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Toan THCS ¢6 mdt ding thire kha dep da duge
m{t 6 tinh khai thic ra d& tuyén sinh vio 16p 10,
d6 12 ding thire sau:
“Cho ab.ok pe R, Khi do;
. » Xk +p v 2k -p

Ra + pab+ kb - = T (a+b) + ~T (a-b) ™
Chi §:

2k+p
=

4

o Néu 2k >p=ska’ + pab+ kb’ > (a+h)

Déu ding thire xdy ra <> a = b,

y

: N y 2k +
o Néu 2k < p=>ka + pab+ kb’ < L; P(a+ h)

Diu dang thiee xay ra <> a = b.
Céc ban hoc sinh nim vimg ding thic trén cing
chia y thi s& gidi quyét nhanh gon mt 16p bai todn
dudi day:
Thi dy 1 (Thi tuyén sinh vdo 16p 10 nim hec
2022-2023 cua tinh Thai Binh).
Cho cic so dwong a, b, ¢ thay doi va thoa man
a+ b+ c=2022. Tim gia tri nho nhdt cia bicu
thire
M =24’ +ab+2b" +\2b* +be +2¢°

+V2¢ +ca+ 24,

Lai gidi. Ap dung ding thirc trén va cha y ta dugc:

J2a* +ab + 2b? =\/%(a+b)2 +%(a ---b)2
NG

2 —(a +b).

2
—‘/2§(b+c);

Tuong ty: V2b* +bc+2c* 2

2c* +ca+2a’ 2 —‘lzi(c +a).

Suy ra:
M 2 —?[(a+b)+(h+c)+(c+a)]

= s/.';(a+b+c) =20224/5.
Déu diing thirc xiy ra <> a = b =c = 674,

Viy gid tri nho nhét cia M 1a 202245 khi
a=b=c=0674,

Thi du 2 (Thi tuyén sinh vao 16p 10 nim hoe
2022-2023 ciia tinh Bi¢ Ninh).

Cho cdc so thiee a, b, ¢ sao cho phieong trinh
ax’ +bx + ¢ 42022 =0nhdn x = 1 la nghiem. Tim

.0 . » .3 . 2 4 ’
gia trj nho nhat cuia bicu thirc

P=\3a’ -2ab+ 3[)“" + \/5/71 - 6bc 0_ 5¢°
+J6¢" —8ca+6a .
Loi  gigi. D&  thdy trinh
ax® +bx +¢+2022 =0 khix =1 thi c6 dang:
a+b+c=-2022.

Ap dung ding thic trén va chi ¥ ta dugc:

J3a 2ab+3b = \[(a+b)' +2(a-b)’ 2|a+H)
Tuong ty:

V5b? = 6bc +5¢* 2|b+d|;
V6c? ~8ca+6a’ 2|c+al.

phuong

Suy ra:
P2|a+b|+[b+c|+|c+a|2|a+b+b+c+c+al
=2|a+b+c|=2|-2022| = 4044,

Déu diing thirc xdy ra < a =b=c =-674.
Viy gi4 tri nhd nhdt cia P la 4044 khi
a=b=c=-674.
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Thi dy 3 (Thi thar vaoe 1ép 10, THPT chuyén Ha
Long, Quang Ninh, nam 2019).
Cho x,

2. Chiing minh

= la cac so dwong thoa man

4y 4z

! PEPIEG
”()19\ ‘”\\47O|‘)x +42019)" + 2z +20l‘)‘

201927 4 22v + 2019 > 242020.

Loi gigi. Ap dung diing thirc trén va chd y ta dugc:
J2019x? +2xy 42019y

\/4040 2+4—({4-3—6-(x--y)2 Zm(xﬂ»).
Tuong ty:

V20197 +2yz +20192 21010(y +2);

V201927 +22x+2019x* 21010 (z +x).
Suy ra:
VTZM(x+y+y+z+z+x)=2m.ﬁ

= 24/2020.

V2

Déu ding thirc xdyra<> x=y=z =5
Bai toan dugc chirng minh.

Thi du 4. Cho ba 56 thuc dwong a, b, ¢ va k > |

Chiing minh rang

\/r~(1b+_h_“ \/b: ~bc+’ +\ﬁ'2—('u+u: o 3
a+thb+ke b+c+ka cra+kbh 24k
Lai giai. Theo chu y ta dugc:
a+b +b
Jat —ab+b? > ol g
2
Tuong ty: Jb? —be+ ¢ >£~r_c
JP-cara 25318,
2
Suy ra:
a+b b+c c+a

2 + + '
2(@a+b+kc) 2b+c+ka) 2c+a+kb)

Xét tinh dang d4n cia bit ding thirc sau:
a+b b+c c+a 3

+ + 2 ;
2a+b+kc) 2(b+c+ka) 2(c+a+kb) 2+k

2 T?g?uggcc S& 567(9-2024)
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a+b 1 " b+c
2a+b+ke) 2+k 2(b+c+ka)
1 c+a 1
T 2+k 2(c+a+kb) 2+k
a+b-2c b+c—2a+c+a—2b20 ).
a+b+kc b+c+ka c+a+kb
Vi bét ding thirc dé ra va (1) déu 1a bét ding thie
d6i ximg, khéng mét tinh tdng quét ta gia sit
a2b2c. Khidé:
a+b-2c202b+c-2a
{0<(a+b+kc)s(c+a+kb)s(b+c+ka)'

a+b-2c_a+b-2c

Suy ra: .

d a+b+kc c+a+kb (2);
b+c-2a_b+c-2
2T )
b+c+ka c+a+kb
c+a-2b c+a-2b 4
c+a+kb c+a+kb )

Cong vé véi vé cia (2), (3), (4) ta ¢6:
(l)za+b—2c+b+c-—2a c+a-2b
c+a+kb c+a+kb c+a+kb

=0.
Viy
Ja' —ab +b? +\/I?-bc+cz Vet —ca+a? 3
a+b+ke b+c+ka c+a+kb 24k

Déu ding thirc clia bai todn xdy ra<> a=b =c.
Bai toén dugc chimg minh.

Thidu 5. Cho a, b, ¢ la ba so thiec dirong thoa

3 b c 3
man + e > =,
a+b b+c c+a 2
Chirng minh ring
b ¢
e W e e = i e
\/311 —4ah +3b° Fl) - 4/7( + 1(

Loi gidi. D& thiy
3a® - 4ab + 3b* =-;—(a+b)2 +-:52-(a —b)2

>;(a+b)
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Suy ra:

a+bh’

J3a® - dab+ 3}
Tuong tyr:

" % Vac,
Vb —dbe 43t b+e’
a < \/-i(l .
Vi ~dca+3a’ cta
Cong vé vai vé cia ba bt diing thite trén ta dugc:
b ¢

&
J3a? —4ab+ 30 \3b? - dbe + 3¢

” a S\/i( b b < 4 )
Vie! - 4ca + 3a’ a+b b+c¢ c+a

Nhung
a b ¢ b c a
+ + + =
a+b b+c c+a a+b b+c c+a
. b c 3
a gid thiét cho —— + —— 4 ——> =,
Py a+b b+c c+a 2
suy ra: : PO AR <2
v a+b b+c c+a 2
Do d6: b + 4
V3a® -4ab+3b>  \3b' —4bc+3c
a 3 3

<2

+ —=—,
V3c? —4ca +3d’ 2 2
Déau déng thirc cia bai todn xdyra<>a=b=c.
Bai toan dugc chimg minh.
Thi du 6. Cho a, b, ¢ ld ba 56 thic diwong. Chirng

minh rang

ab
\ JF-‘ be+ )¢’ =ca+a’)

- he

+\}\/(T + ('a+(l‘)(:1? —ab +b")

r

+ / “’-:::‘:;:'.::_t-.(:'(‘lr—'_":__—.—:;—.,,—.::: < di:i_
\ V/(a" vab+ b’ )(h2 ~bhe +¢"’)

Léi gidi. Nhan thdy:

b +be+c? =-‘3i-(b+c)2 +%(b-—c)2 2-3—(b+c)2;

https://sites.g?ogle.comésite/letrungkienmzath
¢ ~cava =~;(C+a)2 +:‘-(c—a)2 2Z(c+a) ;

Suyra;  |—mmmm ,_._.‘.’(f.-_,..__...._ =
J(h' +bhe+ e’ )(('z ~ca+ a’)

Y i SRR
k) (h+c)(e+a)—‘¢ﬁ b+e¢ c+a '

Tuong ty:

he
\[[(Zﬁ}}}' +a*)(a’ ~ab+b')

] ¢ b )
5‘;\/‘;[C+a *m) (2);

| ca

V\/(a2+ab+bz)(bz—bc+c’)
1 a c
S| ——4+—— | (3).
Qﬁ(a+b+b+c) ©)
Cong vé voi vé cua (1), (2), (3) r6i rit gon ta
dugc:

I ab

\l\/(b2 +bc+cz)(c2 -ca+a2)

bc

.|
q\/(c2 +ca +a2)(a2 —ab+bz)

+ - <27
\/(az +ab+b2)(bz —bc+c2)
Déu déng thirc cua bai todn xdyra <> a=b=c.
Bai toan dugc chirng minh.
Thi du 7. Cho a, b, ¢ la cic so thuc divong
Chirng minh rang

a b o ]

———— —————— s — e

@’ +3ab+2b° B +3bc+ 200 ¢ +ea
Laéi gidi. Goi vé trii cia bai ton 1a M, ta c6:
M= X
(2a® +3ab+ 2b*) - @*
bZ c!
-5 2 2 2 + 2 2 2
(26" +3be +2¢°)-b"  (2¢* +3ca+2a’)-c
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2 a’ it b Viy 2 z
T @ad +3abv2b)-a (b +3bc+207) - b 8 il bimpoatviog 4 ey &
o 3 “atvab+b® b +berc’ S +cavar”
+*14m T +l-3
(2¢" +3ca+2a')~c 3
, P2,
__(2d’+3aba2b)) (26 +3be42c) 7
(2a’ +3ab+2b*)~-a'  (2b* +3bc+2c')-H  Dodo:
2 +3ca+2a) L 2
(2"‘2 +3ca + 202)_01 . Ty%’z% th,) tﬁxt 2 +3bc+2c2 26" +3ca+ 2d° )
1 |
= +
_ ____a2 | b 2 -—-3 -3
2a’ +3ab+2b' 20" +3bc+ 2 3-3
+ l ; -3 _1
it )
2 2
Theo bt ding thirc Schwarz ta2§6,+ 0424 Déu ding thirc cia bai todn xdy ra <> a = b = c.
9 Bai toan dugc chimg minh.
M2 - = - -3, ,
3-(2a’+3:b+2b‘ ST +3c;a+2a’) Thi du 8. Cho a, b, ¢ la ba 56 thiec duang. Chimg
H . a’ b’
Bay gi¢ ta di danh gia biéu thirc: inh rang:
ik it o '°‘;Z‘h“° 2 IR TANE: aa'b+4ab + b dbic+ dbc” + ¢
a c

¢’ S
Ac*a+4dca’ +a’ 3
Loi gidi. Dt vé trai ctia bai ra 1a M ta cé:
3 & . a’ b
2a’ +3ab+2b*  a* +ab+ b | rerprs, b’+l+4b2 i s +1
Dénh gi4 twong ty véi hai biéu thirc con lai, rdi B absadid

cOng vé theo vé ba bit ding thirc d6 lai s& dugc: +— £ —+1-3
4c‘a+4ca” +a

= + + y
2a* +3ab+2b* 2b* +3bc+2c*  2¢* +3ca+2a’
That vdy ta dé dang chimg minh dugc

7a° 3a?

2 2 2
BP & aptcans 4 crmanson sy, ' 4488 +dad® 4.}
3' a“+ab+b bx+bc+c2 c +ca+ad SR +dabvaab +b -
Tiép theo ta danh gia bieu thirc d Biabic + 4bc + &
I S - b® +4b’c+4bc’ +¢' = b
a’+ab+b® b +bc+c’ S +ca+a . S +4cta+4ca’ +a’ 3
Thét vy theo bat ding thirc Schwarz thi S +4cta+4cd’ +a’ -¢*
a’ " c (a+c)z o 1
’ - 3
a’ +ab+b’ ca+b+c) a*+b* +c’ +ab+bc+ca o a
2 a’ +4a’b+4ab’ + b’
b’ + a’ > (b+a) " 1
b’ +bc+c’  a(a+b+c) a* +b* +c* +ab+bc+ca’ + B
1-
& b? (c+b)2 b +4b’c +4bc’ + ¢
+ > .
¢’ +ca+a’ ba+b+c) a'+b'+c’ +ab+bc+ca & 1 -3

3

' , e o e
Cong vé véi vé cia ba bét ding thirc trén roi rat -
ong ¢ ¢ +4ca+4ca’ +a’

gonséduge: A+122 421,
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1

a.\

@i )
1
bl
(b+c)(b* +3be+c?)
1
+ -3,

C;

= (e+ a)(c +3ca +¢;—”)

+

1=

Theo bit diing thirc Schwarz ta ¢6:

al

M29:{3- +
{ [(a+b)(a2 +3ab+b?)

b! cl
+ -3
+(b+c)(b’+3bc+c’) (c-o-a)(cz +3ca+a’)J}
Biy gio ta di danh gia biéu thirc

al

- (a+b)(a2 +3ab+b’)

b! CJ

" (b+c)(b2 +3bc+c2)+ (c+a)(c1 +3(:a+a2)'

That vy ta thiy:

a® +3ab+b* =%(a+b)2 —l(a—b)z S-f;(a+b)2

a y
S 3
o (a+b)(a* +3ab+b?) (a+b) -

Tuong ty: (2);

bJ
(b+c)(b2+3bc+c ( +c

CJ
3
(c+a)(c +3ca+a (c+a) @)
Cong vé véi vé caa (1), (2), (3) ta co:

R

Tiép theo ta dénh gia biéu thirc:

(5] () (5

Ap dung bit diing thirc trung binh iy thira ta c6:

()T izt

Dén ddy ta lgi tiép tyc dénh gi biéu thirc:

2
a
t},;((H*b) .

Theo bit ding thirc Bunyakovsky ta c6:

[;(ﬁ)z}[g(am (lH-c)J [Zaan')J

=%[Z(a +b)’Jz.

oy

Nhung [Z(a+b)2:|z23[Z(a+b)z(a+c)2}

cye oye
ding theo bat ding thic quen thudc sau
(x+y+2z) 23(xp+yz+zx). Suyra:

2
2(as) 2
s \a+b) 4
Dan dén
1 1
s 'R
12l | 432l )
IJSe\a+b 3Se\a+b
1
2(1_2)2 =l‘
4 2

Do d6
3 3 3
o6 o
S|\a+b b+c c+a
,43_3
58 10
Két qua:
9 9 1
M2 -32 -3z
3-4 3_1 » 3
10
Déu ding thirc ciia bai todn xdyra <> a=b=c.
Bai todn dugc chimg minh.
- TOAN HQC
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Thi du 9. Cho a, b, ¢ ki ba so thue duong. Chimg

minh rang

o b
. <4

\J’3'J‘ . dab 0{/' \,"’,i;! B 'J;,(' l 3(-".

Loi giai. D€ thiy:
3a* —4ab+3b* = %(a +b) + %(a -b)’
1

2—(a+b 2.
H(a+b)
2
Suy ra: = < J_a.
J3a? —4ab+3b? a+b
b J2b
Tuong tu: < ;
J3b? —4bc+3c? b+c
c NEY

<
\/3c2 —4ca +3a?

Cong vé véi vé cia ba bt déng thirc trén ta dugc:
b

a
+
J3a* —4ab+3b*  3b? —4be + 3¢
Cc

+
J3c? —4ca+3a>
a_, b +_€ )

c+a

sﬁ(

a+b b+c c+a

Mt khac:
TP JUPU SN APV NS
a+b b+c c+a a+b b+c c+a
b c a
M3 + +
’ a+b b+c c+a
b £ c + a @)

> =
a+b+c b+c+a c+a+b
nén tir (1) va (2) suy ra:
a_, b 3 c
a+b b+c c+a

<2,
Vay
a & b
J3a? —4ab+36*  3b? -dbc+3ct

& < 2\f2-.

+
V3c? - 4ca + 34
Bai to4n duge chimg minh.

TOAN HOC
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Thi du 10. Cho a, b, ¢ la ba si thiee dwong
Chieng minh rang
a h
e S ‘+—A i
2a° + Tab+ 2b° 2b° + The + 2¢
¢t 3

F o 2
11

2
Loi giai. Dit vé trai clia bai toan dé ra 12 M. Ta dé

2¢" +Tca+ 2a

dang chimg minh dugc:
11a® 3a’ 1)
2a* +7ab+2b*  a* +ab+b? ‘
116° 3b?
Tuong tu: > 2):
gt 2b* +7bc+2¢* b +bc+ct )
11¢c? 3¢t
2 ? = .2 : 2 (3)'
2c+T7ca+2a* c*+ca+a
Cong vé véi vé cua (1), (2), (3) s& duge:
11 a’ b c?
—M 2 + + .
3 a*+ab+b* b +bc+ct A +ca+ad

Dén diy bai toén dugc chimg minh néu chimg
minh dugc:
a’ b’ ¢
A= + + 21.
a’*+ab+b* b +bc+c’ ¢ +ca+a
Thit vy theo bit dfmg thirc Schwarz ta c6:

a’ " c?
a’ +ab+b? c(a+b+c)
2
N (a+c) :
a*+b*+c* +ab+bc+ca
bZ 4 a2
b +bc+c’  a(a+b+c)
2
" (b+a) ’
a’+b*+c* +ab+bc+ca
CZ " b2
c*+ca+a’ b(a+b+c)
(r:+b)2

Tat+b 4+t +ab+bc+ca
Cong vé vai vé cia ba bt ding thirc trén rdi rat
gonta duge: A+122 421,
Viy -I—I.MZI@MZA.
3 11
Déu déing thirc cia bdi toAn xdyra<> a=b=c.
Bai todn dugc chimg minh.
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Thi du 11 (Tap chi TH&TT bai 6 6 thang
11/2023).
Cho a, b. ¢ la cie so thiee diwong. Ching minh
rang
a' b
- W ATV YOS ...

b \(: b b)) (B 4 3be o)

]

¢ 3

ey ———— - — .
u‘\/'(( "((I+(I )‘ i‘/’

Lo gidi, Dit vé trdi cua bai toan dé ra 1a M.
Vi
2 23 P 1 5 2
a’ +3ab+b’ ==(a+b) -—(a-b) <=(a+b)
4 4 4
a’ 8a°

b \ﬂa’ +3ab + b )’ * 5\/Sb? (a+b)’

Theo bét ding thirc Cauchy thi:

20 30 rsy >5J )

suy ra:

“lasty (a+b)
=5.4a*.
Do do:
a’ 20a —3(a+b) a* - 6a* - 6b*
(a+ b) 64 . 64 ;
o TR A 25
(a+b) 32
Viy 8a’ 'y 3
5\5b% (a +b) YN YN S
Towng ty: 8b° 75’ 3 .
B 5V (be) 2 asvsd a5l
8c’ 7¢? 3

5V54* (c+a)’ 2asloa 4585

Cong vé véi vé ctia ba bét ding thirc trén ta dugc:

7 (a®@ b c’) 9
M2 = o |-
45\/‘(b’ ¢ a*) 455
7.3 9

2505 4595 sf

Déu ding thirc ctia bai todn xdy ra <y a=b=c.
Bai todn dugce chirng minh.

Thi dy 12. Cho a, b, ¢ la ba so thiee dwong va
0 <2k <1, Chung minh rang
a b’
h \/(/\u‘ tiab + kb ) (“\I(/\'/) tthe + ke )
r“ 3
TR— p——

\/(Iu Hul+£u ) ("/\+I)\/"A p(
Loi gidi. Do 0 < 2k <t vatir
+b)' -

2k +1t t-2k
——-(a

ka® + tab + kb* =

(a-b)

s2k+t

(a+ IJ)2
suy ra:

a 8a°

2
B y(ka* +1ab+kp?)  (2k+1)V2k+15" (a+b)

Tuong ty:

1.

b’ 8’
2 7 (2);
ch(}’fb2 +tbc+kc2)3 (2k+’)‘/27“-cz (b+c)
5 L}
- ¥ Q).

2
* (I«:2 +lca+ka )3 (2k+1)N2k +1.a* (c+a)

Cong vé véi vé cua (1), (2), (3) va dit vé trai cua
bai toan dé ra 12 4 ta duge:

A2 . L + ¥ + ¢
(2k+1)\/2k+t b’(a+b)J s (b+c)3 a’ (c+a)] -
Tiép theo ta di d4nh gia biéu thirc:
) a N b . &
b? (a+b)3 c (b+c)’ a’ (c+a)’ .
Theo bat ding thirc Cauchy thi:
5 2 10
2.£13-+3(a+b)22 (24) L _(a+b)
(a+b) (a+b)
=204’

@ 20a’-3(a +b)’

Do d6: r e
(a+b) 64
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Y k.t _and
Z20a 6a” - 6b

64
s 2 2
hay a 3 27a -3b :
(a+b) 32
Suy ra:
a’ 7a® 3
2 - (4.
b'(a+b) 326 32 "
Tuong ty:
b’ 3
2 -— (5);
?(b+e) 328 32 ()
¢ 7¢2 3
-— (6).

72753
az (c + a) 32a 32
Cong vé v6i vé cua (4), (5), (6) 1di 4p dung bit

ding thirc Cauchy ta thu dugc:
2 2 2
le a—2+b—z+c—2 s
32{b° ¢ a 32
13_9
32 32
"
8
8 3 3
Viy 42 == .
4 (2k+0)V2k+1'8  (2k+1t)V2k +1

DAu ding thirc ciia bdi todn xdyra<>a=b=c.
Bai todn dugc chirng minh.
Dudi diy 12 mdt s6 bai todn danh cho ban doc tyr
gidi
BAI TAP

1. Cho ba sb thyc dwong a, b, ¢ théa min
a* +b* +¢* =3. Chimg minh ring

ab be

+
J3a® +2ab+3b*  \3b? +2bc +3c?
ca 3

+ '
V3c* +2ca+3a* 8
2. Cho ba sb thuyc dwong a, b, ¢ thda min

a* +b* +¢* = 3. Chimg minh ring
ab be ca

. NPT
Jal-ab+b* b -be+c? Vet -ca+d

8 T(?g,'-'uggg S3 567(9-2024)

3. Cho ba sb thyc duong a, b, ¢ théa mip
a* +b* +¢* = 3. Chimg minh ring

ab be
J2a? - 3ab +2b° ' J2b* - 3bc + 2¢*

ca
+ <3.

J2¢? = 3ca + 24
4. Cho ba s thyc dwong a, b, ¢ théa min

@’ +b* +¢* =3 . Chimg minh ring
ab be

+
\/2a2 +3ab + 2b* \[sz +3bc + 2¢*
ca 3

+ b .
J2c? + 3ca + 24° NG
5. Cho a, b, ¢ 14 ba sé thyc duong. Ching minh

ring
a’ b’
2 2 + 2 2
2a° +5ab+2b* 2b* +5bc+2c

2
c >l

2¢* +5ca+2a° 3
6.Cho a, b, ¢, k, t 14 céc s6 thyc duong tiy ¥ thoa

man ¢ > k. Chirng minh ring
a’ b?
%
ka® +tab + kb*  kb* + thc + kc?
¢’ 3
+ 2 2 by
ke +tca+ka® 2k +t

7.Cho a, b, ¢, t, k, r 1a céc s6 thyc duong tuy ¥
théa mén ¢ > k > r. Chirng minh ring
aZ b2
2 * 2 2
ra’ +tab+kb®  rb® +tbc + ke
2
c 3
2 2 = "
re’ +tca+ka r+t+k

+

8. Cho a, b, ¢ 14 céc sb thyc duong. Chirng minh
s a’ b’
ring +

bz\/(a2 +5ab+ b’ )3 cz\/(bz +5bc + ¢ )3

¢ 3

+ 2 a
az\/'(c2 +5ca+ad’ )3 7ﬁ

Scemed with

BCanscamer

R


https://v3.camscanner.com/user/download

HUONG DAN GIAI PE THI TUYEN SINH VAO LOP 10,
TRUONG THPT CHUYEN LE HONG PHONG, NAM DINH
MON TOAN, NAM HOC 2024 - 2025

VONG 1
Chau 1. 1) Tim diéu ki¢n xdac dinh cia biéu thire
oy 2025
P=+Jx+2024 + ————.
X -2+l

2) Cho dwong thing y=2x+3 cat parabol
v=x" tqi hai dicm phan biét. Tinh tong tung do
cua hai diem do.
3) Tinh di¢n tich cua hinh tron ngoai Ii("p tam
gide déu canh bang J3.
4) Cho tam giic ABC vuong tai A co AB =6,
AC =8. Quay tam giac ABC mot vong quanh
canh AC. Tinh thé tich cua hinh dugc tao thanh.
e . x+202420
Lai gidi. 1) Diéu kién xdc dinh: { |
x"=2x+1#£0
x2-2024  (x>-2024
= , o A
(x-1) =0 [x=1
2) PT hoanh d§ giao diém cia duong thing va
parabol la:
2 2 x=-1
xX=2x+3x -2x-3=0& .
x=3
Voi x==1=>y=1. Véi x=3= y=9,
Viy tdng tung d9 hai giao diém 1a: 1+9=10.
3) Ban kinh cua dudng trén 1la R=1.
Dién tich cia hinh tron bing 7R? = 7 (dvdt).
4) Hinh dugc tao thanh 13 hinh nén c¢6 ban kinh
dayla r = AB =6, d$ dai dudmg cao h=AC=8.

Thé tich ctia hinh nén 1a ¥ = %nr’h =967 (dvtt).

Ciu 2. Xét biéu thire
x4 Jx 3Wx
x+5Jx+4 A‘—\/II+1 xvx +1

s voi x 20,

1) Riit gon biéu thitc A.
2) Tim gia tri lém nhat cua A.
Loi gidi.
Jx+4 Jr+d 1
Jx+1

x+5\/;+4=(\/;+1)(\/;+4)—

1) Taco

1 __Nx 3
\/;+l x—\/;+l x\/;+l

_x—\/;+l_‘/;(\/;”)+ 3Wx
Coxx 4l wWx+l  x/x+l
=x-\/;+l—x-~/;+3~/;

xvx +1

Vx +1 !

(V) (xVaat) xeVd”

2) A=

nén A=

1
——— . Taco:
x—+x +1

x- x+l=(\/——1)2+322 vGimoi x20.
2) 4 4
Do d6 0<As§ voimoi x20.
Ta cé: A:%@(\/——%I:O@x:%ﬂéy o

trj 16n nhét cia 4 lé% khi x=%.

Céu 3. 1) Cho phuong trinh

- 2(m - l)x +2m—=5=0 (vai m la tham ,\(5).

a) Tim tat ca cac gia tri cia m dé phwong trinh
co hai nghiém trai dau.

b) Tim tat ca cdc gid tri cia m dé phwong trinh
cho

c6  hai nghiém phan  bict sao

(\; -2mx, + 2m)(2.\'l -5)=2024.

X5 X,

2) Giai phirong trinh

X +5x—4-2(x+1)¥3x-1=0.

Lai gidi.

1) a) Phuong trinh di cho ¢6 hai nghié¢m trai déu
khi va chi khi: 2m-5<0 @m<§.

b) Ta cé:
A'=(m=1) =2m+5=m’ -4m+6

=(m—2)z+2>0, Ym

TOAN HOC
' CTusiee 9
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= phuong trinh lu6n c6 hai nghi¢m phén bit vai
moi m. Vi x = x, 14 nghi¢m cua phuong trinh da cho
néntacd: x; =2(m-1)x, +2m-5=0
& x] - 2mx, +2m=5-2x,,
Khi dé:
(¥ - 2my, + 2m)(2x, - 5) = 2024

< (5-2x,)(2x, - 5)=2024

<> 10(x, + x,) = 4dx.x, = 2049
Thay x,+x,=2(m-1), x.x,=2m-5 vio diéu

ki¢n trén ta duge:

20(m=1)=4(2m~5)=2049 <> m =-§%;-.

|
PK: x2-.
2) X 3

5] i 24+b*=x*+5x. PT di ch
t =D>a +b°=x"+5x. a cho
: b=J3x—l

trg thanh: @* +b* -2ab=4
b
o(o-t) stes|?0%2
a-b=-2

-Véi a-b=2,tacé:

x+l—\/3x—-—l_=2©x/3x_—=x—l
x=-120 x>1
°{3x—1=(x—1)‘ Q{x’ -5x+2=0
2 +2‘/ﬁ (thod man PK).
-Véi a-b=-2,tacé: x+1-y3x=1=-2
x2-3
x* +3x+10=0
(vo nghi¢m).
Vay phuong trinh di cho ¢6 nghiém duy nhit
5+ Jl—7
2

Ciu 4. Cho ducmg tron (Q) voi dwong kinh BC.

& 3x—-l=x+3c>{

-

Trén tia doi cua tia CB ldy diém D, goi DA la tiép
tuyén cua duong tron (Q) vai A la tiép diém. Ké

dwong thang qua A vuong géc vai BC tai M va cit

TOANHOC |
10 ¥ erusige__ s8s670-2024)

N

diwing won (Q) tai E (E khac A). Goi AH la
dweomyg cao cua tam gigc ABE, AH cat BC i F
Goi I la trung diém ciia doan AH, dwong thang Bl
cat dwomg tron (()) tai K (K khac B), AK cdt BD
tai N.

1) Ching minh cac dicm EM,F.H cung thuse
mot dwcng tron va DB.DC ~ DM DO,

2) Chimg minh  AFEC la hinh  thoi va
BAN = ADB.

3) Chiing minh MK L AN va MD =2MN.

Léi gidi,

1) e Ta c6 AE wudng goc véi BC tai M nén
FME=90° suy ra M thudc duémg tron dudmg
kinh EF (1).

EHF =90° suy ra H thuoc duomg tron duong
kinh EF (2).

Tir (1), (2) suy ra 4 diém E,M,F,H cung thugc
mdt dudng tron.

e AM 14 dudng cao cua tam gidac vuong ADO nén
ta co: AD* = DM .DO (3).

DAC = DBA

Xét ADAC va ADBA c6: { __
D chung

= ADAC ~ ADBA (g.g)
DC DA
= 34— = FB- =
Tir (3) va (4) ta c6: DB.DC = DM .DO.
2) «OC L AE =M la trung diém cia AE. Ta c6
F la tryc tdm tam gidc ABE nén EF L AB =
EF/IAC (Vi AB)

= MAC = MEF => AAMC = AEMF (g.c.g)
= MC = MF nén tr gidc AFEC 1a hinh thoi.

DA* = DB.DC (4).

cung wvudng goéc vdi
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e Taco: /TBT! = DAM (cung bﬁng —;— sd AE ).

ABH + BAR =% o oy §aR = 7DB.
DAM + ADB =90

3) e KAM = KBE (cing chin cung KE)
KBE = KIM (vi IM //BE)

= KAM = KIM = tix gidc AKMI ndi tiép

=> MK L AN (vi MIA=90").

o Xét ABHI va AAMN c6: BHI = AMN =90" ,
IBH = NAM (cing chin cung KE)

HB HI
~ AMAMN (g.g). Do d6 — =—— (5).
= ABHI (g-8) A MN()

Xét ABHA va AAMD cé:
BHA = AMD =90° , ABH = DAM
HB HA

A ~ AAMD. Do d6: — =—— (6).
ks ma wp @

HI HA
) a (6) ta dugec: ——=——,ma HA=2HI
Tur (5) va (6) ta duge MN - MD ma H

nén MD =2MN .

Cau 5. 1) Giai hé phweong trinh

j\/K +(y+2)(x-p)+2Jx =4y
[\/.\'—l+\/§t\tf=3.\'z—7_r+6 .

2) Xét ba so duong a, b, ¢ thay doi va thoa man

dié¢u kién abc=1. Tim gid tri lém nhat cia biéu
a b c
3 += + 3 .

a +3 b +3 ¢ +3

thire S =

Lo gidi. 1) Xét hé phuong trinh:

{J‘W +(r+2)(x=r)+ 2 =4y @)

Jx=1+5y-1=38-7x+6  (2)

le,yZl
bK: 5 *.

4x° +(y+2)(x-y)20
(l)<:>|:J4x2 +(y+2)(x~y)—2y]+(2J5—2y)=0

4(x+y)+(y+2) S
\[4x2 +(y+2)(x-y)+2y Jo+y

=0

@(x-y)[

Sx=y,
Khi x =y thi PT(2) tr& thanh:

Vx=1+v5x=1=3x"-7x+6 (3)
e x=1—(x=1)+Sx—1-(x+1)=3x" -9x+6
e x=1(1=Vx=1) 4 f5x=1-(x+1)=3x" ~9x+6

N Sx—1)=(x+1)’
& x-1. L. +( X ) (x+) =3x'-9x+6

l+‘/;‘j VSx—1+x+1
© x_1,l+2‘[_£_1+‘([§_;_f_3(::)]=—3(2—x)(x_1)
2-x=0
|x-1=0
b1+*/la+\/§§?x+l+3m=0(m"ghi¢m)

x=2
= [ (théa man).
x=1

Voi x=2=y=2. Véi x=1=>y=1.
Viy nghi¢m (x; y) cia h¢ 1a: (1;1), (2;2).

2) §=— s + 2 g
@ +1+1+1 b +1+1+1 S +1+1+1
a b c

+ +
3a+1 3b+1 3c+1
Ta di chirng minh:
a b c
+ +
3a+1 3b+1 3c+1

<3,
4
})g,ta=i[-,b=l,c=E voi x,y,z>0.
y z X
Ta can chimg minh:
x y .z 3
Ix+y 3y+z 3z+x 4
3x 3y 3z 9
= + + Py
3x+y 3y+z 3z+x 4
e 3x ‘- 3y 3z
Ix+y Jy+:z

=3

y_ % X >3
3x+y 3y+z 3z+x 4

yZ 22 t,2
Tt § & andany
Ixy+y" 3yz+z0 dzx+x”

>3,
4

TOANH
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2
X+y+z
VT2 Li L NSRS
3xp+3yz+3zx+x +y 420 4

&P +y' +27 2 xp+ yz + zx (ludn ding).
Do d6 SS% vivoia=b=c=1 thi S=%.
Vg‘:ymaxS=3

a

VONG 2
Cau 1. a) Cho x, y > 1 thoa mdn
1 | 5

+ = §
x+l v+l xv+4

Tinh gid tri ciia biéu thirc A=x" + ' +9xy.

b) Xét da thirc P(x)=x" +ax+b véi a, b la cdc
hé so  nguyén. Chimg minh rang néu
P(1+42)=2024 thi P(1-+2)=2024.

Lai giai.

. 1 5
a) Ta co: + =
x+1 y+1 xy+4

= (xy+4)(x+y+2)=5(x+1)(y+1)

o xp(x+y)+3=3xy+x+y

< (x+y-3)(xy-1)=0 ().
+V6i x, y>1 thi xy-1>0, do d6:

(ex+y=3.

Viy A=x"+y' +9xy
=(.>:+y)’--3.7L'y(x+y)+9:¢y=33 =3xy.34+9xy=27.
b) Ta cé: P(l+\/i)=2024

& (14v2) +a(1+v2)+b=2024

o (a+202 =2021-a-b.
+ Do a + 2, 2021 — a - b 1 cic s6 nguyén trong
khi v/2 12 sé vé ti nén phai xay ra:

a+2=0 - a=-2
2021-a-b=0  |b=2023
2
Viy P(1-v2)=(1-+2) -2(1-v2)+2023
=3-2J2 -2+ 242 +2023=2024,

1 2 T(?@{-w,gf, S& 567(9-2024)

ta ¢6 diéu phai chimg minh.

Cin 2. a) Giai phieong trinh

J ()T I s 2)

b) Giai h¢ phwong trinh

Vx-y)

py=1) =0

4 -9x +7x43y" 10y +5-0

Lo gidi.
a) Diéu kién xéc dinh: x* +2x -8 >0,
Phuong trinh dugc viét lai la:

¥ +2x-8-(2x-9)x* +2x -8 +(2x~10) = 0.
Dijt £ =+/x* +2x -8 thi dugc:

r —(2x—9)t+2x—10=0<:>[

t=1
t=2x-10,

+V6it=1thi Vx! +2x-8 =1
S +2x-9=0e x==1+10.
+Véi t=2x-10 thi VX’ +2x -8 =2x-10
2x-1020
<~ 3 2
x +2x-8=(2x—10)

x25
=
xP-14x+36=0

c:>x=7+\/1_3.

Vay phuong trinh cho ¢6 tip nghiém la:

S ={7+\/E;—l +\/m;—l—\/l_0}.

b) Xét h¢ phuong trinh
(x=y)+(y-1)'=0 ()
4 -9x* +Tx+3y" —10y +5=0 (2)

|

+Tach: Dy - +2)y+x" +1=0

y=x+l1
& ;
y=x'-x+l

+Néu y=x* -x+1, thay vao (2) thu dugc:

4x’ -9x? +7x+3(x* —=x+1)' =10(x* = x+1)+5=0

&3 =22 108 +11x-2=0
o (x+2)(.x—l)(3x2 -5x+ l) =0

(=2 §
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Tim duge cae nghi¢m (x; v): (<23 7): (15 1),
[5+Jf3..l_l.:_J.i;5]. (z{u - Vi3 ]

6 ' 9 JL 6 9
+ Néu v = x+1, thay vito (2) thu duge:
4x =00 + T+ 3(x 4D’ =10(x +1) 4+ 5=0

14 {/‘4

o dy' 60 43r=22063 (2x=1)' =3 ¢d y=oms,

2
" 1+43 3+ 3
Tim duge nghi¢m (x; ») = [—-—2—{-;-3__].

Viy h¢ cho ¢6 dung § nghi¢m (x; y) la:

27 () [5+(:ﬁ3;n+9\/13}

(5—\/?3;11—\/6}(“3/5;3“‘/5}

6 9 2 2

Cau 3. Cho tam giac nhon ABC ngi Ii(fl) duong
ron (O) va AB< AC. Ba dwong cao cia tam
gidc ABC la AD, BE, CF dong quy tai diém H.
Goi AQ la dwong kinh cua dwuong tron (0),
dwong thang HQ cat canh BC tai diém M. Duong
tron ngoqi tiép tam gige AEF cat dwong tron (())
tai di¢m N va cat dwong thang AM tai diém K (N,
K khac A), duong thang AN cat dwong thang BC
tai diem P. Chieng minh rang:

a) HQ vuong goc voi AN va FDH = Im,
FDK = NDE.

b) Ba diém P, E, F thang hang.

¢) PEPF < PM".

Lo gidi.a) « Dudmg trdn ngoai tiép tam gidc AEF
la dudng tron duong kinh AH , suyra AN L NA.

Mit khac N thude dudmg tron dudmg kinh 4Q
nén QN L NA, suy ra N,H,Q thing hing va c6
HQ L AN .
e Ta ¢b ADC = AFC =90" nén t& gibkc ACDF
ndi tiép, do 46 FDB = BAC.
Tuong ty ¢6 EDC = BAC. Suy ra:

FDH =90" - FDB =90° - BAC

=90° - EDC = EDH ().

Ta ¢6 ANM = ADM =90 nén tir gibc ANDM
ndi tiép, suy ra NDH = HMK.
Ta ciing ¢6 HDM = HKA=90" nén tir gidc
HDMK néi tiép, suy ra HMK = HDK.
Viy NDH = HDK (2).
Tir (1) va (2) suy ra:

FDK = FDH + HDK = HDE + NDH = NDE.
b) TG gidc ANFE nji tiép nén suy ra
ANF = FEC.Ta ¢6 BFC=BEC=90" nén tir
gidc BFEC ni tiép, suy ra FEC = FBP. Viy ¢o
ANF = FBP, suy ra tir gidc NPBF ni tiép.

Do d6 PFB=PNB=BCA=EFA. Viy
PFB=EFA, ma B,F,A thing hang nén P,F,E
cling thing hang.

¢) Chimg minh duge BHCQ 1a hinh binh hanh nén
M 1a trung diém cua BC.

Tam gidc EMC cin tai M nén MEC = BCA.

Tir 46 c6:
PEM =180° - MEC - FEA =180° - BCA - ABC
= BAC = FDP.
Suy ra:
APFD ~ APME (g.g)
agﬁ:ﬁ—lz < PE.PF = PD.PM.

Do AB < AC nén

BD + DC

BD<DC=BD< =BM

= PD<PM. Viy PE.PF = PD.PM < PM*.

TOAN HOC
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A “ § f a
Cau 4, ) Clumg munh vai moi so neuvén dicony
n, s n - on+ 33 khong la so chinh pheong.

b) Cho cac so nguven dweong a, b thoa man dicu

hikn a+bvl da  woc  npgwvén 1o cua

4(0" +ab 4 b:) 3. Chung minh rang a +bh -1
li woe ciia 4(a* +ab+ b')- 3,

Lai gidi, a) Ta cé:

n’—6n+33=(n’ —n)—5n+33.
Theo dinh li Fermat bé ta ¢6:
n* =n(mod5) nén (n* -n)=0 (mod5).
Do 5n=0(modS5), 33=3 (mod5) nén suy ra:
n*=6n+33=3 (modS) (*).

Mot s6 chinh phuong khi chia cho 5 chi c6 thé cho
s du thugc {0;1;4}). Vay tr (*) suy ra
n® =6n+33 khong thé 1a s6 chinh phuong.

b) Theo gia thiét c6: 0=4a" +4ab+4b* -3

=44* +4a(-a-1)+4(-a~1)' -3 (mod a+b+1)
hay (2a+1)’ =0 (mod a+b+1).
Td a+b+l I
(2a+1)i(a+b+1).
Tacéd: 0<2a+1<2(a+b+1) nénxayra

4 a 4
sO nguyén t0 suy ra

a+b+l=2a+1<a=>b.
Khi 46 co:
a+b-1=2a-1
4(a®+ab+b?)-3=12a" -3=3(2a+1)(2a-1)
suy ra: (4(¢z2 +ab+b‘)-3)5(a +b-1).

Ciu 5. a) Xét x, v, z la cde 56 thic dwong thoa
man xy+yz+zx<xyz. Tim gia trj nho nhat cia
biéu thiee Q = xv* + yz* + 2 —l8(1+)'+:).

b) Cho bang hinh chit nhét gom 2 dong va n cgt,
duegc chia déu thanh 2n 6 vuong don vi. Ban diu,
trong moi 6 vuong don vi nguai ta dat diing mgt
vién bi co kich thuée rat nho. Ta goi moi bién doi
(7) la vig¢c thuc hién cdac thao tac sau: Chon ra hai
o vuong don vj twy ¥ c6 chira bi, chuyen tie moi 6

vudng do di mot vién bi sang 6 vuong don vj lién

TOAN HOC
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hé (hai o vuong dom v/ ~L’ui la [I'(':ll ké neu (/IHIH_' (0
chung canh). Tim tat ca cac so nguven dwong n de
sau hien han lan ch thiee hien bien doi (T), ta ¢o
thé dua hét it ca cac vién bi cé trén bang lic dau
Ve nam trong cung mot o vuong don vi cua bang.
) 3R} T I 1 1 :
Loi gidi. a) Tir gia thiét ¢6 1>—+—+—. Ding
x y z
A - ,
bat ding thirc Bunyakovsky ta cé6:
1, o0, a1 11 22 2
Xy +yz +zx" 2| —+—+-— (xy +yz- +zx )
X y z
2
2(y+z+x).

Suy ra: Q2(1c+y+z)2 -18(x+y+2z)
=(x+y+z-9) -81>-8l.

Khi x=y=2z=3 thi cic gia thiét dugc théa min

va 0 =-81. ViyminQ=-8l.

b) Xét n las lé:

Ta t6 mau céc 6 vuéng don vi theo kiéu xen k&

nhu ban c& vua boi hai mau den, tring. Goi B,

W 14n luot 12 s6 bi nim & 6 don vi mau den, sb bi

nim & 6 don vj mau tring,

-Lac diu: B=n va W=n. Nhu vay B,W lacéic

sb 1e.

- Chi ra dugc bét bién: Sau mdi lan thyc bién ddi

(7) thi tinh chin 1é cia B, W 14 khéng thay dbi.

- Suy ra ltic nio ciing ¢6 bi nim & 6 den va lic nio

ciing co bi nim & 6 trdng (vi B, W ludn la s 1¢),

vay khong thé don hét tat ca cac vién bi vé mot 6

vudng don vi.

+ Xét n 1a sb chin: Ta chi ra cich ddn dugc bi

theo yéu cau.

Péu tién ta chon hai 6 vudng phan biét ma méi

vudng tuong mg déu nim & cudi cing cia moi

dong va phai cé bi, thuc hién bién di (7) dé don

hét bi tir hai 6 nay vé hai 6 dimg lién trudc ching.

Lai thyc hién tiép bién ddi (7) véi hai 6 don vj c6

bi ma mdi 6 ndm & ddu ngoai cung ciia mdi dong

dé don hét bi cia hai 6 ndy vé hai 6 ding lién sau

ching. Tiép tuc vdi hai cach chon  nhu véy (chon

cip 6 ¢ bi & cudi dong rdi lai chon cip 6 ¢6 bi &

dau dong) ta di dén trang théi bi chi con nim &
&
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DE THI TUYEN SINH VAO LOP 10, THPT CHUYEN
TP. HO CHI MINH

(Thei gian lam bai: 150 phiit, danh cho hoe sinh thi vao cdc lop chiyén Toan)

Bat 1 (2,5 diém) Cho tip nghi¢m ciia phiong trinh
(¢ +ax+ b)(x' +ex 4 d)(x2 tex+ f)=0
la {1;2; 3; 4; 5; 6}. Tinh gia trj cia biéu thire
T=a'+e+ve'-2(b+d+ f).

Bai 2 (2,0 diém). Gidi cac phuong trinh sau;

) (V¥ +5) = 6res.

b) Px+6+J23-x=7.
Bai 3 (1,5 diém)
Cho tam giac nhon ABC ¢6 cac dudmg cao BE, CF
cit nhau tai H va M la trung diém cia BC. Duong
thing qua A va vudng goc véi EF cit duong trung
trie ctia BC tai O.

a) Chwmg minh AH = 20M.

b) Chimg minh O la tim duong tron ngoai tiép
tam giac ABC.
Bal 4 (1,5 diém)

bk _a £ a &
Vi cac 50 thye duong a, b théa man a® + b* < 2.

a) Chimg minh a+ <2

b) Tim gia trj nho nhat ctia biéu thire

P=\a+b + 2024

a+b+2

Bai § (2,0 diém)

Cho tam giac nhon ABC (AB < AC) ngi tiep duomg
tron (0). Goi E 1a diém bat ki trén cung nhoé BC
clia (0) (BE < BA). Trén céac canh AB, AC lan lugt
lay céc diém K, L sao cho BK = BE, CL. = CE. Goi
M, N 1n lugt 14 trung diém ctia BC va KL.

a) Chimg minh BNC = 90",

b) Goi F la diém thudc (O) sao cho EF song song
véi BC. Chirng minh MN song song véi AF.

Bai 6 (1,5 diem)

a) Cho mét hinh vudng canh 8cm ¢ chira bén
trong 2024 diém phan biét. Chimg minh ring co
thé vé dugc mdt dudmg tron ban kinh 1,5 cm co
chira bén trong it nhat 127 diém trén.

b) Cép s nguyén duong (a; b) duge goi 1a cip so
“may mén” clia sO n néu a + b = n va ton tai so
nguyén t0 p théa man dang thirc g + s = —. Tim

a b p
tit ca cac cip sO “may méan” cua so 2025.
NGUYEN DUC TAN (TP. H6 Chi Minh)
vO MONG TRINH (Binh Dinh)
Gidi thi¢u

LA AR R R R AR S S R R R R A e e R R R R R 22222222222 22 222 2R a st sl dd s dl

< bang con 2x2 ¢ chinh gita cia bang ban

dau nhu hinh 1 (cac chir cai ghi trong ngodc la dé
chi tén ciia 6, cac s6 chi s6 lugng bi dang c6 & 6
trong tmg do).

- Tiép theo chon cip & B, C va thyc hién :2'- lan

bién ddi (T) (bi tir 6 B dwa sang & A, bi tix 6 C
dwra sang 6 D) thi thu duge trang nhu hinh 2.

- Tiép tuc, ta lién tuc chon ciip 6 A, D cho dén khi
hét bi va chuyén bi & hai 6 nay sang & C thi sau
cung dwa duge 27 vién bivé hét 6 C.

Viy tap hop tht ci cac sé » can tim 1a tdp cic so
nguyén duong chin.

n 0
(A) (B)
0 n
© [ (D)
Hinh 2

P’

CRIRICRIE

P

p— j—
AW
—

h—"

:

TRAN XUAN DANG
(5/7/136 Phan Dinh Phing, TP. Nam Djnh, Nam Dinh)

Gidi thi¢u
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s W NGUYEN THANH HAJ
e b I\ (GV THPT Trigu Som 4, Thanh Héa)
TREO I ONG RN Y A SGR Mot - -~/

Chwong trinh gifo dye THPT 2018, nhirng bai
todn ¢6 tinh vin dyng vdo thye tifn ludn duge
quan tim hang diu, bai todn gid trj 16n nhét, gia trj
nhé nhét cia ham s 13 mt trong nhimg bai todn
¢6 tinh img dung thyc tién cao. O bai viét nay
chuing ti xin gidi thi¢u téi ban doc bii todn tim
min, max cia ham s chira ddu gi trj tuyét déi, c6
tham sd. Hy vong qua bai viét, chiing ta c6 thé it
nhidu trang bj thém cho minh nhimg kién thirc cin
thiét dé phat trién thém cdc dang toin min, max
mdi hodc gidi cdc bai todn twong ty, cling nhu xir
1i duge mdt s6 bai todn thyc tidn.

Trude tién ching ta nhic lai khai niém vé gia tri
16m nhat, gia trj nho nhat cua ham sé.

Cho ham s6 y = f(x) xdc djnh trén tgp D.

- 86 M dugc goi la gid trj Ién nhdt cia ham sé
y=f(x) tréntip D néu f(x)<M véimoi
xeD v ton tai x, €D sao cho f(x,)=M.

Ki higu: M =r%xf(x) hodc M =mgxf(x).

- S0 m dwge goi la gid trj nhé nhét cia ham sé
y=[(x) tréntip D néu f(x)2m véimoi

xe D vd ton tgi x, e D sao cho f(x,)=m.

Ki hi¢u: m =xp‘1‘t)1f(x) holic m= m‘;nf(x).
Phén dudi day 1a mét sd thi dy minh hoa.

Thi du 1. Cho hém so
/ (..r):i,\‘ “(m+3)x+3m 7I X

¢ . 4 £ - » Y . B A
voi m ka tham so. Tim tat cd cac gid tri cia m d¢

min /(v) =10
Léi gidi. Vit lgi: f(x)=|(x+3)(x+m)+7|-x
Nhin thiy f(-3)=10. Mit khdc theo d& bai

TOAN HOC
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min f(x)=10, suyra x=-3 la diém t6i han cua
ham s6 f(x).

¢ THI: x=-3 la nghi¢m
(x+3)(x+m)+7=0, khong co gié tri m nao

cua

thod man.
 TH2: x = -3 la nghi¢m cia f'(x)=0. Tacé:
f(x)—{fl(x) khi x* +(m+3)x+3m20
f,(x) khi x* +(m+3)x+3m<0
voi fi(x)=x*+(m+2)x+3m+7,
Li(x)=-x*-(m+4)x-3m-7.
Néu x =-3 1a nghi¢m cia f;(x)=0=>m=4.

Véi m= 4:f Ix +7x+l9|—

= f(x)=x"+6x+19=(x+3)" +10210.
Néu x =-3 12 nghiém cua fi(x)=0=>m=2.
Véi m=2:>f(x)=|x2+5x+l3|—x

= f(x)=x* +4x+13=(x+2)

thoa mén).
Két lugn: m=4.

+92>9 (khong

Thi dy 2. Cho ham 56 f(x)=|x" -2x+ n:;; -
voi m la tham so. Tim 1dt ca cac gia tri cua m de
min 7/‘(.\') =-9.
Lai gidi. Yéu cdu bai todn twong duong véi tim m
; { f(x)2-9,VxeR
3xy, f(x)=-9
Suy ra: |x’ - 2x+m| -3x2-9,VxeR
<:>|.\'2 -2x+le3x-9,Vxe]R.
o THI: Néu x* -2x+m20,VxeR
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Sl=-ms0em21 ()
Khi d6: l.r’ —2.\'+m|23x -9 VrelR
X -Sx4+m+920,Vrel

&> 25-4m-36<0<¢>m2 -141
D¢ tdn tai x, sao cho f(x,)=min/f(x) nén
m= —--I‘T] , tuy nhién gid trj ndy bj logi do (*).

e TH2: Néu m <1, khi d6 x* =2x+m=0 ¢6 hai
nghi¢m phan bit x,, x,.

Vé dd thj ham sé y= Ix’ -2x+ mI vi dudng
thing A:y=3x-9 ta nhin thiy: min f(x)=-9
khi chi khi d3 thi ham s& y =|x* = 2x+m| di qua
diém A(3;0), tr day tim duge m =-3.

yAL

5

0 / A(3;0) x
A

Két lugn: m = -3,

Thi du 3. Cho ham s
/(%) =[x = 2023x - 2024 + (m - 5) x
voi m la tham sé. Gid tri nhé nhat ciia ham sé
f(x) dat gid tri lom nhat la bao nhiéu?
Loi giai. D& thiy f(x) lién tyc trén R va

lim f(x)=+o0, lim f(x)=+% nén tdn tai

min f(x), véi moi m .

Do phuong trinh x* -2023x-2024=0 c6 hai
nghiém x,,x, trai ddu, gia sir x, <0< x,. Xét cdc
truémg hop :

THI: m-5>0. Tacé:

min /(x) < f(x)=(m-5)x <0.
TH2: m -5 =0,
Ta cb f(x)=]¢ -2023x - 2024 c6
min £ (¢) =0 tai xe[xix,}.
TH3: m-5<0.
Taco: min f(x)< f(x,)=(m~5)x, <0.
Két Iugn: Gi tri nho nhit cia ham s& f(x) dat
gid trj 1on nhit 14 0 ang véi m = 5.

Thidy 4, Cho ham 6

/ ( r) ,.“‘:
voi m la tham so. Tim tdt ca cdc gid tri cua m de
min /(x)= -2,

Loi gidi. Nhin thiy x’ -2mx-4=0 luén c6 2
nghi¢m phan biét, goi @ la mdt nghiém cua
phuong trinh d6.

Ta cé:

f(a)=—|a—m|—|a—m+2|
S-la-m-(a-m+2)|=-2 (*).
Do min f(x)=-2,nén tir (*) suyra f(a)=-2.
Ping thirc & (*) xdy ra khi ae[m-2;m), tic 1a

Zu)t~—4; v ~ml ~[x—m+2

phuong trinh x? -2mx-4=0 c6 nghiém thuc
[m=2;m].

x=m+Jm* +4>m
x=m—\/mz+4
Suyra: m=2<m—-Jm' +4<me> m=0.

Thir lai véi m=0=> f(x)=|x* 4| -|x| =[x +2],
¢6 f(2)=-6<-2=min f(x) (vo li).

Két lugn: me@ .

Tacod: x> -2mx-4=0&

Thi du 5. Cho hdm so

S(x) :I.\"' -2mx - Ii —fx=n-2=jx=n+3
vari m, n la tham so. Co bao nhicu ¢gp so nguven
(m:m) dé min f(x)=-5.
Loi gigi. Tx d& badi suy ra 4o thi ham sé
y=|x2 -2mx-l| luén nim phia trén dd thj ham

TOAN HOC
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sO y=lv-n-2+[x-n+ =5 va hai dd thi cb

diém chung vdi nhau (hinh v&),

ye
)
‘.\ l
\ :
\ ﬁ‘ | !
\ ! N i
\ \ \ /
\ \ { f
\ \ / 3 \\ / /
i \ / /
\‘~ (O i \ / /
Vo ’() \
n~‘n-\'w‘,'l mavm' el mel X
1 1
Dan dén:

n=3sm-ym+l<mevm +1<n4+2

n<3+m-vm' +1

= n2-2+m+m C)

Suy ra: 3em=m 41224 m+\m' +1

e me{0;+1;12} (do meZ).
Véi m=0 tr (*) suyra ne{-10;1;2}.
Véi m=1tr (*) suyra ne{l;2}.
Véi m=-1tr (*) suyra ne{-1;0}.
Véi m=42 tir (*) suyra ne@.
Két lugn: C6 8 by (m;n) nguyén thoa min bai
todn.

Fhida 6. Clo hdm <o

Pre—

fle): W -t +6x-5-mu+1

gt mofo dum 56 Gui M, cmax f(x) wng vén

i nhon ‘I Itul \" ‘rfl
Léi gidi. Nhjn :h&y /(x) 12 ham s lién tye, 6
tip xdc dinh D= [l;S] nén ludn ton tai gid trj 16n

nhét véi mgi m.
Do M, =max f(x) suyra: =M, < f(x)S M,

A0 P, {im

& -M_SV-x"+6x-5-mx+1<M,

- +6x-5Ssmx+ M, -1

J-—x +6x-52mx~-M_-1 (‘)

TOAN HOC
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1

Dt y = V=1’ +6x -5, suy ra:
y =t 4bx-Sea(x=3) +y =4 (C).

M, = max f(x) khi chi khi nira dudng tron (phin
duomg tron khong dudi trye hodnh) ndm tron &
phin gitra hai duimg thing A, :y=my-M_~]
Vil A,
véi it nhit mdt trong hai duong thing d6 (hinh
ve).

Ly my+ M, ~1; ddng thii co diém chung

yt
g P
el
7\
Azf/' I / \
e AN e
- 0 1(3;0),,—"’.4(5;0) x
Al

Trong nhimg gid tri M_ théa mdn do, gid tri nho

nhit cua M, dat dugc khi A, A, déu c6 diém

chung duy nhdt véi nira dudmg tron nhu hinh vé

trén.

Duong thing A, di quadiém A(5;0), suy ra:
0=5m-M_-1M_=5m-1.

Thay M_ =5m-1 vao phuong trinh cia A, ta

dugec A, :y=mx+5m-2.

Do A, tiép xtc véi nira duémg tron nén

d(l'Az)=R¢)|_8_".l;-3|_=
m+1
m=0
olam-1|=Vm’ +1 o 8.
m=-—

15
Voi m=0=>M_=-1 v li,vi

f(.\‘)=|\/--x2 +6x—5—mx+llZO:>M_ >0.

8 5
im=—=M_== (théa mi
Vai m T -=3 (théa mdn).

Két lugn: minM =§ mg véi m = %
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Thidy 7. Cho ham so f(x) lf:(\ "2V ! .l)l

[ VO
voi m 1 tham so. Co tdt ca bao nhiéu gid tri
nguven cua m de 0 < lll\illll f(x)<1?
Loi gidgi. Nhin thdy f(x) lién tyc trén dogn
[-L:1] nén luén c6 gi trj nhé nhét trén [~1;1].
mx —2vx+9
X +6

Xétham h(x)= trén doan [-1;1].

Do h(0)=-1<0 nén dé 0<|[1_1li;ﬁf(x) thi:
h(x)<0,Vxe [—l;l] < h(x)=0 v6 nghi¢m trén
[—];1]. Suy ra mx= 2Jx+9 vb nghiém trén
[—1;1] ™).

Véi x=0, ta thdy khong 1a nghiém cia phuong
trinh (*). Xét x e[-1;1]\{0}. Tir (*) suy ra:
2J'__

Hiamsb m=1(x)=

t'(x) =.L_18_
XAx+9

Ta c6 bang bién thién:

{O,Vxe[—l;l].

X -1 0 1
t'(x) - o
+00

\

2410

t(x)

l

Suy ra —4/2 < m < 210.

Do meZ=>me A={-5,-4;-3;...;6}.
h(0)=-1

me A={-5-4,-3;....;6}
=>0<f£1|i;3f(x)$l.

Nhur vay véi {

Bédy gi¢ ta s€ xét xem vdi nhimg gid tri cla

me A={-5-4,-3;..,6} thi r[r_xlllr}f(x) <1 hay

khong. Ta cé:

X+

J(x+6) mx +2Vx +9

(x+6)

e

Xét '(0)=0=> m:-—i-éA, nén véi cac gia trj

ctia me A={-5-4;-3;.,6} thi (x) khong dat

cwe trj tai x=0, két hgp h(x) lién tuc trén dogn

[~1;1] suyra t[r_llilrif(x)< b

Két ludn: C6 12 gi4 tri nguyén ciia tham s6 m la:
m e {-5;-4;-3;...,6}.

Thi dy 8. Cho hdam s [ (x) :: 227+ 34 m,
voi m la tham s6. Gid tri nho nhat cua ham 50
[ (x) dat gid trj lom nhat la bao nhiéu”?

o 3y x A A -~ ‘m
Loi giai. Dé thay ham s6 f(x) da cho lién tuc

trén R va lim f(x)=+o, lim f(x)=+x.

X—y—m0
Suy ra ham s6 f(x) ludn tén tai gi4 tri nho nhét
vGi moi m.

<f(-1)=-
)t
3

Goi S =min f(x 3
2
3 3
Suyra: =S+S§< =
ik 2f f()
1

2
codgpif 08 13 g 2
o 2 2 8 8 4
Dau dang thire xay ra khi
3 15 3
-m=—m+—<m=-=,
2 8 4

Thir lai véi m=—%=>f(x)=lx’—2x2 +3|—%x,

; 3
khio sat ham s6 nay ta tim duge min f(x)= 3

Két lugn: Gia trj nho nhat cia ham s6 f(x) c6
gié trj 16n nhét 1a %
Nhin xét.
e Dén ddy chiing ta sé cé suy nghi tai sao lai chon
S (-1) va dac biét sao lqi l f(%) ?
Ly gii diéu nay nhu sau:

/(%) =|x’ -2y +3| +mx 28§

11h|x3 -2x? +3|2—mx+S.
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Din dén twong quan gita dd thi ham SO Thjdy9. Cho hdmso f(x)= 8x‘+m.\'3+ni. Véi

’ ="\J -2 +3| (©) vé  duong  thing m, n la cdc tham so. Biét max f(x)=1, timmvan,
d:y=-mx+S§. -11]

Dua vao db thi ta c6 phan doén duémg thing d di
qua diém A(-1;0) (giao diém duy nhit cia o thj  /(r)= 8¢ +mt + 1.

Lai gigi. Dt t=x",voi xe[-L1]=1€[0;1] va

(C) véi truc hoanh) va tiép xtc véi do thi (C), ti Theo dé bai suy ra: max f(¢)=1 nén
( (
f(O)Sl In]Sl lnl <1

{f()S1 {B+m+n<l {B+m+n|<1 .

[(%]Sl | H+m+2n|$2

Cong theo vé cdc bit ding thirc trén, suy ra:

o 3
d6 tim dugc hoanh dj tiep diém x = 3

ylk

2+—l-m+n <1
a ]

-~

o] + |8+ m+n|+|4+m+2n|<4.

- v

Mit khic: In]+|8+m+nl+|4+m + 2n|

/0 3

e Ngodi cdch dy dodn qua dé thi, viéc tim dwge

2[n+8+m+n—4-m—2n|=4,

x =% ciing c6 thé lam theo cich khic nhw sau: — Suy ra: [nf +[8 4 m + n| 4|44 m+ 2n| = 4,
Ding thic xdy ra khi

Goi §=minf(x), cin tim maxS do d6 cin
44 m+2n=2n=284m+n=2

dénh gid theo chiéu § < §, ndo do. m=—8
DAn dén chon s6 1> 0 bit ky, ta co: n(8+m+n)20 @{nﬂ :
SSf(-1)=-m (8+m+2n)(4+m+2n)<0
{SSf(l)-ll‘-2l1+J*+ml Thit lgi khi m=~8,n=1 thi f()=[8" 8¢+
1S S-mt thoa min max f(¢)=1.
K o
SSI’ ~¥ +3I+mt Két lugn: m=-8,n=1.

Suyra: 1S+Ss|¢’ -2 +3]
e (1+1)Sg) =20 +3, w50
a(t+l)Ss|(r+l)(t’ -3:+3n
@ (t+1)Ss(r+1)(r -3t4+3)
&SP =3+3, V>0

: (32 3
Suy ra: Ss(t:?j‘l\)(r —3¢+3)=;,

Déu ding thirc xdy ra khi l=%.

TOAN HOC
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BAI TAP VAN DUNG
Bai 1. Cho him sb f(x)=|x' ~3x+ m|, véi m la
tham sb. Tim tit ca céc gi4 trj coa m ¢ ham s6
¢b gid trj 1on nhit trén dogn [0;3] bing 16.
Bai 2. Cho a 14 mjt hing sd thyc, tim tit cac cée
gi trj cha tham sé m dé l(l:lﬁ#'xz +mx+a‘ dat gid
trj nho nhét,

(Xem tiep trang 23)
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CAC LGP THCS

Bai T1/567 (L6p 6). Tim céc chit sb a, b, ¢, d

(khéng nhét thiét khac nhau) sao cho ab vA abed

4 céc sé nguyén td. Ngoai ra c 14 chit s khéc 0 va
b’=b+9c+d.

NGUYEN TAN NGQC

(GV THCS P. Binh Djnh, An Nhon, Binh Djnh)

Bai T2/567 (L6p 7). Cho hinh vuéng ABCD, trén
canh CD ldy diém M tiy ¥ khong tring véi C va
D. Trén canh BC liy diém N sao cho
CN=DM. Chimg minh AM >‘—42ﬂ.
CAO NGQC TOAN
(GV THPT Tam Giang, Phong Dién, Thira Thién Hué)
Bai T3/567. Tim céc sd nguyén duong a, b théa
min (a+b+1)(a® +b* +1)(@ +b* +1) 14 liiy thira
véi sb mil nguyén duong clia mét s6 nguyén to.
PHAN QUANG DAT
(S0 23, ng6 29, phd Nhj Quy, Thai Nguyén)
Bai T4/567. Cho tam gidc nhon ABC va H 1 diém
thudc mién trong tam gidc, Goi D, E, F lan lugt la
hinh chiéu vudng gbéc cla H trén cic canh 4B, BC,
CA. Dyng dudng tron ngoai tiép tam gidc DEF.
Dudng tron ndy cit canh BC tai diém thir hai M.
Goi P, O lan lugt 13 trung diém cua AB, BC; N 1a
giao diém cia PQ va MF. Chimg minh tam giic
NDF la tam giéc cén.
TRAN TH] NHU THAO
(Binh Djnh)
Bai T5/567. Giai hé phuong trinh
x+y+z=1

2y Yz e,
e 27

x,y,220

LE NGQC HOA
(131 dwomg Nguyén Céng Tni, Lién Béo, Vinh Yén, Vinh Phiic)

CAC LOPTHPT

Bai T6/567. Cho a, b, ¢ 14 céc sb thye duong thoa
man ab+be+ca=3abe. Ching minh ring
ab be
a' +b +a'c+ble * b +c’ +ba+cla
ca .3
c+d +cbrath 4
vO VAN NHAN
(GV THPT Nui Thanh, Quang Nam)

Bai T7/567. Giai h¢ phuong trinh

By 6
2x+3y

Vx? +16 +-§\/2x+3y=2x+\/x2 +7

PHAM TRUNG KIEN
(GV THCS Ho Ting Mdu, An Thi, Hung Yén)

Bai T8/567. Cho tam gidc ABC, dudng cao AH.
Céc diém M, N thugc doan BC. Pudng thing qua
A vubng gbe vdi AM cit dudng thing qua N vudng
gbc voi AC tai E; dudmg thing qua A vudng gbc
véi AN cét dudng thing qua M vudng goc voi AB
tai F. Chimg minh AH, BE, CF déng quy.
LE VIET AN (TP. Ho Chi Minh)
Bai T9/567. C6 9 gi4o vién ngdi chung mot ban
tham gia chim ki thi chon hgc sinh gidi & tinh A.
Chimg to ring ludn c¢6 4 gido vién quen biét nhau
hodc c6 3 gido vién khong quen biét nhau,
NGUYEN VAN CANH
(GV THCS Long Héu, huyén Can Giuge, Long An)

4x* +9y* +

TIEN TOI OLYMPIC TOAN

Bai T10/567. Cho phuong trinh
3x® +3x° —14x* =18 +3x* + Tx+1=0 ().
a) Chimg minh ring phuong trinh (1) c6 dang 6
nghiém thyc x,x,,x,,X,,%,X, d6i mt phan bi¢t
va céc nghiém nay 13 céc sd v ty.
b) Tinh gi4 trj cia biéu thirc
Tzli[8x: +18x; —6x; —=10x, +5
k=1 3X: +3Xk -6

NGUYEN VAN XA
(GV THPT Yén Phong s6 2, Bic Ninh)

21
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Bai 111/567. Cho f: R--+R 1a mjt ham lién tyc
tudn hon ¢6 chu ky 21 sao cho véi moi s6 thyc x,
ythéa min: f(x+y)f(x=y)=f1(x)=*(y).

2 [(x).

Chimg minh ring voi moi s thyc x thi \[[%]

NGUYEN bUC TUONG
(Pleiku, Gia Lai)

BAi 112/567. Cho tam gidc ABC, O la tim duong
tron ngoai tiép. Ao, Bo, Co theo thir ty 13 trung
didm ctia BC, CA, AB. (O,) 1a dudmg tron di qua
Bo, Co v tiép xtc trong véi (O) tai A, khic 4. (Oy)
la dudmg tron di qua Co, Ao va tiép xtc trong voi
(0) tai B, khic B. (O,) la dudng tron di qua Ao, Bo
va tiép xic trong véi (O) tai C; khic C. Chimg
minh ring A4,, BB), CC, ddng quy tai mét diém
thudc dudng thing Euler cia tam giac ABC.
DUONG THI XUAN AN
(GV THPT chuyén Bén Tre)

Bai L1/567. Mot tram phat dién, c6 hi¢u dién thé
500 V truyén di mt cong sudt 27 = 500 kW trén

mot dudng diy co di¢n trds thng cong 1a k — 4 ()
tdi tai tiéu thy,

I. Tinh cdng sudt hao phi trén dudmg day, d giam
thé, hi¢u suat cia sy truyén tai di¢n néng va hiu
di¢n thé tai noi tiéu thy.

2. Néu truéce khi dua Ién duong day tai dién, nguoi
ta ndi hai cyc cia méay phat dién voi mot may bién
thé i tudng c6 ti s6 vong day cua cufn so cap trén
cudn thir cap 1a 0,1 dé tang p. Hay tinh lai cong
sult hao phi trén dudmg ddy, 4o giam thé, higu
sufit ciia sy truyén tai dién ning va hi¢u dién thé
tai noi tiéu thy.

THANH LAM (Ha N¢i)

Bai 1.2/567. Cho mdt mang tinh thé sit hinh lip
phuong. Cho ring trong mdi hinh lip phuong
Py A A & . ¢ ~ - z
nguyén to c6 mdt nguyén tir sit. Hiy tim hing so
mang tinh thé, tirc 14 khodng céch gan nht giira
cic nguyén tir sit. Biét sit co nguyén wr lugng

bing 56, khéi lugng riéng p = 7,9 g/em’.
VIET CUONG (Ha Nji)

PROBLEMS IN THIS ISSUE

FORSECONDARY SCHOOL
Problem T1H567 (For 6 grade) Find the digits a,
b, ¢, d (not necessarily different) such that ab and

abed are prime numbers, c is a non-zero digit and
bi=b+9c+d.

Problem T2567 (For 7 piade). Given a square
ABCD, on the side CD take an arbitrary point M
that does not overlap with C and D. On the side
BC, take the point N such that CN = DM . Prove
that AM >12A-,-.

Problem 135607  Find positive integers @ and b
so that (a+b+1)(a’+b' +1)(a’+b’ +1) is a

power with a positive integer exponent of a prime
number.

Problum 14367  Let ABC be an acute triangle
and H be a point lying inside the triangle. Let D,
E , F be the perpendicular projections of H on
sides AB , BC , CA respectively. The circumcircle
of the triangle DEF intersects the side BC at the

TOAN HOC
22 Venusifre

S5 567(9-2024)

second point M. Call P and Q the midpoints of A8

and BC respectively; N is the intersection between

PQ and MF. Prove that the triangle NDF is

isosceles.

Problem 15367 Solve the system of equations
x,0,220; x+y+z=]

& o
2 Suaaf

Xy+yz+zrx=—
ads 27

FOR HIGH SCHOO!
Problem 16567 . Let a, b, ¢ be positive real
numbers that satisfy ab+bc+ca =3abc. Prove

ab bc
lhat 3 3 2 2 » 3 3 2 2
a+b +a‘c+b¢ b +c +ba+c’a
A ca <2

c+d +c’h+ad'b 4
Problem T7/567 . Solve the system of equations
48xy

4x’ +9y* + —=— =16
2x+3y

Jx +16 +—§-\[2x+3y_—.2x+‘/x2 +7
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Problem 18 %07

Given tnangle (BC with
the altitude 4. Pomnts M and N belong to the side
BC. The line through 4 perpendicular to AM
intersects the line through N perpendicular to AC
at E; the line through A perpendicular to AN
intersects the line through M perpendicular to 4B
at F. Prove that 4H, BE, CF are concurrent.
Peollem 19 57 There are 9 teachers sitting at
the same table grading the exam to select excellent
students in province A. Prove that there are always
4 teachers who know each other or there are 3
teachers who do not know each other.

FOWARDS MATHENATICAL QLYMPIAD
Problom 112567 Given the equation

3t 3 - 14x* - 1887 #3087 + Tx+1=0 (1).
a) Prove that equation (1) has exactly 6
Xy Xys Xy Xys Xeo X, distinct real roots and these

roots are irrational numbers.
b) Calculate the value of the expression

SHRR N RS E AN A NSRSV A SO IR EU S VS ¢

GIA TR] LON NHAT... Tiép theo trang 20)

Bai 3. Cho ham s6
_f(x)=I.\"—2m—l|—|x—m—2l—|x—m+3{

v&i m 1a tham sd. C6 bao nhidu gid tri cia m dé

min f (x)=-5.

Rai 4. Cho him sé

f(x_)=l8r’+llx’-3m-2l+2mr+m

véi m 13 tham s6. Tim m dé min f(x)=-2.

Rai 5. Cho ham sb f(x)=|x’ —3x’+ml, vai m

la tham sb. Hoi n[?g;(f(x) 6 gia trj nho nhit 13

bao nhiéu?

Bai 6. Cho ham sb f(x)=x* —4x+m—3[-4x,

véi m 1a tham sb . Tim m dé min f(x)=-5.

Bii 7. Cho him sb f(x)=|-x* +3x+2+mx,

v&i m 13 tham sd. Tim m 8¢ miﬁf(x)pl.

Bai 8.Cho him sé f(x) =/t , v6i @

x+1

L2 3 22 23S 22 2R ot 2.

« R +18x,) -6x] ~10x, +5
r-Il. ] +3y, -6 !
! . Let f:R-R be a
continuous periodic function with the period 2n
such that for all real numbers x , y:

f(x+ ) (x=y)= i (x)=7(»)

(11 %

¥ A
Prove that for any real number tlf(—;— %z f(x).

Prohlem (12 567 Given a tnangle ABC, and O
is its circumcenter. A, , 8y, C, are the midpoints of
BC , CA , AB. respectively. (Q,) is a circle that
passes through By, C; and is intenaly tangent to
(O) at A, other than A. (O,) 1s a circle that passes
through C,, 45 and is is internaly tangent to (O) at
B, other than B. (0,) is a circle that passes through
Ao , By and is internaly tangent to (O) at C, other
than C. Prove that A4,, BB,, CC, are concurrent at
a point on the Euler line of triangle 4ABC.

NGUYEN PHU HOANG LAN
(University of Education, VNU, Hanoi)

1a tham s. Goi M, m 1in luot 13 gia tri 16n nhit,
nhé nhit cua ham sb da cho trén doan [1:2]. Tim
tit ca cdc gid tri nguyén cia a dé M >2m.

Bai 9. Cho him s f(x)=|2x -9x" +12x+m,
vi m 1i tham sb. C6 bao nhidu sé nguyén
me[-20;20] ¢ voi moi by ba sO thue
a,b,ce[l:3] thi f(a), £(b), f(c) 1a 45 dii ba
canh cia mdt tam gidc?

Bai 10. Goi M 13 gia tri 16n nhit cha ham sd
j'(.r):!x2 +¢lt+bi trén doan [-1;3]. Khi M dat
gid trj nho nhit, tim a va b.

Bai 11. Cho hai him s§ f(x)=ax’ +bhr+c va
g(x)=cx’ +bx+a vai a, b, ¢ 13 tham sé. Chimg
minh ring: Néu | /(x)| €1, ¥xe[-11] thi

lg(x)| <2, ¥xe[-L1).

S3 567(9-2024)
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Bai T1/563. Cho
A=n*+20" +30" +2n+1
vai n la so ne nhién. Tim so diwe khi chia A cho 4.

Léi gidi. Nhn xét: Trong hai s6 nguyén lién tiép
thi ¢6 mot sé chin, do d6 tich hai s6 nguyén lién
tiép chia hét cho 2. Theo nhdn xét trén ta c6
2n*+ 2n = 2n(n + 1) chia hét cho 4.
Theo nhan xét trén ta co:
a2’ + nt= nz(nz+ 2n+1)= nz(n+ 1)2
= [+ 1))’
chia hét cho 4.
Tir hai két qua trén thi
A=n*+2n"+3n+2n+1
=*+ 2+ nd)+ (2n*+2n) + 1
chia cho4 du 1.

Nhén xét. C6 thé giai bai trén bing cach xét n 14 s6
chin va n 14 s6 1&. Céc ban sau c6 15 giai ding. Thai
Binh: Luwu Diép Chi, 6AS, THCS Ky B4, TP. Théi
Binh; Ngh¢ An: Nguyén Thé Bdo, Pdo Thanh Long,
Ddng Ba Hoang Minh, 6B, THCS Ly Nhit Quang,
Ngé Trdn Ngoc Bdo, 6E, THCS Trang Som, Dé
Luong; Quang Ngii: Nguyén Thi Thuy Duong, 6A,
Nguyén Trung Hiéu, Tran Vin Phung, 6C, THCS
Nguyén Kim Vang, xi Hanh Dac, Hupnh Diém
Quynh, 6B, THCS Pham Vin Ddng, xa Hanh Phudc,
Nghia Hanh; Cyng Hoa Ao: Lé Bach Hai Ping, 1B,
Trudng quéc té song ngir cp 2, 3 GIBS, TP. Graz.
NGUYEN VIET HAI

Bai T2/563. Cho ABC ¢o
A=110°, C=30". Trén canh BC ldy diém M sao

lam  giac

cho AMC =100°, Chirng minh rang CM = AB.
Lon gidi.

TOAN HOC
" cTugitpe
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24

A

1 0

J00° 45
B M C

E

Dyng tam gidc déu BCD sao cho céc diém A, D

cung thudc nira mat phing by BC. Xét AACB vi

AACD ¢6: AC ACB=ACD=30";

CD=CB =AACD=AACB=> AD= AB.

Védy A ABD cin tai A. Ta cé:

BAD=360°-BAC-DAC
=360°-110°-110° =140".

Trén tia d6i cua tia BC liy diém E sao cho

BE = BA. Khi dé:
ABE=ACB+BAC=30"+110°=140° = BAD.

Tir 46 ABAD = AEBA (c.g.c), suy ra:

AE = BD = BC (1).

180° - 4BE _180° ~140°

2 2
= EAM = AMC - AEB=100°—20° =80".

chung,

g

Laicé: AEB= =20°

Mit khic EMA=180°- AMC=80"=EAM nén
AEAM can tai E, suy ra EM = EA (2).
Tur (1) va (2) ta thiy BC = EM. Do dé:

CM = BE = AB, ta dugc diéu cin ching minh

Nhégn xét. Ban Hupnh Diém Quynh, 6B, THCS
Pham Van Déng, xd Hanh Phuéc, huyén Nghia
Hanh, Qudng Ngaii cing dua ra mdt cach giai tét
theo huéng: Ldy diém N déi ximg véi diém M qua
AC. Trén canh BC ldy diém E sao cho AE = AM, sau
dé chi ra hai tam gidc can EAB va AMN bdng nhau.
Xin hoan nghénh ban.

HO HAI

Bai T3/563. Tim cdc sé nguyén duong a, b thoa

man a* -21a*b* +4b" la wéc cua 25137.

Loi gigi. Tacod: 25137=37219.

Scemed with
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Gid s @' -21a’b" + 4b* 12 wire coa 25137, Ta
chimg minh ring @' - 21a’h' + 4b* Kkhong chia
hét cho 3.
Thit viy, néu a' = 212’6’ + 4b* 133 0" + b"13,
Vi mdi 86 a*,b" chia cho 3 chi ¢6 cae sd du 0, 1
nén:

at +b' 3 aid bid=sa' < 21a'h +4h" 81,
Ma 25137 =3"7%19 khong chia hét cho 81. Méu
thulin. Do 46 a‘ -21a’b’ +4b" Kkhong chia hét
cho 3.
Tuong ty, ta chimg minh ring a' - 21a’h* + 4b°
khéng chia hét cho 7.
Thit viy, néu a* —21a’b* +4b*17 = a* + 4p*i7.
Vi mdi s a*,b* chia cho 7 chi 6 cic s6 du 0,
1,2.4 nén:

a'+4b*' 7 ai1,bi1=a' -21a'h? +4b* 7.
Ma 25137 =3.7%.19 khong chia hét cho 7*. Mau
thuin. Do d6 a‘-21a’h’ +4b" khong chia hét
cho 7.
Nhu vay (a* -21a% +4b*,3°7*) =1,

Laicé: a* —21a’h? +4b* = (a* +2b*) ~(5ab)’
=(a? =5ab+2b)(a* +5ab+2b")

nén néu a* -21a’h* +4b* 14 udc cia 25137 thi
méi s6 @’ —5ab+2b*, a® +5ab+2b* 1a ubc cua
19. Vi a’® + Sab + 2b* > 8 nén phii co:

a’ +5ab+2b* =19 = 2b? 513:’[2:12'
Néu b=1=>a® +5a =17, khong théa min vdi a
12 s0 nguyén duong.
Néu b=2=da’+10a=11=>a=1. Thi lai, bai
toan théa mén.
Vay céc s6 phai tim la (a,b)=(1,2).
Nhin xét. 1) Diéu then chdt cta loi gidi 12 chimg
minh (a* -21a’* +4b*,3'7%) =1 dé suy ra mdi s

a' ~Sab+ 2b’, a’ +Sab+ 267 1A udc ¢la 19, Tir do
, . bh=1
ch a’+5ab+2h" =19 =5 .
b=2

2) Néu a, b 1a chc sb ty nhién, peldi) va

ap

b:p
Truimg hgp p =3, chc ban ty kiém tra.

a’ +b'ip thi {

Vi mdt sé chinh phurong khi chia cho 7 chi 6 céc s6
du 0, 1,2, 4. Tir chc s6 nay chi co duy nhét cip so
(0, 0) ¢6 téng chia hét cho 7. Do dé:
17 17
at+b'i1=]" . 2 a. .
b1 b7
Sir dung két qua nay, trong bai trén, néu
a*-21a’b* +4b*:7,
a’i7 a:7
»d ...
2b*i7 b7
3) Ban Hodng Van Nhdn, 8C, THCS Ly Nhat
Quang, D6 Luong, Nghé An cé 1oi giai tot.
NGUYEN ANH DUNG

suyra: a'+4b*i7 =>{

Bai T4/563. Cho BC la ddy c6 dinh (khdc dirimg
kinh) ciia dwéng tron (O) va m¢r diém A di dong
trén cung lom BC. Duweong phan giac cua goc
BAC cit duong tron (O) tai diém thir hai D. Goi
M la trung diém cia AD. Pudng tron ngoai tiép
tam gidc ABM cat AC tai E, ké dwong kinh AN
cia dwong tron ngoai tiép tam giac ABM. Chimg
minh rang dwong thang NE luon di qua mot dicm
co dinh khi A thay doi trén cung lom BC.

Lai gidgi. Ké dudng kinh DF cia dudmg tron (O).

Vi tir gide ABDC ndi tiép nén BCA = BDA. Vi tr
gidc ABME ndi tiép nén BEC = BMD.

Tirdoé suy ra: ADMB e ACEA (g.8).

Ta c6:
DM DB DA _2DB_DC
——E— e == (1),
CE CB CE CB IC
R TOAN HOC
S0 567(9-2024) ' Cludilre 2 5
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Mit khdc, theo h¢ thirc trong tam gidce vudng, ta

co: CD.CF =CI.DF > Q=E— (2).
Cl
DA DF
Tu (1) va (2 —_———
AU L CE CF

Mit khic ADF = ACF.

Tir 46, ADAF & ACEF (c.g.c), nén CEF =90°.
Lai do AN 1a duong kinh nén NE L AC. Vay N, E,
F thing hang, nghia I3 NE di qua diém F c6 dinh.
Nhin xét. Khong ¢ ban nio c6 15 giai tot cho bai todn
nay.

NGUYEN THANH HONG
Bai TS/563. Cho cdc so dwong a,.ay,...a, véi
ne li,n>3. Chimg minh rang
da° ~(a -a.) 4a; +(a -a,)

' - .‘ e - - .\ _ - +
2a va, +a; 2a; +a +a;
da 1»((1 -a)
+ —>n (1)

.
..(l +a, , +a;

L gidi. Nhan xét: Voi m va n la hai s6 dieong, ta

co:
2
Ly (x+y) Q).
m n m+n

Thit viy, BDT(2) twvong duong véi
(nx —my)? 20,

Déu bing xdy ra khi v chi khi ===,
m n

Bién d6i va ap dung BDT (2) ta cé:

2 6 ‘ C'l'uﬁmc S3 567(9-2024)

1 QN e A
4a) +(a, -a,) ~ 22a; +a, +a;)-(a, +a,)

20} +a) +a,

2a; +a, +a,

_y__la,+a)
2a +a} +al

2 2
> a, a
o e 3 3 . 4 3 7 |
a, +da, a, +a,

Lép ludn tuong ty, ta cé:
2 al
Nal+al @ +a

4a: +(a,_, —a,)z
2 2 2 22~
2a, +a, , +a,

4a’ +(a, —a,)
A.a) +u +ﬂ’

Cong timg vé n BDT trén, ta thu dugc:

2 2 2 2

al+a; a,+a a, +a

VI)22n-| t—2+5—5+.+—5—
al a, a;+a, a, +a;

=2n-n=n=VP(l).

Viy BDT(1) di dugc chimg minh. Déu bing xay
ra khi va chi khi q, =a, =
Nhdn xét. Dy 1a bai toan chimg minh bét ding thirc
¢6 nhidu bién sd. Cac ban giri bai déu co 10 giai
ding va twong ty nhu cich lam trén. Tuyén duong
céc ban sau ¢6 10i giai 1dp ludn chit ché va ngin gon.
Théi Binh: Liu Di¢p Chi, 6AS, THCS Ky Bd, TP.
Thai Binh; Hdi Phong: DPang Dinh Minh Tri, 8CT,
THCS Lac Vién, Ngoé Quyén; TP. Hb Chi Minh:
Nguyén Chdnh Thién, 9/12, THCS Lé Quy Dén,
Quén 3; Hung Yén: Lé Tuan Hiép, 9C, THCS Doin
Thj Diém, Yén My.

PHAM TH] BACH NGQC

o hom

Bai T6/563. Cho n ld 50 nguyveén dwomg nh
11. Cic so PPy P p G cdc so nguven 1o vai
p,>9 vd thoa mén cac diéu kién sau:

i) p+ pt ld mét so nguvén to.

i) p+p,=3p.

) p,+po=ptip=p)
Hav tinh cac gia tri cua L=p,p.pl ~p-—n
Lai giai. Gia st p, > 3, khi dé:

p=p+p;>3+9=12p>4.
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Mit khic 3p = py + py nén 3p 1a s6 chin, didu nay
khong xdy ra (do p la s6 nguyén & Iém hon 4
khong thé 1a s6 chin).
Vivpi=2vadodo: p; +2=3p Tach:
3p=0(mod3) <> p, +2:=0(mod3),
két hop véi iii) ta duge:
2'"24py)=p, +2=0(mod3)

@2 4+ p(2" =D+ 2=0(mod3)
D™+ =] p, +2=0(mod3) (%)
Néu n 13 s chin thi (*)<>1=0(mod3), vo 1.

Viy n phai 1a s6 1&, lac d6 ta dugec:

Me p,=0(mod3)= py=3.
Véin=1,3579thi p+p!=2+3" bing
5, 29, 245, 2189, 19685. Chi c6 s6 5 va 29 1a
cic s nguyén t nén n chi c6 thé 1a 1 hodc 3.
Mit khic: p,=p'(p+p)—p,=52"-3>9.
Viy ta chon n =3. Vay n =3, p; =2, p, = 37,
ps=3,p=13.Do dé:

L=p,.p,.pi + p—n=237.3 +13-3=2008.
Nhgn xét. Trir mt ban giai sai, céc ban con lai déu
c6 loi gidi dung vai cach giai tuong ty nhu trén,
Danh sich céc ban giai ding la: Thanh Héa: Vi
Minh Quang, 10T2, THPT chuyén Lam Son; Hung
Yén: Chu Pirc Bdo, 10 Toédn, THPT chuyén Hung
Yén; Vinh Phic: Nguyén Quang Anh, 11A1, THPT
chuyén Vinh Phic; Dong Thép: Tran Hong Vy,
11T1, THPT chuyén Nguyén Quang Diéu; Nghé
An: Lé Tudn Dwong, 9A1, THCS Quynh Thién, TX.
Hoang Mai.

NHU HOANG

Bai T7/563. Cho cdc so thuce x, v, z thoa man
(x-5) +(.\‘~3)“ =] va -2<z<2.

Tim gia tri lom nhdt va gia tri nho nhit cua biéu

thic P=x +y +2° -2y,

Léi gidi. Cach 1.

Taco: P=x" +(y- 2" Do (x-5) +(y=3) =1,
suyra: (-3 <les—1<y--3<les2<y<4
$0<y~2<y-2<y+2.

Dodo: (y=2) <(y—z2) <(y+2),
Viy X’ 4+(y=2) <P<x +(y+2).
Dita=x-5,b=y-3=sx=a+5y=b+3.
Taco: a' +b" =1
vi (a+5) +(b+1) <P<(a+5) +(b+5).
o Tim gia tri lom nhat. Ta co:

P<(a+5) +(b+5) =a' +b" +10(a+b)+50

5!0J2(a2+bz)+51

=514+10v/2.

y 1
P=51+10V2 khi a=b=—
V2

1 1
hay x=5+—, y=3+—,z=-2.
V2 V2

Viy max P=51+10V2.
o Tim gid tri nho nhat. Ta c6:
P>(a+5) +(b+1) =a’ +b* +2(5a+b)+26
>27-2J(25+1)(a’ +b°)
=27-2J26.
1

5
P=27-2J26 khi a=——=b=———
J26 26

5 1
hay x=5—E,y=3—m,

Viy min P=27-2126.
Cich 2. Trong mit phing toa d§ Oxy, g0i M(x; y)
théa min phuong trinh: (x—5)'+(y-3)’ =1.
Suy ra M thujc dudng tron (C) tim /(5 ; 3) bén
kinh R=1, Goi N(0; z) théamin -2 <z <2 thi N
di dong trén Oy vai tung d§ z € [-2; 2]. Khi do:

P=xX+y +2 =2pz=x"+(y-2) =MN’.
Goi Ny(0; 2), Nx(0; -2).
Ky higu M, =(C)NIN,, M, =(C)NIN, nhu hinh
vé.

gz,
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(o)
w
=y

2 Ny

Suy ra:

o P nhé nhiit &> MN nho nhit <> Vo
M=M

Tacb: M,N, = IN, ~R=J(0-5) +(2-3)' -1

=y26-1.
Do d6; minpeMN’=(J_—1)’:27-2\/z_6.

o P 16n nhilt & MN nhé nhit ( "

Tacd: MyN, = IN, 4 R=J(0-5)' +(~2-3)' +1
=5V2+1,

Do d6: max P=M,N? =524 1) = §1+1042.
Nh@n xét. 1) Ngodi cich gidi bing dgi sd (cdch 1) va
hinh hoe (chch 2) & trén, bing edch djt:

X =5 +sint, y =5+ cost
ta ciing ¢6 thé tim duge GTLN, GTNN ciia P bing
céich d4nh gid theo bién z vA cdc ham sd lugng gide
cua f.
2) Céc ban tham gia gidi bii ndy déu cd 1di gidi ding
vd gidi bing mdt trong nhimg cich trén, Danh sich
cde ban gidi dang 1a: Di¢n Bién: Nguyén Ngoc Diép,
10A1, THPT chuyén L& Quy Don; Ddng Thip:
Tvdn Hong Vy, 11T1, THPT chuyén Nguyén Quang
Diéu; Vinh Phiic: Nguyén Quang Anh, 11A1, THPT
chuyén Vinh Phic; Binh Dinh: Nguyén Hiw Tri,
THPT sé 2, Phd Cét; HA Nam: Ci Thanh Binh, 10
To4n, THPT chuyén Bién Hoa; Humg Yén: Chu
Dirc Bio, 10 Todn, THPT chuyén Hung Yén,

TRAN HUU NAM
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BAi TR/563. Cho tam gidc ABC ¢o AR — ¢,
BC = a, CA = b Goi m,,m,,m, la heot 1 d6 dai
cde dieomg trung tuyen vudt phat tie cac dinh A, 8,
C cua tam gide do, Chimg minh rdng:

u) _.‘.‘_ + _.’_’_ + _.(‘,. ;_- zﬁ;
m, m, m

b) I_n~ N m, m, 3f
a b I 2

Lai gidi. a) Vi a, b, ¢ 14 4) dai ba canh ctia mdt
tam gidc thi

2 +2¢% -a* 2 (b+e)' -a’

=(b+c=a)a+b+c)>0,

Sir dyng cong thitc dudng trung tuyén trong tam
gidc ABC vi bt ding thirc Cauchy cho hai s
duong 2b +2¢* ~a® vd 3a’ taco:

2(11\/_
fu (20 +2¢* - d?)

a a
JZb’ ¢2¢ -a'

>. 241’»/-
a b+

2L‘2\/5

b4t

> W3 LA
a b’ ve’ m,

b
Tuong ty: —
m

»

Cing theo vé cdc bit ding thirc trén ta duge:

—-—-&—-+—-—>2f
m, m, m,

Diing thitc xdy ra khi @ = b = ¢, hay tam gidc ABC

déu,
b) Ta co:

m, _ \/Zb’ +20 -ad’

a 2a
W42 -d
:}5\/371'(21)' +2¢7 -a’)

20" +2¢ -a’

2 420 -dt

" 225 +2¢ -

2

:};-(Zb’ +2¢% +24%)

b 42 -d)
2(a’ +b* +¢%)

Tuong ty:
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my,  32c* +2a* -bY)
b 2a*+b +c%)
m, , V3Q2a*+2b" —¢')
c 2Aa* +b* +c')
Cong theo vé cic bit ding thic trén ta thu dugc:
ﬂ.{..’f_@’..‘.ﬂf_zﬂ_
a b ¢ 2

Ping thic xay ra khi a = b = ¢, hay tam giéc ABC
déu

Nhin xét. Hau hét nhirng bai gidi guri vé Toa soan
déu st dung cong thic dudng trung tuyén va bat
ding thirc Cauchy dé giai quyét bai toén nay. Riéng
ciu a, ban Nguyén Trong Nhdn, 11T1, THPT chuyén
Long An ding bdt dang thirc Ptolemy véi cic th
gi4c ciing cho 16 gii ngén gon. Cic ban sau ¢6 16i
giai tot:

Ha N§i: Nguyén Quang Minh, 11 Toén 1, THPT
chuyén Nguyén Hué, Ha Dong; Di¢n Bién: Nguyén
Ngoc Diép, 10A1, THPT chuyén Lé Quy Dén; Vinh
Phic: Nguyén Quang Anh, 11A1, THPT chuyén
Vinh Phic; Hung Yén: Chu Pirc Bdo, 10 Toin,
THPT chuyén Hung Yén; Ha Nam: Cit Thanh Binh,
10 Toan, THPT chuyén Bién Hoa; Thdi Binh: Liu
Diép Chi, 6AS, THCS Ky B4, TP. Thdi Binh,
Nguyén Trung Hiéu, 10, THPT Tay Tién Hai;
Thanh Hoa: Vii Minh Quang, 10T2, THPT chuyén
Lam Son; Nghé An: Ngé Van Truong, 10A1, THPT
Hoang Mai, Lé Tudn Dwong, 9A1, THCS Quynh
Thién, TX. Hoing Mai; Binh Djnh: Trin Ngoc
Tuyén, 10 Todn, THPT chuyén Lé Quy Dén; Ddng
Thép: Tran Hong Vy, 11T1, THPT chuyén Nguyén
Quang Diéu, TP. Cao Linh; Long An: Nguyén
Trong Nhdn, 11T1, THPT chuyén Long An; TP. Hd
Chi Minh: Nguyén Chdanh Thi¢n, 9/12, THCS Lé
Quy Dén, Quin 3.

HO QUANG VINH
Bai T9/563. Tim m dé hé sau co nghi¢m
).(m(.\': - {/-\—; - Q’t—‘ +=xv

! s E ;
{m(\‘[\jﬂ—-r.r' + X +l)=(2_\’+l*"l){/i\‘—4

Lai gidi. Xét cac kha ning
xy=0
(2y+1)¥x* =0

D& thdy (0,y) vbi ye R tuy ¥ 14 nghiém cia hé
n6i trén. Nhu viy m = 0 thod min yéu ciu bai
toan.

e Xét m#0, dit t=3x thih¢da cho tré thanh:

« Néu m = 0 thi hé tr thanh: {

m(r" +0 4+ ~|~l)=,wJ
m(e* 460+ 47 +l)=(2y+l)r“

Dé thy ¢ = 0 khong thoa man hé néi trén nén hé
trén twong duong vai

m(x’+i+:+l)— '
? 1)°?

1 1 '
m(t‘ 4#’—“+lZ +-’3-+1)=2y+l

Néu dat u =t+} thi |u|2 2 va ta viét lai hé noi
trén thanh:
(- 2u)=
ml\u — 2u) =y
m(u‘ -3’ +|)=2y+l.

Thay y =m(u’ —2u) vao phuong trinh thir hai
cua hé noi trén, ta dugc:

m(u* =3u® +1)=2m(u’ - 2u) +1
hay tuong duong

W =2 -+ du = (*).

m

H¢ da cho ¢6 nghi¢m khi va chi khi phuong trinh
(*) c6 nghiém u thoa man [u| > 2.

Xét ham s6 f(u)=u' -2’ -3u* +4u+1 véi
lu|22. Taco: f'(u)=4u"-6u" —6u+4
=2(u+1)(2u% - 5u+2).

Suy ra f'(u) ¢6 ba nghi¢m phan biét -1; %; 2.

f(u)
D =(~»;-2]U[2;+=) ta suy ra tip gid trj cua

Khio st  ham trén  mién
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S(u) tén midn D 1a [-34x). T d6 phrong
trinh (*) 6 nghi¢m w thod mdn |u]> 2 khi va chi

khi -l—?.-3 va ta tim duge m > 0 hojic m S—%.
m o

Két hop ca hai kha ning, céc gid tri cdn tim coa m
Am20 va ms—%.

Nhgn xée. Bai ndy thuge dang co ban, y twong chinh
1a 6 1ip tham s dua vé bai toan khao st ham. Chi
¢ mot ban gii i gidi nhung déing tiée 14 by sai diéu

kign khi ddi bién u =1 +% thi lai it diéu ki¢n cho u
1a u > 2. Diéu ndy chi dung khi 1 > 0.
NGUYEN TIEN LAM

Bai T10/563. Cheo day s6 (14,) drwoc vdc dinh bai

nu vu.+1

Tim ’h.m‘ n "u,_
L&i gidi. (Dya trén 15i gidi cia ban Nguyén Trong
Nhdn, 11T1, THPT chuyén Long An, Long An)
Ta cin dén dinh ly Stolz sau diy
Pinh Iy Stolz. Cho (x,)vd (»,) ld hai day sé
thiwee sao cho

i) (v,) la day tang va lim y, =+

“) llm nl _L

‘.ol _yn

Khi d6 lim===L.

v e

Tré lai bai todn. DE thiy u, >0,VneN.

Pat x, =n", y, =ui. Ta cé:

1 1
)v =_....-=nz+u +__—_-nz+u.+y.
ael .
ul"l “l

2 N y
DYV, =N U, >0=20,,> ),

1
=n’+u.+—>n’+2
u u,

asl

),nq) >

= lim y, =+

T@gg& S& 567(9-2024)

30

Viy (»,) 12 day ting va lim y, =+,

: it
=40 =3 limu, = lim— = 0.
"

Ta ¢o: hmy,

X I’ +3n+1

nel

1
—x, (n+l)'=n

7 2
Yot = Vs n tu, ntu,

1
RE -3

Suy ra: limi———— =3,

Yer = Va
Theo dinh ly Stolz ta co:
lim™= = 3 & limn'u, =3.
Va

Nhin xét. 1) C6 mt sb it ban d3 giai bai todn nay
ma khéng can sir dung dinh 1y Stolz. Tuy nhién céch
dai nay kha dai.
2) Ngoai ban Nhdn, cac ban sau c6 16i giai tot:
Quing Nam: Nguyén Tri Hién, 10 Toan, THPT
chuyén Nguyén Binh Khiém; Vinh Phic: Nguyén
Quang Anh, 11A1, THPT chuyén Vinh Phuc; Hung
Yén: Chu DPirc Bdo, 10 Toin, THPT chuyén Hung
Yén; Thanh Héa: Vi Minh Quang, 10T2, THPT
chuyén Lam Son; Dﬁng Thap: Tran Hong Vy, 11T1,
THPT chuyén Nguyén Quang Diéu.

PANG HUNG THANG
Bai T11/363. Tim tit cd cdc ham s6 f:3 >3

thoa man:
a

. 2 4
,!'(.\')]1_\')—1)':; f(x+ V) +=(x+y=+2) V. re (D)
- Al

Léi gidi. (Theo da sé cac ban)

Gia st ham f{f) théa man (1). Thay x =0, ¥ = 0
vao (1) ta thu duge:

f(0)=2

4.
f(0)——§

2 8
200)-= .
f7(0) 3_f(O) 3 (1P

o Xét truomg hop £(0) =—:;-. Thay y = 0 vao (1)

ta thu duge: f(x) = —%x—g,

Thir li ta thdy him s6 ndy khdng thoa mén (1).
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o Xét truimg hop f(0) = 2. Trong (1) thay y = ~x

ta thu duge: f(x)f(=x) =<2’ +4VxecR (2).
Trong (2) cho x = 2 ta thu dugce:

A2) = 0 hoje A-2) =0,
X¢étA2) =0, trong (1) thay y = 2 ta thu duge:

“Ax = _2‘.]‘(,\‘ +2)+ % (x+4) > f(x+2)=-5x~8

& f()=-5t+2VteR. Thi lgi ta thiy ham sd

ndy khong théa mén (1). Viy nén f-2) = 0. Khi
d6 trong (1) cho y = -2 ta thu dugc:

2.r=-§-f(x—2)+%xc:>f(x—2)zx

& f)=t+2,VieR.

Thir li ta thiy ham s6 ndy thoa mén diu kién ddu
bai.
Két lugn: Tt ca cac ham f:R—> R théa man
didukién ()14 f(x)=x+2,VxeR.
Nhin xét. Diy 1a dang todn vé phuong trinh ham
trong 16p ham mot bién véi cip bién ty do dang don
gian. Da s6 cac ban déu gidi theo lugc dd da trinh
bay & trén. Céc ban sau ddy c6 16i gidi ding:
Binh Djnh: Trdn Ngoc Tuyén, 10T, THPT chuyén
Lé Quy Don; Binh Phuéc: Ding Hodng Long, Ho
Phuong Diec Dat, 11T10, THPT chuyén Binh Long;
Ha Ni: Nguyén Quang Minh, 11T1, THPT chuyén
Nguyén Hu¢, HA Pong; Hung Yén: Chu Dic Bdo,
10T, THPT chuyén Hung Yén; Long An: Nguyén
Trong Nhan, 11T1, THPT chuyén Long An; Phi
Yén: Huynh Tran Gia Huy, 10T1, THPT chuyén
Luong Van Chénh; Quiang Nam: Nguyén Tri Hién,
10CT, THPT chuyén Nguyén Binh Khiém; Thanh
Héa; Vii Minh Quang, 10T2, THPT chuyén Lam
Son: Vinh Phic: Nguyé.n Quang Anh, 11A1, THPT
chuyén Vinh Phic.

NGUYEN VAN MAU

Bai 112/563. Cho tam giac ABC ngi ticp ducmg
tron (), ngoai lu"p dcong tron (I). (1) tic{p XUC Vi
BC tai D Puong trung triee cia doan 1D cat (O)
i U V. Got K. L lan luot la cac diém doi xung
v D qua 10, IV, Chung minh rang dwong tron

. - - ‘. , . 4 » )
neoai ticp tam pidce AKL tiep xue voi (Q).

Lovi g,

b3t BC = a, CA = b, AB = ¢ va p la nira chu vi
AABC. Goi r 12 bén kinh cta (J), E 14 tiép diém
cia (1) va AB, (J) 1a dudng tron bang tiép goc A
ciia tam gidc ABC c6 ban kinh r,. Goi F, M theo
thr ty 13 tiép diém cua (J) va 4B, BC. Goi X, Y 1a
giao diém cua (J) va (0). MT 1a duong kinh cua
(/), MT cit UV tai Z (hinh v&).
Vi MT LBC va UV /{ BC nén MTLUV. Ta
, 1 Sisc
c6: MZ.-MT ==DI-2MJ =r.r, =—45C__
2 p(p-a)
=(p-b)(p—c)=MB-MC.
Pit MZ- MT = MB-MC =k, Suy ra phép nghich
dao I}, bién Z thanh T, bién UV thanh dudng tron
(), bién dudng tron (O) thanh dudng tron (0). Do
do:
I} :UV A~ (0) - (J)N(0).
Pitu d6 c6 nghia I}, :V > X,U Y. Vay M, X,
¥ thing hing va M, U, Y thing hang.
D& thay DMVU 14 hinh thang cén.
Ta c6: (IU,UV) = (UV ,UD)=(MV UV )(modr).
Do d6: IU J/MV = MX.

TOAN HOC 3 1
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Cha y ring: DE LIB.DK 11U IB j) MF,
U ) MX', taco:
(EA,EK )= (DE,DK )= (IB,1U)» (MF,MX)
= (FAFX ) (modr).
Diéu 46 c6 nghia EX //FX. Ta ¢6 phép vi ty

Ve e () E- FEK - FX.
Dodé: V/; 1K= X, Tuong ty: V__"‘ FASD £

fa
Suy ra: V) ((AKL) v (AXY), Tir d6 dudmg tron
(AKL) tiép xtc voi dudmg tron (O) tgi A.

Nhdn xét. Bai toén khdng kho nhung c6 it ban tham
gia gidi va 1o gidi cua céc ban con dai dong. Xin néu
tén cic ban c6 101 gidi dung: Quing Nam: Nguyén
Tri Hdu, 10 Todn, THPT chuyén Nguyén Binh
Khiém; Hung Yén: Chu Dirc Bao, 10 Toan, THPT
chuyén Hung Yén; Thira Thién Hué: Nguyén Duy
Phiic, 10 Toan 1, THPT chuyén Quéc Hoc Hué; Phi
Yén: Nguyén Tan Nguyén Chwong, 11 Toén 1,
THPT chuyén Lvong Vin Chéanh.

LUU CONG PONG

Bai L1/563. Trong thi nghiém Y- dng vé giao thoa
dnh sdng, chiéu dong thoi vao hai khe hai bire xa
co buoe song hy = 0420 pm va A; = 0,525 pm.
Trén man quan sat, tai diém M la vin sang béc 4
cuia bice xa &, tai diém N la van sang bdc 11 cuia
birc xa hs. Biet M va N nam cung vé mot phia so
v van sdng trung tam. $6 vin sang trén doan
MN (ké ca & M, N) la bao nhiéu?

Léi gidi. Tacé : ;l=—=-.
2

= 5i =4iy; XM=4i|=4.g-i2 =325,

w=Ui=11.24 =13,75i,

Vi tri hai van sang tring nhau:

ky & A 4 ¢ o i
—— T e DT we— D0 w— = = 4 "
,(] i2 12 5 = im 5iy (5]

S& van sang birc xa 1 trong MN:
N; =13 -3 = 10 (ké ca van tai M).

32 TOAN HOC
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86 vin sang birc xa 2 trong MN:
Ny 11 = 3= 8 (ké ca van tgi V).
S$6 viin tning trong MN;
OM % kyinghring & ON
> 4y % Kiog 3 < 13,750 =5 0.8 < ki < 2,75
> kyong = 1,2 =5 €0 2 vj tri viin tring.
Todng sb vin sang trong MN 1a: 10 + 8 - 2+ 16,

Nhgn xét. Chic mung che em sau diy co lén gidi
ding cho dé ra ki nay: Hung Yén: Chu Diec Bio, 10
toan, THPT chuyén Hung Yén; Dong Nai: Pham
Xudan Khdnh, 11A2, THPT Tam Phudc, Bién Hoa;
Thira Thién Hué: Trweong Minh Phic, 11 1y 2,
THPT chuyén Quéc hge Hué.
Con mdt hgc sinh nira ¢6 loi giai dang nhung em
khong ghi tén va dja chi dé chang toi khen nggi em.
DINH TH| THAI QUYNH

Bai 1.2/563. Di¢n nang duoc truyen tie mot md
tang dp dat tai A i may ha ap dat tai B bang da;
dong co tiét di¢n tron, dwong kinh | cm vt tonz
chieu dai 200 km. Cuong di dong dicn tren di

td@i di¢n la 100 A. Biét cac cong sudt hao phi trén
dwong day tai di¢n bang 5% cong sudt tiéu thu o
B. Néu bo qua moi cong sudt hao phi trong

may bién dp, coi h¢ s6 cong sudt cua cdc mach so
cap va thir cdp déu bang 1, dién tro sudr cua ding

~

“ -8 . . A . .~ - ’ ‘.
la 1,6.107 Qm thi di¢n ap hiéu dung o cuon thi
cap cua may tang ap o A la bao nhiéu?

Lai gidi. Dién tr¢ cua duong day la:

I
R=plsaiq
Ps
Coing sult hao phiz AP = I'R=——P, =—_U/, .
100 100 *

Ma U, = I.R+U,, suyra: 13R=1—(5)61(UA ~1R).

Thay s6 ta tim duge U, =86100 V.

Nhin xét. Cic ban c6 1di giai ding:

Pdng Nai: Pham Xudn Khanh, 11A, THPT Tam
Phuée, Bién Hoa; Thira Thién Hué: Trwong
Minh Phiic, 11 Ly 2, THPT chuyén Qudc Hoc
Hué.

NGUYEN XUAN QUANG
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PHOSONG PHAP

GART TORR N

Tir di¢n vudng 1d mdt khai ni¢m quen thuc trong
chuong trinh todn phd thong, trong tir di¢n vudng
OABC (tr di¢n ¢6 ba canh 04, OB, OC d6i mdt
vudng goe véi nhau) 6 mét tinh chét 1
1 1 1 1
A
véi 1A khoang céch tir O dén miit phing (4BC)
va 04 =a, OB = b, OC = ¢ (xem hinh vg).
0

B
Tinh chit trén di dugc khai thac rat nhiéu vao
viéc ching minh ciing nhu séng tao cic bai toan
bit ding thirc hinh hoc néi riéng hay céc vin dé
khac cia by mén hinh khong gian néi chung.
Trong bai viét ndy tic gid khai thac tinh chit d6
vdo viéc tinh khoang cich giira cac yéu t6 trong
khong gian, diéu d6 thé hién qua néi dung sau:
1. KHOANG CACH TU MQT DIEM DEN
MQT MAT PHANG
1.1. Ciic bai toén vé hinh chép
Thi du 1. Cho hinh chép S.ABC co day ABC la
tam gidc déu canh a, SA vudng goc véi mat phang
(ABC): goc gitta duong Ihcing SB va mat plui'ng
(ABC) bang 60°. Goi M la trung diém canh AB.
Tinh khoang cach tie B dén (SMC).
Loi gidi.

oo mmc MUT T cummﬁmm
TRONG VIEG T1NH KHOANG CAGH GIUA CAG YEU 70 TROMG KHOMA G1AN -

PHAM DUY KHANH - NGUYEN TH] THOY LINK
(GY THPT (huy Chiu, IWM-/

Ta cb6: SA=AB.tan60° = ax/i. Dyng A4cCP
vudng tai 4 (Pe CM) = AP=AC.tan30°=g{3-.
Goi G 14 hinh chiéu vudng goc cua A trén mit
phing (SPC), ta cb: AS,AP,AC 46i mdt vudng
géc véi nhau va
d (B; (SMC))=d (A;(SMC)) = AG.

Trong tir di¢n vudng ASPC c6:

1 _ 1 . 1 + 1

AG*  AS* AP AC?
1 1 - iz _13

= 7+ 2 p
(aﬁ) a3 a’ 3a
3

Viy d(B;(SMC)) = AG = "‘1/353 :

Thi du 2. Cho hinh chop S.ABC ¢o dav ABC la

tam giac can, BA= BC =a va BAC = 30°, Canh
bén SA vuong goc vai mdt phang day va SA = a
Goi D la diém doi xung voi B qua AC. Tinh
khoang cdch tir B dén mdt phing (SCD).

Loi gidi,

S48 567(9-2024)
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AB = BC.co0s60° =2a.%:a; AC=a\/5;

i o iy - ot A11~5-£
AH® AB° AC° a 3a° 3a 2
(S4;(ABC)) = (SA4; AH ) = SAH = 60, do do:

SH = AH .tan 60" = 12‘1

2
Taco: AC’ = HC.BC <> Zg ;gz %
Goi 7 latrung diem cia AC = IC LID, tir I ké 3 3
a
J IC 1 SA a & HC ==BC =—.
IJ)JSA(JeSC) == [J="CcC 4 2
Bl i tal da et :

(IJ 1a dudng trung binh cua ASAC). Goi H 1a hinh
chiéu cia / 1én mit phing (SDC), ta c6:
ID =IB = AB.sin30°=—

IA=IC = AB.cos30° = "‘f

Do / 14 trung diém cia BD suy ra:

d (B;(SDC)) =2d (1 5 (SDC))‘—' 2IH. Goi K 1a hinh chiéu vuéng géc cua H trén mat
Tac6 IJ;ID;IC d6i mot vudng goc nén phéng (SAC), lac dé:
1 1 1 1 BC
—_———— e —— B;(SAC))=——+d SAC =—HK
IH* I} D IC 4(weie)) HC (il c))
_ 1 & 1 1 28 Ta c6 HA;HC; HS d6i mft vudng goc, suy ra:
2 2 3a2
BHoNG)
2 2 2 HK® HA® HC® HS®
=>IH—aJ2_1 - 1 _ 1 4 1 N 1 =20
- 14 " HKZ (\/Sa)Z (}ﬂ)l (3—0)2 902
21 2 2 p
Viy d(B;(SDC))=2IH = ay2l
’ <:>HK—3a\/-
Thi dy 3. Cho hinh chop S ABC c¢6 diy ABC la 10

Suy ra: d(B (SAC)):%HK _E.X’i_ 2“‘/—

3 10 5
20\/5
T

tam wie vuong tgi A, ABC = 60", BC = 2a. Goi
H la hink chi¢u vuong goc cua A trén BC, biét

dne SH vuong goc voi mat dday (ABC) va S4 1qo
i S v i o it iy (ARC) VESAO gy 54
Thi dy 4. Cho hinh chép S.ABC co diy la tam
giac déu canh 2a, D la trung diém BC. Biet
Léi gidi, Ta ¢6 AABC vudng tai A nén ASAD ld tam gide déu vi mdt phing (SAD)

voi dav (ABC) mét goe 60°. Tinh khodng cach

1 diém B dén mat phang (SAC) theo a.
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VHONE i VO maat /'/uin;‘- ( (BCY, Tinh khoane
cach me diem Cden mae phiang (N15)

Lo i,

Goi M 1A trung diém cia ADmA ASAD 1A tam
gide ddu nén SH L AD, lai ¢6 (SAD) L(ABC)

suy ra SH L(ABC). Qua H ké dudng thing

song song v&i BD cit AB tai I. Ta ¢ HI L AD
va HS; HA; HI 461 m{t vudng goc.

Goi K 1A hinh chiéu vudng goéc cua H trén mit
phing (SA7)thitaco d(H;(SAB))= HK.

Tacod: AD =V AB® — BD? =\4a* - a? = a/3;

a3 1

HA=-AD———— HI ==BD=%
2 2 2

2
SH =[SA* — AH? =,/3a2 —3% =37".

1 1 1
HK®  HS HA ' HP
L N AR 13
94> 3a® a* 9a°
3a\/35

& HK = :
52

Lai c6: d(C;(S4B))=2d(D;(S4B))

Lic do:

=4d(H;(SAB)) = 4HK =

3a\/5_2
13

3a~/§
13

Viy d(C;(S4B))=4HK =

1.2. Cdc bai todn vé liing try va hinh hjp
Thi dy 1. Cho ling tir  giac
ABCD.A'B'C'D' ¢6 canh bén biang 2a, canh diy

tru deu

Goi | la tunge dicm cua DD'. Tinh

khoang cach he dicm B dén mat phang ( A'1C).
Loi gldl.
Kéo dai A'l v AD cfit nhau tai J, suy ra DI 1a
dudng trung binh tam gide A'AJ va

AD=DJ = A'D' = BC =a;, AJ = 2a.
Kéo dai CJ va AB clit nhau tai K, suy ra BC 13
dudng trung binh tam gide AKJ nén

bhang a

KB=AB=CD=%I-<—=a, AK =2a.

Goi H 14 hinh chiéu vudng goc clia A trén mat
phing (A'KJ) ta cé:

d(B;(A'CJ))=-%d(A;(A'CJ))=%AH.

Mit khac ta c6 AA';AJ;AK d6i mot vudng goc
1 1 1 1

nen = + &

AH? 44" A)' AK?
v 3 23
(2a)" (2a)" (2a) 4’ 3 -

J’

Viy d(B,(4'CJ))= -2—AH =2

Thi du 2. Cho hinh hpp chir  nhat
ABCD.A'B'C'D" ¢6 AB = AD = 2a,

e . \ Y. » - v
K la hinh chiéu eua C trén canh BC',

Ad' = a. Goi
goi O la
giao diém ciia AD'va A'D. Tinh khoang cach ur
diém O dén mt phang (A'B'K).

Loi giai. Ta co BC'=a\s , tam giac BCC'
vudng ¢ CK 13 dudng cao nén
CKX 2 az 1

ot ==l
CB CB

=CBCK & = =—,

Sa 5
Goi O' 1A trung diém cia BC' ta ¢6 OO’ song
A'B' va OK =BC'-BO' -KC'

OAN H
T-q"uaﬁ&s

song vai
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AT¢

T K ké dudmg thing song song véi BB’ va cit

HK CK 1 a

B'C' tai H = = HK =-5-.

BB CB 5§

Td H ké HF ] AC' (FeA'B), ké duong
C'D’' lan lugt

thing song song véi B'D' cit A'B’,
tai J va L. Tacé:
d(0:(A'BK))=d(0(4'BK))

3 e
W 4(cy(amx))
gBC'

= %d(c' (4'BK))=

a(c(47K))
—% %d(ﬂ;(A’B’K))

=?d(H;(A'B'K)).

Nlu

Goi N la hinh chiéu vudng géc cia H trén mit

phing (4'BK), suyra: d(0;(A'BK)) =%HN

Do HF J| A'C’ suy ra:

HF B'H _4

A C' BC 5
4002 = 8ay2 .
5 5

= HF =—5'A'C'=

Ta c¢6 tr gidc BJLD' 13 hinh binh hanh
= B'D'=LJ. Xéttam gidc B'C'D’ c¢6:
HL HC' 1
HL)BD =>—=—-==
Y BD' BC 5

:HJ=1;-B" 2\/'8"‘/-

36 T?ﬁrNugme S§ 567(9-2024)

j

Do HK:HF:HJ d6i mgt vuong goc nén ta ¢
1 1 1 1

= + 3 4+ 3
HN? HK® HF' HJ
1 1 1 _ 1625
& : + 3 + 3 -F
(5{) gav2) (8a2] S
5 5 5
& HN =
5\/_
15 8a 3ar
O,(A'B'K —-—HV——-———-— :
(o amm)-nv -2
Thi du 3. Cho lang tru ABC A'B'C" ¢o do du

canh bén bang 2a, day ABC la tam giGc vuong
tai A, AB=a, AC =av3 va hinh chiéu vuong
goc cua dinh A" trén mat phang (ABC) la trung
diém H cua canh BC. Tinh theo a khoang cach e
A toi mat phang (C'B'B).
Loi gidi.

A'

N
Dumg hinh binh hinh A'B'NH = B'N L (ABC).
Ta c¢6: HN=A'B'=AB=a. Tt N ké duimg
thfmg song song voi AC cit BC tai K,
G = AN n BC. Tacé:

NK /| AC; HN /| AB = NH L NK ;

HN | AB=> —=—=1= AG=GN
/ GN HN
= ACNK 1a hinh binh hanh

=>NK=AC=a\3; BC=2a= AH =a

= A'H =JAA" = AH? = a3 = NB' = a\3.
Goi P 1a hinh chiéu vuéng goc cia N trén mit
phing (C'B'B) thi

d(A,(C'B'B))=d(N,(C'B'B)= NP.
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Tacd NB' . NK,NH 4bi mit vudng poe nén

S B 1
Y R TH
1 | 15 ai! 5

=> NP = -

(W) (o

Vé)’ d(A (C'B'B)) NP = m/lS

4 — e
, )J a 3a

I'hi dyp 4,
{RCDA'B'C'D’
song song voi BC, AR - B(

Cho
co dav la hinh thang can, AD
"= CD = a, AD = 2a
Goc giwa har mat phang (A'CD) va (ARCD)
J-Jng 45°

hmh lang  tru ditng

Tinh khoang cdach tie B dén mat phanyg

(A'CD).
Lai giai.
A’ D'
a‘\‘\ B' Cl
-“ “‘;j ¥
l “\ "y
A Ngazz KN ey D
‘0._‘:} E
B C

Goi 714 trung diém cia AD. D& dang chimng
minh tr gidc ABCI va tit gidc BCDI 14 hinh thoi
(AB = BC =CD = DI = IA). Suy ra:
AC L BI, BD 1IC.
Mit khéc ta c6: BI J/ CD = AC L CD. Tacb6:
ACLCD
AA' L CD

=CDL1LAC.
Theo bai ra ta c6:

((A CD),(ABCD)) (A C; AC) ACA=45".

}=> CD L(A'AC)

Hinh thoi ABCIc6 AB=a,Bl =a=> AC = a\3
= AA' = AC.tan45° = a+/3.

Goi O la tam hinh thoi BCDI, kéo ddi AO cit

CD tai E.

Trong mdt phing (AAL), ké duimg thing

OJ ) AA'(J e A'E). Goit K = Bl v AL, ta cby:
O o
Y] 25 e o1 e = | =3 OF = OK (1),
coynl " s OF = 0K (1)
Lai ¢6:
0K 1o |
AB ) 1C =» . =5 AK = 20K (2).
He=2x =5~ 7 > % )
Tir (1) va (2) suy ra:
OE | _O0J o A4 _al3
AE 4 A 4 4

Do OJ ) AA" = OJ L(ABCD)
0J,0C,0D d6i mot vudng goc.

IC::E 0[)—-g£
2 ¥ 2

Goi H 14 hinh chiéu vudng gbe ciia O trén mat
phiing (A4'ED) suy ra:

d(B;(A'ED)) =2d(0;(A'ED))=20H.
1 1 1 1

nén ta c¢o

IC=a, BD =aJ3 = 0OC =

Ta c6: = + +
A% ot "o " oc o
N DU SRS B3
o) (2] [«B]
4 2 2
=>0H= ia:i[é‘
32" 8
f

Viy a'(B;(A'ED)) 20H =——

2. KHOANG CACH GIUA HAI DUONG
THANG CHEQ NHAU
2.1. Cic bai todn vé hinh chép

Thi du 1. Cho hinh chop S.ABCD co day ABCD
la hinh thang
AB = 8D =3a, AD =SB = 4a,

vuong tai A va B, Bid
dwong chéo AC
vuong goc voi mat pha‘l‘ny (SBD). Tinh khoang
cach gitra hai dwong thang BD va SA.

Loi giai. Ta ¢6 AB=S8SD,AD =SB ;BD la canh

chung = A4ABD = ASDB (c.c.c)

= BSD = DAB = 90°.

TOAN H
; C'I'uﬁict?;(c‘:: 37
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K¢ SHLBD mi
= SH L (ABCD).

Qua A ké dudmg thing @ song song véi D, Qua
H ké dudmg thing song song v&i AD ¢t d tai
E, ké dudng thing song song voi AB va cfit o tai
F. Suy ra ABHF 1a hinh binh hinh va
FH = AB = 3a. T\ gidc ADHE 13 hinh binh hanh
¢O0 HE = AD = 4a. Taco;

HE /| AD

HF [] AB = HE 1 HF = HS,HE, HF

AD 1L AB
dudmg thing d6i mdt vudng goc.
Ta c6: BD /I EF = BD // (SAE)

= d(BD;SA) = d(BD;(SAE)) = d (H;(SAE)).
Goi M 14 hinh chiéu vuéng goc cua H trén
(SAE) = d(H;(SAE))= HM
- 1 _ 1 » | % 1

HM® HS? HE' HF®

1 i 1 & 1 " 1

SB*  SD*  HE' HF®

sy
HE' = HF? 9a’ " 164’

12 6av2 6av2
=AM =S 5

Thi dy 2. Cho hinh chop S ABCD ¢6 day ABCD

AC L(SBD) > AC L SH

la ba

. Viy:d (BD;SA) =

la hinh thoi canh a, ABC = 60", Hinh chiéu vuong
woc cua dinh S trén mat phang (ABCD) la trong
ram cua tam giac ABC. Bict goe giva dieong thang
(ABCD) bing 30", tinh

khoung cach gitra hat dwong thang AB va SD.

SO va mar phang

TOAN HOC
38 ensife

S48 567(9-2024)

Lo gidi,

Do ABCD 14 hinh thoi canh a va bilt ABC = 60

nén ta d& dang co BD = a3 . Goi H 1 trong tim
AABC, suy ra:

:
Stl L (ABCD); HD = 3 DB = 2—"l/-.

Goi O=ACABD. Qua H ké dudmg lhung song
song v&i OC cit CD tgi E. Khi do:
KL 2ang=doc-22.2
HE DH 4 3 372 3

Vi SH L(ABCD) nén HD 1a hinh chiéu vuong
goc cua SD trén (ABCD), suy ra:

(S‘D;(ABCD)) - (SD; HD) = SDH = 30°
= SH = HD.tan 30° = =2
Goi K la hinh chiéu vudng goc cia H trén
(SDE), ma HS,HE,HD d6i mjt vudng goc nén
| 1 1 1 9 9 9
gty fad 7+ ' % aming o weny 4 :
HK HS® HE HD da da 12a

Zas/ﬁ
[ THR

= HK =

VIAB /I CD => AB I/ (SCD)
= d(AB;SD) = d(AB;(SCD)) = d (B;(SCD)).

Lai ¢6: HD = %— BD & BD = %Hl)
3 a2l
=d(B; (S‘CD))*—d(H (SCD)) =3 HK =452

Viy d(AB;SD).».i‘i_,?_‘._
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Thi du 3. Cho hinh chop tam grae S ARBC o6 day
ABC L tam giac déu canhoava SBA - SCA - 90

Goc gita cheomg thang SA va mat phang (ABC)

bang 45 Tinh khoung cdch giva hai dwong
thang SB va AC.

Lo gidi.

Goi I 13 trung diém cia BC = AI 1 BC.
ASBA=ASCA (canh huyén va canh géc vudng)
= SB =SC = ASBC la tam giac cin

= S/ 1 BC ma BC 1L AI = BC 1 (SAI).

Ké SH 1 AI, ma SH 1 BC = SH L (ABC).
Goi D 1a diém ddi ximg cua 4 qua /

= ABDC la hinh thoi=> AD = a+/3.

Dit §4=x = SB=SC =SA4* - 4B* =\x* - &*

2
= SI =+/SB* - BI =Jx2—5%

= 8I” = AI* + AS? - 2A1.4S.cos45°

S x=——m=854

_ 20\/6
3

2a\/§
3

aV3

=>HD=AD~AH=T

= HD =-§—]D;AD =3HD

=S5H

= AH = SA.cos45° =

Qua H ké dudmg thing song song v&i BI cit

BD tai M :HM:%BI:%.

MA 1D L BC = HM | HD = HS,HM ,HD 46i
mOt vudng gdc vai nhau.

Goi K 14 hinh chiéu vudng goe cua H wén
(SMD) > K 1A trong ASMD

=d(H;(SBD)) = HK
| I | | 9 3 3

- « Y o P A B age s
st T d e

LSU g o 2081
51

T =

thm  cua

=3
HK'

da
Vi AC J| BD =5 AC J/ (SBD)

= d(AC;SB) =d(AC;(SDB)) = d (A;(SDB)).
Miit khic AD =3HD

= d (4;(SBD))=3d (H;(SBD)) = 3HK =%—51.
Viy d(AC;SB) = 2"1‘457.

Thi du 4. Cho hinh chop S ABCD o6 day ABCD
AB=a. AD = 2a. Hinh

chieu vuong goc cua S tren mat phang dayv la

la hinh chiv nhdt voi

trung diem H cua AD, goc giita SB va mat phang
diy (ABCD) la 45°. Tinh khoang cach gita hai
dwong thiang SB va AC theo a.

Loi gidi.

Goi O 1A tim cia hinh chir nhit ABCD. Vi
SH L (ABCD) nén HB 1a hinh chiéu vudng goc

clia SB trén mit phing ddy, do d6
(s8:(4BCD)) = (SB:HB) = SBH = 45"

Suy ra SH = BH =\ AB® + AH® =a2. Goi M

4 giao diém cia HB v AC.

Vi AH pBCeoMH _AH | JMH ]

MB BC 2 HB 3

; TOAN HOC
S3567(9-2024) ' Cuilye 39
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Qua M ké duomg thiing song song vai SB va cit
SH wi N suyra SB//(NAC).

HN IIM |

HS HB 3

a_J 2

Tacd: MN J) SB =

=> HN =~ HS‘ 4

d(SB;AC) = d(SB;(NAC)) =d(B;(NCA))
=2d(H;(NAC)).
D& dang thiy HO L AD, do &6 HS; HA;HO 46
m{t vudng goc, hay tr dign HASO 14 & dign
vuong. Goi K l1a hinh chiéu vudbng goc cta H
trén mijt phing (NAC), ta c6:
1 1 1 1

= +
HK?® HS* HA* HO?
1 1 1 n Jzz
o v e 157
2a° a (a) 2a 11
2

2a~/ﬁ

Viy d(SB; AC)=2d(H;(NAC))= =,

2.2. Céc bai toan vé ling try va hinh hjp

Thi du 1. Cho lang tru tam giac déu ABC.A'B'C’
cé canh day bang a, goc giita dwong thang B'C
va mdt phing ddiy (ABC) bang 30°. Tinh khoang
cach giira hai dieomg thang B'C' va A'C.
Loi giai.

A\ ............ C’

Vi B'C' J) BC=> B'C' || (A'BC)

=d (A'C;B’C') =d(B'C’;(4'BC))
=d(C';(4'BC)) =d(4;(A'BC)).

Qua A ké dudmg thing vudng géc véi AB cit

TOAN HOC

' crumwé S48 567(9-2024)
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BC i E o5 AE = AB.tan60° = a3 = AA',
AB, AE 1A ba duimg thing d6i mOt vudng goc.
Goi M 1a hinh chiéu vubng goc coa A trén
(A'BE) => d(A;(A'BC)) = AH. Vi BB' L(ABC)
=5 BC 14 hinh chidu cia B'C trén (ARC)

- (Ik'i'—;(_/Tl}'c )) - (/i'(_";?;(;) - OB = 30°

= BB' = AA' = BC tan 30° = ==

—J l = I + ! + | --...3_.,’.._!_+..l_
AHY  AA? AR AE' & a3
J39 39
AII="— = d(ACBC) = AH ===

Vily d(A'C;B'C")= AH = "‘{35 .

Thi dy 2. Cho hinh tam  gidc

ABC.A'B'C'

lang  tru

co canh bén bang a ~/2, day ABC

la tam gidc vuong tai B,BC = aN3,AB = a. Biéi
hinh chiéu vuong goc cia dinh A" trén mat phdns
3AM = AC. Tinh
khoang cach giira hai dwong thang AA" va BC.
Loi gidi.,

day la diém M thoa man

A' N H c

B
Qua C ké dudng thing song song véi A'M va
cit A'C’ tai H, suy ra CH L(A'B'C’). Goi N la
hinh chiéu vudng géc cua B’ trén A'C’. Ta cé:

CN_CB* 3

C'Bn(:} =—,
C'A C'4* 4

CNCA'=

Mi £ LW EH
cd 3 CN 9

Mit khéc: B'N.LAC'::HEJ.AC'. Do do

HE,HC,HC' d6i mdt vudng géc hay ta dién

HCEC' 1a tir dién vudng.

Y ] HE=—NB'
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Got K 1 hinh chidu vodng goc coa M tén mt - Goi 2 1d hinh chidu vudng goc cia N trén BC

phang (CKEC'), ta cb:
L

s T B vt i .
ak et e e O
)
[l Vo
) 3

HC « JOCT - HC™ o 918,
J ’

| L . av
7\:};’? = ‘4IBII ¢ B;(;t‘ ’ ‘ ) <N " ""2-““
=> HE = S NB' = 2043

Thay cde dai luvng trén vao (1), ta cd:
127 9 9
HK? 4 4

= g
da’
& HK = %’:
Vi A4’ [/ CC' = AA' J| (BCC'B') nén:
d(A4BC)=d(44",(BCC'B'))=d(4(BCC'B')).
Mi A'C'=3HC' nén:
d(A'(BCC'B')) = 3d (H;(BCC'B")) = 3HK

=as/l_4=a\/2l0
Jqs 15
Viy d(44'BC)=" 1?0'

Thi dy 3. Cho hinh ldp phiwong ABCD.A'B'C'D’
co canh hung da. Goi M la trung diém cua AC va
BI(\'

N la diem nam trén canh sao cho

C'N= i B'C'. Tinh khoang cach gitra hai dieong
3

thang MN va B'D'.

Léi gidi,
A’ .
Y,
B T
YA
M
PRENN LU RN §)
o’ "i~ >;~ : N‘P‘
.... ‘Jl_.‘
’ H C

(M « BC). Goi G 14 hinh chidu vuong goc cha
H trén mt phing (NBD); 1= B'C ~\ BN,

T H ke HP ) €D, ta ¢6;

Bl _BN 2

Ic BC 3
d(B'D;MN) = d (B'D';(NBD))

B'N J) BC =»

=d(B';(NBD)) = ~B—!- d(C;(NBD))

a—d(( (Nnn))-zifid(u \(NBD))

=-§--%d(l!;(Nb’D))=d(H;(NBD))= HG;

Hl’ BH 2 2 8a

S HP==CD=—.
D BC 3 3 3
Do HN,HB,HP d6i mjt vudng géc nén

S T A

= + +
HG* HN? HB* HP?
L RS SO S |
(4a)’ (8::)’ (&z)’ 324’
3 3
=>HG=4aJ55.
1
Viy d(B'D';MN) = HG = 4"1‘/15.

Thi du 4. Cho hinh lap phuong ABCD.A'B'C'D'

co canh bang a. Goi K la trung diém cia DD'.
Tinh khodng cich gita hai dwong thing CK.
A'D.

Loi gidi.

Kéo ddi CK ciit C'D' tai E, ta d& ding ¢6 D'la

trung diém cia C'E = C'E = 2a.

Vi A'D /| B'C = A'D J{ (CEB'). Do dé:
d(A'D;CK)=d(A'D;(CEB')) = d (Di(CEB')).

Goi F 1a giao diém cia DC' v CK.

vipk jcc=L2E DK 1
FC - CC 2
= DF =~ FC'
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A B

Suy ra d(l);((‘ifli’))-—.%J((";(('EII')). Goi H
1a hinh chidu vudng goc cia €’ trén mat phing
(CER'), tacd d(C'(CEB'))=CH.

Do C'C,CE,C'B" ddi mdt vudng goe nén

L SRR NEOU N IR BV B
CH CC CE CB" & 4 o 4d°

.
o CH==2

3
e NP P .
ay d(AD.CK)—EC —-3.

BAI TAP AP DUNG

1. Cho hinh chép S.ABCD c6 day ABCD la hinh
thang vudng tai A vaD, AB=AD=2a,CD=a,
goc gitra hai mt phing (SBC) va (ABCD) bing
30°. Goi / 1a trung diém cia AD. Biét hai mit
phiang (SBI) va (SCI) cung vudng goc vdi mat
phing (ABCD), tinh theo a khoang cich h tir
I dén (SBC).

2. Cho hinh chép S.ABCD c6 day la hinh vudng
canh bing a. Biét hinh chiéu vuéng goc cia §
trén mjt phing (ABCD)1A diém M théa min
AD =3MD. Trén canh CD My céc diém I,N
sao cho ABM = MBIvi MN vudng goéc vai Bl
Biét goc gilra dudmg thing SC va mjt phing
(ABCD)bing 60°. Tinh khoing cich tr N dén
mit phing (SBC).

TOAN HOC
' cTusitpe.
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1 Cho hinh lap phuong ABCD ABCD, cynh
bdng a Gor M 1a trung diém caa AD Tinh
khoang cach tir 4 dén mit phing (CDOM).

1. Cho hinh hop chit nhit ABCDA'B'CD' O
khodng

AB = a, AD = aJ2, AA' =aJ3. Tinh

cAch tir didm B i mit phin;; (ACD).

&%, Cho hinh chop tir gide SABCD <6 midt diy
(ABCD) 1a mit hinh chit nhit. Mat bén (SAB) la
tam gidc cin ta § va mit phing (SAB) vuing
goc voi mit phing (ABCD). Bilt AB =2a,
BC =a va goc tao bdi canh bén SC va mit day
(ABCD) 1a 45°. Tinh khodng cich gira hai
dudmg thing S4, BD.

6. Cho hinh chép S.ABC c¢b day la tam giac dou
canh a. Hinh chiéu vudng goc cua S trén mit
phing (ABC) la diém H thujc canh AB sao
cho HA=-2HB. Géc gitra dudng thing SC va
mit phing (ABC) bing 60°. Tinh khoding cich
hai duémg thing S4 va BC theo a.

7. Cho ling try ABC.A'B'C’ ¢6 diy ABCla tam
gidc déu canh a. Hinh chiéu cua A" 1én mit phing
(ABC) tring voi trung diém cua BC. Tinh
khoing cich d giira hai dudomg thing B'C'va
AA' biét goc gira hai mat phing (ABB'A') va
(4'B'C) bing 60".

8. Cho hinh ling try ABC A'B'C’ ¢6 &) dai canh
bén bing a7, diy ABC la tam giic vudng tai 4,
AB=a,AC =aJ3. Biét hinh chiéu vudng géc
cua A’ trén mjt phing (ABC) la trung diém cua
canh BC. Tinh khoang cich gitra hai dudng thing
A4’ va B'C".
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TIENG ANH QUA CAC BAI TOAN
BAI SO 108

P!l(‘Bl.l_\‘. {J.A‘-;'.’ hto events {

and B witl
N AV=045 P(B)=075, and P(A~B)=0.3
mpute P(A!B)
Selution. It is clear that
P(A)=P(AnB)+P(ANB).
Hence P(4NB)=P(A4)-P(AnB)

=045-0.3=0.15.

P(ANB) 0.5

|
We have: P(AB)= = =—,
y ( | ) P(B) 075 5

Remark: This exercise is selected, adapted and
translated from the sample HSA test paper 8-2024
(Vietnam National University Hanoi)

TU VUNG

event < hien co

NGUYEN PHU HOANG LAN
(University of Education, VNU, Hanoi)

BAI DICH SO 106

BAl TOAN [Ham so [ dwoc xdc dinh boi
f =agsmlbx-cy+d.voia, b, cvadla cac h&ng
so. Trong mai phang toa do Oxy, diém (2; 2) biéu
thy diém cwce tiéu va diém (3: 8) la diém cuc dai
k¢ ::;";.v nhau trén do thi cua ham soj' Gia tri cua

!’f.fr«;' bao nhiéu?

Léi gigi. Ham f¢6 dang 12 ham s sin va hiéu hai
hoanh d¢ giira hai diém cyc trj gan nhau nhét bing
2. Do d6 ham s6 f ¢6 chu ky 1a 4.

27 n
Tu dd —=4 vavivay b=—.
b * W=7

Luru y: Bii todn ndy dugc suu tam tit mot bai
kiém tra thyc hanh AP - precalculus.

Nhin xét. Ky nay ban Nguyén Hing Cuong, xa
Nhon My, TX. An Nhon, Binh Djnh ¢6 bai dich
tot. Xin hoan nghénh ban.

HO HAI (Ha Néi)

FERFEFERB LA ZRRITRINERNEFAEREFAF RN IRREEFL RSN AR RESEEF XXX XRSESERERRRNSREAFEREE RS R kS

SAILAM ... (Tiép theo trang 47)

Khi d6 ban kinh duomg trén (C) la:
r=J;(1—dz =32 -3
= /6.
Goi J la tim mit ciu cin tim, khi d6:
JH =\JJ4 -1 =9 -6
=5\3.

Ta co:
U=HI+IH=53+3

=63,

Je(IH)= J(m;=2+m;1 +m)
= fl(m;m;m).
Do dé:
? =(6v3)} © 3m* =108 <> m = 16
= J,(6;4;7); J,(—6;,-8;,-5).
Phuong trinh céc mt ciu can tim la:
(x=6)* +(y-4) +(z-7)" =81,
(x+6)* +(y+8)* +(z+5)" =81.
Theo ban loi gidi trén sai & ddu nhi?

NGUYEN THANH GIANG
(GV trwomg THPT chuyén Hung Yén)

TOAN HOC
' oTusitre 43
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4 2 2

i 9 X:-—-'y;_____

— ‘ w773 > V3 J3

AL 2 2

{ 4 , (-"..‘) "0 X =~ fl)’""T
\NHIEV cAcH QYA / o

T A' o max /= 8, dat dugce khi J +y —~xy=4

\ . - V\M,‘__‘_,..— p—_ 5 y l‘rl ‘yl =8

BAI TOAN 87, Che cic so thue x,v thoa min xy =4 I"-" -4 X=y=2
1, ., [ y .
x4y =8 l(x—y) =0 |x=y=-2

ey o —av=d4 Tim gia try nho nhat va Qi tri

lom nhat cua biéu thue P=x* + 17, Cich 2Dt t=x+y thith X' +y" ~xy=4 1a

Lo gidi. -4 ;
. ¢6 xy=———_.Vi(x+y) 24xy nén
Cich 1.Néu y=0=>x" =4 thi P=4. - 3 (x+5) v
Ta xét trudmg hop v # 0. Lic ndy t’.>.4.lz-4otzsl6
2
(i % Licndy: P=x'+)" =(x+y) -2
P 4y r Gendy: P=x'+y' =(x+y) -2n
4 x:+.‘;2_xy 4 x 2 .\'. 2 l2—4_12+8
-1 $l== = . 3 = 3 .
y y .
x P £+l Do 0<r' <16 nén S<p="8 <y
bit t=— tadugc: — =~ 3
y 4 t°+1-t

Twong tw nhie cach 1, ta ciing két ludn diege:
o P(r +1-1)=4(r +1)

minP=§, dat dugc khi
a(P—4)t’—Pt+(P-4)=0(l). 3

4 0y .a 2
- Néu P=4 thi phuong trinh (1) c6 nghiém Pey =xyad =T =___
1=0. g o V3
-Néu P#4 thi phuong trinh (1) la phuong trinh x’+y’=§ s, =i_
bic hai 4n 7, phuong trinh ndy c6 nghiém khi ~/_ NE)
A=P'-4(P-4)(P-4)20 max P =8, dat dugc khi "="=22.
_x:y=_

P -4(P'-8P+16)20
Céch 3. Ta chimg minh x* + y* <8, Thit vay

8
¢3P1-32P+6450Q‘§SPS8. xz+y258¢:>x2+_\’zSz(x2+_)‘2—,l:\')
A .oa .
Nhu vé;;, phuong trinh (1) an ¢ ¢6 nghi¢ém khi va (do x* +? —xy=4)
chi khi 'SSPS& & (x-y) 20 (ludn ding).
; 8 \ oV ey
Két lugn: min P =—, dat dugc khi Viy max P=8, datdugc khi {*_ ** ~© 4
3 X2+’Vz=8
Fayt-xy=4 xy=—a xy=4 xy=4 s=y=1
3 bt PP R S : & .
xz ,1_5 R = 8 X +y =8 (_x—)') =0 x::y:—z
+) =3 x’+y2=§

* Ta chimg minh x* + y? Zg. Thit vay

44T e
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8 1
R 2 H 1y &2
X 4y 2,. X'+ = %* & v = v
Nt) 3¢>\ ty R}(.\ +) .r_\)

(do x* 4y —xp=4)
o (x4 y)’ 20 (ludn ding).

Pyl -xy=4
Viy min P = % dat duge khi

8
2 2
vyt =
3
4 R
Ry .~ .\-_\.=_i "“J:')‘ B
= = .
Vayl=s |(x4y) =0 |x=- y=—2=
' 3y O 3B

Cich 4. Ta s& tim didu kién cua P dé h¢ phuong

eyl=pP
trinh {‘ ’ (T) ¢6 nghi¢m.

Mayl-xy=4

Dit u=x+y,v=xy thi h¢ () tr¢ thanh:
w'-2v=P u'=3P-8
=
w-3v=4 v=P-4
H¢ (I) ¢6 nghiém (x;y) khi va chi khi h¢ (II) c6
nghiém (u;v) théa man u?® > 4v, tic 1a:
{3P—824(P—4) 8

(1.

& -—<P<L8.
3P-820 3

L +yl-xy=4

x*+y*=8

xy =4 o[x=r=2
(x-y)'=0 " [x=y=-2
x2+y2_xy=4

x +y2—§
3

Viy max P =8, dat dugc khi {

xy=4
<~ 2 2 <~
x'+y =8

Vi minP = %, dat dugc khi

4 4 x=_2_’y=

3

3!

I
[ 8] wll\)

Xy
= =S 3 &
(x+y)' =0

w

Cich 5. Vi x* + y* ~xy =4 nén

2 2
T2 +4=%P+4,

P=x*+y* =xy+4<

suyra P <8, Ding thitc P =8 xay ra khi

L4y -xy=4 [xy=4
2 y: g g & 2
xX'+y =8 X 4y =8

- Xy =4 (bl:J:.),-zz
(I'*)l)l :0 X'T}' = -2'

Do d6 max P =8, dat duge khi [.r =y |
X = y = __2

2
Mit khdc, ta c6 [’=4+xy24—f‘;£=4_%p

hay P 2% . Ding thirc P = % xdy ra khi

4yl -xp=4 Jtyz—-i
3
Poyias O 8
Y x’+y’=—
3
4 Xzi,y=—i-

2 - 1
x+y) =0 X=——,y=—"1
(x+) =

vl 2

Vay min P =—, dat dugc khi ﬁz 23

x:—-——’y:__

V33
NGUYEN VAN XA

(GV THPT Yén Phong sé 2, Bic Ninh)
Nguyén Hing
Cuong, xa Nhon My, TX. An Nhon, Binh Djnh,
Huynh Trinh Vinh Phuc, 11A1, TH, THCS&THPT
Lé Thanh Téng, Q. Tan Phd, TP. Hé Chi Minh,
cling dong gép mot s§ cich giai twong tu nhu cic

Nh@n xét. Ky ndy céc cic ban

cach giai trén. Xin hoan nghénh hai ban.
LE MAI (Ha Nji).

Mai céc ban giri 161 gidi BAI TOAN 89 dudi day vé
Toéa soan Tap chi TH&TT trudc ngdy 31/10/2024.

BAI TOAN 89. Cho tam giac ABC can wai A vai

H la trung diém canh BC. Hink chicu vuong goc

wera H trén canh AC la D. Goi E la trung diém cua

HD. Chieng minh vang AE vuong goc vai BD.

LA DAI CUONG
(GV THPT Cam L9, Quang Trj)

TOAN HOC
CeTusige 45
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18c+1)=>7c+1 (4).
Tir (3) va (4) suy rac = 6.
Thay a = 2, ¢ = 6 vao (1) ta dugc:
146+6b 25

&
6b 36
< 3(1+6+6b)=25b
& b=3.

Két lugn: b=73.

Nhdn xét. Rit tiéc 1a Toa soan khong nhén duoc 16
gidi nao cho bai todn nay.

BAI TOAN 95 (AMC, 2020). Cho cdc s6 nguyén
a. b, ¢ déu lém hom | théa man

YNUYNYN = YN NHU HOANG
vai moi N > 1. Gia trf ctia b la bao nhiéu? Sau diy 1a bai tap dé nghi. Ban doc hiy giri 15
eae X
A2 B. 3 C.4 D. s E. 6. gidi ve Toa soan TH&TT trude ngay 31.10.2024.
Loi gidi. Viét lai vé trai cta phuong trinh ban dau: BAI TAP DE NGH]
1 BAL T().»'\S 97, Cho he phteomg trink cia chce an
NYNYN = [Ni.N')b-N' ax + by, + =5,
ax, +hy, 40 =X
\ i
BT Ky g Ry M o s i SRR
( 1 a 1 i :
LIRAT) leeshe \g ax,  +bx, +emy,
=||N< | N'| =|N * : ‘
[av, +hy, s 0sx
\
L+e +be ~ trang @6 a, b, ¢ li nhing s6-thiee va a + 0,
=N o, Cleeng minh rdng:
Leovle B a) H¢ khong o6 nghiom thue néu

Suyra: N @ =N3, DoN> 1 néntacé:

l+c+be 25 l+c+be Wpnll: - d4c< @

abe 36 2z & be a'}Z . b) ¢ ¢6 nghiem thec din nhat neu
Vi b, ¢ la céc s6 nguyén 1én hon 1 nén b1y =4 =0
l1+c+bc<2bc ay He khong co nghicm thic new
o lretbe o (h-1) -dac >0
Do d6 tir (1) ta suy ra: KHANH HUU (Ha Ngiy
a.§<2<:a <7—2=2,8.
36 25

Viy: 1<a<3=a=2.
Véi a =2 thi (1) trd thanh:
18(bc +c+1)=25bc < 18(c +1)=Tbc (2).
Do (¢, c+1)=1va(7, 18) =1 nén tir (2) suy ra:
c|18(c+) =18 (3)

va
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GIAI DAP: BAI TOAN SO PHUC
(Dé dang trén TH&TT sé 563, thdng S nam 2024)

Phén tich sai lim. L3i sai cia ban Hoa 1d viée
danh gid |z| chi cho ching ta pham vi nhé nhdt va
16m nhit cua |z], chir khong thé chi rd tip hgp cua
z. Do d6 khing dinh luon tip hop cua z 1 sai.
Dudi diy 1a 10i giai dung.
Lai gidi diing. Bién d6i gia thiét
=3 - 4| =2}z

e = (3 +4i)| =24

ol - 2 +i)| =2

oE-2-i |z +2+i=24
Goi A(2,1), B(-2,-1), 0(0,0) (chi ¥ O l1a trung
diém AB). Khi d6 gia thiét tro thanh z4.zB = 2}z,
voi ky hiéu z4, zB 1a khoang cich tir z dén 4, B.
Tacé: z4.2B=2|z| & 24’ 2B* =44

oA B =4 o[zAzB] =4l
o :(:_5 +04).(z0+ 59.)]2 = 4|z|z

e 2
= [(:0+04).(:0-04)] =4

[0 -01' ] =4)f
& (e -s) =alf
|2 -14)f +25=0
' =7+ 26

' =7-V6

|2 = V6 +1
_|z|=\/3-l'

Nhu viy, tip hop céc sé phirc z thoa min yéu cdu
bai todn 1a 2 dudmg tron:

L=

L=

(C,) tim X0, 0), bin kinh R, = V6 + 1
Vi (Cy) tim (0, 0), ban kinh Ry = V6 -1.
Nhin xét. Rit tiée 1a khong c6 ban ndo phét hi¢n duge
sai lam trong Iin gidi bai ndy.
KIHIVI

G,

SALODAUNHL?

Bai toan. Trong khing gian vin hé truc toa Jo
Oxvz cho mat phang (P): x+ v +2=2 =0 va mat
cau (S . +(v+ 2 (2 =1y =9 ¢at nhau theo
dweang tron (C). Viét phirong trink mat cau (S') co
ban kinh bang 9 va di qua dwong tron (C).

Mgt hoc sinh giai nhw sau:

Mit cu () c6 tim /(0;-2:1), ban kinh R = 3. Goi
H 13 tam dudmg tron (C). Mt phing (P) ¢6 VTPT
;(l;l;l). Dudng thfmg IH di qua 1(0;-2;1) nhin

a(L;1;1) 1am VTCP ¢6 phuong trinh:

Do (P)n(IH)={H}:H(:;—2+t;l+t)e(P)
St+t-2+t+1-2=01t=1=> H(l;-1;2).

2412
Tacé: d =d(1;(P))=—|—+—|= .

P+1P+0

Y L

(Xem tiep trang 43)
i g

S3 567(9-2024)

TOAN H
; cruéigg 47

Scemed with

B PIOC quét bng CamScanner


https://v3.camscanner.com/user/download

> NUAT BAN TU 1964

Tap chi TOAN IIOCWWOI TRE L

07 Bidn tdp:  024.35121607,

Mathematics ond M anme Lol mmum.;:%ﬁ:z:;

v
/ $ ‘l
. '.-

RAN CO VAN ANOA HOC CHIU TRACH NHIEM XUAT BAN
GS TSKH TRAN VAN NHUNG Téng Gidm doc NXBGD Viet Nam
IS NGUYEN VAN VONG NGUYEN TIEN THANH
GS DOAN QUINH Téng Bien tap NXBGD Vigt Nam
FUS TS TRAN VAN HAO PHAM VINH THAI
Vién truimg Vidn nghién ¢ Séch va HLGD
PHAN XUAN THANH

HOI DONG BIEN TAP

Téng bien tdp : TS. TRAN HOU NAM Phé téng bién tip : CN.TRAN THI KIM CUONG
The ki Tda soan : ThS. HO QUANG VINH 7S. LE HONG MAI

rs TRAN DINH CHAU, TAS. NGUYEN ANH DONG, 75. TRAN NAM DUNG, 75. NGUYEN MINH DUC, TS, NGUYEN MINH HA,
IS NGUYEN VIET HAL PGS 7S. LE QUOC HAN, ThS. PHAM VAN HUNG, PGS. TS. VO THANH KHIET,
GS TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, 7S. PHAM THI BACH NGOC, PGS TS. TA DUY PHLONG,
AS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAL T4S. VO KIM THUY, PGS T5. VU
DUONG THUY, GS, TSKH. NGO VIET TRUNG.

TRONG SO NAY
@ Dvaoh cho Trung hoe Cosi € Phuong phip gii todn
For Lower Secondary Schoo!
Ngé Van Thdi — Mot ding thirc can nhd. Pham Duy Khdnh — Nguyén Thi Thiy Linh -
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© Huomg din gidi a& thi tuyén sinh vio lép 10, (ng dung mt tinh chit cia 1 dién vudng o2

Trudng THPT chuyén Lé Héng Phong, Nam tinh khoang céch gilra cac wau 10 trong khong
Dinh, ndm hoc 2024 - 2025, gian.

@ bt wi tuyén sinh vio 16p 10, THPT chuyén TP. _
X h cdc bii todn — Bai s6 108 -
H& Chi Minh, nim hoc 2024 « 2025. @ Tiéng Anh qua cie N

Bai djch s6 106.

@ it aan dyy hoe toin

Nygwyen Thanh 1idi - Gid tf 1om st vi gid r @ ~hitu cich gidi cho mit bai todn — Gidi bai

nho nht cia him c6 gid tri tuyét ddi chira tham
50. todn 87 — D& bai todn 89.

0 Déra k¥ nay Problems in This Issue
Du lich thé ua céc bai tod « Gidi
T1/567, ..., TI2/567, L1/567, L2/567. @ Dulicn té gidi q n hay - Gidi
bai todn 95. Dé bai todn 97.

€ Giit bat K trwse

Solutions o Previous Problems
9
T1/563, ..., T12/563, L1/563, L2/363. © saitimeaan?
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Mathematics and Youth Magarine
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Nam 2010

Khé 19 x 26,5

Gia bla: 99.000 dong
Nam 2012

Khé 19 x 26,5

Gia bia: 152.000 déng
Nam 2014

Khé 19 x 26,5

Gia bia: 185.000 déng
Nam 2015

Khé 19 x 26,5

Gia bia: 199.000 déng
Nam 2016

Khé 19 x 26,5

Gia bia: 199.000 déng
Nam 2017

Khé 19 x 26,5

Gia bia: 199.000 déng
Nam 2018

Khé 19 x 26,5

Gia bia: 199.000 déng
Nam 2019

Khé 19 x 26,5

Gi4 bia: 199.000 déng
Nam 2020

Khé 19 x 26,5

Gia bia: 210.000 dong
Nam 2021

Khd 19 x 26,5

Gia bia: 240.000 ddng

“Nam 2022

" Kho 19 x 26,5
Gid bia: 260.000 dong
Nam 2023
Khé 19 x 26,5
Gia bia: 260.000 déng

Moi chi tiét xin lién hé:

TAP CHI TOAN HQOC VA TUOI TRE
Dja chi: 1878 Giang V6, Ha Noi
® Dién thoai: 024.35121606 - 024.35121607
© Email: toanhoctuoitrevietnam@gmail.com
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Trong 60 ndm qua, Tap chi Toan hge va Tudl tré khong ngitng phat trién va da trd thanh nguoi ban
than thi€t cia nhi¢u thé h¢ hge sinh, glio vién va ban dgc yéu todn trén cd nide. Tap chi Toan hgc va
Tudi tr¢ da nhan nhi¢u Gidy khen, Huan huy chitdng vi nhitng phdn thudng cao quy khac ma Dang va Nha
nude trao 1ang. Dicu nay ¢6 duge 1a nhd cong site cla cdc nha todn hoe, cic nha sif pham, cac dy vién hoj
ddng bién 1@p, cde cong tac vien va ban doc yéu toan trén cd mtde. Thay méit Ban bién tap, ching t6i xin
cam on ban doc gan xa, cac nha kKhoa hoe va cic cong tac vién vé nhitng dong gop (o lon dé.

P& chao mimg 60 nam thanh lap va phat trién Tap chi Toan hoc va Tudl tré, it thang 4.2024, Ban bicn
tap s¢ md chuyén muc: Nhiing hot ite, nhiing kjj ni¢m vé Tap chi Todn hc va Tudl tré. Noi dung céc baj
trong chuyén muc nay s¢ vict v¢ nhing héi e, nhitng ky ni¢m, gdn bo clia ban doc vai Toan hoc va Tudj
tré; nhiing &nh hudng, déng gop cda Tap chi Toan hoc va Tudi tré d61 véi phong trao hoc todn, gidi toan,...

trén toan quac.

Bai viét c6 thé viét trén gidy hodc ddnh mdy vi tinh (nén bdng chuung trinh soan thdo van ban word).
Trén bai viét cdn ghi ro: Ho tén, dja chi, sé di¢n thoai. Bai viét khong qua 4 trang danh may.

Bai vi€t 6 thé gl vé Toa soan:

- Gdi file word theo dja chi email: toanhoctuoitrevietnam@gmail.com
- Guii bai theo dudng Buu dién. Phong bi ¢6 dan tem, gii vé dja chi: Tap chi Todn hoc va Tuéi tré, 1878

Gidng Vo, Dong Da, Ha N¢i.
- Hodc dén Toa soan Tap chi gii tnyc ti€p.

Ban bién tap mong mudén nhan dugc cic bai viét tif ban dgc. Tran trong cam dn!

TH&TT

CUGC THE VIET CHUYEN BE TOAN CHAO MUNG 60 NAM TOAN HOC VA TUOI TRE

Pé chao mirng 60 nAm thanh I4p va phét trién Tap chi
Toan hoc va Tufi tré, Ban bién tap t§ chic cudc thi
viét chuyén dé Toan cho bic THCS va THPT.

« Ddi tugng dy thi: Gido vién da hoic dang day & bac
THCS, THPT, Gidng vién, Sinh vién & céc trudng Dai
hoc, Cao ddng va ban doc yau thich Toan.

» NOi dung bai dy thi: La cic chuyén dé b6i duBng
hoc sinh gidi todn; cic chuyén dé oOn tap, 6n thi cudi
cdp; nhing tim toi, sdng tao trong viéc day hoc Todn
(bdc THCS, THPT).

o Thé 18 cudc thi: M3i ngudi tham gia cudc thi dugc
glri khdng qué 3 bai dy thi khdc nhau. Cdc bai dy thi
c6 thé 1A céc sang ki€n kinh nghiém da ding ky, hoic
dat gidi & Trudng, Phong, S3,... nhung chua ting dugc
xudt ban thanh séch, bdo, tap chl va cling chua tham
gia cudc thi nao khac.

K&t qud cubc thi s& dugc cOng b trén TH&TT thang
11 ndm 2024 (S8 569). Cac bai hay c6 thé dugc chon
ding trén Tap chi hodc in thanh sich. Cic tic gid
dudc hubng nhudn bat theo quy dinh clia Tap chi. Bai
viét tham dy cudc thi thudc ban quyén clia TH&TT.

o Thai han giri bai dy thi: Tru6c ngay 15/10/2024.
» Quy cach bai du thi: Bai dy thi dugc danh may vi
tinh, nén dung chuong trinh soan thdo vdn ban word
(c6 file). Trén mdi bai dy thi ghi rd: Ho va tén, dia chi
Trudng, xa (phudng), huyén (quin), tinh (thanh phd),
sd dién thoai. Bai dy thi khong quéd 15 trang danh
may. Trén cung cla trang 1 mdi bai dy thi ghi rd:

Bai dy thi viét chuyén dé Todn

chao miung 60 nim TH&TT.

o Cach gifi bai duv thi: Bai dy thi gl vé Toa soan
TH&TT béng céch:
- G file word theo dia chi email:

toanhoctuoitrevietnam@gmail.com
- Gii bai theo dubng Buu dién. Phong bi c6 dén tem,
glri vé dja chi:

Tap chi Todn hoc va Tudi tré

1878 Gidng V&, Ddng Pa, Ha Noi.
- Hodc d@én Toa soan Tap chi gl truc ti€p.
o Giai thudng: Nhiing nguti doat gidi sé dugc nhdn
Gidy ching nhan va T4ng phim clia Tap ch.

TH&TT

Gldy phép XB s5 534/GP-BTTTT cap ngay 19.11.2020; Ma s&: 8BTOM24

In tal Xinghlép Ban d6 1 - BQP

In xong va ndp luu chiéu thang 9 nam 2024

Gld: 18.000 déng
Mudt tdam nghin déng
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