot la trong tim cdc tam gidc
OBC, OCA, OAB va G' la trong tam cua tam
gigc MNP. Chimg minh ba diém O,H,G' thing
hang.

Loi giai.

Do M, N, P lan lugt 14 trong tdm céc tam gidc
OBC, OCA, OAB nén ta c6:

TOAN HOC 17
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OW =3(0B +0C), 0N = (0€ + i),
O—P=%(m+55)

Suy ra: 5A7+m+5ﬁ=.§(b]+5§+'0_(,“),

Lai c6: OM +ON +OP = 30G",

0OA+OB+0C =0H .
Do dé O_‘G'=%-0—fi. Dén diy ta thu duge didu

phai chimg minh,

Chu y: Goi G 1a trong tdm tam gidc ABC ta c6
thé yéu cdu chimg minh ba diém O,G,G' thing
hang.

Bai toan 15. Trong mat phang voi hé truc toa do
Oxv, cho tam giac ABC co toa d¢ tam dwong tron
lan

tiep, tam

1(4:0),6[%;%). Tim toa d¢ cac dinh A,B,C

ngoqi trong luot  la

cua tam giac ABC, biét rtfng dinh B nam trén
dwong thing d:2x+y-1=0 va diém M(4;2)
nam trén dwong cao ké tir dinh B cia tam gidc
ABC.

Lo gidi.

Goi H 14 tryc tdm tam gidc ABC , ta c6:
IH =31G = H(31).

TOAN HOC
* Cludilpe

Sé 566 (8-2024)

18

Pheong trinh  dudng cao BH  di

H(3;1),M (4;2) nén c6 dang:

qua

x3y—l
4-3 2-1

Toa d) dinh B 1a nghi¢m cia h¢:

-y=2=0 =1
] e " = B(1;-1).
2x+y=1=0 |y=-I

Goi N 14 trung diém ciia AC . Ta co:

e i x=y=2=0.

BN =%E’ = N(51).

Ta ¢b Phuong  trinh

AC: 1(x=5)+1(y-1)=0¢>x+y-6=0.

ac = Uy = (l;l).

Do didm A4 thujc dudng thing AC nén
A(t;6-1), két hop véi 1(4;0) 1a tam duong tron
ngoai tiép AABC nén
t —_
14 =IB* & (t-4)" +(6-1) =10©[

-Véi t=3 taco A(3;3),C(7;-1).
-Véi t=17 taco 4(7;-1),C(3;3).
Vay 4(3;3),B(1;-1),C(7;-1)
hodc A(7;-1),B(1-1),C(3;3).

Bai todn 16. Trong mat phdng voi hé truc toa do
Oxy, cho tam gidac ABC cé phwong trinh dirong
thcfng chita cac dieong cao ké tir cac dinh A,B,C
lan trinh  la

luot co phieong

x=2y=0,x-2=0,x+y-3=0. Tim toa do cdc
dinh A,B,C biét rang ban kinh duwong tron ngogi

tiép AABC bang J10 va dinh A ¢6 hoanh @6 am.
Loi gidgi. Goi H,G,I lan lugt 1a tryc tim, trong
tim, tim dudng trdn ngoai tiép tam gidc ABC

Tir gid thiét ta c6 ngay H(2,1).

Vi dinh B thugc dudong thing x-2=0 nén
B(2;m).
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Canh AB di qua B(2;m) va vudng goc véi dudng
cao ké tr C nén c6 phuwong trinh:
l(x—-2)—l(y—m)=0©.\'—y—2+m=0.
Toa dd dinh A 13 nghi¢m cua h¢:
{.\'-y—2+m=0 {x=4-—2m
x=2y=0 y=2-m
= A(4-2m;2~m). Vidinh 4 c6 hoanh d¢ 4m
nén 4-2m<0<<>m>2,
Canh AC diqua A(4-2m;2-m) va vudng goc
v&i dudmg cao ké tr dinh B nén c6 phuong trinh:
y=24+m=0,
Toa d9 dinh C la nghi¢m cia h¢

{x+y—3=0 {x=l+m

yodemut ™ y=2_m=>C(l+m;2—m).

Toa d¢ trong tdim G cua tam gidc ABC la

G(7—m;4—m)
3 3

Ta cb EI.=—lG—H=>I(5——m;3——Z). Vi ban
2 2 2

kinh dudng tron ngoai tiép A4BC bing V10 nén

2 2
. L =3
IB=\/ﬁ©(m2 1] +(3m 3) =10©[m

2 m=-1

Pbi chiéu diéu kién ta dugc m=3. Suy ra toa d¢

ba dinh cua tam giac la:
A(-2;-1),B(2;3),C(4;-1).

Bai toan 17. Trong mat phang toa dé Oxy, cho

tam gidac ABC co triec tam H ( 3;2) va tam duong

trén ngoai tiép tam giac ABC la 1 (2;1). Phiwrong

trinh dwong thing chira canh AB: x—y+1=0.

Xac dinh toa do cac dinh cua tam giac ABC biét
dinh B ¢o hoanh do lon hon hoanh do ciia dinh A.

Loi giai.
Goi H 1a tryc tim cua tam gidc ABC. Ta c6:
G- =0 Z;i) .
3 33

B

Pudng trung tryc clia doan thing AB di qua diém
1(2;1) va vudng goc véi AB nén cb phuong
trinh:
1(x-2)+1(y-1)=0<x+y-3=0.
Goi M la trung diém cua canh AB . Toa dj diém
M la nghiém cua hé:
{x+y—3=0c>{x=l = M(1;2).
x—=y+1=0 y=2
Vi G la trong tdm cuia tam gidc ABC nén
GC =2MG = C(5;0).. Ta c6 IC =+/10.
Phuong trinh duong tron ngoai tiép tam giac
ABC 1 (x=2)" +(y-1)" =10,
Toa d) cac dinh 4 va B 1a nghiém cua hé
x=2) +(y-1)=10 _[x=-1y=0
{Ec—y-i)d:((;v ) <:>|:x=3,y}-)=4 ’
Do x, <x, nén A4(-1,0),B(3;4).
Két thuc bai viét chiing tdi xin dua ra bai tip sau.
Cac ban hiy giai bai todn ndy theo nhiéu cach
khac nhau va khai thac bai todn ndy dé thu dugc
nhiing két qua thi vi nhé! ‘
Bai toan. Cho hinh vuéng ABCD, M la trung

diem cua BC, N la diém nam giita A va C. Dat

= % Tim x thoa man AM 1 BN.

TOAN HOC
0e19
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CAC LOP THCS
Bai T1/566 (Lép 6). Cho tdng
§=3a’+3a- 2027,
trong d6 a 1a s6 nguyén. Tim a dé 5 1a 14p phwong
ciia mot s6 nguyén,
HUYNH THANH TAM
(Buu dién thi xa An Nhon, Binh Dinh)

Bai T2/566 (Lép 7). Cho tam gidc nhon ABC. D
14 diém ndm trong tam gidc ABC. Pudng thing
qua D song song véi AB cit canh AC & M. Trén tia
dbi cua tia MD liy diém E sao cho ME = MD.
Chimg minh ring 4E < AD.
NGUYEN BUC TAN
(TP. Ho Chi Mink)
Bai T3/566. Tim cc cip sd nguyén (x; y) sao cho
(x— |+ -+ = +]f +30.
NGUYEN HAM THANH
(GV THCS Dang Thai Mai, TP. Vinh, Nghé An)
Bai T4/566. Cho tam gidc ABC c6 céc trung tuyén
BN va CP vudng gbc voi nhau. Ching minh
3BC< AB+ AC<+10BC.

PHAN QUANG LINH
(GV CLB CMATH Ha Ngi)

Bai T5/566. Cho céc sb thyc duong a, b, c théa
min a + b + ¢ = 2025. Tim gié trj nho nht cua biéu
thuc

a b c
=212 to R T g .
a’+b*+ab b*+c’+bc ¢ +a +ca
TA VAN PUC

(GV THCS Yén Lac, Vinh Phiic)

TOAN HOC
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CAC LOP THPT
Bai T6/566. Giai phuong trinh

3 :
x AL Aoy Y +l)2(2x ) =x? +xx +1.,

TRAN XUAN HOA
(GV THPT Tri¢u Thdi, Lap Thach, Vinh Phiic)

Bai 17/566. Chimg minh ring da thirc

7 6666 5555
ﬁ388+ 777 +x

x9999 X +x

+x

chia hét cho da thirc x*+x° +x” +x+1.
TRUONG VAN HOA
(GV THPT Tho Xudn 4, Thanh Hoa)

Bai T8/566. Cho tam giac ABC nhon. Qua cac
dinh 4, B, C 1in lugt ké céc duong thing a, b, c
sa0 cho a L 4B, b L BC, ¢ L CA. Biét ring
D=anb,E=bnc,F=cn a. Ching minh

SDEF —>—3SABC

trong d6 Sxyz 12 ki hiéu dién tich tam gidc XYZ.
LA PAI CUONG
(GV THPT Cam Lg, Qudng Tri)
Bai T9/566. Tim tit ca cic cip s6 nguyén (x; y)
thba min  3(4x’+8xy+3y°—3x+3)  va
5(2x% +4xy+7y* —Tx+7) déu 1a cic sb chinh

phuong.

| HOANG LE NHAT TUNG
(Truomg THPT Khoa hoc Gido duc, PHQG Ha N¢i)

TIEN TOI OLYMPIC TOAN

Bai T10/566. Cho (ay) 1a diy sd xéc dinh bai
(n+1)

n’+2n

a=1vd a,, = a,+n’ +1, n=1,2,3,...

\ £ 2 . Ao dm o uy .. a
Tim s0 hang tong quat a, cua day va tinh lim —%.
n—+00 n

NGUYEN VIET HUNG
(GV THPT chuyén KHTN, PHQG Ha N¢i)
Bai T11/566. Tim ham f: R— R thoa man
S+ () + f()=f(x)+ f(2022y)
v6i moi sb thyc x, y.
PO LE HAI THUY
(GV THPT chuyén Bdo Lic, Lam Déng)
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Bai T12/566. Cho tam gidc ABC, O, I theo thir tyr
14 tm dudng tron ngoai tiép va ndi tiép tam gide,
K, L theo thir ty 1 giao diém cia /B, IC va AC,
AB. X 14 giao diém cia dudng thing qua K vudng
goc vai OB va duong thing qua L vudng goc vai
OC. Y, Z theo thir ty 1a diém ddi ximg cva X qua
CL, BK. Chimg minh O/ di qua trye tim cua tam
gidgc XVZ.
NGUYEN MINH HA
(Ha Noi)
Bai L1/S66. Mt v¢ tinh dja tinh ¢ d cao 36600
km so v&i dai phat hinh trén mjt dat ndm trén
dudmg thing ndi v§ tinh va tim Trdi Dit. Coi Trai
Dit 12 mdt hinh cdu ¢6 ban kinh R = 6400 km. V¢
tinh nhdn song truyén hinh tir dai phat rdi phat lai

tirc thoi tin hi¢u d6 vé Trai Dit. Biét song mang
hinh ¢6 bude song khong dbi khi lan truyén &
A =0,5m; tde d) truyén song ¢ = 3.10° m/s. Tinh
khoang thoi gian 1on nhit ma song truyén hinh
di tr dai phat dén Trai Dét,

VIET CUONG (Ha ngi)

BAi 1.2/566,  Higu sudt truyén tai dién ning mot
cong sudt P tir mdy phat dién dén noi tiéu thu la
35%. Dung may bién 4p li tuong c6 ti sé giira

cudn thir cip va cufn so cip la %:5 dé ting
I

dién 4p truyén tai. Hi¢u suat truyén tai sau khi sir

dung méy bién 4p 1a bao nhiéu?

THANH LAM (Ha ngi)

PROBLEMS IN THIS ISSUE

FOR SECONDARY SCHOOL
Problem T1/566 (For 6" grade). Given
§=3a’+3a-2027,

where a is an integer. Find a so that S is a cube of
an integer.

Problem T2/366 (For 7 grade). Given an acute
triangle ABC and D is a point inside the triangle.
The line through D which is parallel to 4B
intersects the side AC at M. On the opposite ray of
the ray MD, choose the point E such that
ME = MD. Prove that AE < AD.

Problem T3/566. Find all pairs of integers (x; y)
such that (jx — y| +|x +)])’ =¥° +|y|s +30.
Problem T4/566. Given a triangle ABC and

suppose that its medians BN and CP are
perpendicular to each other. Show that

3BC < AB + AC <J10BC.

Problem T5/566. Given positive real numbers a, b,
¢ satisfying @ + b + ¢ = 2025. Find the minimum
value of the expression

a’ b’ ¢
F = enpenicg 3 calem, pyop, ’
a“+b"+ab b°+c +bc c¢"+a’ +ca

FOR HIGH SCHOOL

Problem T6/566. Solve the equation

xi/9(x3+l)(2x3+l) B

2

Problem T7/566. Prove that the polynomial

X9999 x8888 7 6666

+X 4. 20

1+ %3888 4 777
is divisible by the polynomial

e+l x4l

Problem T8/566. Given an acute triangle ABC.
Through the vertices 4, B, C respectively, draw
straight the lines a, b, ¢ so thata L 4B, b 1 BC,
¢ L CA. Suppose that D =a n b, E = bn ¢,
F=cna.Prove thatS, . 23§, ., where Sy is
the notation for the area of triangle XYZ.

(Xem tiép trang 41)
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Bai TV/S62. Tim cdc so nguvén dwong x, v thoa
man (x4 .\')‘ by <ody,

Loi gidgi. Do x> 1 vd y 2 1 nén 64x < 64(x + y).
Tir d6 va gid thiét (x + )"+ y < 64x suy ra:
(x+9)"< ()" 4y < 64r < 64(x +)),

nén (x +)' < 64(x +y).
Do d6 (x + )’ < 64 hay 1 (x + y)’ < 4*, din dén
x+y<4trclda2<x+y<3,
Néux+y=2thix=y=1vaco 2*+ 1< 64, théa
min yéu cau dé bai.
Néu x +y=3thihofcx=2,y=1, hojcx=1,
y=2.
Véix=2,y=1thi3*+ 1< 128, théa man yéu clu
dé bai.
Véix=1,y=2thi 3*+ 1 > 64, khong théa mn.
Viy ¢6 hai cip s6 nguyén duong (x ; y) thda man
yéu chu dé bai 1a (1; 1) va (2; 1).
Nhin xét. Céc ban sau c6 10i giai dung. Théi Binh:
Luu Diép Chi, 6A5, THCS Ky B4, TP. Théi Binh;
Nghé An: Pham Nguyén Nguyét Linh, Nguyén Sy
Bdo Long, Nguyén Ddc Sang, Nguyén Thdi Ding,
6B, Nguyén Thj Kim Ngdn, 6D, Nguyén Binh, 7B,
THCS Ly Nht Quang, D6 Luong; Cong hda Ao:
Lé Bach Hai Dang, 1B, Trudng Qudc té song ngir
cap 2, 3 Gibs, TP. Graz.

NGUYEN VIET HAI
Bai T2/562. Tim tdt cd cdc s te nhién M c6 3 chit
sé ma M" o 3 chit s6 tan cing la M véi moi s6
nguyén dwong n.
Loi gidi.
Nhin xét. V6i a va b 14 hai s nguyén khéc nhau
thi a" - b" chia hét cho a — b v6i moi s6 n nguyén
duong.

TOAN HOC
* Cludilpe
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Gid sir M 18 86 c6 ba chit sb thoa min d& bai. Do
M" ¢ ba chit 86 tin cing 1d M nén
A, = M" - M chia hét cho 1000 voi moi s6 nguyén
duong n (%)
+ Vain =1 thi A,= 0 (hién nhién thoa man (*)),
FVGin=2thi Ay= M~ M= MM -1).
D& A, 1 1000 thi MM ~ 1) § 1000.
Lai ¢o (M, M~ 1) = 1 va 1000=2".5" nén chi xay
ra hai trudmg hgp sau:
a)M 1125 va (M~ 1) i 8. VI M 1a s6 c6 ba chir s6
vaM {125 nén

M € {125,250, 375, 500, 625, 750, 875} .
Trong cc s& ndy chi c6 M = 625 théa min diéu
kign (M- 1) 8.
by M i 8va(M-1)i 125,
Vi M1 56 ¢6 ba chir s6 va (M~ 1) § 125 nén

M € {126,251, 376, 501, 626, 751, 876}.
Trong céc s ndy chi c6 M = 376 théa mén diéu
kién M: 8.
Ta s& chimg minh véi moi s nguyén duong n 1ém
hon 2, hai s 625 va 376 vin thoa min dé bai.
Thét vay:
+Voin=22vaM=625,taco:

A,=625"-625=625(625""" - 1).
Do 625 = 125. 5 va (625" 1) chia hét cho
625 — 1 =624 =8.78 nén
625:125,(625"" ' - 1):8.
Vi viy 4, i 125.8 hay 4, : 1000 (thda man (*)).
+Véin>2vaM=1376,tacod:
4,=376"-376=376(376""" - 1).
Do 376 = 847 vi (376" ~ ' -1) chia hét cho
376 -1=375=125.3 nén
376:8, (376" ' - 1) i 125.

Vi vy 4, i 125.8 hay 4, i 1000 (théa man (*)).
Tir céc trudng hop trén, ta thiy ring c6 hai sb tu
nhién 376 va 625 thoa mén diéu kién dé bai

Nhdn xét. Dy 1a bai toan vin dung kién thuc vé sb
hoc v tinh chia hét dé giai. Céc ban giri bai khong
nhidu, tuyén duong hai ban sau c6 1&i giai lap ludn
chit ché va ngin gon: Nguyén Trung Hiéu, A,
THCS Nguyén Quang Bich, Tam Néng, Phi The;
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Lé Bach Hai Pang, 1B, Trudmg Quéc té song ngit
Cép 2, 3, Gibs. TP. Graz, Cong hda Ao.

PHAM TH] BACH NGQC
Bai T3/562. Tim it ca cdc cap 0 nguvén (x, v)
thoa man (x> +1)(20" +1)=2y*(x" + x+1).
Loi gigi. Néu y=0 phuong trinh trd thanh
x* +1=0, khong thoa min,
Véi y #0, phuong trinh twong dwong véi:

x’+x+l_2y3+lc>x+ T
2l 2y Al Ty

1
SxX-p=—mrn :
YT T

Vix, y 1a céc s6 nguyén va

1 1 1

<] 0<-—2'S—

0<

x*+1 2y

wn 05|k ]
) ¢

<1. Do @6 hai vé cua ding
x“+1

thirc —12-— 21 =x-y la sé nguyén khi va chi
2y° x"+1
khi
x_y;-;%{m
2y X+l | 2pr=x*+1
Sx=y=1l

Véy phuong trinh c6 tdp hop nghi¢m la

(55) e {(-5-1), (5D}
Nhdn xét. Cé thé giai bai toan bing cach:
Véi x,yeZ; y#0,tx

27 (x* +x+1) = (x* +1)(25° +1)ix* +1
va (x’+x+1,x2+1)=1 nén 2y%ix’ +1.
Tuong ty, tir gia thiét ta c6 (x2+1)(2y’+1)§2y2 va
(2y2,2y3+l)=1 nén x* +1:2)%
2 2

x'+1=2
Do d6 A y3 i

2y +1=x"+x+1
Ta dé dang tim dugc x = y =1,
Céc ban sau day c6 bai giai tot:

Hung Yén: Lé Tudn Hiép, 8C, THCS Doan Thj
Diém, Yén M§; Pha The: Trdn Ngoc Ti, 8A, THCS
Nguyén Quang Bich, Tam Néng; Thai Binh: Luu
Di¢p Chi, 6A5, THCS Ky B4, TP. Th4i Binh; Nghé
An: Nguyén Binh, 1B, Nguyén Tdt Hodng Anh,
Hoang Van Nhan, 8C, THCS Ly Nhéat Quang, B6
Luong; Cdng hda Ao: Lé Bach Hai Pang, 1B,
Trudmg Qudc té song ngit cdp 2, 3 Gibs, TP Graz.

NGUYEN ANH DUNG
Bai T4/562. Qua trung diem ciia mot canh bén
ctia mot hinh thang, hay dung dwong thang chia

hinh thang thanh hai phan c6 di¢n tich bang nhau.

L gidi,
A B K
E F\

Xét hinh thang ABCD véi hai day AB < CD. Goi E 1a
trung diém canh bén AD.

) 1 1 L
D& thay Sysz< ESABCD s Scpe < ESABCD , nén duong

thing qua E chia déi dién tich hinh thang ABCD cit
canh BC tai diém F.
Goi H, K l4n lugt 13 hinh chiéu vudng goc cia F trén

hai dudng thing CD vi AB.
DéﬂléySpEA:Spﬂ),SuyraSABp:Scpp
Do d6:
1 1 FK CD
—AB.FK =—CD.FH hay —=—.
Ha Ol YFH 4B
FK FB
i c6, theo hé qua dinh li Thales —=—.
Lai co, theo h¢ qua dinh li . FH - FC
Suy ra Fluh CAy Vay diém F 13 diém chia doan BC
FC 4B

theo ti s6 k=C—D.
AB

Nhdn xét. Chi c6 ban Hodng Vin Nhdn, 8C, THCS Ly
Nhat Quang, D6 Luong, Ngh¢ An cho 161 gidi ding.
NGUYEN THANH HONG

TOAN HOC 23
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Bai T8/562. Cho cac so thie a, b, ¢ dii mot khac

X v 2 8 .
nhau va thoa man a- + b + ¢ 2. Tim wia tr

nho nhat cua biéu thire

| | |

g wnin 3 <

@-h' =) (c-a)

Loi gidgi. Nhin thiy vai trd cia a, b, ¢ 1a binh
ding. Khong mat tinh tdng qudt gid sira > b > ¢,
khidé:a=0>0,b-¢>0.

Sir dung bét diing thirc Cauchy ta c6:

1 1 2
+ &
(a=b)' (b-c)' (a-b).(b-c)
2 2 __ %
a-b+b-cY ' (a-o)f
(=5
32 1 33

Do dé: P2

+ = i
@-c)* (a-¢)* (a-c)'

Dé yring: (a+¢)*20

o(a-c)’< 2@’ +c?) < 2(a® +b* +c?)=4

=(a-c)'<16= P> 3 422.
(a-c)’ 16
Ding thirc xay ra khi:
a-b=b-c
a-c=2 =a=1,b=0,c=-1.

Vay

ad+b+ct=2

gia tri nho nhat cia P 13 % dat dugc khi

(a; b; ¢)= (1;0;—1) va cac hoan vi.

Nhin xét. S6 bai giai gii vé Toa soan kha it. Cic
ban sau c6 101 giai tot:

Hung Yén: Lé Tudn Hiép, 8C, THCS Doan Thi
Piém, Yén My; Thai Binh: Luu Diép Chi, 6AS,
THCS Ky Ba, TP. Thai Binh; Ngh¢ An: Nguyén

Van

Dirc Thang, 9A, THCS Quynh Trang, TX.

Hoang Mai; TP. Hd Chi Minh: Nguyén Chdnh
Thién, 9/12, THCS Lé Quy Dén, Quén 3.

HO HAI

Bai T6/562. Cho a, b, ¢ ld cdc so khong dm thoa
man a + b* + ¢ = 2. Chimg minh rang

a

24

(L+bc)+ b (1 +ca)+c(1+ab) <242 (1),

TOANHOC
! Clugilre S5 566(8-2024)

Loi gidi. Cich 1. Ta co:
(e a'+b +c +2abc<2V2  (2).
Ap dung BDT Cauchy ta cé:
a’b’ +a*c* >2a’be;
a’b’ +b'c* >2bhac.
Do d6: 2a’b’ +c*(a’ +b*)>2abc(a+b) (3).
Ap dung BDT Bunyakovsky ta c6:
P=(a' +b’ +c +2abc)
=(a(a® +bc) + b(b* +ac)+cc’)
<(a* +b* +c*)(a’ +bc)’ +(b* +ac) +c']
=(a* +b* +*)(a* +b* + ) +2a’be + 2bac
-2a’b* -2a*c* - 2b°¢?)
<(a* +b* +cM)(a* +b* +¢*) +2abc(a+b)
-c*(a* +b*)-2a’h’]

do (3)
< (a* +b* +c%) =8.

Do d6 BDT(2) ding, vay BDT(l) dugc ching
minh. Déu “=" xay ra khi (a; b; c)= (\/5; 0;0) va
cac hoan vi.
Cdch 2. Do a, b, c khong am nén
()& a +b +¢* +2abc < 2\2
& (@' +b° +¢ +2abc)’ <8=(a* +b* + )’
o (@ +b +%) +4abe(a’ +b° +c*) + 4(abe)
<a® +b° +c* +3(a® +5°)(b? + ) +a?)
& 2a’h’ +b° +*a’) +4abe(a’ + b + ¢*) + 4(abe)’
<3(a'b? +a’b* +b'c? + bt + ¢*a® + *a') + 6(abe)
& 2(abe)’ +(a’b-ab®) +(blc-bc?)? +(c’a—ca®)?
+2(a’b-a’c)’ +2(b’c-bla)* +2(c’a-c'b)’ 20
& 2(abe)’ +a’b*(a-b) +b*c* (b-c) +c*a’(c-a)
+2a*(b-c)* +2b*(c-a)* +2¢*(a-b)* 20
(lu6n ding).
Viy BDT(1) dugc chimg minh. Diu “=” xdy ra
khi (a; b; ¢) = (+/2; 0;0) va céc hodn vi.
Nhgn xét. Céc ban tham gia déu c6 10i giai ding véi
cach gidi twong ty nhu hai cach trén. Danh sach céic
ban giai ding 1a: Vinh Phic: Tran Ha Trang, 11Al,
THPT chuyén Vinh Phic; Thai Binh: Luu Diép Chi,
6AS, THCS Ky Ba, TP. Thii Binh; TP. HO Chi
Minh: Nguyén Chdnh Thi¢n, 9/12, THCS Lé Quy
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pPon, quin 3 Ngh¢ Ant Ngo Van Trwdng, 10AL,
THPT Hodng Mai, TX. Hodng Mal, Trdn Quang
Nhdt, 10A1, THPT chuyén Dai hoe Vinh, Nguyén
Van Die Thing, 9A, THCS Quynh Trang, TX.
Hodng Mai; Hung Yén: Lé Tudn Higp, 8C, THCS
poan Thi Diém, Yén M$: Quing Binht Nguyén
Hong Phiie, Newvén Lé Nhit Minh, Hodng Kim Lge,
11 Todn 1, THPT chuyén VO Nguyén Gidp; Phai
Yén: Hunk Trin Gia Huy, 10 Todn 1, THPT
chuyén Luong Vin Chinh,

TRAN HO'U NAM
Bai T7/562. Ton @l hay khong tap hop hien han

AC R co khing it hon 2 phan ne thoa man: Vo

3

I!I(_’f (1‘,’\‘ Aazb thi \/il *'[’l A7
b
3

Loi gidi. Cach 1. Gia si ton tgi tjp A thod min
ddng thoi cdc didu kign bai todn. Gid sir
voi  aq eR%i=12,.,n,

a,<a,voii<j. Néun23 thi theo gid thiét, ta
2

Néu \/Z —%a, <a, thi cdc phén tir

\/Z—éa,_l<\/E:—§a,_2<---<ﬁ:—§a,

chinh 13 céc phén tir ¢, <a, <++-<a, . Khi do, ta

2
\/Z—Sal =a,,
M 2 :
\/‘Z—Ean-l =q

Tur h¢ trén, dé dang suy ra @, =a,_,, mau thudn.

A={a,a,,....a,}

co

Viy, ta phdi co \/;: —%a, =a,. Hoin todn twong
ty thi \/a—,—-‘-;'-a,l =a,. Nhu vy, ta c6
2
\/‘T;_Eal =an
.\/;l-_zan =a |
3

Giai h¢ trén véi hai in a,a, ta tim dugc

a =a, =—9—, vo li.
25

Viy l/llu2. tn vidt 4 w{a,b}abe R, Theo
didu ki¢n bAi todn thi \/[i—%h (-;A.JZ-§aeA

vi dd thdy Va - %—h #\b - -j—u nén ta ¢6 hai kha
ning:
1) \/u -—%h = u.\/lj --i-a =, Gidi h§ ndy vdi hai

dn a,b ta tim duge asb:-—q—, vo i,
25
+) s/(_:——i-h:h,\/l; --?;-a = a. Gidi h¢ ndy vdi hai

dn a,b ta im duge a =b=-%. vo Ii.

Tom li didu gid sir 1 sai, tirc 1a khong ton tai tip
hgp A thod mn cdc didu ki¢n bai todn.

Cdch 2. Gia sir tdn tai tip A thod min ddng thoi
cdc didu kién bai toan. Goi m,M tuong (mg la
phin tir 16n nhdt va phén tir nho nhdt cta tip hop

s/ﬁ—-i-meA
) ;
\/T-EM ed

2
Suy ra MZ«/A?—%meA va \/I;—EMZm.

A. Theo d8, ta c6:

Cong hai bét diing thirc ndy ta dugc
%(M —m)2M - Jm.
Tir 46 suy ra: IM +m 23 *).
Lai tir bét ding thirc Vm —-i—M >m tasuy ra:

\/;2—32-M +m2-§-m, kéo theo ms%. Suy ra

20 <Jm <3. Tix 46 thi M <—. Nhung khi

3 5 10

9 9 i x .
dé: \/'A7+\/;<\/£+\/2—_5<2, méu thuan vdi
(*). Nhu vay, khong tdn tai tip hop 4 thoa man
diéu kién bai toan.
Nhin xét. Ban Nguyén Hong Phic, 11 Toén 1,
THPT chuyén V3 Nguyén Gidp, Quang Binh 43 c6
1oi gidi ding. Con mét ban khdc c6 15i giai ding
nhung khong ghi tén va dja chi.

NGUYEN TIEN LAM

TOAN HQC
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Bai T8/562. Chirng minh rang trong moi tam gidc
nhon ABC ta luon co

o 1 1 1 I of 1
/l:["‘r"“':}f'/l‘{,’[ 5 +—3 ] i [ - I‘ ] O
Sl m.m m.m;

trong do . hom m, om, lan lept la do dai cdic
dwong cao va trung m,\'v'n ve tir A, B, C cua tam
gidc ABC.

Loi gidi. D¢ giai quyét bai toan ndy ta sir dung hai
bd d sau:

Bé @é 1. Vi moi tam gide ABC ta ¢6:

cosA+cosB+cosCS%.

B4 d& 1 quen thude, ban doc tyr chimg minh.
Bé @é 2. Trong tam gigc nhon ABC (BC = a,
CA =b, AB = c) ta luén co:

,b2+c2 A ’c2+a2 B
m < .COS—; m, < .COS—;
¢ 2 2 2 )
’az +b? G
m < .COS—.
c 2 2

Chirng minh. Ti dinh Iy him s cdsin va cong
thirc duong trung tuyén trong tam gidc 4BC ta co:

A [l+cosd [(b+c)-d°
cos—=1/ =
2 2 4bc
2
b2+C2 A 2
.cos— | —m,
2 2

B+ b+ -a*] 207 +cH)-d?
8bc 4
(B*+c* —a*)(b—-c)’ 0
8bc
(vi tam gidc ABC la tam gidc nhon). Viy

2 2
maSJb ;c .cosg. Hai bét ding thirc con lai

dugc chirng minh hoan toan twong ty.
Tré lai bai T8/562, chu ¥ ring

ha=§—;;a=4Rsin§.cos§, trong d6 R 1a ban

kinh dudmg tron ngoai tiép tam gidc ABC.
Tirbd dé 2 ta thiy:

TOAN HOC .
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R 3
m, < 23t cosdo b te el
2 4Rsind
2
:’h,,zw“htz 1
8 . A
sin =
2
h’+h’

Viy 2 >85in2 4 o 6
m 2

a

| | 1 1 2 1 1
He—p— N p— A —+—
h, [m,,z " ]+/1,, (mcz +m,,2 ] e (mnz my?
hi+h® hP+h? h’+h)’
= 3 + 2 + 2
m mb mc

>8( sin? 4.+ sin’ £ 4 sin? E)

2 2 2
=4(3-cos A-cos B—cosC)
24(3—%):6 (theo bb d& 1).

Déng thirc xay ra khi va chi khi tam gidc ABC
déu.
Nhén xét. Khen ban Nguyén Vin Piec Thdng, 9A,
THCS Quynh Trang, TX. Hoang Mai, Ngh¢ An da
co 1oi giai ding.

HO QUANG VINH
Bai T9/562. Tim m dé phuong trinh sau ddy cé

hai nghiém thuc phdn biét

3 _og (x? ~2x+6) +10—V-x +2x+m =0 (1),

Loi gidi. Ta c6:

(1) & 3% —8log,[(x-1)? +5]
=—10+\m+1-(x-1)* 2).

THI: Néum <1 thi (2) vé nghiém.

TH2: Xét m > -1 Xét ham s0

f(x)=3"Y" —8log,[(x~1)* +5] trén R cé:
2(x-1)

[(x-1)*+5]In5

e 8o

[(x =1y’ +5]In3

3 [(x=1)? + 5].1n3.In5-8

[(x=1)? +5]n5

f'(x)=2(x-1)In3.3¢Y _g

=2(x-1) [m 33017

=2(x-1).
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Ta c6:
36D [(x=1)* +5].In3.In5- 8
[(x=1)*+5]In5

5.In3.In5-8
[(x=1)*+5]In5
> 0.

Do d6 véi ddu ciia f'(x) 1a ddu cia 2(x - 1).

xét ham sb g(x)=-10+m+1-(x~=1)' trén

doan [1—M+1; 1+an+1].

l-x

Tacd: g'(x)= )
m+1-=(x=1)

Vxe(l-vm+1; 1+Vm+1).

Ta c6 bang bién thién:

X —0 1—-——\/m+1 ——l 14ym+1 4o
+00 +00
fx) \ /
-7
—104+vm+1
140 T S
-10 -10

Tir bang bién thién ta thiy phuong trinh (2), do d6
phuong trinh (1) c6 hai nghi¢m phén biét
o —10+ym+1>-TeJym+1>3em>8.

Nhdn xét. Diy 14 bai toan tim diéu kién ciia tham sb
dé phuong trinh siéu viét (chira ca biéu thirc mi,
16garit va cin thirc) c6 nghiém nén 101 gidi can bién
dbi va danh gi4 khéo 1éo, néu khong s& dai va phic
tap. R4t tiéc 1a Toa soan khéng nhan dugc 16i giai

nao cho bai nay.
NHU HOANG

Bai T10/562. Cho ddy.w}' (a,) dwoc dinh nghia boi
_(n+5)a, +22

nl T ’

n+3

eN'.

a, =9 va a

Tim tat ca cac so nguyén dwong n
a) Ma a,, la binh phwong ciia mgt so nguyen.

b) Ma a,, chia hét cho 2023.

Loi gidi. (Dya trén 10i gidi ctia ban Trdn Ha
Trang, 11A1, THPT chuyén Vinh Phuc, Vinh
Phiic)

a)Tacod: a,, (n+3)=(n+5)a,+22

& a,, (n+3)+11(n+3)=(n+5)a, +11(n+5)
& (ay, +11)(n+3)=(a, +11)(n+5)

. a,, +11 a,+11
(n+5)(n+4) (n+4)(n+3)
a, +11 a+11  9+11

O )3 [T+ 4)(+3) 20

=a,=(n+4)(n+3)=11=n+Tn+l.
Ta c6 (n+1)' <a, <(n+4)". Vay dé a, 14 binh
phurong ctia mdt s6 nguyén ta phai c6:

a,=(n+2)'= n=1hojc a,=(n+3)’'=>n=8.
Thir lai ta thiy a, =9, @, =121 thda min.
b) 712023|a, = 7|a,=n* +Tn+1 = 7|n’ +1
= n* =-1(mod 7) = n® =-1(mod 7).
Theo dinh 1y Fermat nhd n®=1(mod 7). Tir d6
—1=1(mod 7) = 2=0(mod 7) 13 khdong xay ra.
Viy khong ton tai n ¢ a_ chia hét cho 2023.
Nhdn xét. Nhiéu ban tham gia gidi bai toan nay.
Céc ban c6 1i giai tt bao gdm:
Nghé An: Phan Dgi Hoang, 11, THPT chuyén Phan
Boi Chau; Binh Phuéc: Truwomg Van Thudn, 11
Toan, THPT chuyén Binh Phuéc; Ddng Thép: Tran
Héng Vi, 11 To4n, THPT chuyén Nguyén Quang
Diéu; Gia Lai: Phan Trinh Nguyén, 11 Toén,
chuyén Hung Vuong; Phii Yén: Huynh Trin Gia
Huy, 10 Toan 1, THPT chuyén Luong Vin Chénh;
Quang Nam: Nguyén Tri Hgu, 10 Toén, THPT
chuyén Nguyén Binh Khiém.
PANG HUNG THANG
Bai T11/562. Tim tdt ca cic ham s6 f:R—R
thoa man:
S+ =f(x) ) =) -2xy -1 (1)
vai moi x,yeR.
Loi gidi. (Theo da sb céc ban). Gia sir f{7) théa
man (1). Thay y = 0 vao (1) ta dugc:
f)-fx)f(0)=f(0)-1,VxeR
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& (fO)-D(f(x)+1)=0,VxeR.
Suyra f(0)=1 hofc f(x)=-1.
Ta thdy f(x)=-1 khong thoa min diéu kign bai
ra.
Xét truong hgp f(0)=1. Thay x=1Ly=-1 vao
(1), ta thu dugc:
I=fOfCED=f=D+2-1
& f(1)=-1 hodc f(-1)=0.
Néu f(1)=-1 thi khithay y=1 vao (1), ta dugc:
Sx+D)=fx)fD)=f(x)-2x-1,VxeR
< f(x+1)=-2x-1hayf(x)=-2x+],VxeR.
Thir lai, ta thdy him ndy thoa man céc diéu kién
bai ra.
Néu f()=a#-1, f(=1)=0 thi khi thay y=1
vao (1), ta dugc:
fx+D)=f(x)a=f(x)-2x-1L,VxeR
< f(x+)=(@+)f(x)-2x-1L,VxeR (2).
Tiép tuc thay x boi —x va y=-1 vao (1), ta
duge: f(—x-1)=f(x)-2x-1,VxeR.
Két hop véi (2) ta dugc:
f+D)=(a+)[f(-x-1)+2x+1]-2x-1,VxeR
& f()=(a+])f(=t)+a2t-1),VteR (3);
f(=)=(@+)f(t)+a(-2t-1),VieR (4).
Tir (3) va (4) suy ra:

(@*+2a)f(t)=2d%t+a* +2a,VteR (5).
Truong hop a=-2 thi khong ton tai ham s6 £ ()
théa man (5). ’

Néu a#-2 va a#0 thi tir (5) ta thu'dugc 1(f)
1a ham s6 dang da thirc bic nhit f(f)=At+B
voi f(0)=1,f(-1)=0 nén f(¢)=t+1.
Thir lai, ta thdy ham sb nay thda mén.
Néu a=0 thi tir (3) ta thu dugc £(¢) 12 ham chin
trén R: f(-t)=f(¢),VteR.
Thay y béi —y trong (1), ta thu dugc
Sx=»)=-fR)f() =) +2xy-1Vx,yeR.
Két hop véi (1) ta thu duge:

fx+y)- f(x-y)=—4%,Yx,yeR.

TOAN HOC
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Cho y=x tadugc:

f@x)-1==4x*VxeR & f(t)=-t* +1,VteR.
Thir lai ta thdy ham ndy théa mén diu kién bai ra.
K&t lugn: Nghiém ctia bai toan 1a céc ham sb

fO)==2+1,f)=t+1vaf(t)=-1"+1.

Nhin xét. Day la dang todn vé phuong trinh ham
mot bién véi cip bién ty do sinh boi hang dang thire
da thire dai s6 dang co ban, twong aéi phtc tap trong
tinh toan.
Pa s6 cic ban déu giai theo cach nhur da trinh bay &
trén, Nhidu 101 gidi chua xét hét céc truong hop cin
khao sat nén thiéu nghiém.
Céc ban sau déy c6 1oi giai dang:
Binh Pinh: Tran Ngoc Tuyén, 11T, THPT chuyén
Lé Quy Bon; Ha Nam: Cu Thanh Binh, 11T, THPT
chuyén Bién Hoa; Ha Ngi: Nguyén Quang Minh,
11T, THPT chuyén Nguyén Hué; Nghé An: Phan
Pai Hoang, 11A1, THPT chuyén Phan Bgi Chau;
Phi Yén: Nguyén Tin Nguyén Chuwong, 11T,
Huynh Tran Gia Huy, 10T1, THPT chuyén Luong
Vin Chanh; Quang Binh: Hodng Kim Léc, 11T,
THPT chuyén V3 Nguyén Gidp; Quang Nam:
Nguyén Tri Hién, 10T, THPT chuyén Nguyén Binh
Khiém.

NGUYEN VAN MAU

Bai T12/562. Cho tam giic ABC c6 dwong tron
ngoai tiép (0) va dwong tron ngi tiep (I). D,E lan
liet 1 tiép diém cia (I) véi AB, AC; BI, CI theo
thir te cat lai (0) tai M, N; P, Q lan heot doi ximg
voi B, C qua N, M; K, H lan leot la tricc tam cua
cdc tam gigc BPD, CQE. S la giao diém ciia KO
va HP. Chieng minh rang

a) Cac dwong tron ngogi tiép tam gidc SOH, SPK
cung di qua mot diém trén MN.

b) AS vuong goc voi BC.

Loi gidi. Trong 16i giai ndy ki hidu (XYZ) chi
dudmg tron di qua ba diém X, Y, Z; ki hiéu UV
chi cung dinh huéng c6 diém du 1a U va diém
cudi 1a V ; ki hiéu mUV chi sé do cua cung dinh

huéng UV.
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A *
Ta can c6 hai bd dé.

Bb d& 1. Cho tam gidc ABC, (0) 1a dudmg tron
ngogi tiép, 7, Ja theo thir ty 1 tm dudng tron ni
va tim dudng tron bang tiép d6i dién dinh A.

tidp. M 1a giao diém thir hai cia A7 va (0). Khi d6
a) 4, 1, M, I, thiing hang,

b) MB=MC=MI=MI,.

Bé d& 2. Cho cic s6 a,f,a'\p'>0 vd
sina_ sina’

sinfl sinpg'

. Khi do:

a+pf=a+p'<m

a=a',f=p"
Phép chimg minh cdc bd d& trén rt don gian,
khong trinh bay ¢ day.
S

a) Goi G la giao diém cta IP va HE ; T 1a giao
diém cua A7 va MN.

Theo bd d& 1, MA = MI;NA = NI.

Do dé T 14 trung diém cua A7 (1).

Theo bd dé 1, NA= NI = NB = NP.

Do d6 A4, I, P, B cung thugc mét dudng tron va
IPLIB. T d6, chu y ring HE LCQ;

TA=TI =TE, suy ra:

Do d6 AQ L AC.
Két hop voi HQ L EC = AC, suy ra:
HA=HQ 1 CA.
Két hgp véi EI L CA, suyra HA//EI.
Két hop véi (2), suy ra:
(HA,HG) = (HA,HE) = (El,EH) = (EIEG)
=(T1,TG) =(TA,TG)(mod r).

Do d6 H, 4, G, T cung thugc mdt dudng tron (3).
Chl y rang

HA=HQ LCE;HE 1 CQ;BA 1 PA;BM 1 PG,
ta co: (HA,HG)=(HQ,HE)=(CE,CQ)=(CA,CM)

=(BA,BM) = (PA,PG)(mod ).
Do d6 H, A, G, P cung thugc mt dudng tron (4).
Tir (3) va (4) suy ra dudng tron (PAH) di qua 7.
Tuong tu, dudng tron (QAK) di qua 7.
Vay, T la diém Miquel cua tir éiéc toan phan xac
dinh boi cac dudng thing AP, AQ, SP, SQ.
Do d6 cac duong tron (SQH), (SPK) cung di qua T
(dpcm).
b) Goi I, I, theo th{r ty 13 tdm dudng tron bang
tiép déi dién cac dinh B, C cta tam gidc ABC; R 1a
trung diém cia IC.
Theo phé‘ln a, cac bd bdn diém diém (P,H, T, A),
(E, T, I, G) va (G, T, P, H) cung thugc mgt dudng
tron.
T d6, chi y rang AH //IE;IT = IE, suy ra:
(PH,PT)=(AH,AT)=(IE,IT)=(ET,EI)(modr)
=(GT,GI) =(GT,GP) = (HT ,HP)(mod ).

Do d6 cac tam gidc TPH, TIE dong dang cing
hudng.
Tuong t, cic tam gidc TQK, TID dong dang cing
hudéng.
Vay, cht ¥ ring cic tam gic TIE, TID dong dang
ngugc hudng, ta c6 céc tam gisc TPH, TQK ddng

(GI,GE) = (IP,HE) = (IB,CQ) = (MB,MC)(mod 7) dang ngwgc huéng. Do dé cic tam gide TPH,

=(AB,AC) = 2(Al,AE) = (TI,TE)(mod r).
Do d6 G, I, E, T cung thudc mét dudng tron (2).
Theo bd dé 1, MA = MI = MC = MQ.

TKQ ddng dang cing huéng. .
Diéu d6 c6 nghia la cac tam gidc TPK, THQ dong
dang cung hudng.

. TOAN HOC
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Két hgp véi %=;—l{:—l(thco phin a), suy ra

PK =QH. Theo ph?xn a, cic diém A, B, I, P cing
thudc mot dudng tron,
Do 46 (PA, PI)=(BA,BI) = (BI, BC)(mod r).
Theo bd & 1, A, C, 1, I, cang thudc mdt dudmg
tron.
T\r 46, chi y ring I4 L Al,;IP L IB = II,, suy ra
(I4,1P) = (Al,,11,) = (AC,IC)(mod 7).
Viy, cic tam gidc API, IBC ddng dang cing
hudng.
Tir d6, chu ¥ ring T, R theo thir tyr 13 trung diém
cua I4, CI; bdn diém 4, P, H, T cing thuc mjt
dudng trdn va céc tam gidc TPH, TIE ddng dang
cing huéng (theo phan a); IT L Al,;IE L AC;
M, N theo thir ty la trung diém cia cic cung
AC, 4B, suy ra:
(HA,HP)=(TA,TP)=(RI,RB)=(RN,RB)(mod 7);
(PA,PH)=(PA,PT)+(PT,PH)
= (BI,BR)+(HP,HT)(mod 7)
=(BI,BR)+(EI,ET)=(BI,BR)+(IT,IE)
=(BI,BR)+(Al,,AC)(mod 7)
= (BI,BR)+(BM,CN)

=(BI, BR)+%m§X/ % %mﬁé(mod )
= (BI,BR)+(BM,CN)

= (BI,BR)+%m.7VT4 ¥ %mm(mod )

= (BI,BR)+%m1’v'AZ

=(BM,BR)+(BN,BM) = (BN,BR)(mod ).
Do d6 cac tam gidc APH, NBR dong dang cing
huéng.
AK (I,

Viy, theo bd dé 1, ta c6 — = —L-,
AQ 2MC

AH _NR _2NR _ i
AP NP 2NP 2NB'
Viy, theo dinh li sin, chil ¥ ring cc tam gidc
BI,I,, CI I, theo thit ty vudng tai B, C, theo b dé

1, ta co:

Tuong tu, —

3 0 T?gﬁuggg S4 566 (8-2024)

sin I’AS PS QSsin PAS _PS ASsin APS

sinQAS  0S PSsinQAS 0S8’ ASsin A0S
PS sinkPS PS OH sin KPS

"0 sinfigs  PK0S sin 1105

_sin PKS sinQSH sinKPS _sinPKS  sin KPS

sinlﬁ'sinQ/IB’.sin@S‘ sinéilTS"sinfTQ\S

sm AKQ sin APH
sin AHP sin AQK
_A4AQ AH _2CI CI,

AK AP Bl 281 BI "BI, Bl BI,

CI LL cosCI I, Cl coslI A Cl coslBA
TBI L cosB[I T Bl cosIIA T Bl cosICA

sin AKQ sin APH
smAQK sin AHP
ClI CI, CI CI,

sin— cos— sin 8
= é 2 _ (5). Mt khéc, ta c6
sinE cos— ~sinC

PAQ =360°- PAB-0AC - BAC

=360°-90°-90° — 4 =180°

Tir (5) va (6), theo bd dé 2 suy ra:
P4S=B;045=C.

Vay (S4,BC) = (A4S, AP)+(AP,BC)

_A=B+C (6).

= (BC,BA)+(AP,BC) = (AP, AB) = %(mod 7).
Piéu d6 c6 nghia la 4S L BC.
Nhin xét. 1) Li giai phin b dya vio y tudng cia
ban Nguyén Tri Hgu, 10T, THPT chuyén Nguyén
Binh Khiém, Quéng Nam.

2) Ngoai ban Hdu, tham gia giai con ¢6 ban Lé Bdo
Khdanh, THPT chuyén Luong Thé Vinh, Ddng Nai.

NGUYEN MINH HA

Bai L1/562. Trong thi nghiém giao thoa anh
sang voi khe Y-ang, ngu(5n sang S phat birc xa
don sac A, man quan sat cach mat pluing hai khe
mot khoang khong d@oi D, khodng cach giita hai
khe $,S, = a c6 thé thay doi (nhung S, S» luon
cach déu S). Xét diém M trén man, lic dau la van
toi thir 3. Néu lan leot giam hodc tang khoang

cach $,S, mot lwong Aa thi tai M la vdn sang bac
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n va bac 3n. New tang khoang cach 8,8, thém 2Aa
thi tai M la van sang hay vdn 1oi, bic hodc thir
bao nhicu?
p L) L4 . A ‘ : r
Lai gid@i. Lic dau tai M 12 van t6i thi 3 ;
AD AD
X =(k+ )——2 S— (1)
2) a a

Khi giam §,5; mot lugng Aa:

AD
X, =n 2
M a-Aa @
Khi ting S5, m{t lugng Aa:
AD
x,, =3n 3
¥ a+Aa ®)
Tr(2),3) = Aa=—
Khi ting §,S; m{t lwgng 2Aa:
, AD \AD
X, =n =n'—
o a+2Aa " 2a @
Tir (1), (4) suyra: 2, 51—D=n ';—D n'=35.
a

Khi d6 tai M 1a van sang bac 5.
Nh@n xét. Chiic ming hai ban da c6 101 giai ding
cho d& ra ki nay: Pham Xudn Khénh, 11A2, THPT
Tam Phuéc, Bién Hoa, Pong Nai; Nguyén Lé Nhat
Minh, 11 Toan 1, THPT chuyén V& Nguyén Giap,
Quaéng Binh.

PINH THI THAI QUYNH

Bai L2/562. Poan mach di¢n AB gélﬂ hai doan
mach AM va MB néi tiép nhau. Trén doan AM
chira dién tré va cuén ddy thudn cam, trén doan
MB chi chita tu dién co dién dung thay doi

dieoe. Pat vao hai dau A, B mét dién ap xoay
chiéu u = U\/Ecos(]OOm + %j (V) va diéu chinh

di¢n dung cua tu sao cho di¢n ap hiéu dung trén
doan mach MB dat cuc dai. Biét rang khi do dién

ap trén doan mach MB co biéu thicc la

‘,,;—I”O\/_ COS(IOOIZ’f'f‘ )(V) va- cong  sudt

ticu thu trén dogn mach AB la 7 =183 (W).

Tinh do tie cam cua cuon day.

Loi gidi,
R L M C
) f— T,
M
i o
Ur
b)
—» Ut
Ua ¢
B

So d6 mach dién dugc mé ta nhu hinh a).
U, =Uw LUups.

Ta c6 gian d6 vecto nhu hinh b).

Theo dé bai uy chim pha hon u,z goc 30°

= ABM = MAN =30°.

Cmax

U, = UysinABM = 120sin30° = 60 V.
Uy= U, cosMAN = 60cos30° = 303 V.
U2
R == =50/30
P
=U,, sinMAN = 60sin30° = 30 V.

U,
Z _U _ 30 _ 1
Riv U0 3043 /3

Suyra: Z;=50Qva L = s — (H).
2z

Nhin xét. Chic mimg Pham Xudn Khdnh, 11A2,
THPT Tam Phuéc, Bién Hoa, Pdng Nai da cé 16i
giai duing cho dé ra ki nay.

NGUYEN XUAN QUANG
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Bat diing \huc d6i ximg I& dang todn quen thuoc

trong cdc ky thi hoc sinh gioi cde cdp, cdc ky thi
Olympic, ... Trong chuyén dé ndy tdi trinh bay
mdt huéng chimg minh cic bat ding thie déi
ximg ba bién bing phwong phép ham sé két hgp
voi dinh ly Viéte va dic diém xdy ra diu bing &
cdc bit ding thirc d6i ximg ba bién.

A. CO SO CUA PHUONG PHAP

1. Dinh Iy 1. (Dinh li Viéte doi véi phuong trinh
bac ba)

Goi ba nghiém thuc cia phwong trinh bic ba
a’ +bx* +ex+d=0 la x,,x,,x,. Khi do ta cé

.
N+ +x,=——

5 thirc: _c
hé thiec: {x, X, + X, X, + X, X, =—,

d

X X5 =

Diéu ngugc lai ciing ding. Nghia ld néu cé
p=a+b+c, q=ab+bc+ac, r=abc thi
a,b,c la ba nghiém ctia phwong trinh:

X —px* +qx-r=0.
2. Dinh Iy 2.
Moi da thirc di ximg bdc ba déu cé thé biéu dién
qua cac da thicc p, g, .
Bay gid, ching ta s& tim hiéu dic diém diu bang
xdy ra & cic bat ding thirc dbi ximg ba bién qua
bai toan sau:
3. Bai todn. Cho a,b,c la cic so thuc khéng dm
thod man qg=ab+bc+ac (q20), p=a+b+c
(p2+\3q). Khi dé gid tri lém nhdt hay gid tri nhé

nhat ciia biéu thic r = abc dat dwge khi cé6 mjt
bién bang 0 hodc c6 hai bién bang nhau.

32 T?g“uggc S8 566 (8-2024)
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MOT HUUNG SU DUNG PHUUNG PHAP HiM 50
' TRONG CHUNG NIV BA DANG THUG 061 KNG 3 BIEN

NGUYEN HA TRANG

((.v mrr mumng) mm
Chirng  minh. Theo dinh 1y Viéte, vai
p=a+b+c, q=ab+be+ac, r=abc thi

a,b,c 14 ba nghi¢m cua phuong trinh:
X =p4ge-r=0 ().
Xétham sé f(x)=x’ - px’ + gx-r. Ta cé:
S'(x)=3x"-2px+g=0

p-3¢  _p+Ir-3q

ox=—— = 3

Dé théy r?mg 0<x,<x.

Ta can tim diéu kién dé phuong trinh (1) ¢6 ba
nghiém thyc khéng am.

Ta c6 céc chi y sau:

» DK cén va di dé phuong trinh (1) c6 ba nghi¢m

thyre 13: {f(xz)zoa{rSg(xz)

f(x)<0 rxg(x)

v6i g(x)=x"-px’ +gx

x —o0 X X1 +o

(%) + 0 - 0 + |
+00

1(x) fix) /

7 N\ »=0

\ﬂ-"l)/ :

—0 !

DK cin va di dé ba sb a,b,cla cic sb thyc

abc20 r20
khong damla: {a+b+c>0 hay{p20.
ab+bc+ac20 q20
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Tir hai ch y trén ta suy ra: Diéu kién cin va du dé
ba nghiém a,b,ccia phuong trinh (1) 14 céc
nghi¢m thyc khong am la:

max{O;g(x, )} <r<g(x).
T d6 taritra két ludn:
+ GTLN ciia biéu thire  1d g(x,). Ddu ding thirc
xdyra < f(x,)=0 <> phuong trinh f(x)=0

¢6 hai nghiém bing nhau tic 14 tdn tai hai trong
ba sé a,b,c bing nhau.

= _

x —00 X3 X +00
f'(x) + 0 - 0 +

+00
f(%) fey  y=0 /"

oot g

-0
+ GTNN ctia biéu thirc 7 12 max {0;g(x,)}.

-Néu =0, du déng thirc xay ra khi tdn tai

mdt trong ba s6 a,b,c bﬁng 0.

- Néu r
f(x)=0 < phuong trinh f(x)=0 c6 hai
nghiém bing nhau tirc 14 ton tai hai trong ba sb
a,b,c bing nhau.

=g(x), dau ding thic xdy ra <

x —o0 X3 X +00
20 + 0 - 0 +

+00
f(x) S

P
/ y=0 fix)

Viy bai toan da dugc chirg minh.
Nhign xét. Néu trong bai toan ta bo dir kién
“a,b,c 1a cac sb thyc khong am” béi dit kién khac

“a,b,c 1a chc sb thyc” thi voi cich chimg minh
hodn toan tuong ty, gia trj 1on nhat hay gi4 trj nho
nhét ctia biéu thirc » = abc dat duge khi c6 hai
bién bing nhau.

4. Bb ab. Néu f(x)la ham 16i trén [a;b] (la
ham khd vi cdp hai va f"(x)20 Vxe[a;b]) thi

max f (x) = max {f(a),f(b)}

xe[a,b]
Néu f(x)la ham I6m trén [a;b] (la ham kh vi
cdp haiva f'(x)<0 Vxe[a;b)) thi

min, (x)=min{f(a),f(b)}.

xe[a,b
Viy ta c6 thé chimg minh bat ding thirc déi xung
babién f(a,b,c)20 theo cach sau:

Budc I: Biéu dién da thirc doi xtmg f(a,b,c)vé
da thitc g(p,q,r)ddi véi ba bién p=a+b+c,
g=ab+bc+ac, r=abc.

Budc 2: Xem da thirc g(p,q,r)nhu 12 ham sb dbi
véi bién r, khi d6 ta coi p va g nhur 12 céc hing s6
rdi chirng minh d6 12 ham s 15i, 16m hoic don
diéu.

Buéc 3: Ap dung bd dé va két qua bai toan & muc
3 ta suy ta ham s6 dat min hay dat max khi bién r
dat GTLN hay GTNN, tirc 1a c6 hai bién bz"mg
nhau hodc mot bién bﬁng 0. (Con trong truomg
hop bai toan cho dir kién a,b,c 13 cac sb thyuc thi
ta suy ra c6 hai bién bang nhau). Sau do, thay vao
biéu thirc ban dau rdi chimg minh bt ding thirc
lic nay chi con hai bién.

Chii y. DE thiy ring him sb bac nhét v him s6
bac hai déu 1a nhimg ham s 16i hoic 16m trén R ;
ham phan thirc bac nhét trén bac nhét luén don
diéu trén timg khoang xac dinh nén ta dé dang c6
ngay két qua quen thudc sau:
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e Ham s bac nhét dat min, max trén [a;b] tai hai
dau mut.

e Ham s6 bic hai dat min trén [a;b] tai hai ddu
mut néu hé sé gin voi liy thira bic hai mang déu
am, dat max trén [a;b] tai hai ddu mat néu hé sb
géin véi liy thira bic hai mang ddu duong.

e Ham s phan thirc bic nhét trén bic nhét dat

min, max trén [a;b]tai hai ddu mut,
Phan sau day 1a mt s bai todn minh hoa.

B. AP DUNG VAO CHUNG MINH BAT DANG
THUC

Bai todan 1 (BDT Schur). Chieng minh rang voi
moi 56 thuc khong dm a,b,cta luon cé:
a’+b' +¢' +3abe = ab(a+b)+be(b+c)+ac(a+c).
Lai gidi. BAt ding thirc cin chimg minh dugc viét
lai nhu sau:

p’-3pq+6r= pg-3r & f(r)=9r+p’-4pqg20.
Ham f(r) 1a ham bac nhat c6 hé sb ddi véi bién
r duong nén ham dat min khi » dat GTNN, nghia
1a khi c6 hai bién bing nhau hojic mot bién bing
0.

THI1: Néu c6 mot bién bang 0, gia st a=0. Ta
cén chig minh:

b +¢* 2 be(b+c) & (b+c)(b-c) 20.
BDT cudi luén ding véi moi s6 thue khong 4m
b,c.

TH2: Néu c6 hai bién bing nhau, gia sir b=c. Ta
cén chimg minh:

a*+2b* +3ab* > 2ab(a+b)+2b* < a(a-b)’ 20
luén ding voi moi sd thyc khong 4m a,b.
Viy bét ding thirc 3 dugc chimg minh. Déu déng
thirc xdy ra khi a=b=c hodc a=0,b=cva céic
hodn vj.

TOAN HOC
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Nh{n xét. BDT Schur trong bai toén 1 1a truong
riéng (khi r = 1) cia BDT Schur dang téng quat
hon sau:

Véi a, b, ¢ 1d cic s6 thue khéng am, khi &6 véi

moi r > 0 ta luén co:
a'(a=b)a-c)+b" (b-a)b-c)+c (c=a)(c-b)20.

Bai toin 2 (IRAN 1996). Chitng minh rdang voi

moi so thiee khong dm - a b e ta luon co:

| [ | 9

e $—

ey i

(a+b) (b+c)
Chikng minh: BDT cin chimg minh tuong duong
voi:

L1 )9

(ab+bc+ac) aro) +(b+c)2 +(a+c)2 27

Do bit déng thirc cin chirng minh thuin nhét nén

ta c6 thé chudn hod ab+bc+ac=3. Bét ding
thirc can chirng minh twong duong véi:

1 1 1 3

i Tt 727

(p-a) (p-b) (p-c) 4

41»!3§t:(;;—a)2(p—b)2 231;[(p—a)2

®4Z(pa+bc)2 > 3(3p—r)2
cye

e4(p*-3)' +34pr-27p*-3r*20.

Xét ham s6
£(r)==3r" +34pr+4(p* -3)’ —27p?

1a ham s6 bac hai d6i véi r c6 hé sb cia 12
-3<0 nén ham s6 dat gia trj nho nhit khi bién
r. hoic r., tic 1a khi c6 hai bién bing nhau
hodc mot bién bﬁng 0.
TH1: Néu c6 mét bién bing 0, gia sir a=0. Ta
can chimg minh bAt ding thic:

bosp diss 3
(b+c)2 ¢

1
b—2+
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b +c?
b te " be ; 22‘
be  (b+c) 4

2 2

2
Thtvey, 228, b, (b+e) | b -,
be  (b+c)  2bc (b+c)
2
2 be

5 Ny V)

A < .
ta thdy ring ming(r)=g(4)=

TH2: Néu c6 hai bién bing nhau, gia sit b=c. Ta
can chimg minh:
2 1
Fhge - G
(a+b)" 4b* ~4(2ab+b?)

That vy, bién ddi twong dwong bét ding thirc trén
ta c6: ab(a—b)’ >01luén ding véi moi sb thuc
khong 4m a,b.

Vay bat ding thirc di dugc chimg minh. Du ding
thirc xdy ra khi a=b=c hodc a=0,b=cva cic
hoan vi.

Bai todn 3 (Vi¢t Nam MO 2024). Tim so thiee

dicong k lon nhat sao cho bat dang thirc:

] | | k+3

o i - - -
kab+ ¢ kbe+a®  kca+bs a +b +c¢

diing voi moi bo ba 30 thee dwong a,b,c thoa
man diéu ki¢n a* +b* + ¢ =2(ab+bc + ca).

N _soe A , . bs
Loi gidgi. BDT can chimg minh tuong duong véi:

1 1
P+bP+c ( + +
(a ) kab+c® kbc+a® kca+b’
Do bét déng thirc cin chimg minh thuin nhit nén

ta c6 thé chun hod a® +b* +c¢*=2. Khi d6, theo

J2k+3.

gia thiét tasuyra ab+bc+ca=1va a+b+c=2.
Bit déing thirc cAn chimg minh dugc viét lai:
1 1 4 1 S k+3

*
ltab~i-c2+kbc+a2 kca+b® 2 ).

Cho a=b=-;-,c=§ thay vao BDT (*) ta co

k<2. Ta sé& chimg minh k=213 sb duong lén
nhit ¢4 BDT d& bai luén dang. Nghia 13 ta cin
ching minh:
5
2ab1+ c? 2bcl+ a’ ¥ 2cal+ b = 7
Bét déng thrc cAn chimg minh tvong duong véi:

Y (26c+a*)(2ca+b)

cyc £

(2ab + cz)(Zbc + az)(ZCa + bz) 2

c>2[8r+22ab(a2 +b2)+2a2b2}
cye

cyc

> 5[9r2 +4ry.a’ +2) a’b’]

cyc cyc

& 27 -4r<0
(Sir dung céc hing dang thirc sau:

Zab(a2 +b2)=p2q—?.q2 - pr;

cye

Y a'b’=q*-2pr; Y a’=p’-3pq+3r;
oyc cye

Y a’b’ =1-6r+3r%).

cyc

Xét ham s6 f(r)=27r* —4r 1a ham s6 bic hai
dbi véi r c6 hé sb cia 7 14 27>0 nén ham s dat
gi4 trj 16n nhét khi bién r,hodc 7, , tic 14 khi
c6 hai bién bing nhau. Khong mit tinh tong quat,
gia sit b=c. Ta cin chimg minh:

2 | 5
+ >
2ab+b* 20 +a’

a’ +2b
véi didu kién a’ +2b* =2(2ab+b%).
+ 1 2 g
2ab+b® 20’ +a’®  a’ +2b°
1 o5 4 _ 1
W +ad AP +20 a2 442D

ludn ding véi moi sb thuc duong a,b.

That vay:
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Vay bt déng thirc di duge chimg minh, Ddu ding
thirc xdy rakhi a=b=c.

Bai toin 4 (VMO 1996). Cho a,b,c la cdc 56
thiee dwong thoa man a+ b+ ¢+ abe =4.. Ching

minh rang: a+b+c2ab+be + ac.

Loi gidi. Bit ding thic cin chimg minh dugc viét
lai nhu sau:

4-r2q & f(r)=r+q-4<0.
Ham f(r) 1a ham bic nhét c6 h¢ sé déi véi bién
r duong nén ham dat max khi » dat GTLN, nghia
14 khi c6 hai bién bing nhau.
Khong mat tinh tdng quat, gia sit b=c. Khi d6 ta
cin chimg minh: ab’ +2ab+b*-4<0

< (b+2)(ab+b-2)<0 <ab+b-2<0 (¥

v6i diéu kién a + 2b+ab® =4.

Tir dicu kién ta rat ra dugc a=‘l‘: ;f’ v6i lvu y
b<2 thay vao (*) ta co:

b*-2b+5
b +1

ding voi diéu kién 0< b<2.

b<2 & (b-1)'(b-2)<0

Vay bit ding thic di dugc chimg minh. Diu ding
thic xdyrakhi a=b=c=1.

Bai toin 5 (IMO 1984). Xét cdc so thire khong

am x,y,zthoa man diéu kién x+y+z=1.
Chirng minh rang:
0<xy+yz+xz-2xz<5—.
27

Loi gidi, Xét ham sé
f(r)=—2xz+xy+xz+yz=-2r+q

14 ham s6 bac nhit d6i véi bién r nén ham dat min
hay max khi r dat GTLN hay GTNN, nghia la khi
c6 hai bién bing nhau hodc mét bién bing 0.

3 6 T(')g{'“ugt;e S8 566 (8-2024)

TH1: Néu c6 mjt bién bing 0, gia sit z=0. Khi

d6, ta cn ching minh OSxyS% (*) véi didu

kién x,y20 va x+y=1.

(x+y) 1 7

.____=_<.__.
4 4 27

TH2: Néu c6 hai bién bang nhau, gia sit y=z.

D& thdy (*) ding vi 0<xy<

Dox>0,y20, x+2y=1nén

0<x<1, 052y51©0$y$%<l.

Ta cin chimg minh 0 < 2xy+ y* - 2xy? < % véi
didukién x,y>0 va x+2y=1.

+) 2xp+ y* =2xp = 2xy(1- y) + y* 20 ding véi
1>y20, x20.

+) Tur gia thiét ta suy ra x=1-2y, thay vao bt
ding thirc ta cin chimg minh ta co:

7 1
2(1-2 1-y)+y*<— voi 0 y<—.
(1-2y)y(1-y)+y 57 Ve 0<yso
&4y’ -5y1 42 -150 e[o-l
Yy Yy Yy 27 » )Y S
Khio sat ham sb g(y)=4y3—5yz+2y—% Vi

y E[O;—l-] ta thdy max g(y)= g(l) =0
2 ,5[0;1] 3
2
Viy BDT di dugc chimg minh. Déu ding thirc &
BDT vé trai xdy ra khi hai bién bing 0, bién con
lai bang 1. DAu déng thirc & BDT vé phai xay ra

khi ba bién bing nhau va bing %
Bai toan 6 (Moldova TST 2005). Chitng minh
rang néu a,b,c la cdc sé thwe dwong vi
a*+b*+c*=3 thi

1 1 1

+ +
4—ab 4-bc
Léi gidi. Quy ddng mAu sb rdi khai trién ta viét
BDT dudi dang: 48 -8 ab+abc) a
cyc cye

<l
4-ac
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< 64—16Zab+4ab020 -a'b’¢e?
oyc ey

©16+3abc(a+b+c)2a’b’c’ +8(ab+be +ac)
o f(r)=r'-3rp+8¢-16<0.
Xét ham s6 f(r)1a ham bic hai ddi véi bién r c6

hé sé r* dwong nén ham dat GTLN khi bién r,,
hodc r,,, , tirc 1a khi ¢ hai bién bing nhau.

Khong mét tinh tdng quét, gia st b=c. Khi d6 ta
2 l . A
an chimg minh: + <1 véi gid thiet

can chime M 3" ap T a-p? ’

a,bduong va a'+2b'=3. Chu y ring tir gid
thiét a*+2b*=3 suy ra: @’ < 2, b* < 2, do d6

a® +b*

4-ab>0,4- >0. Ap dung céc bat ding

1
dbe G Bl Jab €3t 10 v e Lpud
y x+y

(vai

X

2

a’ + b’

2

= 4 grabpgada
4-a* +4-b  4-a* 4-P
2 % 12S 12+ 22-

4—ab 4-b° 4-a° 4-b

x+y>0),taco: <
*7) ) 4—ab 4-

Do d6:

Véi phép dat a*=x, b’ =y ta cin chimg minh:

1
—+

<1 (*)v6i x,y>0va x* +2y* =3,
4-x 4-y

Bién dbi twong duong (*) ta dua vé chimg minh
xyp—2x-3y+420 véi diéu kién x,y>0 va

x*+2y* =3.
Thay x=+/3-2)" ta cin chimg minh:

J3-2y* (y-2)+4-3y20.

Khéo sit ham sO

g(y)=+3-2y"(y-2)+4-3y20
i 2 suy ra: min & =0.
voi y (0,‘];) y ye[o;\(i)g(y) g(1)=0

2

Viy bit ding thirc di dugc chimg minh. Déu ding
thirc xdyrakhi a=b=c=1.
Bai todn 7. Cho a.b,c la cic so thue khong am

co tong bang 1. Tim gia trj nho nhat cia bicu

Loi gidi. Ap dung BDT Bunyakovsky ta cé:

b c
+b+c)' € - +
(a Q) (l+b’+c2 1+a* +¢? l+a’+b‘)x

x[a(l+b2 +c)+b(1+a’ +c*) +c(1+a? +b’)].
Ta cin tim GTLN cuia biéu thirc
P=a(l+b2 +c2)+b(l+a2 +(:z)+c(l+a2 +b2)
=ab(a+b)+bc(b+c)+ac(a+c)+1.
Sir dung dang thirc
ab(a+b)+bc(b+c)+ac(a+c)=-3r+pq
ta thiy P 12 ham sd bac nhit ¢6 hé s6 déi véi bién
r am, nén P dat max khi » dat GTNN, nghia 1a khi
c6 hai bién bang nhau hoic mdt bién bing 0.
THI1: Néu c6 mot bién bang 0, gia sit a=0. Khi
d6 ta can tim GTLN ctia P = bc +1 véi diéu kién
b+c=1.

DéthédeatGTLNb?ang%khib=c=-;-.

TH2: Néu ¢ hai bién bing nhau, gia st b=c. Khi

doé ta cin tim GTLN cua
P=2a’b+2ab*+2b°+1 véi diéu  kién

a+2b=1.
Thé a=1-2b vao biéu thirc P, ta khio sat him

s6 f(b)=6b>-6b +2b+1 vdi be[O;%], ta co:

br:iﬁ]f(b)#(%)%-

Viy GTNN cia biéu thirc cin tim 1a % dat dugc
khi cé a=0,b=c=%vécéc hoan vi.

TOAN HOC 37

S5566(8-2024)  * CTuditre

Scemed with

BCanscamer


https://v3.camscanner.com/user/download

Bai todn 8 (Vietnam TST 1996). Xt cic so thue

a.b,c. Tim gia tri nho nhat cua bicu thiee:

flahc)=(a+b) +(h+c) +(c+ a)' - ‘-j(u' vh'+ )
Léi giai. Str dung céc ding thire:
xt+ytazt=p -4piq+2q° +4pr;
(2 457) 43207 4+ 2) 4 22 +2Y)
=p'q-29" - pr;
Xy 4yl extzt=q' - 2pr
ta viét lai biéu thirc:
10
b,c)=—(a* +b* +¢*
S (abyc)==( )

+43 ab(a’ +b’)+6(a’bz +bic + a’cz)
e

.—_1—;)-(p‘ -4p’q+24° +4pr)+4(pzq—2q2 —pr)

+ 6(q2 - 2pr)

W</ POR. R AR +§q2
A M Lt A

Ham f(a,b,c) 1a him bac nhét c6 h¢ sb déi véi
bién  &m nén him dat min khi » dat GTLN, nghia
14 khi c6 hai bién bang nhau.
Khéng miat tinh tdng quét, gia sit b=c. Khi d6 ta
cin tim GTNN cia biéu thirc:

f(a.b)=2(a+b)" +(2) —%(a‘ +25")
v6i diéu kién a,beR.
Dé thay biéu thirc f(a,b) 1a biéu thirc thuin nhét
dong bac 4 nén ta xét hai trnuong hop:
THI: b=0. Khido f(a,b)= f(a,0)= ?a' >0.
TH2: b#0. Khidé
f(a,b)=0b* [2(: +1)'+ 16—;(1‘ + 2)] =b'.g(t)
véi t =%. Khio st ham s g(¢) véi reR ta suy

ra: ming(¢)>0. Dodé: f(a,b)>0.

S4& 566 (8-2024)
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Tom lai: f(a,b)20,Va,beR. Viy GTNN cua
biéu thirc b:?mg 0 datdugckhico a=b=c=0.
Bai toan 9. Cho cic so thir diwong a.b.c thoa

man a- +b" +c” =V, Chune minh rang:

] b

@' 4bc btac Ordb
Nhgn xét: Khi biéu dién VT cta BDT dudi dang
p. g, r thi s6 bac ddi véi bién r 1a bic 3. Ta c6 thé
giam s6 bac d6i vai bién r bing cach sau:
BDT can chimg minh twong dwong véi:

1 1 1

- +
be ac ab
ad+— b += JF+—

a b c

23.

biat —b-c'=X, a—c=}’, a—b=z. Khi dé, x,y,z lacéac
a b c

sd thyc duong thoa man:
+yz+xz=a’ +b* +c* =1
va xy=c*, yz=a’, xz=b".
BDT cén chimg minh dugc viét lai:

: + ! + : 23
yz+x xz+y xy+:z

véi x,y,z 1a cic sb thuc dwong thoa min
xy+yz+xz=1.
Bién ddi trong dwong BDT can chimg minh ta cé:

x)z(x+y+z)+§xy(x+y)+§xy

Z3|:x2y222 +chz(x2 +y? +z’)+ xyz+szy2].
cyc
Sir dung céc ding thirc: ny(x+y)=pq—3r;
X +y+zt=p'-2q; Y x'y'=q'-2prta c6
BDT tuong duong:
3 +r(3p2 —7p)+2-p$0.

Xét ham sb f(r)=3r'+r(3p*-7p)+2-p<0 12
ham s6 bac hai ddi véi r c6 hé sb cua  133>0
nén ham s6 dat gia tri 16n nhit khi bién »__ hoic

T » tirc 12 khi c6 hai bién bang nhau.

Scemed with

BCanscamer


https://v3.camscanner.com/user/download

Khéng mat tinh tong quét, gia st b=c (twong
duong v6i y =z ), khi d6 ta cin chimg minh:

1 2
e

x+y' xy+y

23 (*) vai 2.\)'+y2 =],
Bién ddi twong duong (*) ta dua vé chimg minh
37y +2xy+3x° +3y —y=2x-2y"<0 (1)

voi dieu kién x,y>0 va 2xy+)’ =1.

2
vio (1) din dén ta can chimg

Loy
Thay x=
L |
minh: =6y° +15y* =6y’ -6y + 4y -1<0.
Khao sit ham sb
g(y)=-6y"+15y* =6y -6y’ +4y-1
vdi ye(0;1) ta suy ra: max g(»)<o.
Yye(U

Viy bét ding thirc di dugc chimg minh. Déu ding
thirc khong xay ra.

Bai toan 10 (VMO 2015). X¢ét cac 50 thice khong

am a.b.c. Chumg minh:
a +h 07 )2(a+ I»Tc)(m +Vbe + \I)
+(a—b) +(b-c) +(c-a) 2(a+b+c¢).
Loi gidi. Dé di dang khai trién, dit Va=x,
Vb=y,Je=z
« Diu tién ta chimg minh BDT & vé tréi trudc.
Sir dung hang ding thirc:
3(a? 457 +*)=[(a-b)' +(b=c)' +(c-a) ]
=(a+b+ c)2
ta viét lai BDT & vé tri sau khi sir dung phép thé:
(xz +y + zz)z 2(.1'1 +y* +zz)(xy+yz+xz).
BDT nay dé diang chimg minh nho vao BDT co

bin X’ + )y  +2° 2 xp+yz+xz.
J Xy

Viay BDT ¢ vé trai di dugc chimg minh. Déu
ding thirc xay ra khi a=b=c.

e Biy gid ta s& chimg minh BDT & vé phai. Sit
dung céc hing ding thirc sau:

Haytezt=pt-4piq+ 29’ +4pr;
Yy« +y)=p'g-2¢* - pr;
oy
Y Xy =q"-2pr
o
BDT ¢ vé phai dugc viét lai sau khi di khai trién:
Yxt+xz) x+ z.xy(x2 +3)243 X (%),
o oc oy o
hay twong duong véi:

p'—-4p’q+2¢* +4pr+pr+p'q
-2¢* - pr-4¢* +8pr>0

o f(r)=12pr+p* -3p’q-44’20.
Him f(r) 1a ham bac nhét d5i véi bién r c6 hé
s& dbi voi r duong nén ham dat min khi r dat
GTNN, nghia 12 khi c6 hai bién bing nhau hojc
mdt bién bing 0.
TH1: Néu c6 mt bién bfiﬁg 0, gia sir a=0.
Ta can chimg minh:
(b+c)~/17c:+(b2 +cz) >4bc
Thit vay:
(b+¢)Vbe+(b? +¢*) 2 2be be +2be 2 dbe.
TH2: Néu c6 hai bién bing nhau, gia sir b=c.
Ta can chimg minh:
(a+2b)(2Vab +b)+ a’ =25 -8ab2 0 (1).

+) Néu b=0 ta c6: a* >0 ludn ding véi moi sé
thuc a.

TOAN HOC
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+) Néu b+ 0, chia ca hai vé cia (1) cho b7 rdi diit
t= J% ta c6 (1) twong dwong voi:

420 =70 + 420 e1(r-1) (144)20
ludn ding vé&i moi s6 thye khong am .
Viy bat diing thirc di duge chimg minh, Diu ding
thirc xdy ra khi a=b=c hofic a=0,b=cvi cic
hodn vj.

Nhdn xét. Ding BDT Schur, ta c6 thé chimg minh
(*) nhur sau: Do x, y, z khdng &m nén theo BDT

Schur ta ¢6: x*(x=y)x=2)+y (¥ =2)(y-x)
+2(z=-x)(z-y)20

oxt+y' ++xz(x+y+2)
2 xp(x* + ") +(x* + y) +y(x’ + )
o Y xt+nz) x2 ) p(x +yY).
oy e ac

Do d6 (*) dugc chimg minh néu ta chimg minh
dugc: Zziry(x2 +y’) 24y x'y?
e cye
o ny(x2 +y’)2 2> X'y
cye e
Theo BDT Cauchy ta ¢6: x* + y 2 2y,
y2 +22 22z 2 +x7 22z,
Do dé: ny(x’ +y2)2 > xp2xy=2) x'y.
o o o

Bai todn 11. Chirng minh bat dang thirc sau voi

moi so duwong a.b,c:

ab+bc+ac ko . 2
@ +b+d¢ ad+b Y
Loi gigi. Su dung bng  ding it

a*+b' +c =p’ -3pg+3rta viét lai BDT cin
chimg minh duéi dang:

t — q -
/() p’-2q 3r+p -3pq

r

£,
3

40 T?g{-“uggcc S3& 566 (8-2024)

Xét ham sé [ ()14 ham phin thire bic nhét trén

bic nhit dbi voi bién » nén ham dat GTLN khi
bién 1, hojic r,,, tie 1d khi ¢6 hai bién bing

in *

nhau. Khong mét tinh tdng quét, gid st b=c , Khi

2 2
d0 ta cn chimg minh: 2040 .50 <32

a+20 a'+20 3

e (a-b) (a+b)20.
BDT cudi ludn diing véi moi sé thye duong a,b.
Viy BDT di dugc chimg minh. Diu ding thirc
xdyrakhi a=b=c.
Sau diy 1a mdt s6 bai todn luyén tip:
BAI TAP
Bai todn 1. Chimg minh bt ding thirc sau voi
moi s6 thyc khong dm a,b,c:
a’+b*+¢’ 8abc
+ 22.
ab+bc+ac (a+b)(b+c)(a+c)
Bai todn 2. (Berkeley Math.Circle) Chirng minh
ring v6i moi s6 thyc khong am a,b,c thod mén

diéu kién ab + bc +ac =1 ta c6 bit ding thirc:
o e ke 24
a+b b+c c+a 2

Bai toan 3. (Marian Tetiva, Mircea Lascu,
Gabriel Dospinescu) Chimg minh ring véi moi sd
thyc khong am a,b,cthod min didu kién
ab + bc +ac =1 ta 6 bat ding thirc:

a’ +b* +c’ +2abc+32(1+a)(1+b)(1+c).
Bii todn 4. (Dé thi tuyén sinh DH khéi B nam
2010) Xét cac sd thyc khong 4m a,b,c thoa min
didu kién a +b+c=1.Tim GTNN cua biéu thirc:

M =3(a’b’ +b'c* +a’c? )+3(ab+bec +ac)

+2Jal + b + .

@
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PROBLEMS...  (Tilp theo trimg 21

Problem T9/566. Find all pairs of integers (x; y)

and

SO that

3(4x2 +8xy+ 3P =3x+ 3)
5(2.\'2 +Axp+ 7y =Tx+ 7) are both perfect
square numbers.

TOWARDS MATHEMATICAI
OLYMPIAD

Problem T10 3566, Let (a,) be the sequence of
numbers defined by @, = | and

2
A = '(';_+'l)—a, s 2 "3 +ln= 1,2.3,...
n - +2n
a
Find the general term a, and calculate lim —:—
n—+x n

Problem T11/566. Find the functions f:R—-R
satisfying

S

Bai toin 5. (USA MO 2001) Xét cic sb thyc

khéng 4m a,b,c thoa min diéu kién

a® +b* +¢* +abc = 4. Chimg minh ring:
abc+22>ab+bec+ac 2 abe.

Bai toan 6. (Singapore MO 2002) Chimg minh

véi moi sb duong a,b,c ta cé:
3((13 +b’ +c’)2 Z(a2 +b° +c2)3.

Bai todn 7. Gia st a,b,c 14 cic s thyc khong am
thoa man diéu kién ab+bc+ac=3. Tim gi trj
nhd nhit cia S=a+b+c+kabcvéi k 13 mot
hing sb dwong cho truéc.

Bai toin 8. (THPT chuyén KHIN, PHQG Ha
Ngi) Chimg minh véi moi s6 thyc duonga,b,c ¢6

tong bing 3 ta ludn cé bit diing thirc sau:

j'(x +3f (x))+ f(x0) = f(x)+ f(2022y)
for all real numbers x, y .

Problem 112566 Given a triangle ABC, and O, 1
is the circumcenter and incenter of the triangle,
respectively. The points K, L in order are the
intersection points of /B and /C, AC and AB. Let X
be the intersection of the line through K
perpendicular to OB and the line through L
perpendicular to OC. The points Y, Z are
respectively the reflection points of X in CL, BK.
Prove that OI passes through the orthocenter of
triangle XYZ.

NGUYEN PHU HOANG LAN
(University of Education, VNU, Hanoi)

a " b 4 c
b*(ca+1) c’(ab+1) a’(cb+1)
» 9
~ (1+abc)(ab+bc +ac)

Bai todn 9. Chimg minh véi moi ) duong a,b,c

thod man ab+bc+ac =1 tacé:
\/E-f-\/l;-f- ac—%abcsﬁ.

Bai todn 10. Chimg minh bét ding thic sau véi

moi s thyc khong 4m a,b,c:

\/WS{/(0+b)(b;C)(a+C)'

Bai todn 11. (VMO 2002) Chimg minh bit ding
thirc sau véi moi s6 thye batky x,y,z:

6(.1t'+y+z)(x2 +) +z’)
L2z + lO(x2 +y 42 )% ‘
. TOAN HOC
S3566(8-2024) ! CTugilré 41
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BAN BOC TRAO BOI
THEM MQT CACH GIAI CHO BAI
T7/548
Sau khi doc 1o giai cia bai todn T7/548 trén tap
chi TH&TT s 552 thang 6/2023, ti xin phép
gop thém mdt cach gidi khic 14 ding tinh chit
bién thién va cyc trj cia ham sd bac ba dé ban doc
gan xa tham khio.
Bai T7/5848. Cho plhwong trinh
et =2(m =Dt (m-1) =0 (1)
Tim m dé phwong trinh co 4 nghiem phan bigt.
Léi gidi. Xétham s6
y=f@)=x"-x"-2(m-1)x’
= f'(x)=2x"g(x)
véi g(x)=3x"-2x-3(m-1).

+(m—l)1

V2

=g'(x)=9x"-2g'(x)=0 x=t==

Dé phuong trinh (1) c6 4 nghiém phén biét thi
diéu kién cdn 14 ham s6 f(x) phai ¢6 3 cuc tr
hay phuong trinh g(x)=0 c6 3 nghiém phin
biét x,,x,,x, khic 0

o g(—ﬂ].g(g}<0 va =3(m-1)=0

3
93-17(27—4\/5)<m<%(27+4\[2_), m#1(2).

Ta c6 bang bién thién sau diy

x ;

1 } -0 X —ﬂ X2 ﬁ‘ x3 1o ‘

| S e |

- 2'(x) x - E 0 E - 0 E + ﬁl

B S meaaat Ehotes: o
| ! :
- g(x) | i ' '
i ! 1 i

= f'(x)=0x=0 (nghié¢m bji),

X =X,,X =X,,X=x, (ba nghi¢m don).

TOAN HOC
' ‘Tuél@o S3 566(8-2024)
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Ta c6 bang bién thién cia ham y = f(x):

| X =0 Xy X3 X3

@ -0 s 0 -0 s
m /
| _m\/ /

Chla da thuc fx) cho g(x) ta duqc da thuc du

r(x)= ——\' ~(m=Dx. Dox; (i =1, 2,3 1a

nghi¢m cia g(x)nén m-1=x'- %x,. Do do:

r) =2 (=2 )r = FL (4022
f(x)=r(x)= 3% (x 3Jr,)x,—9(4 9x’).

Tir bang bién thién ta thiy diéu kién du dé phuong
trinh (1) ¢6 4 nghiém phén biét 1a:
f(%)<0, f(x,)>0 va f(x)<0.
V2 V2

* f(x,)>0&4-9x] >0 (ding do—T<x,<—5—).
o f(x)<0&4-9 <0= x, <-§
=>8(Xn)<8("§‘):>0<%‘3’":>’"<%

y : 2
(do him g(x) ting trén khodng [—w;—i}_—]).

2
f(x)<04-9x <0=>§<x3 =>g(x3)>g(;)

23 23
=—-3 0 >—
9 m<0=>m 2

2 ))'

(do ham g(x) tang trén khoing (T,«n
Két hop véi (2) ta c6 diéu kién cin va du dé
phuong trinh (1) ¢6 4 nghi¢m phén biét la:
23

—<m <2 vam#l.
27 27

Nhdn xét. Céch giai ndy con cho ta thiy dugc
hinh dang dd thj cia ham sb fx).

NGUYEN VAN CANH

(GV THCS Long Héu, Cin Giugc, Long An)
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TIENG ANH QUA CAC BAI TOAN
BAI SO 107

PROBLEM:

randomiy. Compute the probability the chosen

Choose a4 digit - number

number is of the form abed where a <b< ¢ <d

Solution: The sample
Ix10x10x10=9000  elements.
1€asb<sc<d<9 isequivalent to

has
have

space
We

1€a<b+l<c+2<d+3512.

Therefore, the number of ways to choose a,b,c,d
satisfying the requirements is equal to the number
of ways to choose four numbers among 1,2,...,12

which is C}}.
4

Thus the probability is ~C2 = 0,055
9000

TU VUNG
randomly - mot cach ngau niicn
probability : Xac sual

sample space s khong gian mau

NGUYEN PHU HOANG LAN
(University of Education, VNU, Hanoi)

BAI DICH SO 105

BAI TOAN. Ham so [ dwoc xic dinh bai
f =asmbx+c)+d,

voi a, b, ¢ va d la cac hang so. Trong mat phang
toa do Oxy cac diém (25 2) va (4 ; 4) twong img la
diém cure tieu va diem cue dai trén do thi ham 50 f
Gid tri cua a va d bang bao nhiéu?

2o o= Y ’ . . A . . .a .
Lai gigi. Ham f c6 dang 1a ham so sin va hi¢u hai

a _tm « 2 e arA <2 -

tung d¢ giira diem cyc dai va diém cuc ticu la:

4-2=2.Tidé a= 1. Ham sé sin co ban c6 gia
tri nhé nhat 1a — 1 va ham s fc6 gia trj nhé nhat
122.Dodé d=3.

Luru y: Bii tip nay dugc suu tim tir mot bai kiém
tra AP - precalculus.

Nhdn xét. Ban Nguyén Hing Cuong, xa Nhon My,
TX. An Nhon, Binh Dinh c6 bai dich twong ddi tot.
Xin hoan nghénh ban.

stk rkeskk bRk kR kkkkkkkkkkkkkokk kb Rk kkhkkkk kb khkk kb k ke k kR kkkk Rk ok kR kR kxR F R EF R xEEr R e kX

SAI LAM ... (Ti icfp theo trang 47)

ylk

AW

/2n+2

bR

Hinh 2
THI: (d) cit doan OB tai C (h.1). Khi dé:

1 1
Spusc =Esw.w < Ed(M,O)')-BC =

N | o

¢>2.(2m+2+3)=9@4m+10=9¢$m=—71
TH2: (d) cit doan OA tai D (h.2). Khi dé:

HO HAI (Ha Néi)
Sy =S, < Ld(M,0x)AD =2
AMAD 2 AOAB 2 ’ 2
©2.(6-2"%2) 29 5 8m+20=9m+18 <> m=2.
m+2

-1
Viy m=2,m=—,
ay 2

Theo ban két quad trén da ding chwa?

NGUYEN THANH GIANG
(GV THPT chuyén Hung Yén)
EERRREREEERREREERRER KRR EERRR R KRR R R R R ke kR
Dinh chinh: Trong danh sich cac ban dugc khen &
chuyén myc “Sai ldm ¢ ddu”, trén TH&TT sb 565,
thing 7.2024 da viét: Hupnh Trinh Vinh Phi, xin
dugc sira 1a: Huynh Trinh Vinh Phiic.
Thanh thit xin 13i em Phiic va ban doc.
TH&TT

TOAN HOC 43
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(\ %l':lifl‘l'clicli GIAT
 THO MQT BAI TOAN-" |

BAI TOAN 86. Cho tam giac ABC can tai A ngi
ticp dwong ron (O). M la diém trén cung AC

Ahong chra diem B. D la hinh chicu vuong goc

cua A trén MB. Chung minh rang:

= 2MD.

MB - MC

Lai gidi. Cach 1.

V& AE vudng goc véi CM tai E. Ta cé:
ADAB = AEAC (canh huyén - géc nhon)

= BD =CE va AD = AE. Tu d6:

ADAM = AEAM (canh huyén - canh géc vuéng)

= MD = ME. Do d6:

MB —MC = (MD + BD) - (CE — ME)
=(MD + BD) - (BD — MD) = 2MD.
Cdch 2. Trén tia dbi cia tia MC iy diém F sao
cho MF = MD. Ta c6:
AMD = ACB = ABC = AMF

nén ADAM = AFAM (g.c.g) = AD = AF,

két hop véi ADM = AFM =90°, suy ra:

44 T?g?-luggg S& 566(8-2024)

ADAB = AFAC (canh huyén - canh goc vudng)
=> BD = CF.

Do do:
MB - MC = (MD + BD) - (CF - MF)
= (MD + BD) - (BD - MD) = 2MD.
Cdch 3.

Trén tia ddi cua tia MB liy diém K sao cho
MK =MC. Tacb:

AMC + ABC = AMK + AMB = (180°)
va R':m (=ZC'\B) nén
AMC = AMK.
Txdé: AAMC =A4AMK (c.g.c)
= AC = AK = AB = AK (= AC)
= AABK cin tai A = BD =KD.
Do d6:

MB - MC = (MD + BD) - MK
= (MD + BD) - (KD - MD) = 2MD.
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Cach 4.

Trén tia doi cia tia DM Idy diém N sao cho
DN = DM. Khi d6 AAMN cin tai 4 = AN = AM,
AMN = ANM. Tix d6:

AMN = ACB = ABC => ANB = AMC,
ma ABN = ACM nén BAN = CAM, kbt hop véi
AB = AC, AN = AM, suy ra:

AABN =AACM (c.g.c) = BN =CM.
Do d6: MB — MC = MB — BN = MN = 2MD.
Cach 5.

Trén tia BM 14y diém I sao cho B/ = MC. Khi dé:
AABI =AACM (c.g.c) = Al = AM.
AAIM can tai 4 nén DI = DM.
Do d6: MB — MC = MB — BI = MI=2MD.
Cich 6. Goi S, L 1an luot 1a trung diém ctia MB,
BC.
Vi AABC cén tai A nén AL vudng goc vai BC.
Suy ra ba diém 4, O, L thing hang.
SL 1a dudng trung binh cia ABCM nén:
BSL = BMC = BAC = 2BAL =2BDL

(do t&r gidc ABLD ndi tiép)
= BDL = SLD = ASDL cén tai S

= DS=SL = MZ_C.

Do d6: MB - MC =2BS - 2SL
=2MS -2DS = 2MD.

NGUYEN BUC TAN
(TP. Ho Chi Minh)
Nhdn xét. Ky ndy, ban Dang Hodng Luong, 11A1,
THPT Yén Thanh 2, Ngh¢ An d6ng gop 1 cich giai
twong ty nhu cich 5, ban Truong My Hanh, 8a4,
THCS Quang Trung, Bo Loc, Lam Ddng déng gbp
3 cach giai tuong ty nhu cach 2, cich 4, cach 5. Cac
ban Nguyén Thanh Nhdn, THPT chuyén Lé Quy
Dén, Nguyén Hing Cuomg, Xi Nhon My, TX. An
Nhon, Binh Dinh, Liwong Sj An, 10, THPT Nguyén
Hiru Huén, Nguyén Thi¢n Khiém, 10A6, THCS -
THPT Lé Thanh Tong, TP. Hd Chi Minh, ciing
déng gop mot cach giai twong ty nhu céch 1 va céch
2 trong l0i giai trén. Ban Huynh Trinh Vinh Phic,
11A1, THCS - THPT Lé Thanh Téng, TP. Hb Chi
Minh st dung dinh li sin cling dua ra mdt cach giai
cho khéc bai toan nay. Xin hoan nghénh cac ban.
LE MAI (Ha Néi).

Moi cac ban giri 10i giai BAI TOAN 88 dudi day vé
Toa soan Tap chi TH&TT trudc ngay 30/9/2024.
BAI TOAN 88. Gidi phwong trinh

X -2Jx+2-4=0,

TRAN VAN HANH
(GV PH Pham Vin Pong, Qudng Ngdi)

: TOAN HOC
S8 566 (8-2024) * CTugire 4 5
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4 DU LICH THE GIOI
/ QUACAC BAITOAN HAY

v
-

\\. “ T rnape ’ ,/"
BAI TOAN 94 (IMO, 1974). Cho tam gidc ABC.
Chitng minh l'('}ng dicu kién can va di dé trén
doan AB 1on tai mot diem D sao cho do dai CD la

trung hinh nhan cua cdic do dai AD va BD la

. . .5 C
sin A.sin B <sin” 5

Loi gidi. Cdch 1 (cua Nguyén Quéc Thing).
Trong hai goc 4, B cua c
AABC phai c6 it nhat

mdt géc nhon, gia sir b

d6 la goc 4, tirc la
A<90°.Dat 4B = ¢, 4
BC = a, CA = b. Lay
didm D tiy y trén canh AB va dit AD = x,
DB = ¢ — x (hinh v&), khi d6 0 < x < c. Diéu ki¢n
d4u bai tuong dwong véi:

x p c-x B

2
2Rsin A2RsinB < (2R sing-) (D

&ab<ct (vi sinC=25in%cos—(2-:-)

4cos’ =
2

& ¢ 2 4abcos? % =ab(2+2cosC)

& 2ct > a* +b* - 2abcos C +2ab +2abcosC

o2 2(a+b) (2). Viy(1)e (2).
Néu ton tai diém D c6 tinh chat nhu dau bai, suy
ra ton tai x sao cho

CD? = AD.DB = x(c —x) = x* +b* — 2bxcos 4
hay 2x* —(2bcosA+c)x+b* =0 (3).

Ta phdi c6: A=(2bcosA4+c)* —8b*20 (4).
R& rang néu phuong trinh bic hai (3) c6 nghiém
duong thi ton tai x> 0 dé x(c - x) 2 0, suy ra

TOAN HOC
* Cludilre

S6 566(8-2024)
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x ¢ Vid nhon nén (4) & 2bcos A+c > 242p
&Se2 2b(\/5 —cos A) (5),

2 2 _ 2
Do cos A = e 1 el nén (5) twong duong végi
C
2 2 _ 2 2 2 _ 2
2283 -2 528 8 _gp 5 Etb ~a
2bc ¢

&t 22be2 - b +a* <> (2 -b) 2a* (6).
Tir diy hién nhién (6) < (2) < (1).
Viy diéu ki¢n cin va da dé trén doan AB ton tai

diém D sao cho CD? =AD.DB 14 sinAsinBSsinzg,

Céch 2. V& dudmg tron (O) ngoai tiép tam gidc
ABC. Goi D 1a diém bt
ky trén doan AB, CD cit C
dudng tron & E. Ta cé: p N\
CD.DE = AD.DB. 4 e b \p
Viy CD 14 trung binh o [F
nhén cua AD va DB
& CD=DE (*).
tdn tai diém E théa min HE
(*) & CF < HG, trong d6 CF la dudng cao ha tir
C ciia AABC, HG 1a duong cao cua hinh vién phan
AHB tao bdi day AB va cung khéng chira diém C.

Goi R 1 ban kinh cta (O), ta co:

CF = 2RsindsinB; HG = R — RcosC = 2Rsin’ %

Dé thdy: CF < HG > sin A.sin B <sin’ —S-

Nhin xét. Rit tiéc 1a Toa soan khong nhin dugc 16
gidi nao cho bai toan nay.
NHU HOANG

Sau day 12 bai tip dé nghi. Ban doc hdy giri 15i

gidi vé Toa soan TH&TT trude ngdy 30.9.2024.
BAI TAP DE NGH]

BAI TOAN 96. Tim cdc cap 50 nguven (a; b)

sao cho da thite ax'’ + by +1chia hét cho da

thire x* —x-1.

KHANH HU'U (Ha Ngi)

Scemed with

BCanscamer


https://v3.camscanner.com/user/download

GIAI DAP: BAI TOAN XAC SUAT

(Dé ding trén TH&TT sé 562, thing 4 nim 2024)
Phn tich sai lim.
Loi gidi ciia ban Minh sai & chd khong phai chon
6 hoc sinh nam trong 14 hoc sinh nam hay 6 hoc
sinh nt trong 16 hoc sinh nir ma cac hoc sinh nam
vanit & td 1 va td 2 1a khac nhau, d6ng thoi ca hai
ban Minh va Xudn déu sai & chd n(Q)=C%. Ta
lwu ¥ ring khong phai chon ngiu nhién 6 hoc sinh
trong 30 hoc sinh ma 1a chon ngiu nhién 3 hoc
sinh & tb 1 va 3 hoc sinh & t6 2.
Loi gidi ding. TS 1 c6: 8 +7 = 15 hoc sinh,
Td 2 c6: 6 + 9 =15 hoc sinh. Do dé:

#(Q)=C},.C.,.

Goi A 12 bién cb can tinh xdc suat.
GoiA;: “sd hoc sinh chon dugc toan nam”.
Goi 4;3: “sd hoc sinh chon dugc toan nir”.
Do viéc chon 3 hoc sinh nam trong 8 hoc sinh
nam té 1 va 3 hoc sinh nam trong 6 hoc sinh nam
td 2 nén ta cé: n(4,)=C,.C,.
Do viéc chon 3 hoc sinh nif trong 7 hoc sinh ni¥ td
1 va 3 hoc sinh nir trong 9 hoc sinh ni¥ t§ 2 nén ta
co: n(4,)=C;.C,.
n(4)+n(4,) GC+GGC

Do d6: P(A)=
’ (4) n(Q) acc
112042940 _ 116
T 207025 5915°

Nhgn xét. Hoan nghénh ban Nguyén Hiing Ciromg, Xa
Nhon My, TX. An Nhon, Binh Djnh da phat hi¢n dugc
sai 1dm va dua ra 1oi gii ding.

KIHIVI

Bai toan. 7rén mat phang tog do Oxv cho hai

diem A(6:0) va B(0; =3) va diing thang (d) ¢o

phicong trinh v =—(m+2)x+2m+2(m la tham
-5

SO, m#-2:m# T’). Tim cac gia tri cua m d¢ (d)

chia tam giae OAB (O la gu"(' toa do) thanh hai
phan co dién tich bang nhau.

Mt hoc sinh giai nhwr sau:

Phuong trinh duong thing AB c6 dang y = ax +b.

A, B thudc dudng thing (4B) nén ta cé hé phuong
. {6a+b=0 .y

0a+b= 3@ 2.
a+o=-— b=-3

Phuong trinh dudng thing AB 1a: y = %x -3.

Phuong trinh hoanh d9 giao diém M cua (d) va
(4B) la nghi¢m phuong trinh:

—(m+2)x+2m+2=-%x—3@(2m+5)(x—2)=0

& x=2 (do mat:z-é) = M (2;-2). Dién tich

tam gidc OAB bing %0,4.03 = 12.6.3 =9,

Pudng thing (d) cit Oy tai diém C c6 tung 4§
2m+2

2m+ 2, cit Ox tai diém D c6 hoanh d9 )
m+2

Hinh 1

(Xem tiép trang 43)
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XUAT BAN TU 1964
SO 806 (8.2024) _
T0a soan : 1078, Gldng Vo, DOng Da, Ha NoI
DT RIGn 14p:  024.35121607,
DT Pht hanh: 024.35142049, 024.35602701
Emall: toanhoctuoitrevietnamaeogmall.com

™, Top chi TORN HOC va TUI TRE
/ L+" Mathematics and Youth Magazine
g

BAN CO VAN KHOA HOC

CHIU TRACH NHIEM XUAT BAN

GS. TSKH. TRAN VAN NHUNG
TS. NGUYEN VAN VONG
GS. DOAN QUYNH
PGS.TS. TRAN VAN HAO

Téng Gidm d6c NXBGD Viét Nam
NGUYEN TIEN THANH
Téng Bien tap NXBGD Viet Nam
PHAM VINH THAI
Vién tneimg Vign nghién ciu Sdch va HLGD
PHAN XUAN THANH

HOI DONG BIEN TAP
Téng bién tdp : TS. TRAN HOU NAM Phé tng bién tip : CN. TRAN THI KIM CUONG

Thu ki Toa soan : ThS. HO QUANG VINH 7S. L& HONG MAI

TS. TRAN DINH CHAU, ThS. NGUYEN ANH DONG, TS. TRAN NAM DONG, 75. NGUYEN MINH DUC, TS. NGUYEN MINH HA,
TS. NGUYEN VIET HAI, PGS. 7S. LE QUOGC HAN, ThS. PHAM VAN HUNG, PGS. TS. VO THANH KHIET,
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, TS. PHAM TH] BACH NGQC, PGS. TS. TA DUY PHUUNG,
ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAI, ThS. VU KIM THUY, PGS. TS. V0
DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY

o Danh cho Trung hoc Co sg
For Lower Secondary School
Trdn Thanh Hung — Tinh chat diém “djc bigt”
trong hinh vudng va ap dyng.

@ Huomg din gidi @& thi tuyén sinh vao 16p 10,
Truong THPT chuyén, PHSP Ha Noi.

@ Pé thi tuyén sinh vao 16p 10, Truong THPT
chuyén Lé Hong Phong, Nam Bjnh, nim hoc
2024 - 2025.

Q Dién dan day hoc toin
Nguyén Céng Chudn — Tir mdt bai toan trong
sach Bai tap Toan 10.

@ Pé ra ky nay Problems in This Issue
T1/566, ..., T12/566, L1/566, L2/566.

€ Giii bai ki truse
Solutions to Previous Problems

T1/562, ..., T12/562, L1/562, 1L.2/562.

Bién tdp: LE MAI, NHU HOANG

Tri su, phdt hanh: HOANG TH] KIM PHUQGNG, TRAN TH] MINH HIEN

@ Phwong phép gidi todn
Nguyén Ha Trang - M{t huémg sir dyung
phuong phép him s trong chimg minh bét
déing thirc d6i ximg 3 bién.

Q Ban dgc trao ddi

Nguyén Véan Canh — Thém mét cich gidi cho
bai T7/548.

Q Tiéng Anh qua céc bai todn — Bai s 107 -
Bii djch s 105.

@ Nhidu cich gidi cho mt bal todn — Gidi bai
toan 86 — D¢ bai todn 88.

@ pu tjch thé giéi qua cic bai todn hay - Gii
bai toan 94. D& bai toan 96.

@ saithm o ain?

Mithugt: QUOC HIEP, THANH LONG
Thiét ké, ché ban: MINH HOA
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Nam 2010

Khé 19 x 26,5

Gi4 bla: 99.000 déng
N&m 2012

Khé 19 x 26,5

Gia bla: 152.000 déng
Nam 2014

Khé 19 x 26,5

Gia bia: 185.000 déng
Nam 2015

Khé 19 x 26,5

Gia bia: 199.000 déng
Nam 2016

Khé 19 x 26,5

Gia bia: 199.000 déng
Nam 2017

Khé 19 x 26,5

Gia bla: 199.000 dong
Nam 2018

Khé 19 x 26,5

Gia bia: 199.000 déng
N&m 2019

Khé 19 x 26,5

Gia bia: 199.000 déng
Nam 2020

Khé 19 x 26,5

Gia bia: 210.000 déng
Nam 2021 :

Kh6 19% 26,5

- Gid bia: 240.000 dcing

. Khdog %5 Ny

‘Gia bia: 260.000 dBng

Nam 2023 ¢
Khd 19 x 26,5

Py . i4 bla: 260.000 déng
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Moi chi tiét xin lién hé:

TAP CHI TOAN HQC VA TUOI TRE
Dja chi: 187B Giang V6, Ha N§i
@ Pién thoai: 024.35121606 - 024.35121607
@ Email: toanhoctuoitrevietnam@gmail.com
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. THU NGO
Ban doc than mén/

Trong 60 ndm qua, Tap chi Toan hoe va Tudl tré khong ngitng phat (rién va da trd thanh ngudi ban
than thiét cia nhiéu thé h¢ hoe sinh, gldo vién va ban doc yéu todn trén cd nude. Tap chi Toan hoc v
Tudi tré da nhan nhiéu Gidy khen, Huan huy chudng va nhitng phdn thudng cao quy khac ma Déng va Nha
nudc trao tdng. Diéu nay cé duge 1a nhd cong site cha cdc nha toan hoe, cic nha su pham, cac ty vién hgi
déng bién tap, cde cong tdc vien va ban doc yéu todn (rén cd nude. Thay mit Ban bién tap, ching tof xin
cdm dn ban doc gan xa, cdc nha khoa hgc va cic cong tac vién vé nhitng dong gop to 1on dé.

D€ chdao mitng 60 ndm thanh lap va phat trién Tap chi Toan hoc va Tudl tré, tit thang 4.2024, Ban bién
tap s¢ md chuyén muc: Nhitng héi tre, nhiing kg ni¢gm vé Tap chi Todn hoc va Tudi tré. Noi dung céc bai
trong chuyén myc nay sé viét vé nhitng héi ttc, nhitng ky ni¢m, gin bé ctia ban doc vdi Todn hoc va Tudi
tré; nhitng dnh hudng, dong gop cta Tap chi Todn hgc va Tudl tré d61 val phong trao hoc todn, gidi todn,...

trén toan quoc.

Bai viét c6 thé viét trén gidy hodc dinh mdy vi tinh (nén biing chudng trinh soan théo vin ban word).
Trén bai vi€t can ghi rd: Ho tén, dja chi, sd di¢n thoal. Bai viét khong qué 4 trang ddnh may.

Bai viét c6 thé giti vé Toa soan:

- Gti file word theo dja chi email: toanhoctuoitrevietnam@gmail.com
- Gti bai theo dudng Buu di¢n. Phong bi ¢6 ddn tem, giti vé dja chi: Tap chi Todn hoc va Tudi tré, 187B

Gidng Vo, Dong Da, Ha Noi.
- Hodc dén Toa soan Tap chi gii tryc tiép.

Ban bién tap mong muén nhan dugc cac bai viét tit ban doc. Tran trong cdm onl

TH&TT

CUGC THI VIET CHUYEN DE TOAN CHAO MUNG 60 NAM TOAN HOC VA TUOI TR

D& chao ming 60 nim thanh I1ap va phat trién Tap chi
Todn hoc va Tufi tr, Ban bién tap t§ chic cudc thi
viét chuyén dé Toan cho bac THCS va THPT.

» Di tugng du thi: Gido vién da hoic dang day & bac
THCS, THPT, Gidng vién, Sinh vién & céc trudng Pai
hoc, Cao ddng va ban doc yéu thich Todn.

o Noi dung bai duy thi: LA cdc chuyén dé b6i dubng
hoc sinh gidi todn; cac chuyén dé 6n tap, on thi cui
cép; nhiing tim toi, sang tao trong viéc day hoc Todn
(bic THCS, THPT).

o Thé 18 cudc thi: M3i ngudi tham gia cudc thi dugc
glri kh6ng qué 3 bai dy thi khac nhau. Cac bai dy thi
c6 thé 1a céc sang kién kinh nghiém da ding ky, hoic
dat gidi 6 Truong, Phong, Sb,... nhung chua ting dugc
xudt ban thanh sach, béo, tap chf va cling chua tham
gia cudc thi nao khac.

Két qud cudc thi s& dugc cong bl trén TH&TT thang
11 ndm 2024 (S6 569). Cac bai hay c6 thé dugc chon
dang trén Tap chi hodc in thanh sdch. Cic tic gia

dugc hudng nhudn bat theo quy dinh clia Tap chi. Bai’

viét tham dy cudc thi thudc ban quyén clia TH&TT.

o Thai han gifi bai dy thi: Truc ngay 15/10/2024.
* Quy cach bai dy thi: Bai dy thi dugc danh may vi
tinh, nén ding chuong trinh soan thdo vdn ban word
(co file). Trén mdi bai dy thi ghi rd: Ho va tén, dia chi
Trudng, xa (phutng), huyén (quan), tinh (thanh phd),
sO dién thoai. Bai dy thi khéng qué 15 trang danh
may. Trén cung clia trang 1 mi bai dy thi ghi ro:
Bai du thi viét chuyén dé Todn
chao ming 60 nam TH&TT.
o Cach gifi bai dy thi: Bai dy thi gli vé Toa soan
TH&TT béng cach:
- Gi file word theo dia chi email:
toanhoctuoitrevietnam@gmail.com
- Gli bai theo dudng Buu dién. Phong bi c6 dén tem,
glii vé dia chi:
Tap chi Todn hoc va Tudi tré
1878 Gidng Vb, B6ng Pa, Ha Noi.

- Hodc dén Toa soan Tap chi gl tryc tiép. -
o Gidi thuéng: Nhing ngui doat gidi s& dugc nhdn
Gify ching nhan va T4ng phim clia Tap chl.

: : TH&TT

Gldy phép XB s 534/GP-BTTTT cép ngay 19.11.2020; Ma s&: 8BT8M24

In tal Xi nghlép Ban dé 1 - BQP
In xong va ndp luu chléu thdng 8 nam 2024

Gld: 18.000 déng
Mugl tdm nghin déng
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