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CHUYEN DE TOAN THI VAO 10
CHU PE 1: RUT GON BIEU THUC _ BAI TOAN PHU
A.LY THUYET

1. CAC CONG THU'C BIEN POI CAN THUC

L \/E:|A|:{AHGUAZO

—AneuA<O0
2. JAB=VAVB (V6i A20;B>0)
3. \/E=£ (V6i A>0;B>0)
B VB
4. JAB=|AlVB (Véi B>0)
5. AJVB =+AB (Véi A>0;B>0)
6. AJB =-+JA’B (Véi A<0;B=>0)
A 1 .
7. \/%=E\/AB (Véi A>0;B>0)
A  AJB
8, ——=—— Vi B>0
B B ( :
c(JA+B
9 _C _ (VA=) (V6i A>0;A = B?)
JA+tB  A-B?
c(VA++/B
10 c__ (VAa+VB) (Véi A>0;B>0;A=B)
JA+B A-B

11 (YA) =¥A =A
2. XAC PINH NHANH PIEU KIEN CUA BIEU THUC

BIEU THUC - DKXD: viDU

1. JA PKXDb: A>0 Vidu: Vx-2018 DKXb: x>2018
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A X+2
2. — DKXD: B#0 Vidu: —— bKXb: x#3
B X—3
A , X+2
AN . Vidu: .
3. \/g PKXb: B>0 3 DPKXD: X>3
x>0
4. E DKXD: A>0;B>0 Vidu: VX PKXP: { & X>3
\/g X—3 X>3
{Aso {x+1£0
B<0 X+2<0 X< =2
5. \/E DKXD: Vidy [XH DKXD: o
B A>0 X+2 X+1>0 x>1
B>0 X+2>0
Cho a> 0 ta co:
X>+/a
6. o x>+Ja Vi du: X2>1c{
X" >a& X<—Ja
X < —Ja
Cho a>0ta co: )
7. Vidu: X* <4< -2<Xx<2

X2 <a< —Ja<x<+a

Chu y 1: Giai phwong trinh chira diu gia tri tuyét doi

1. Dangtong quat1: |A(X)|=k < A(X) =1k (k >0)véik la hang s&

2. Dang tong quat2: |A(X)|=|B(x)|< A(X) =+B(x)

3. Dang tong quat3: |A(X)|=B(x)

o Trwong hop 1

o Trwong hop 2

Néu A(x) > 0thi phuong trinh tro thanh A(x) = B(x)

Néu A(x) <0thi phuong trinh tro thanh A(x) = —B(x)

Chu y 2: Giai bat phuwong trinh chira diu gia tri tuyét doi
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Dang tong quat 1: | f (x)|< g(x) < -g(x) < f(x) < g(x)

1.
Dic biét voi hang s8 k > 0thi | f(x)| <k < —k < f(x) <k
Dang tong quat 2: F0]> 900 & [ f(x) > g(x)
f(x) <-g(x)
2.

Dic biét voi hang s6 k > 0thi | (x)|> k @[f(x) >k
F(x) <k
3. Dang tong quat 3:
e Truong hop 1 [T 0> [g(x)| = |f (X)|2 > |9(X)|2

e Truong hop 2 [ FOl<|g()| = | f (X)|2 < |9(X)|2

Chu ¥ 3:Bat dang thitc C6 — Si cho hai s6 a, b khong am ta cé:
a+h>2ab

Dau “="xayra < a=>Db

Vi du: chox > 2. Tim gi4 tri nho nhat ctia biéu thite A= x+ =
X
Huéng dan

Vi x>1> 0. Ap dung bat dang thizc C6 — Si ta c6 A=x+£22 /x.l=2
X X

Dau “ =" xay ra ox=tox=1
X
Vay A, =2<x=1
Vi du: chox > 2. Tim gid tri nho nhat ctia bidu thike B = x+ =
X

Huwéng dan

Cach giai sai: Vi x>2>0.Ap dung bat dang thizc C6 - Si ta c6 B=x+122 /x.l=2
X X

Dau “ =" xay ra < X:1<:> x =1(khong thoa man vi x> 2)
X
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Vay B,,, =2< x=1

Goi y cach gidi dang:
X 1
Dy doan B, dat dugc taimtc X=2 tacd B=nx+—+x—-nx.Dau“="xayra <<  x
X X=2
4 Ve 3X X 1 4 A, & 7 A . Ie
Do d6 ta co B=7+ 25 Ap dung bat dang thirc C6 - Si ta cd
X
4.1, )T _ 1,
X X 4 X 2
A Ah 7 2 X 1 \
Dau “ =" xay ra @Z:;cx:Z(Vl X>2)
A 5
Vay Bmin:5c>x:2
Vi du: cho x > 3. Tim gia tri nho nhat ctia bi€u thitc C = x+t
X
Huéng dan
Tuwong tu: Vi x >3>0.Ap dung bat dang thitc C6 - Sita c6 C =x+1=%x+(g+ijz%
X X
Dau “=" xay ra < x=3
, . P P A . X+12 .
Vi du: Tim gia tri nho nhat cua biéu thic D = voi x>0
Jx+2
Huwéng dan
Goi y: Ap dung bat dang thitc C6 —Sita cd D =+/x+2 + 16 2—424
X +

Ddu “="xay ra < x=4

3. CAC BUOC RUT GON MOT BIEU THUC
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Buwdc1l: Tim diéu kién xac dinh

Budc2:  Tim mau thite chung, quy déng mau thirc, rat gon ttt, phan tich
te thanh nhan tt

Budc 3:  Chia ca tit va mau cho nhan t¢ chung cua tt va mau

Buwdéc4:  Khinao phan thire t6i gian thi ta hoan thanh viéc rut gon

Vi du: Ritt gon biéu thire A=| _YX*+2  ¥x=2 .(X+1-&+1j
x+2Jx+1  x-1 Jx

Huéng dan
x>0

Diéu kién:{
x=1

Ix+2 Ix=2)(x+1
A= x+20x+1  x-1 J.(&—\/;+1j
A Jx+2 3 Jx -2 .x+1+\/;—x
(e (R
(|2 (F-2)e) | g
(e () () |
_ 2% .‘&”
() ()
A=_2
x-1
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B. CAC DANG BAI TAP VA PHUGONG PHAP GIAI

Céc bai toan rat gon, tinh gia tri cta biéu thitc chira s6

Vi du 1: Rat gon biéu thirc.

a) A=+/6-25 b) B=+/4-+/12
) C=19-83 d) D=+/5-26

Huéng dan

0 Ao 28 =[V8-1f 5452
b) B=J4—@=J4—2@=W:\@—1\
) =528 = [V6-2) -|\8-2|- -2

Vi du 2: Rut gon biéu thtec.

a) A=+/4+243 b) B=+/8-2415
Q) C=+/0-45 d) D=+/7+13 /713

Huéng dan

a) A=\a+23= (V3 +1) =3+1
b) B=+8-2V15 = [(vi5-1) =Vi5-1
) C=9-445 = (2—\6)2=\E—2

1
D=7+V13 -\7-13 =$(\/14+2J173—J14—2\/173)

Z%Mu—sﬂf _J(Jrs_ﬂ:ﬁ

Vi du 3: Rat gon biéu thtec.

d)
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+ __3 4 1
a) A= “’[21[ szf RN SN AN VRN N

1 1 1 1

\/i+\/§+\/§+\/§+\/§+\/z+...+@+ =
d) D=35v2+7 3542 -7

c)C=

Huéng dan

J6+245 \/5 26 _B+1 \B-V2
J5+1 \/_\/_ «/_+1\/_\/_

3 4 1 3(\/g+\/§) 4(\/6—\/5)

a) A=

SN S P, A P B O
=\V5+2+6-2+6-5=2/6

A SR SR S S

R T N P RN PN TN I T
:(\/5—1)+(\@—ﬁ)+(\/2—\/§)+...+(M—@):9
D=352+7-%5J2-7 = 5V2+7-5v2+7 =2

d) ,/5f+7 \/5f+7 52 — 7 +,3/(5f 7)

Vi du 4: Rat gon biéu thirc.

a) A=3-22 —\J6-42 b) B=+/9+45 —/9-45
¢) C=(v14+6)\5-V21 d)D:3+3ﬁ—ﬁ—@
6+245
Huéng dan

a) A=3-22 —\6-4y2 =2 -1-2+2 =22 -3
b) B=~9+4v5 —y9—- 445 =5 +2 -5 +42 =242
<) CZ(\/ﬂh@)\/S—x/ﬁ=(ﬁ+\@).\/10—2\/ﬂ=(ﬁ+\@).(ﬁ—\@):4
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34351210 _ (V5+1)(3-2) (3-v2)(v5-1)

ab 6+2v5 (J§+1)2 ) 4
Vi du 5: Rut gon biéu thirc.
a) A=+/4-23 +4+243 Q)C=35y2+7 542 -7
b B:\/ﬁ_\/3_m d) D=2+5+32-5
Huéng dan

a) A=4-243 +4/4+243 =\3-1+/3+1=23
b) Bz\/JE—\/s—ng—lzf V5 -\6-25 =B +1=1

C=35y2+7-%52-7= 14 )
o) sz +7) +g/(5ﬁ +7)(5v2-7) +§(5v2-7)
d) D=§/2+\/§+§/2—\/§: 4 = =1
JerT o) )9
Vi du 6: Rat gon biéu thtrc.
a) A=+7-43—\7+43 b)
B = y5—13+4V3 +3+ 13+ 43
0) C =320+14v2 +320-1442 d) D=39+45 +39-45
Huéng dan

a) A=7T-43 —\7+43=2-3-2-3=-23

b) B =/5- 13443 + 34413+ 4v3 =B 243 —1++/3+ 243 +1
—J5-2y3-1+3+23+1=23

0) C =320+14v2 +320-1442

) 40 _
J(20+142) —g/(20+14ﬁ)(20—14ﬁ) +{(20-1442)

4
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d) D=39+45+39-445 = 18 =3

s (9+4£)2 —g/(9+4£)(9—4£) +$/(9—4ﬁ)2

Vi du 7: Rat gon biéu thiec.

a) A=+y1116+2 +11-62 b) B = 1/41-12y/5 —/41+12/5

)C =+3-22 —\/6-42 d)D:\/ﬁ_\/ﬁ—(zg—u\@)

Hudéng dan
a) A=+114+6v2 +11-6v2 =3++/2+3-2 =6
b) B =+/41-124/5 —/41+12/5 =65 —-6-+/5=-25
) C=3-2v2 —\/6-442 =42 -1-2+42 =22 -3

d) D :\/JE—\/ﬁ—(zg—lzﬁ) _JVB-\3-245+3 =VB-B+1-1

Céc bai toan rat gon chira 4n va bai toan phu
Dang 1: TINH GIA TRI CUA BIEU THUC AKHI x = x,.
Phuong phdp: Rat gon gia tri ctia bién (n€u can) sau do thay vao biéu thic da cho roi
thay vao biéu thitc da cho ro6i tinh két qua.
Vi du: Cho biéu thirc A= 2x+|x—4|
a) Rut gon biéu thiec A.
b) Tinh gia tri cia A khi x=3.
Huéng dan

, 2X+Xx—4 khix>4 [3x—4khix>4
a)Taco A=2x+|x—4|= =

2X—X+4khix<4 |x+4khix<4
b) Khi x=3 tacd: A=3+4=7.

Vx-1_ 2¥x  2-5Jx
Ix+2 Jx-2  4-x

Vi du: Cho biéu thiec A=
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a) Rut gon biéu thirc A.

b) Tinh gia tri cia A khi x = L

&

Huéng dan
Sl 2% 2_5\/;_2)(_(\/Y—l)(\/?—z)u&(\/h2)+2—5J§—2x
K+2 -2 dx (2-x)(2+x)
x—4Jx+4  2-x

= = voi DKXD: x>0;x # 2.

(2—\/;)<2+\/;) 2++/x

a) A=

b) Ta co: x=i=2(2+\@)=(\@+1)2:>&=ﬁ+1

2-3
Khix:i. Ta co: A= 2-V3-1_1- f 8- 2\/7
2-/3 2+3+1 3+43 3
Vi du: Cho biéu thitc A= X+2 \/;_2 : 4x >
x-2Jx+1) " (x-1)

a) Rat gon A.
b) Tinh gia trj ctia A biét|x—5|=
Huéng dan

a) A:(\/;+2_ Jx -2 J 4x_ _ (\/;—FZ)(\/;—]_)_(\/;_Z)(\/;_HL) (X—1)2
-1 x=29x1) (x-1)° (V+1)(vx-1) e

2/x Ix +1

2
= .(X_l) = voi DKXD: x> 0; x #1.

(Vxrg)(vx-1) 4 2dx

b) Khi [x-5/=4 < x-5=4<x=9=+x=3.Taco A:%zg

3
Vi du: Cho biéu thtic A= 29 Vx+iy 2l
x—y 2x-2Jy ) Vx-y

a) Rat gon A.
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b) Tinh gi4 tri ctia A biét> = %.
y

Huwéng dan

a) A:[Z\/X_y_ ‘/;'*'\/VJ 2\/; | 4 Xy—X—Z\/W—y 2\/;
Xx=y  2x-2y 2(Nx )Xy | Y

-
| —x=y) 2k
- 5) | Ty ey

race Lo Y [y
A Jx X
Khi X-de Y3 rasion 3242
y 9 X 2 A 2 2 5
r 2
Vi du: Cho biéu thirc A=| 2— 2 g 22)‘ ,(1_1_%)
2X°+8 X' —2xX°+4x-8 X X
a) Rat gon A.

b) Tinh gié trj ctia A biét x =~/4— 24/3.

Huéng dan

(R ) e )

voi BPKXD: x#0;x = 2.

b) Khi x = \4—23 =31, Taco A= Y3Lt1_3+43

2J3-2 5
Vidu:Chobiéhthl’rcA:X_\/;Jr L .
x—9  Jx+3 x-3

a) Rat gon A.
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b) Tinh gié trj cia A biét x =11-6+/2 .

, 1 1
¢) Tinh ¢ia tri ctia A biétx=——m ————.
) gl J3-1 J3+1
d)TirhgiétricﬁaAbié’tx—Z\/ 2 —\/ 2
' J3+1 \V3-1)

Huéng dan

X=X +4/x=3-x-3 x+2
(x+3)(x=3)  Jx+3

. 2 , 5-42 28-2
b) Khi x =+/11-6+/2 = (3—\5) <:>\/§:3—\/§.Taco:A:6_\/§: TR

a) A=

voi BPKXD: x>0;x#9.

1

c)Khi x= 1 Jx=1.Tacs: A=>.
+1 4

1
J3-1

d)Khix:Z[\/ N \/f 1] W— 1- \/J§+1) (\/S?_li\}/jgj)

(Loai)

B 4
_(\/\@—1+\/\@+1)

Dang 2: TIM GIA TRI CUA BIEN KHI BIET GIA TRI CUA BIEU THUC
Phwong phap:

* Néu bai toan yéu cau tim x d€ A =k thi ta bién d6i A-k = 0 tinh két qua, két
hop véi diéu kién dé két luan.

e Néu bai toan yéu cau tim x d& A >k (2,5,<k). Ta di danh gia dwa vao diéu kién
hodc di xét hiéu A-k >0 vdi diéu kién ctia dé bai dé tim x.

2-JIx . . . 1
>

voi X20,x#4. Tim x dé A=——
+x/—

Huéng dan

Vi du: Cho biéu thirc A =

Dé’A——i ;ﬁ %@2\/;—4:\/;+2<:>\/§:6<:>x:36.(th6améndiéukién)
+
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. 1 2 2 1
Vi du: Cho biéu thirc A= - : - :
’ (\/;+2 x+4\/;+4] (X—4 &—2)
a) Rat gon A.
b) Tim x dé€ A = 0.
Huéng dan
2) A= Ix+2-2|| 2-Yx-2 | | K _(\/;—2)(\/;+2) _2-x
(\&+2)2 (Vx-2)(vx+2) (\/;4_2)2 Jx Ix+2
v6i BPKXD: x>0,x # 4.
. 2-x NSEUSE
b) be A=0c>\/, 2=0<:>\/;=2c:>X=4.(1<hong’choamanc‘heu1<1en)
X +

XX xedx o VX2
Jx-2 Jx+2 x-4 Jx =2

Vi du: Cho biéu thitcP = vl Xx>0;x # 4.

a) Rat gon P.
b) Tim x sao cho P=2.

Hudéng dan

- Ix(Vx+2)+x(Vx-2)-x+2dx iy
a) P= = .
(f )(\F+2) Jx-2
i
b)PEP=2c =2 <X =4 < x=16. (TMDK)
Jx -
Vi du: Cho bidu thitc A= —— véi x>0,x%9. Tim x d8 A > 1.
Jx-3
Huéng dan
Pé A>le 1 >1e 1 —1>O<:>\/;_4<0

Jx -3 Jx-3 Jx-3
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\/§—4>0 [ (x>16

Jx-3<0 X<9
=

{\/;—4<0 {X<16

\/;_3>0 i X>9

< 9< x<16(TMDK)

3Jx-5 véi Xx>0. Tim x dé A<§.
2x +1 2

Huéng dan

Vi du: Cho biéu thitc A=

Cach1: D& A<S o 3Vx=5 _3 _ B (ludn dtng)

2 2\/;+1<§<:> 2(2\/§+1)

Céch 2: Xét hidu A-%:‘—B< 0

2(2\/;+1)

Vay A<g voi x> 0.

Vi du: Cho biéu thiec A= (

1 .3 j Jx o 3Jx-3
Ix+3 x/x=9Vx ) | Vx+3 x+3Vx )

a) Rat gon A.
b) Tim x dé€ A > 1.

Huéng dan

a) A= X=3Jx+3 : X=3Vx+3 - véi x>0, x#9.
\/;(\/;—3)(\/;%%) &(\/;+3) Jx-3
b) bé A>1@L—1>o@£<o@4<x<9. (TMDK)
Jx-3 Jx-3
2 2
Vi du: Cho biéu thie A=| X 2%, 2X .(1—1—32].
2X°+8 X°—2x"+4x-8 X X

a) Rat gon A.

b) Giai bat phuong trinh A> %
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Huéng dan

a)Az[(XZ—ZX)(X—2)+4x2}(XZfzjz[ X% +4x )].[(x+1)(2x—2)]x+1

2(x* +4)(x-2) X 2(X* +4)(x-2 X 2%

voi DKXD: x#0,x # 2.

— X>3
b)Pe At X 300 (TMDK)
3 6X x<0

x| X x=x o VX2
Ix-2 Jx+2 x-4 Jx -2

Vi du: Cho biéu thirtc P = voi X >0;x # 4.

a) Rat gon P.

b) Tim M =P : Q. Tim gia tri ctia x d€ M2<%.

Hudéng dan

Ix(Vx+2)+dx(Vx=2)-x+2dx  Jx
-2

a) P= = .
(\& )(\/;+2) Jx -2
b) M=P:Q= Jx
\/;+2
Dé’M2<£<:>O<M<1<:> Jx <1<:>ﬂ<0<:>x/§<2<:>x<4.
4 2 T Jx-2 2 2(&—2)
Két hop voi DPKXD: 0< x < 4.
Vi du: Cho biéu thite A= YX"L va o X2VXH2 0o 0 sl xra
Jx -2 X—/x -2

a) Tinh gia tri biéu thic A khi x =27 +1042 —/18+ 82 +8
. 1 B
b) Rut gon biéu thitc P = N
VI A 2 . 3
¢) Tim gid tri nguyeén ctaa x dé Py/x > 5

Huéng dan
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a)Khi x=5++2-4-2+8=9 < /x=3.Tacé A=2

B X—~/X+2 \/§—2_x— X+2

S NEFEY] N N e
by 3o XXX E2VX 3 2xX-2x+ 4V +3x-3
P R T B

Vi du: Cho biéu thttc: A= (

1.3 J(& _3&—3j
Ix+3 xx=9Ux ) (Vx+3 x+3Jx

a) Rat gon.
b) Tim x d€ A>1

Hudéng dan: DK: x> 0;x # 9

A_( 13 H VX _3&—3]
- \/§+3 x\/;—9«/; ' \/;+3 x+3\/§

A:( 1, 3 J[ Jx  3Jx-3 j
Ix+3 IxWx=3)x+3) ) (Vx+3 Ix(x+3)
A x-3Jx+3  x-3/x+3
XWX =3)(x +3) Vx(vx +3)
Ao x—3Jx+3 XX +3)
XWX =3)Wx+3) x—3Jx +3
1

A=

Jx-3
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4-x
Jx-3
I 4-x>0
{J§—3>o
{4—\/;<0<:>

Jx-3<0

Véi x>0:x#9dé A>1thi 9<x<16

b) Véi x>0;x29dé A>1thi < >0

X2 —2x 2x2

X <16
X>9

<9< x<16
X>16
X<9

Vi du: Cho biéu thttc: A= [

a) Rat gon.
bw}&bapmxmgnmhA>%

HDG:

DKXD:x#0;x#2

X? —2X 2x° 1 2
A= 2 a3 2 1=
2X°+8 X’ -2Xx°+4x-8 X X
X? —2X 2x° X2 —Xx—2
A= 2 T3 : 2
2(x“+4) (xX*+4)(x-2) X
X =2 = 2X +HAX+AXE XP—X—2
20 +4)(x-2)  x?
oX(XP+4) xP-x-=2
20 +4)(x-2) X
A_(x+1)(x—2)_x+1
2X(x—2) 2X

2
4 122
2x* +8 x3—2x2+4x—8]( X xzj
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Xx+1 1 3x+3-2x X+3
— > ees———  — >S0e—>0
2x 3 6x 6x
) : 1. X+3>0 X>-3
b) Vbi x #0;x # 2 de A>§th1 x>0 x>0 x>0
X<-3

= =

X+3<0 X<-3

x<0 x<0
x| X x=adx g X2
Jx-2 Jx+2 x-4 Jx =2

Vi du: Cho biéu thirc: P = vOoi x>0;x=4

a) Rat gon P
b) Bi€t M = P:Q Tim gid tri ctia X d& M’ <%
HDG:

a) Voi x>0;x # 4ta co:

VA x=ax W W Jx(x-2)

P:&—2+&+2 x—4  Jx-2 Jx+2 x+2)x-2)
o__x
Jx =2
oo~ A w2 U
b)M_P'Q_&—z'&—z_&+2
M2<%<:>(M—%)(M+%)<O
= Vx 1 Vx +l <0
Ix+2 2 Jx+2 2
Jx 1 Jxoo1
De DO\/7+ >02m—§<0
Yx-2
@mw:&—ko
< x<4

Véi sz;x¢4dévM2<%th‘1 0<x<4
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x-1 o x—x+2

va B

J_—Z X—+X—=2

a) Tinh gié tri bidu thitc Akhi x =+/27+102 —18+8v2 +8

voi x>0 x=Lx=4

Vi du: Cho biéu thitc: A=

b) Rat gon biéu thirc P =%

¢) Tim gié tri nguyén ctia x d& P/x > _73

HDG:

X =427 +10V2 —/18+8V2 +8=\/(5+\/§)2 —\/(3+J§)2 +8

a)Ta co:
x=5+42-3-42+8=10>0

x =10(TM) A
Thay vao biéu thire  ta co:

A M10-1_ (J10-1)(y10+2) _9v10-2
S J10-2 10-4 6

_x—«/§+2_ X—+X+2

b) B‘x—&—z_(&u)(&—z)

P:E_ X—~/X+2 _ﬁ—lzx—\/;+2
co A WIx+DWx-2) Vx-2  x-1

DANG 3: SO SANH BIEU THUC A VOI k HOAC BIEU THUCB (k 1a hing s8)
Phuong phéap: Néu dé bai yéu cau so sanh bidu thitc Avéi hang s8 Ahay biéu thirc khac
la Athi ta di xét hiéu Ava xét dau biéu thirc nay roi két luan.

2\/§ x+9«/§ v x+5\/§,

aB= vOoli X>20:x#9;x#=25

Vi du: Cho biéu thitc: A= -
Jx-3  x-9 x—25

a) Rut gon A
~ . A .
b) Hay so sanh P:E voi 1

Huwéng dan:
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Jx
Jx+3

A x  x+5/x x5

b)Tacd: P=—= : =
) B Jx+3 x-25 x+3

Jx-5 -8

1= <0 voi x=>0;x#=9;x#25

\/§+3_ «/§+3
2J0x-9  Jx+3 2x-1

Vi du: Cho biéu thtc: A= - — VOl X>0:x#9x#4

X—5VX+6 x-2 3-+/x

a)A=

Xét hieu: P-1=

a) Rat gon A

~ SR Ty
b) Hay so sanh A voi 1
HDG:

a) voi x> 0;x=9;x =4

2x-9  x+3 2Ux+1 2Jx-9-x+9+2x-3/x-2

A:x—5\/_+6_\/§—2_3—\/§_ x-2)/x-3)
x—/x -2 \/;+1
(\/— N(WX-3) Jx-3
__1_f 3 x=3-x-1_ 4
b) Xét hieu: A &+1 Jx+1 Jx+1
1—1<O:>£<1
Vay

3x+/9% -3 f+1 Jx -2

Vi du: Cho biéu thitc: A= voi x>0, x#1

xix-2 Jx-2 1-x

a) Rut gon A
- . !
b) Hay so sanh A vdi >

HDG:

Voi x=20;x#1
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I+ Ox -3 Vx4l Vx-2_ 3x+3Vx-3-x+1-x+4
X+/x -2 \/§+2 1-Jx (\/_— )(\/_+2)

X+3vx +2 =(\/;+1)(\/;+2> Jx+1
(Vx-1)(Vx+2) (Vx-1)(Vx+2) Vx-1

Vi du: Cho biéu thtic: A:{ 1 20 M x+x 1 Jvéi
X

A=

A=

+
Ix =1 xIx=x+x-1 X+X+UX+1 x+1

x>0;x=1
a) Rut gon A

b) Hay so sanh A voi 1

_( 1 24x j( x+/x N 1 j
- Ix =1 xx=x+/x=1) | x/x+x+x+1 x+1
[1 24/x j[\/_(\/_+1) 1)
X1 (IX-D(x+1) | (X +D)(x+D)  x+1

W=D Xl x-1ox#l Jx-1
WX SD(x D) x+1 0 x+1 x4l x4l

T L N L e e S
&+1 O 3(Wx+1) (J‘+1)

= A<l

<0

Xét hieu

Vi du: Cho biéu thitc: A= {2 —

Ix-1) 6vx +1 . Jx
2x-3) | VX -3)(/x+1) x+1

a) Rut gon A

b) Hay so sanh A voi g

A:(Z— &—1]_[ 6vx+1 X ]
2Jx =3 ) | @Ix=3)/x+1) x+1
4\/_ 6— \/_+1 6\/§+l+2x 3\/_
2dx-3  (Yx+D(2Vx-3)
Ao x5 (x+D@Vx-3) _3Jx-5
C2dx=3 2x+3Ux+1 2Ux+1
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3 3/x-5 3 6/x-10-6Jx-3  -13

2 21 2 2k 2edn

Xét hieu: — A—§<O<:> A<§
2 2

DANG 4: TIM GIA TRI NGUYEN CUA +/x PE BIEU THUC CO GIA TRI NGUYEN

Phueong phap: Bién doi biéu thite vé dudi dang phan thirc c6 tir 1a sd nguyén, 1i luan
chat ché dé roi chi ra mau phai thudc wde cta tir va két luan.

Vi du: Cho biéu thic: A=( IR j: °
x+1 x=3 9-x) x+2

a) Rat gon A

b) Tim cac gia tri nguyén ctia x d€ A c6 gia tri nguyén

Huéng dan:

a) Diéu kién: x>0;x#9

A:( 1 , 5 6 ] 6 _\x-3+5(/x+3)+6 Vx+2
X+l x=3 9-x) Ix+2  (Ix-3)(/x+3) ~ 6
A 6vx+18  Vx+2 _x+2

Wx-3)x+3) 6  Jx-3

JX+2 A/x-=3+5 5
= =1+
JX-=3

b) Ta co:

AT s

Aco gia tri nguyén < c6 gid tri nguyén < /x —3eU (5) & /x —3e{-1,1;,-3;3}

5
Jx-3
Ta biét ring khi x 1a s6 nguyén thi v/x hoic 1a s6 nguyén (néu x 1a s6 chinh

5
Jx-3

khong thé 1a s8 vo ti, do d6~/x 1a s& nguyén, suy ra +/x —312 u6c ty nhién ctia 5

phuong)hodc 1a s6 vo ti (néu x khong 1a sd chinh phuong) Dé 1a s8 nguyén thi /x

Ta bang sau:

Jx -3 1 -1 5 5
Ix 4 2 8 -2
X 16 4 64 |
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: 1 x -1 1
Vi du: Cho biéu thirc: A=| x+—=|. -
' ( ﬁ) (x—\/;+1 \/§+1)

a) Rat gon A
b) Tim cac gia tri nguyén ctia x d€ A c6 gia tri nguyén.
HDG:

a) DK: x>0

A=( 1}[ Jx-1 1 ]_(&H)(x—&u) K—1ox4 X -1

X+ﬁ X—VX+1 Jx+1 NN (WX +D(x =X +1)
Jx -2

Jx

A=

x-2 . 2

1-—

N

b) Ta c6: A=

Aco gia tri nguyén < iCé gi4 tri nguyén < Jx eU (2) & x e{-11,-2;2}

Jx
Ma Vx >0nén /x e{L;2}
Ta cd: Jx =1 x=1 (TM)
JXx =2 x=4_|(TM)

Vay xe {1; 4}

. 3 X  x+1 1 Jx
Vi du: Cho biéu thitc: A=—+ + — )
' Jx [x—\/; Jx \/;—lj X++/X+1

a) Rat gon A

b) Tim cac gia tri cia x dé€ A>10

c) Tim cac gid tri nguyén cia x dé A cd gid tri nguyén.
HDG:

a) DK: x>0;x#1
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A_i+(x+x+1_1j Vx 3 [ Wx x4l 1 Jx
U k=X WX W= X+l WU (-l U x-1) x/x o+l

3 (X+1 j Jx 3 x+Ux+1 Wx
A=—+ +1|. =+ .
x (x x+yx+1 V/x X x+x+1
3
A=1+—
N
+TZJ-O<:>TZ %23©1_\7_\/§20
b) Vi x> 0;x 21dé A>104 X X

Dol_\/;>0:>1—3«/§20<:>3\/§£1<:>x£%

Vay voi x> 0;x#1d& A>10¢; 0<x£%

C) A:1+i

Jx

Acd gid tri nguyeéen < iCé gia tri nguyén < v/x eU (3) & Vx e {-1,1,-3;3}

Jx
Ma VX >0nén /x e{L;3}
Ta cd: Jx =1 x=1 (TM)
Jx =3 x=9 |(TM)

Vay xe{1,9}

Vi du: Cho biéu thtc: A= voi X>0:x#4

X +2 \B = \& 1 f+2
x—2 0 X — 4 f 2] x-4

a) Rat gon B
b) Tim cdc gia tri nguyén cia x d€ P =A(B-2) cé gia tri nguyén
HDG:

Voi x=0;x=4

5 (\& 1 J&u X+X+2 x—4  2x+2

x—4 Jx—2] x=4  x-4 "Ix+2 JIx+2
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P=AB-2)=

Vx+2 (2dx+2 ) Vx+2 2¥x+2-2Jx-4
Ix=2'{ Jx+2 S JIx=2 Jx+2
Jx+2 -2 -2

-2 x+2 Jx-2

b)Ta co:
P

P co gia tri nguyén < c6 gia tri nguyén < x —2eU(2) & Vx —2e{-1,1;,-2;2}

\/__

Ta biét ring khi x 12 s6 nguyén thi v/x hoic 1a s8 nguyén (néu x lé s0 chinh

phuong)hodc 1a s6 vo ti (néu x khong 1a sd chinh phuong) Dé 1a s8 nguyén thi /x

(_

khong thé 1a s6 vo ti, do d6+/x 1a s8 nguyén, suy ra v/x —21a wéc ty nhién ctia 2

Jx-2 1 -1 2 -2
Jx 3 1 4 0
X 9 1 16 0

Vay x e{0;1,9;16}
DANG 5: TIM GIA TRI CUA /x BE BIEU THUC CO GIA TRI NGUYEN
Phwong phap:

Cach 1: Dua vao diéu danh gia biéu thic d€ tim ra khoang bi€u thitc nam trong, bién
luan biéu thirc nguyén nén ta chi duoc cac gia tri nguyén thudc khoang dé, véi moi gia
tri ctia biéu thikc ta sé tim ra dugc cac nghiém ctia bién twong tng.

Cach 2: Dat biéu thirc bang mot tham sd nguyén, bién doi suy ra mot vé chi con chtra

can thirc bac hai, dua vao can thiee d€ giai bat phuong trinh dé tuong ting, tim khoang
tham s6 nam trong roi giai véi cac tham sO tuwong ting dé€ tim ra cac nghiém cua bién

teong tng.
Vidu: A= ! v6i X2 0. Tim cac gia tri cua x d€ Acd gid tri nguyén.
Jx+3
A>0
Cach 1:Véi x=0ta CO*)A: 7 SZ
Jx+37 3

MaAeZ = AL2}
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Vo6i A=1< x=16(thoa man)

Voi A=2< X:%(théa man)

7
Cach 2: Dat A= =n(neZ
' Jx+3 ( )
7 7-3n
A= —nex=
\/§+3 n

Vi VX >0nén -

3r]20<:>0<n£Z
n 3

ManeZ=ne{2}

Voi n=1< x=16(thoa man)

Voin=2< X:%(théa man)

Vay voi x=16;x = % thi biéu thirc Acd gid tri nguyén.

TWx-2 o Vx+3 Jx-3 36
2Jx +1 Yx=3 x+3 x-9

a) Rut gon B va tim tat ca cac gid tri cia X 4 A=B

Vi du: Cho biéu thttc: A= voi x>0:x#9

b) Tim cac gid tri cia x d& Acd gia tri nguyén
Huéng dan:

CVx+3 x=3 36 (Vx+3P-(x+3)*-36  12Jx-36

a)B_\/?—s_Jhs x-9  (x=3)(x+3)  (Vx=-3)(/x+3)
o 12

_\/;+3

Ao X2 12 g n o) 1204k )

@ =
2Jx+1 Jx+3

P& & 7x-5Jx-18=0
Vx=2

_ =>x=4
&=79(KTM)

R

Lién hé tai liéu word toan: 039.373.2038 Website: tailieutoanhoc.com



Website: tailieumontoan.com

vay dé€ A=Bthi x=4

7 1 7
7% -2 5(2&+1)—5 E(2J§+1) .
2Jx+1 2Jx+1 2x+1 2
7 7
A<— :>O<A<—.Anguyén:>A=1;2;3
2 ma nhan gia tri nguyén dwong 2
3 9
Voi 5 o5

véi A=3=/x=5=x=25

: 9 .16,
Vay d& Anhan gia tri nguyén duong thi X= 5" 25

Ixo 2dx-24 7
+ vaB=
Jx-3 x-9 Jx+8

a) Tinh gi4 tri ctia biéu thic B khi x =36

Vi du: Cho biéu thttc: A= vOoi Xx>0;x#9

a) Rat gon A
b) Tim cdc gia tri cia x d€ P = ABcd gid tri nguyén
Huwéng dan:

\/§+8

) A:«/;+3

\‘

c) Ta c6 danh gia OSPSE

Voi P =1< x=16(thoa man)

Voi P=2< X=%(th()a man)

Vi du: Cho biéu thic: A==— + : vai x> 0:x # 25
' x-25  Jx+5) Jx-5

LVx o [15-Vx 2 ) Jx+l
1++/x -

a) Rat gon B
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b) Tim céc gid tri cia x d& P =B - Aco gid tri nguyén.

HDG:

a) Voi x>0;x# 25

82(15—&+ 2 J:&+1:15—&+2&—10.\/§—5
Xx=25  x+5) Vx5 (Vx=5)(/x+5) /x+1

1
_\/§+1

B

1 1= Wxo 1

1-

\/§+1_1+\/§_\/;+1 \/;+1

b) Taco: P=B-A=

CoXx>0=P>0

;<0<:>1— !

Co—
© \/;+1 \/;+1

Nén 0<P <Ima Pnguyénnén P=0

<1

Véi P20 1-—t  —0eJx+1=1c x =0 (TM)
\/§+1
Vay X=0thi P=B-Aco gia tri nguyén.
Vi du: Cho bidu thirc: A:( t 1 )&—2 V6i X3 0:x %4
Jx+2 Ix-2) Jx

a) Rat gon A
. o A A
b) Tim X thpc d€ 3 c6 gia tri nguyén.

HDG:

a)Voi x>0;x# 4

A=( 1 + 1 j\/;_zz \/;—2-1-\/;—1—2 \/;_2
Vx+2 Vx=2) Jx o (x+2x-2)" Vx
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x>0:>ZA>0
Cé 3

2
\/§+2

x>0 x+2>2< <

£1<:>Z.
3

w|~

2
Jx+2
O<ZA£Z
Nen 3 3

L T acis2)
Ma 3 nguyén nén

7 7 2

—A=1=—.
s 3 3'x+2
2

\/§+2

=1:>3&+6=14@x=%

ZA=2:>Z.
3 3

=2:>3\/;+6=7<:>x:1
Cé 9

Xe {%,1} thi Z Aco gid tri nguyén.
Vay 9 9 3
DANG 6:TIM GIA TRI NHO NHAT HOAC GIA TRI LON NHAT.
Phwong phap:
Cach 1: Thém bét roi dung dinh 1i C6 si hodc danh gia dwa vao diéu kién.
Cach 2: Dung phwong phap mién gid tri.
Chuy:
+Biéu thitc Acé gia tri 16n nhat 1a @, ki hiéu 1a Aw=8néu A<avéi moi gid tri ctia bién
va ton tai sao cho it nhat mot gid tri ctia bién dau “="xay ra.
+Biéu thirc Acé gia tri 16n nhat 1a b, ki hiéu 13 Awy =P néu AZDbvéi moi gia tri cia bién
va ton tai sao cho it nhat mot gia tri cua bién ddu "="xay ra.

xx+26Vx-19  2Vx  Vx-3
x+20x-3  Jx-1 /x+3

Vi du: Cho biéu thitc: A= voi x>0 x =1

a) Rut gon A
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b) Tim gid tri nhé nhat caa A
Huéng dan:

X+16

\/§+3

b) Cach 1: Thém bét roi dung Co- si hodc danh gia dwa vao BPKXD.

a)A=

X+16 x-9+25 \/— 34 25

A=
\/_+3 \/§+3 \/§+3
25
X +3+ —6>2 [(x+3).—="— -6
Jx+3 \/( )f+3
=25-6=4
Jx+3= oS x=4
f+

Dau "="xay ra khi va chi khi => A24
= A, = 4khix =4

Cach 2: Dung phuong phdp mién gia tri.

X+16 2
A= o (VX)) —AYX+16-3A=0
Jx+3 ( )

A>4 _
Dé phuong trinh c¢6 nghiém thi 420 & {A< 16~ minA=4

~ n " A
Dau "="xay ra khi va chi khi Wx="=2ox=4 (thoa man)

2
: o (1 X
Vi du: Cho biéu thirc: A=———:| =+——
L x+x (Vx o x+1

a) Rut gon A
b) Tim gi4 tri 16n nhat caa A
Huéng dan:

a) DK: x>0
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A:i'[i+&]= Jx _\/;+1+x
x+% (VX x+1) Ix(Wx+1) Ixx+1)
Jx Ix(Wx+1)  Ux
f(f+1) x+VX+1  x+/x+1
b) Ta co: A=X+\/§+1: 11
1+\/§+\/;

Xét biéu thirc & mau: 1+i+\/§22 \/;.i+1:3(ép dung C6 - si)
Jx VX

Ta c6: AS%DO dé maxA:%khif:i@xﬂ

X

Jx J_ 6 X+/X —36+/X
X—36  x+6vx 2(Vx =3)(x—2x +3)

Vi du: Cho biéu thitc: A= (

a) Rut gon A
b) Tim gid tri 16n nhat cta A

Huwéng dan:

a)A= voi DK X>0;x#9;x =36

6
X—2x +3

A6 6
) Xx—24/x+3 (Wx-1)2+2

2Jx+3 3/x-2 15Jx-11

Vi du: Cho biéu thitc: A= - - vol Xx>0;x =1

Ix=3  x-1 x+2x+3

ggzsv‘l (&+1)2 >0 = max A= 3khix =1

a) Rut gon A
b) Tim gi4 tri nho nhat cia A
Huéng dan:

5f 2
a) - x+3 ysipK:

X>0:x=1
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A 5Vx-2 5Vx+15-17 . 17 17

\/§+3 Jx+3 Jx +3 3

:Az%(«/}zO)

b)
= min A:_?Zkhix =0
MINH stra dé bai biéu thizc B dé dc két qua nhu bai todn yéu cau.

X+4 3x\/—2&+1f1

Vi du: Cho biéu thirc: A= va B=

IZ X — 24/x xo2-x

Ix+1
Jx -2

b) Tinh gid tri ctia A khi X+v/X +1+ (25 —1)Vx =3x—2/x-4+3

voi X>0;x#4

a) Ching minh: B =

c¢) Tim gid tri nho nhat cua P = B
HDG:
Véi X>0;x=4

3X—~/x =2 J_+1 Yx-1 3x—x-2 Jx+1 x-1

B= x—2+/x Jx 2 Jx &(&—2)_ Jx _\/;_2
g _ KX =2 (X +D(EX -2) =X (X -1)
Ix(Vx-2)
B:3X—\/;—2—X+\&+2—x+\/§: X +/X =\/;+1
Vx(Wx-2) Wx-2) Jx-2

X+/X +14 (245 —D)v/x =3x—2/x -4 +3
& 3x—2UX—4+3-x—/x -1-2/5x +/x =0
o 2x-2Ux-4-25x+2=0

b) Ta Cé:<:>(x—4—2\/H+1)+(x—2\/57x+5):

& (Vx—a-1) +(vx -5 =0

{ X—4-1=0 {x—4=1
= = S X=95
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A

Thay X = Svao bidu thic Ata cb:

5+\/§+4 9++/5 (9+\/—)(\/—+2)
NTRRN - —95+18+5+25

A=23+11/5
A x+\/;+4_\/;+1 X+~/X +4 4
P:—: . = :\/;4_—
\/_—2 Jx -2 Jx+1 Jx+1
) P=x+1+

\/—+1
Cé: x>0 Jx+1;

4 . .
N la cac s6 duwong. Ap dung bat dang thic C6 si ta cé:

JX+1+ zz\/(&u). 4

\/;+1

-1>22-1

4
\/;+1

<f>\/§+1+

4
\/§+1

<:>\/§+1+ -1>3

X+1

. 4
VayminP =3Dgu "="xay ra khi VX +1= o X+1l=2ox=1

DANG 7: CHUNG MINH BIEU THUC LUON LUON AM HOAC LUON LUON
DUONG VOI MOI GIA TRI CUA AN.

Phuong phap:
A=A’ +k k
+ D& chitng minh biéu thite A>Ota chira v6i (- 1a hing s6 duong)
+ A<0 A=A’ —k k
DPé chiing minh biéu thirc ta chira v6i ( lahang s6 duong)

1

1, ji
\/§+1 x\/§+1 \&

Vi du: Cho biéu thitc: A= ( voi x>0;x=4

a) Rat gon A
b) Chitng minh rang biéu thitc Aludn ludn am véi moi gia tri ctia X1am Axac dinh.
Huéng dan:

a) biéu kién x>0
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X—X+1-(x+2) 2

T (WX DX =X +1) X

Ao ~(x+1) ﬂz —Jx
X +D(x=x+1) 2 2(x—=+/x+1)’

b) Ta co: x > 0 nén — x<o;x—&+1=(&—%)2+%>o

Do d6 A <0 vdi moi x> 0.

1 XX + X

1

Vi du: Cho biéu thitc A=

a) Rutgon A.

b) Chttng minh réng biéu thirc A ludn ludén am véi moi gia tri cua x lam A xac dinh.
Huéng dan

a) Diéu kién x>1. Khi dé ta co
A=x-2Jx-1.

b) Tacd: A=x-2vJx-1=(vx-1-1)*>0. Vay A khdong am vGi moi x>1.

Dang 8:
CHUNG MINH BIEU THUC THOA MAN VOI DIEU KIEN NAO PO

Phwong phap: Van dung linh hoat cac kién thiec da hoc.

Jx -2 CWx=1 7Yx-9

Vi du: Cho biéu thitc: A= va B= - Véi x>0,x#9).
. X -3 x_9 ( )
a) Rut gon biéu thiee B.
1 1
b) Tinh gia tri cia A khi x = - :
: gla J2-1 241

o« A2 7’ A ~ N\ /4 L4 . ? ~? 2 ~
c) Cho biéu thitc P = B Hay tim cac gid tri ctia m dé x théa man P =m

Huwéng dan
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Vi du:

Vi du:

a)
b)

g Vx=2
Jx+3
X = 1 1 V211 V2- 1—2 Thay vao A=E.
21 V241 J2-1 J2+1 2
po A_XE3 e dieu kien x> 0,x % 4, X 0.
B Jx
=me (Mm-DJx=3 (1)

Néu m =1 thi phuong trinh (1) vo ghiém.

Néu m =1 thi tir (1) :>f_—1

Do x>0,x¢4,x¢9:>\/§>0,\/§¢2,\/§¢3.

3

m_1>0 m>1
o , - 3 5
Pé coxthéamanP=m < —1¢2<:> m=—

m_

3 23 m=2

m-1

Vay m>1m= g, m # 2 ( Thoa man yéu cau bai toan)

x=2 o x-1 7x-9

va B= -
\/§ \/§—3 X-9

Cho biéu thirc: A=

(Véi x>0,x#9).

Rut gon biéu thirc A.
Tinh gié tri ciia A khi x =+/4—24/3.

Tim x dé biéu thuc % 1.

N\ /4 .7 . ~? 4 2 ~ A
Tim cac gia tri m dé co x théa man B m.

X2 =X 2x++/x 2(x 1)
x+\/§+1 NN \/71'

Rat gon biéu thic A.
Tim gia tri nho nhat cua A.

Cho biéu thirc: A=
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¢) Tim x d&bicu thite Q = % nhén gid trj 12 s8 nguyén.
Jx 3 3J§+2)(J§+3 24x )
X+ 2 2= f Ix-2 2dx-x

a) Rut gon biéu thiic A.
b) Tinh gié tri ctia A khi x=9-445.
¢) Tim x sao cho A(x-1)= 3Vx.

7Jx+3  2dx  x+1 . X+7

Vi du: Cho biéu thirc: A= S + + va B= (DKXD:x>0,x#9).

Ix+3 Jx-3 3\/_

Vi dy: Cho biéu thiic: A= (

3Jx

a) Ching minh rang A= )
) & & \&+3

b) So sanh A vdi 3.

¢) Tim gia tri nho nhat cta biéu thiec P = A.B.

x—2~/x Jx+1 1+2x-2Vx
x«&—1+x\&+x+\/§+ x% =[x

a) Rut gon biéu thiic A.
b) Tim x d€ biéu thitc A nhan gia tri la s6 nguyén.
Huwéng dan

Vi dy: Cho biéu thiic A= (V6i x>0,x#1)

\/§+2

X+~/X+1
b) Cach 1: Vai X>0,X#1= X+VX +1>/Xx+1>1.

Jx+2 &+2 1

a) A=

Vay 0< A= =1+ <2.
Y x+\/§+1 Jx+1 Jx+1
ViAnguyénnén A=1 < ﬂ =1< x=1(Khong thoa man).
X++/x+1

Vay khong c6 gia tri nguyén nao ctia x d€ gia tri A 1a mot s6 nguyén.
Cdch 2: Dung mién gid tri

AzﬂeAx+(A-l)\/§+ A-2=0
X+ X+1

Truong hop 1: A=0=x=2=xe?

Trudng hop 2: A% 0=> A =(A-1)? —4A(A-2) =-3A7 +6A+1> 0 < A? —2A—%£ 0
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<:>A2—2A+1£%<:>(A—1)2 s%: Ae{l;2}doAeZ,A>0

Véi A=1=>x=1(loai)

Vc’riA=2<:>ﬂ:2<:>x:O(loai).
X+ X+1
Vi du: Cho bid thite A= FL ya go (2 X XV v 0 ey,

Jx-1 &—1+x—1)'2&+1

a) Rut gon biéu thiee B.
b) Tinh gié tri ctia A khi x=5+2/6.
c) Véi xeN va x#1. Tim gia tri I6n nhat va gid tri nho nhat caa biéu thirc P = A.B.

C.LUYEN TAP BAI TAP GOM NHIEU Y HOI
Bai I: Cho biéu thttc:

A=(*/;_1+ 2-2dx . Ix+2 2

x-1 x x+x—\/§—1 ' x+\/§—2_x—1

Jx -1
\/;+1'
2. Tinh gia tri cta A khi:

a) X= 6—442

b) x=%(\/9+«/%—\/9—@).

Q) x=310+63 +310-643.
@ x 1 1

1
=1+\/§ + \/§+\/§+...+m.
e) x langhiém cta phuong trinh v/2x* -3x—5 = x-1.
f) x langhiém cua phuong trinh |2X - 6| =3x+1.
g) xla gia tri ctia bidu thiee M =+/x(1—+/x) dat gia tri 16n nhat.
3. Tim x dé:

) vOi x>0,x=1

1. Ching minh: A=

a) A:%; b) |Al=A; c) A2+ A<0.
4. So sanh:
a) Avédil b) A véi biéu thiee N :&_3.
24x
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5. Tim x nguyén duong d€ biéu thirc % nhan gia tri nguyén .
6. Tim x thee d€ A nhén gia tri nguyén.
7. Tim gia tri nho nhat cta biéu thic:

a)P = A(x—+/x - 2).

A

b)Q=—;0<x<4.
)Q —X+3/x -2
c)Rzﬂ;x>1.

A

8. Tim gia tri 16n nhat cua biéu thic:
a) B=2 -A;
A ‘.
b) C= voix > 1.

X +7
9. Tim x théa man A(VX +1) — (26 —)/x = 2x— 24/x -5 +1.
Bai II. Cho biéu thic:

2x+1 «/; 1+x\/§ 2—2\/;
I st o VT

x—3\/§+2

B=( voi x>0,x=1

1. Ching minh: B =
2. Tinh gia tri cua B khi:

a) x=7-+/48

b) x:\/11+6\/§+\/11—6\/§).

0 x=3542+7+35v2-7.

a0 x- 1 1

1
+ +ot :
1444 Va7 /97 +4/100
e) x langhiém ctia phwong trinh Vx* —X+2 = X.
f) x langhiém cta phuong trinh [x—1=|2x -5|

g) xla gid tri ciia bidu thitc P = x—4y/x +6 dat gid tri nho nhat.
3. Tim x dé:

3Wx -4

a) B=0; b) B+ <0,
) ) X
4. So sanh:
a) Bvéi-2 b) B v6i biéu thic C = x=3x
X

5. Tim x d€ B nhan gia tri nguyén .
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6. Xét d&u bidu thirc T = B(\x -1).
7. Tim gid tri nho nhat cta biéu thitc:

a)B.

b)D = B+/x.
B

C)E=—.

R

8. Tim gia tri 16n nhat cua biéu thiec:

a) G=-3 -B;
b) Q=1-Bx.

9. Tim x thoa man B+/X + (24/3 +3)Vx = 3x—44/x+1+10..

Bai III. Cho biéu thtrc:

x+2Jx 2« o ( x-1  2Jx+2
X+a/x+4 4—x""x=2Jx  x+x

X
Vx-3
2. Tinh gia tri caa C khi:

a) x=6-24/8

b) X:\/11+3\/§+\/11—3\/§).

Q) x=314v2+20+3142 20 1.

d) x= ! + ! +...+;.

145 5449 \77+481

e) x langhiém cta phuong trinh v/x* —x = x-1.
f) x langhiém ctia phuong trinh [x—3/=3

C=( ) vOi X>0,x#4,x#9

1. Ching minh: C =

g) x1a gia tri cia biéu thiec M = —x+3vx +5 dat gi4 trj 16n nhét.
3. Tim x dé:

a) C*<0; b) |C|=-C;
4. So sénh C véi biéu thie D =+/x khix>9.

. PR 2C . A
5. Tim x dé biéu thic E = T nhan gia tri nguyeén .
X
6. Tim gid tri nho nhat cta biéu thitc:

a) Biéu thttc C véi x> 9. b) I:—L vOoi 0<x<9,x=4.
X~/ X
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e
Jx-1+C
8. Tim x thoa man (2+/2 + C)v/x —3C =3x—2/x—1+2..

7. Tim gia tri 16n nhat cua biéu thic: N

D. MOT SO CAU VE RUT GON VA CAU HOI PHU TRONG PE TUYEN
SINH HA NOI

Vi du: (TS 10 - THPT Ha N¢i, nam hoc 2012 — 2013)

Jx +4
\/;+2

1) Cho biéu thirc A = . Tinh gia tri cua A khi x =36

2) Rt gon biéu thiic B =[ (voi x>0;x #16)

Jx L4 ). x+16
Ix+4 Ix—4) Ix+2

3) V6i cac cuia biéu thirc A va B ndi trén, hdy tim cac gia tri ctia x nguyén d€ gia tri ctia
biéu thitc B(A-1) 1a s& nguyén.

Giai:
1) Vi x =36, taco: A = V36+4 10 _5
J36+2 8 4

2) Véi x>0;x#16 taco:

B (&(&—4)+4(&+4)J\/§+2 _ x+16)(x+2) _Vx+2

x—16 x—16 Xx+16 (x-16)(x+16) x-16

3) Tacod: B(A-1)=

Jx+2 (&+4 1]_&+2 2 2

x—16" \/;+2_ - x-16 .\/;+2:X—16.

D& B(A-1) nguyén, x nguyén thi x—16 la udc cia 2, ma U(2) ={+1;+2}
Ta c6 bang gia tri trong tng;:

x—16 ‘ 1 ‘ -1 ‘ 2 ‘ )

X ‘ 17 ‘ 15 ‘ 18 ‘ 14

Két hop DK x 20, x =16, d€ B(A-1) nguyén thi x € {14; 15; 17; 18}.
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Vi du: (TS 10 - THPT Ha Noi, nam hoc 2013 - 2014)

2+J0x . f12f+1

Véi x >0, cho hai biéu thitc A=——— va B=

N NeRTw

1) Tinh gia tri ctia bi€u thitc A khi x = 64.

2) Rt gon biéu thic B.

3) Timxdé’é>§.
B 2

Giai:

2+64 2+8 5

1) Véix=64taco A=

Je& 8 4
%) B= (Wx - l)(X+\/—)+(2\/;+l)\/_ XA/ X + 2X 14 1 Jx +2
\/—.(x+\/_) XA/ X + X \/_+1 X +1

3) Véix >0taco:

A>3 2+Vx 2+44x 3 _ Jx+1 3
i1 2T K2

@2&+2>3&@&<2@0<x<4.(Do X > 0)

Vi du: (TS 10 - THPT Ha Noi, nam hoc 2014 - 2015)

Jx +1
Yx -1

X—2 . 1 j\/;+1
x+2\/; \/;+2 '\/;—1

Ix+1
Nl

b) Tim gia trj ctia x d& 2P = 2/x +5 .

khi x =9.

1) Tinh gid tri biéu thirc: A=

2) Cho biéu thitc P:( voi x>0;x #1.

a) Ching minh P =

Giai:

CJO
|_\

1) Véix =9 thi X =0 =3=> A= _%:2

w
I
[HEN
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Ix +1
N
( X—2 Jx J\/;H X+VX =2 /x+1 (f DX +2) &+1 Ix +1
XX +2) f(x&+2) -1 IxWx+2) Vx-1 IxWx+2) Wx-1 Wx

2) a) Chttng minh P =

24X +1
= 2Jx+5
Jx

- Dua vé dugc phuong trinh 2x+3vx -2=0

3)-Dé&2P = 24/x +5 nén

Jx =-2(L)
1
x=3

- Tinh dwoc S X = " thoa man diéu kién x >0; x #1

-Véyvc’yix=%th‘1 2P = 2Jx +5

Vi du: (TS 10 - THPT Ha Noi, nam hoc 2015 - 2016)

X+3 . Ix -1 5Jx-2

aB= + vOoi X > 0;x # 4.

A%
Jx =2 Jx+2  x-4

1) Tinh gia tri ctia biéu thirc A khi x =9,

Cho hai biéu thttc A =

2) Rt gon biéu thic B.

3) Tim gié tri ctia x & bicu thite P :% dat GTNN.

Giai:

a1 . 9+3
1) Thay x =9(TMDK) vao biéu thtic A ta cé: A= FrY =12
2)

G st o sfin  (FUEAsE2 nk

B = = =

12 x—4 Ixi2 (x+2)(\/§—2) (&+2)(&—2) (&+2)(&—2) Jx -

A X+3 3
AT N

Theo BDT Cosi, ta co: f +T > 2[
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Dé&u “=” xay ra khi va chi khi v/x = % < x=3(TM)
X

Vay GINN ctia P 1a 24/3, dat dwoc khi x =3.

Vi du: (TS 10 - THPT Ha Noi, nam hoc 2016 — 2017)

Cho hai biéu thite A=——— va B= x +2*&_24 véi x> 0;x #9.
Jx +8 Jx-3 x-9
1) Tinh gid trj ctia biéu thitc A khi x = 25.
2) Chting minh g Vx+8
Jx +3
3) Tim x débiéu thirc P =A.B co gia tri la sO nguyén.
Giai:
1) Thay x =25(TMDK) vao biéu thiic A ta co: A= -1
5+8 13

2)
g X 2x-24_ Yx  2¥x-24 _ x+3Vx+2x-24_  x+5/x-24

Vx=3 x=9  x-3 (Vx-8)(Vx+3) (Vx-8)(vx+3) (Vx-3)(Vx+3)
(Vx-3)(Vx+8)  yxus

(Vx-3)(vx+3) Vx+3

7

3) P=AB=

) Jx +3
+) Tacd: x>0 nén P >0.
D Xx20mYx+323 <!

Jx+37 3

Nén O<P£%. P& PeZ=Pe{L2)
THI: P=1 x=16(TM)

TH2: P=2 X =1(TM)
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Vay dé biéu thirc P=AB c6 gia tri la s6 nguyén thi x e {% ;16} .

Vi du: (TS 10 - THPT Ha N¢i, nam hoc 2017 — 2018)

Ix+2 . 3, 20- 2Jx

aB= vOi X > 0;x # 25.

A\
Jx =5 &+5 X —25

1) Tinh gia tri ctia biéu thirc A khi x =9,

Cho hai biéu thttc A =

1

Jx -5

3) Tim t4t ca c4c gid tri ctia x 46 A=B|x—4|.

2) Chitng minh B =

Giai:
1) Thay x =9(TMDK) vao biéu thtic A ta c6: A—gtz _75
2)
g__3 20 2Jx 3 20-24x  _3/x-15+20-2/x _  Jx+5 1
Jx+5  x-25 Jx+5 (Vx+5)(vx-5)  (Vx+5)(vx-5) (Vx+5)(vx-5) x5
3)
A=Bx—4
<:>x/;+2: 1 |x—4|
Vx5 x5

VX +2=[x-4| (1)
TH1: Néu X >4,x = 25thi (1) tro thanh:

) ) ) Jx =3 x=9(TM)
\/§+2x—4<:>x—x/§—60<:>(\/;+2)<&_3)OQ[\/;—Z(KTM)

TH1: Néu 0 < x <4thi (1) tro thanh:

X =1 x=1(TM)

\/§+2—x+4<:>x+x/§—2OQ(&JFZ)(&_I)O@[&—2(KTM)

Vay d€ A=B|x—4| thi xe{1,9}.
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Vi du: (TS 10 - THPT Ha Noi, nam hoc 2018 - 2019)

Cho hai biéu thie A=Y g VXL 2 ooy
Jx -1 x+2dx -3 Jx+1
1) Tinh gid trj ctia biéu thitc A khi x =9.
2) Chimg minh B =——
8 Jx -1

P Y SR ~ A X
3) Tim tat ca cac gia tri caa x dé Ezz+5.
Giai:
1) Thay x =9(TMDK) vao biéu thitc A ta co: A=‘;+—;‘=g.
2)

3Vx +1 2 3Vx +1 2 3x+1-2x+2 JIx +3 1

x+2VK-3 X+l (Vx+3)(Vx—1) Vx+1 (Vxe3)(Vx-1) (Vx+3)(Vx-1) vx-1

B=

3)%z§+5@\/§+4z§+5@x—4\/§+4so@(\/§—2)2so@\/}—zzow

(Vx-2) 20vx>0

= Jx =25 x=4(TM)

Vay d6 2> X 15 thi x = 4.
B 4

CHU PE II: HE PHUONG TRINH
PHAN 1: GIAI VA BIEN LUAN HE PHUONG TRINH
A.LY THUYET
1. Hé phwong trinh co ban

ax+by=c
Cho h¢ hai phuong trinh bac nhat hai 4n { y (1)

ax+b'y=c'
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e Cip s6 (X,:Y,) la mot nghiém ctia hé (I) néu hai phuong trinh ctia hé ¢6 chung
mdt nghiém (X,;Y,) .
e Néu hé (I) khong c6 nghiém thi ta két luan hé (I) vo nghiém.
e Giai hé phurong trinh la tim tap nghiém ctaa no.
e Tap nghiém ctia hé phuong trinh (I) dwoc biéu dién boi tap hop cac diém chung
ctia hai dwong thang (d,):ax+by =c va (d,):ax+by=c'. Khi d¢:
+) Néu (d,) cat (d,) thi hé (I) c6 mot nghiém duy nhat.
+) Néu (d,) // (d,) thi hé (I) v nghiém.
+) Néu (d,) trung (d,) thi hé (I) c6 vo s8 nghiém.
e Hai hé phuwong trinh duoc goi la trong duong véi nhau néu chiing cé cung tap
nghiém.
2. Giai hé phuwong trinh khong co ban
Phuwong phéap dit an phu
Budc 1: Dat diéu kién dé hé c6 nghia.
Budc 2: Dat an phu va diéu kién cua an néu co.
Buwdc 3: Giai hé theo cac an da dat.
Budc 4: Tro lai an da cho dé tim nghiém.
3. Gidi va bién luan hé phuwong trinh co ban

Phuong phap

e Tk mot phuong trinh rat y theo x réi thay vao phuwong trinh con lai dé€ duoc
phuong trinh ax =b.

e Bién luan:

+)Néu a=0 thi x= b thay vao biéu thitc d€ tim y, khi d6 hé cé duy nhat nghiém.
a

+)Néu a=0 thitacd 0.x=b

Néu b=0 thi hé cd vd sd nghiém.

Néu b0 thi hé vo nghiém.

B. CAC DANG BAI TAP VA PHUONG PHAP GIAI
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Dang 1. GIAI HE PHUONG TRINH CO BAN
Phwong phap: St dung phwong phap thé, phuong phap cong dai so6.
e Giai hé phuong trinh bang phuwong phép thé
Phuong phap:

Budc 1: Tt mot phuwong trinh ctia hé da cho, ta biéu dién mot an theo an kia roi thé
vao phuong trinh con lai, ta duwoc phwong trinh mdéi chi con mot an.

Budc 2: Giai phuwong trinh mot an vira cd, roi suy ra nghiém cta hé da cho.

Cha ¥: O budce 1 ta thuong chon phurong trinh ¢ cac hé s ¢6 gid tri tuyét d6i khong

qua lon.
Vi du: Giai hé phuong trinh sau bang phuong phap thé
X-2y=-1
2X+3y =5
Huéng dan
==L () 1 ohuong trinh (1) 1 thé vao phuong trinh (2)
. Tt phwong tri = X =Yy -1 thé vao phuong tri
2x+3y=5 (2) P 8 Y P 8
Ta duoc 2(y-1)+3y=5oy=1=>x=1
x=1
Vay hé phuwong trinh ¢ nghiém {y 1
Vi du: Giai hé phuong trinh sau bang phuong phap thé
1){x—y:3 2) 5X+/3+Yy =22 3 2x+y="1
3x—4y=4 —X+4y =10 x+/6 —y2 =2
. X2 -3y =1 5) 2x+3y =4 6) X—-2y=3
) ~ 6x+9y =1 _2x+dy=—6
X ++/3y =42
7){5X—4Y=3 ) Jax—+2y=-1 ) X++/2y =1
7x-9y =38 2J2x ++/3y =0 V2x-3y=4
bap so:
Dx=8y=5 Z)X_sﬁ—lo_y_zﬁwo@ B)X_ﬁ+7_y_7J§—2J§—28
1+20v3"7 142043 3-2 V3-2
1 5) HPT VN 6) HPT VSN
Hx=Ly=
)x =Ly 5+
5. _-19 -3 s 3442 J2-4
7X:_, = = — = — = X =
) TRART, 8)x iY== 9)x SRR A
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e Giai hé phuong trinh bang phuong phap cong dai s6

2 X+Yy b) X—2y
2x-y=1 2X+3y =5
Huéng dan

a) Cong tung v€ cua hai phuong trinh cua hé ta o

= &
2x—-y=1 2x—-y=1 y=1

x=1
Vay hé phuong trinh c6 nghiém {y _1
X—2y=6 2X -4y =12 —17y=7 y=-1 y=-1
b) < S < S
2X+3y =5 2X+3y=5 2X+3y =5 2X+3y=5 x=4
Xx=4
Vay hé phuong trinh c6 nghiém {y __1

Vi du:Giai hé phuong trinh bang phuwong phap cong dai s&

L X—-y=2 5 2X+3y =2 3 —4x+y=-12
2Xx+y=4 X+2y=3 X—-y=2
X2 =3y =1 5) 2x+3y =4 6) X—-2y=3

Y - 6x+9y =1 —2x+4y =6
X +~/3y =2

7){5X—4Y=3 ) V3x—2y =-1 ) X++2y =1
x-9y=8 2J2x++/3y =0 2x -3y =4

Pap an:

Dx=2,y=0 2)x=-5y=4 3)x=%; =i

1 5) HPT VN 6) HPT VSN
Hx=Ly=
)x=Ly NG
-5 _-19 -3 s 3442 J2-4
7X:_, = = —" = — = ; =
) TLANET, 8)x iY== 9)x e YT
Vi du: Giai cac hé phwong trinh sau:
Yy Yy X+y_
2 3 2+ 5 =01 2X+y=7

b X+8 9 2) 3) =2
x:8_9 Y XY g4 x-y=
y+4 4 5 2

Pap an:
-8 -12 10 3
DXx=—1y=— DX=—1y=— Ix=3y=1
) 19 Y 19 ) 41y 41 ) Y

Lién hé tai liéu word toan: 039.373.2038 Website: tailieutoanhoc.com



Website: tailieumontoan.com

Dang 2: GIAI HE PHUONG TRINH KHONG CO BAN
Phwong phap: Dat an phu:
Budc 1: Dat diéu kién dé€ hé c6 nghia.
Budc 2: Dat an phu va diéu kién cua an néu co.
Buwoc 3: Giai hé theo cac an da dat.
Budc 4: Tro lai an da cho dé€ tim nghiém.

Vi du: Gidi hé phwong trinh sau:

11

) x+1+y—2__1 ; 3Vx +2018 +2(y +2020) =13
3?2 4 3/x+2018 - 3(y +2020) =9
Xx+1 y-2

Huéng dan

a) Biéu kién: x = -1y # 2.

a+b=-1
D&t —— —a;—~_—b. Khi d6 hé trén tro thanh . Gidi hé phuong trinh co
X+1 y—2 3a—-2b=7
a=1
ban nay ta dwoc {b B
1
Tré lai an x;y ta co: XI = 1
- -2 yzz
y-2
x=0
Vay hé phueong trinh c6 nghiém 1.
y=7
2

b) Diéu kién: x >-2018.

3a+2b=13

Ea_3b=9 ° Giai hé phuwong

bat Vx+2018 =a; y+2020=b. Khi d6 hé trén tro thanh {

a=3

trinh co ban nay ta dwoc {b _o
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s R o . |Vx+2018=3 x =-2009
Tro lai an x;y ta co: .
y+2020=2 y =-2018
x =-2009
Vay hé phuong trinh c6 nghiém :
y =-2018
Vi du: Giai hé phwong trinh sau:
X2 2 ¢ (XZ—ZX) +4(x2—2x):0 wito_1
Pt Y2 211 1 3 3, 7
S 1 Va3 x_2__7
X+1 y-2 y y 2
32x—1-—Y -1 8 ! 4y 2
2) y+1 5) x-3 [2y-1 6) x-1 y+2 5
J2x—1+-2 _5 4,1 X9, 30
y+1 Jx-3 |2y-1 x=1 y+2
Pap an:
S : :
1)x:0;y:§ 2)x=2,y=2 JIx=-Ly=2
4 y-15 2
x=7y=0 x -1 2 5
Hx=Ly=-2 5) ¢ 6) T
x=7y=1 x-9 30 _5
x-1 y+2
Vi du: Gidi hé phwong trinh sau:
£+l:% 2 3 —_ 6 :—1 —5X —y3:27
1) Xy 2) X—y X+y 3 X+1 y-
3 4, R S 3y
X Yy 2X—-Yy X+Yy x+1 y-3
LZJFE:z 2_X4+%=27 %_le_
X X - X
2 +2 y 5) - y 6) +2 y+
4 1.5 x by _ X 2 S
X+2 'y 2 Xx+4 2y-3 Xx+2 y+1 3
X 2
V3x—1- 2y +1=1 Jx-2+.y-3=3 X+1 y+4
7) 8) 9)
2/3x—1+32y +1=12 2Jx-2-3ly-3=-4 2x 5 _
X+1 y+4
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81 105
2x+3y-1_12 2(x? —2x) + Y +1=0 oy xoy
10)y x-y+2 13 11) , 12) E4 12
2x+3y+2=0 3(x*~2x) -3y +1=-7 LAy
X+y X-y
Pap an
1)x:7;y:E 2)x=2y=1 3)x:_—5;y=6
5 4
A)x =0,y = —2 5)HPT VN 6)x=_77;y:_71
7)x:%;y:_?3 8)x=3y=7 9x=-2;y=-5
X_3+J§_y_115
10)x = 9L, 124 11) 3 61 12)x = 24y =3
5 5 3-J2 115
X = ,yz
3 81
4 5 5
X+y-1 xy—-2x-3 2 5|x-1-3ly+2|=7
13)
3 1 7 7|2Jax-8x+4+5y* +4y+4=13

X+ y—l_xy—2x—3_ 5

1 9 4 1 1 1
X+y+—=— x+2y_x—2y:1 x+y+;+y=4
15) Y X 4g) 17)
x+y—1=2Y 20 ., 3 x2+y2+i+i:4
TR X+2y X-=2y Xy
X xy =
18){x+y+x2+}:+xy:419) +ty+ y—gzo){x3+y32:8 2
X+ Y+ Xy = X+ Y +2xy =
y+Xy Xy(Xer):E y y

Dang 3. GIAI VA BIEN LUAN HE PHUONG TRINH CO BAN

Phwong phap:

e Tu mdt phuong trinh rat y theo x r6i thay vao phuong trinh con lai d€ duwoc phuong trinh
ax=>b
e Biénluan
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i. Neéua=0 thi x =2 thay vao biéu thitc d€ tim y , khi d6 hé c6 nghiém duy nhat.

ii. Neéua=0 thitaco 0.x=b
Néu b =0 thi hé c6 vo s6 nghiém
Néu b0 thi hé vd nghiém
Vi du : Giai va bién luan hé phuong trinh sau

1) mx-y=2m 2X+my =542 g/ M=y =2m
x—my=m+1 " |mx+2y=2m+1 = [4X—-my=m+6

X+my=m+1 X+my=4

4){mx+y:3m—15 {mx+4y:10—m 6 (m-1)x—my=3m-1
2X—y=m+5

X+my=3m —my= 2 2X—y=3+2m
7){ y S{X my =1+m 9{ y

mx—y=m’-2 " |mx+y=1+m?> ~ |mx+y=(m+1)’

{(m+1)x—y:m+l
x+(m-1)y=2

Vi du : Tim cac gia tri ctia d€ hé phuwong trinh sau ¢6 nghiém (x;y) véi x;y e Z

(m+1)x—my=5
X+my =m’ +4m

Huéng dan

{(m+1)x—my:5 )

X+my=m*+4m (2)
T (2) suy ra x=m’+4m-—my
Thay vao (1) ta duoc m(m+2)y=m’+5m’+4m-5 (3)

m=0
e Néu { _ thi phuwong trinh (3) v6 nghiém

m=0 3 2 _ 2
. Néu Khidé y=M M +4M=5 1 46 ta duoe x =1 4M*S
m#=—2 m(m+2) m+2

Truedchét, tatim meZ dé xeZ
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m? +4m+5
X=————=m+2+
m+2 m+ 2

.D€ xeZ thi m+2€U(1)
Suyra m+2=+xl=m=-3;m=-1

.. 1
Véi m=-3= y:§eZ

Véim=-1=y=5eZ
Vay v6i m=-1 thi hé phuong trinh c6 nghiém nguyén (2;5)

mx+4y=10-m

Vi du : Cho hé phwong trinh
X+my=2m+1

a) Xac dinh céc gid tri nguyén ctia m dé hé c6 nghiém duy nhat(x;y) sao cho x>0;y >0
b) Tim gid tri nguyén ciia m d&€ hé cé nghiém duy nhét (X;y) véi X,y 1a cac s6 nguyén duong.
Huéng dan

a) Déhé cé nghiém duy nhatla m=+2

_8-m
2+m

X
Khi d6 hé c6 nghiém

x>0 2

Piéu kién oiet
y>0 5

Vay véi meZ=>me{-1-2;..;7}

b) m={-13)

X+my=2

Vi du: Cho hé phuong trinh
mx—2y=1

a) Tim s6 nguyén m dé hé cé nghiém duy nhét (x;y) sao cho x>0;y <0

b) Tim sd nguyén m d€hé c6 nghiém duy nhét (x;y) ma X,y la cic s6 nguyén.
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Huéng dan

a) Véimzﬂaﬂﬁhecéngﬁ@n(z%)théanﬁndébm

m+4
, T2
V6i m#0 khi d6 hé c6 nghiém duy nhat ;7 "
T t2
m+4
x>0 m2+2>0 1
Ta co o o -4d<m<= . VimeZ=me{-3-2-10}
y<0 2m-1 2
20
m*+2

Vay véi meZ nén me {—3; -2;-1, O} thi hé c6 nghiém duy nhat thdéa man
b) Theoy a. m=0 khong théa man

~ m+4
Tmi+2
_2m-1
T m?+2

V6i m=0 khi d6 hé c6 nghiém duy nhat

Tredchétim meZ dé xeZthi m+4:m? +2

=m’+4m'm’> +2=4m-2:m> +2
= 4(m+4)—-(4m-2)im*+2=18:m* +2

Ma m*+2>2=m’+2e{3,;6;9;18} = m* € {1;4;7;16}
VimeZ nén me {il; i2;i4}
Tht truc ti€p d€ xe Zva y e Z thi chi c6 m=-1 thoa man.

X—=2y=3-m

Vi du: Cho h¢ phrong trinh
2x+y=3(m+2)

a) Giai hé phuong trinh khi m=-1
b) Tim m déhé c6 nghiém duy nhét (X;y) sao cho S =x*+y® dat gia tri nho nhat.
Huéng dan

—2y=3 =2
a) Khim:—L:{X y c:{x

2X+y=3 y=-1
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X=m+3
b) Hé phuwong trinh ludn cé nghiém {y —m vOi moi gia tri m

2
e TacdS=x"+y? :(m+3)2+m2 :2m2+6m+9:2(m+g] +%2%
3
2
mx—y=3
2X+my =9
a) Giai hé phuong trinh khi m=1
b) Tim gid tri nguyén ciia m d€ hé c6 nghiém duy nhét (X;y) sao cho biéu thitc P =3x—y

nhan gia tri nguyén

Vay s nho nhat bang % khi m=

Vi du: Cho hé phuong trinh {

Huéng dan
-y=3 =4
a) Khi m=1:>{x y <:>{X

X+y=9 y=1
3m+9
X=— 5
b) Hé phuong trinh luén c6 nghiém r9nm+ vOi moi gia tri cia m
T m’+2
33
Xét A=3x-y=
Y2

Dé AcZem?+2eU(33) ma m?+2>2;meZ
Suy ra me {-3;,-1,1,3}

(M+1)x—y=m+1

Vi du : Cho hé phuong trinh sau
Xx+(m-1)y=2

a) Giai hé phuong trinh khi m=2

b) Gidi va bién luan hé phuong trinh

¢) Tim gia tri nguyén cia m dé hé c6 nghiém duy nhat (X;y) voi X;y c6 gid tri nguyén.
d) Tim m déhé cé nghiém duy nhét sao cho x+y dat gia tri nho nhat.

Huéng dan

3X—-y=3
=

>
: 4
a) Khi m=2=
X-y=2 _3
4
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b) V6i m=0 hé vo nghiém

m®+1
X= >
Vi m=0 hé c6 nghiém duy nhat m
m+1
y=""3
m’+1
X= >
¢) V6i m=0 hé c6 nghiém duy nhat m
m+1
y=""3
2
bé m jleZ:m:il
m

Thtr lai gid tri m thi x;yeZ
Véay m=x1 thi hé c6 nghiém duy nhét (X;y) v6i x,yeZ
2
+

X =
d) Véi m#0 hé c6 nghiém duy nhat

mZ

~m+1

y

Xét x+y= + =—+
Y= m> 8  8m’

m2
2 2
m?’+1 m+l 7 (m+4) Zg

Vay véim=—4 thi x+y dat gia tri nho nhat la % .

X+2y=3

(m la tham s8). Tim gia tri nguyén caa m dé hé co
X+my=1

Vi du : Cho hé phwong trinh sau {
nghiém duy nhét (x;y) sao cho X,y la cac s6 nguyén.

C.MOT SO CAU GIAI HE PHUONG TRINH CUA PE THI TUYEN SINH HA NOI

2 1
—+—=2
Vi du : (TS 10 - THPT Ha Noi, nim hoc 2012-2013 ) {
Xyl
E.}.i =2
Vi du: (bién soan) |X| |y|
a 6 2 _
X1y
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Vidu (TS 10 - THPT Ha No6i, nam hoc 2013-2014) {
Vi du: (TS 10 - THPT Ha Noi, nam hoc 2014 -2015)

Vidu: (TS 10 - THPT Ha N6i, nam hoc 2015-2016)

Vidu: (TS 10 - THPT Ha No6i, nam hoc 2017 —2018)

3x 2
. CNTA: L x x-=1 y+ 2
Vidu: (TS 10 - THPT Ha N¢i, nam hoc 2016 —2017)
Vidu: (TS 10 - THPT Ha N¢i, nam hoc 2018-2019) {

3(x+1)+2(x+2y)=4
4(x+y)-(x+2y)=9

2(x+ y)+\/mz4
(x+y)- 3Wx+1=-5

_|y+2|:
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PHAN II: GIAI BAI TOAN BANG CACH LAP HE PHUONG TRINH

A. LY THUYET
Phwong phap
Cac buodc thue hién
Budc 1: Lap hé phuwong trinh
e Chon an va dat diéu kién, chon don vi cho an ( chon an la cac dai lwgng can tim)
e Biéu thi cac dai luong chua biét theo an va cac dia luong da biét
e Lap hé phuwong trinh biéu thi mdi quan hé gitta cac dai luong
Budc 2: Giai hé phuong trinh vira lap
Budc 3:Kiém tra xem cac nghiém cua phuong trinh ¢ thoa man diéu kién dat ra va tra 1oi .

B. CAC DANG BAI TAP VA PHUONG PHAP GIAI
Dang 1. TIM CAC CHU SO TU NHIEN
Phuong phap:

e ab=10a+b(abeN;0<a<9,0<b<9)
e abc=100.a+10b+c(ab,ceN,0<a<9,0<bh,c<9)

e TisOcuahaisd a,b la %(b#O)

e Tong binh phuong hai s X,y la x* +y?
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o . . . .~ .11
e Tong nghich ddo ciahaisd x,y la —+—
Xy
Vi du 1: Tim s0 ty nhién c6 hai chir 5, biét hiéu gitra chit s6 hang chuc va hang donvila 7,
néu 1ay sd da cho chia cho s6 viét theo thi tw nguoc lai ta dwgce thuong la 3 vadu 5

Huéng dan

a,beN
Goi s6 can tim ¢6 dang ab diéu kién {a=1,...,9
b=1...,9

Vi hiéu gitta chit s6 hang chuc vahang donvila 7 nén a-b=7 (1)
Vi 1dy s6 da cho chia cho s6 viét theo thit tw ngwoc lai ta duoc thwong la 3 va dw 5 nén

ab=3ba+5< 7a—29b=5(2)

. o . a-b=7 a=9
T (1)(2) ta c6 hé phuong trinh {7a— 20b—5 = {b _5
PHAN II: GIAI BAI TOAN BANG CACH
LAP HE PHUONG TRINH

A.LY THUYET
1. Phuong phap
Cac buodc thue hién
Budc 1: Lap hé phuwong trinh
e Chon an va dat diéu kién, chon don vi cho diéu kién. (chon an la cac dai luong can
tim).
e Biéu thi cac dai luong chua biét theo an va cac dai luong da biét.
e Lap hé phuong trinh bi€u thi mdi quan hé gitta cac dai luong.
Budc 2: Giai hé phwong trinh vira lap.
Budc 3: Kiém tra xem cic nghiém ctia phwong trinh c6 théa mian diéu kién dat ra va
tra loi.
B. CAC DANG BAI TAP VA PHUONG PHAP GIAI
Dang 1. TIM CAC CHU SO TU NHIEN
Phuong phap:
e ab=10a+b (a,beN,0<a<9, 0<b<9)

e abc=100.a+10b+c (a,b,c,0<a<9,0<b<9)
e Tisdcuahaisdavab (b=0) lé%

e Tong ctiahaisd x va y la X+y
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e Tdng binh phuong ctia hai s8 x va y 1a x* +y?

e Tong nghich dao ciahaisé x va y la %+%

Vi du 1: Tim s6 tw nhién c6 hai chir s6, biét hiéu gitra chit s6 hang chuc va chit sd
hang don vi 1a 7, néu 14y s6 di cho chia cho s6 viét theo thit tw ngugc lai ta duoc
thuong 1a 3 va s6 dw 1a 5.

Huéng dan
a,bez
Goi chit s§ can tim c6 dang: ab diéu kién {a=1;2;...;9
b=12;..;9
Vi hiéu gitta chit s6 hang chuc va chir s6 hang donvila 7 nén: a-b=7 1)
Vi 14y s6 da cho chia cho sO viét theo thit ty nguoc lai ta dwgc thwong la 3 va s6 dwla 5
nén:
ab=3ba+5«< 7a-29b=5 )
. . o . {a—b:Y {azg
Tt (1) va (2) ta c6 hé phuong trinh sau: &
7a—29% =5 b=2
Vay s6 can tim 1a 92.

Vi du 2: Tim mét s6 ¢6 hai chit s6, biét ring tong ctia cic chit s6 ctia sd d6 bang 9

va viét cac chit s6 d6 theo thit ty ngugc lai thi dwgc mot s6 bang g s0 ban dau.

Huéng dan
a, be 7"
Goi chit s§ can tim c6 dang: ab diéu kién {a=1;2;...;9
b=12;..;9
Vi tdng clia cac chit s8 ctia s6 d6 bang 9nén a+b=9 (1)

\ « A7 ’ ~ A ’ ’ . \ A A M 2 A A A
Vi viét cac chit s06 do theo thit tu nguoc lai thi dugec mot sO bang 5 sO ban dau nén:

= —b 1 _ﬁb 0(2)
a+b 9 a=8
Twr (1) va (2) ta c6 hé phurong trinh sau: b 0 {b—l

Vay s6 can tim 1a 81.
Dang 2. TINH TUOI
Vi du 1: Hai ndm trudc diy tudi ctia anh gap doi tudi ctia em, con tdm nim trudce
day, tudi ctia anh gap 5 lan tudi ctia em. Hoi hién nay anh va em 1a bao nhiéu tudi.
Huéng dan
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Goi tudi cta anh hién nay la x va tudi ctia em hién nay la y diéu kién: x,yeZ x, y>8
Vi hai ndm trudc day tudi cua anh gap doi tudi cia em nén: x—2=2(y—2) < x—2y =-2
(1)
Vi tam nam treéc day, tudi cua anh gap 5 lan tudi cia em nén:
X—8=5(y-8) < x-5y=-32 (2)
\ ‘ o ‘ {x—2y=—2 {x:18
Tt (1) va (2) ta cd hé phuong trinh sau: &
X—5y=-32 y=10
Vay tudi cua anh la 18 va tudi cua em la 10.
Vi du 2: By nam trudc, tudi ctia me bang 5 lan tudi ctia con cong thém 4, nim nay
tudi cia me vira bang ding 3 lan tudi con. H6i nim nay méi ngudi bao nhiéu tudi.
Huéng dan
Goi tudi ciia me hién nay 1a x va tudi ctia con hién nay 1a y, diéu kién: x,yeN; x>y >7
Vi bay ndm truedc, tudi ctia me bang 5 [an tudi ctia con cong thém 4 nén:
X—=7=5(y-7)+4< x-5y=-24 (1)
Vi ndm nay tudi ctia me vita bang ding 3 [an tudi connén: x=3y  (2)
\ ‘ o ‘ {X—Sy:—24 {x:36
Tt (1) va (2) ta cd hé phuong trinh sau: =
X =3y y=12
Vay tudi cua me la 36 va tudi cua con la 12.
Dang 3. HINH HQC
Phuong phap:
e Dinhli Py - ta — go: AABC vuéng tai A < AB?+ AC? =BC?
e Chu vi va dién tich hinh chit nhat Ian luot la: Cawvi=2(a+b), S=ab véi a, b Tan
luot la chiéu dai va chiéu rong.

« Dién tich hinh thang: § =@M 4

oac S=mh véi a, b la d6 dai hai day, h la
dwong cao, m la do dai dwong trung binh.

Vi du 1: M6t manh dat hinh chit nhat c6 chiéu dai 16n hon chiéu rong 1a 5m. Néu
giam chiéu rong di 4m va giam chiéu dai di 5m thi dién tich manh dat giam di 180cm?2.
Tinh chiéu dai va chiéu rong manh dat do.

Huéng dan
Goi chiéu dai manh datla x (mét) x>5
Goi chiéu rong manh datla y (mét) y>4

Vi chiéu dai 16n hon chiéu rong la 5m nén: x—y =5 (1)
Vi giam chiéu rong di 4m va giam chiéu dai di 5m thi dién tich manh dat giam di 180cm?
nen:
(x=5)(y—4) =xy—-180 < 4x+5y =200 (2)
. . LA . X—-y=5 x=25
Tt (1) va (2) ta c6 hé phuong trinh sau: =
4x+5y =200 y =20
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Vay chiéu dai manh dat 1a 25m va chiéu rong manh dat 1a 20m.
Vi du 2: M6t hinh thanh c¢6 dién tich 1a 140cm?, chiéu cao 8cm. Tinh d¢ dai cac day
ctia hinh thang, biét ring chting hon kém 15cm.
Huéng dan
Goi day 16n cta hinh thang la x va ddy nho cua hinh thang la y, diéu kién
X, yeN; x>y>7

Vi hinh thanh c6 dién tich Ia 140em? nén: S8 140 s gx 48y = 280 (1)
Vi d6 dai cac ddy ctia hinh thang hon kém nhau 15cm nén: x—y =15 (2)
. . . . 8x+8y =280 X=25
Tt (1) va (2) ta c6 hé phuong trinh sau: =
Xx—-y=15 y=10

Vay do dai day 16n la 25cm va d6 dai day nho la 10cm.
Dang 4. TOAN LIEN QUAN PEN Ti SO PHAN TRAM

Phuong phap:

e Khoi luong cong viéc = Ndng suat. Thoi gian.

e Nang sudt = Khdi luong cong viéc : Thoi gian.

¢ Thoi gian = Khdi luong cong viéc : Nang suat.

Vi du 1: Hai t6 san xuat dugc giao lam 800 san pham trong mot thoi gian quy
dinh. Nho ting ning suat lao dong, t6 I viegt mirc 10%, t6 II virgt mitc 20% nén ca hai
t6 lam dwgc 910 san pham . Tinh s6 san pham phai lam theo ké hoach ctia moi té.

Huéng dan
Goi s6 san pham t6 I va t6 I lam theo ké hoach lan luot la x,y (X,y € N"; X, y <800)
Vi hai t6 theo ké hoach san xuat duoc 800 san phdm nén: x+ y =800 (1)

Nho tang ndng sudt lao dong, td I vuot muirc 10% la % X, to II veeot mic 20% la %x.

Ca hai t0 lam dwogc 910 san pham ta co:
x+£x + y+£y =910©£x+£y=910—800©i+1=110<:>x+2y=1100
100 100 10 5

2)

Tt (1) va (2) ta c6 hé phuong trinh sau: {X +y =800 = {X =200 (th?a m'im)
x+2y=1100 y =300 (thoaman)

Vay s0 san pham t6 I 1a 500 va t6 II 1a 300.

Vi du 2: Hai truong A va B c¢6 420 em hoc sinh d6 vao 16p 10 dat ty 1é 84%. Riéng
truong A ty 1é d6 80%, riéng trudng B ty 1&é d6 90%. Tinh s6 hoc sinh dw thi cia méi
truong.

Huéng dan
Goi s6 hoc sinh du thi cta truong A va B lan luotla x, y (X, y € N"; X, y <800)
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Vi hai treong A va B ¢6 420 em hoc sinh dd vao 16p 10 dat ty 1é 84% nén: x+y = 480.%
1
. . 1A 3R A . 1A 4% . . 80 90
Vi riéng trueong A ty 1€ do 80%, riéng truong B ty 1€ d6 90% nén: mx+my =420
()
X+Yy =480 100
\ \ 1A \ 84 x =300
Tt (1) va (2) ta c6 hé phuong trinh:
80 90 y =200
—X+—Yy =420
100 100

Vay s6 hoc sinh du thi cta truong A va B Tan luot la 300; 200 hoc sinh.

Vi du 3: Thang th nhat hai t6 san xuat dugc 900 chi ti€t may. Thang thit 2 t6 I
vuegt mirc 15% va t6 II viegt miec 10% so véi thang th nhat. Vi vay hai t6 da san xuat
dwogc 1010 chi ti€t may. Héi thang thit nhit méi t6 san xuat dwgc bao nhiéu chi tiét
may.

Huéng dan
Goi y hé phuong trinh  bifu dién cac  dai  luong  la:

X +y =900 x =400 (théaman)

=
£x+@y:1010 {yZSOO (thdbaman)
100 100

Vi du 4: Theo ké hoach hai t6 san xuit dwgc 600 sin phidm trong mot thoi gian
nhét dinh. Do ap dung ki thuit mé6i nén t6 I da vuegt mirc 18% va t6 II di vugt mirc
21%. Vi vy trong thoi gian quy dinh ho di hoan thanh vugt mirc 120 san pham. Héi
s6 san pham dwoc giao ctia mai t6 theo ké hoach.

Huéng dan
Goi y hé phuong trinh  bieu dién cac  dai  luong  la:

i‘g* Y= 62(10 {x = 200(thda min)
—x+——y=120 = 400 (thda man
100" 100° y=400¢ :
Dang 5. TOAN LAM CHUNG CONG VIEC
Phuong phap:

e Coi toan b cong viéc la 1.

e Nangsudt =1: Thoi gian.

¢ ToOng cac nang suat riéng = nang sudt chung.

Vi du 1: Hai nguoi cing lam chung mét cong viéc thi sau 6 gio xong. Néu mot
minh nguoi thg tht nhét lam trong 2 gio, sau d6 nguoi tht hai lam mot minh trong 3

o\ 2 2 . \ 2 n LN 2 e ~ Re N e \ n \ 2
gio thi ca hai lam dwoc 5 cong viéc. Hoi néu moi nguwoi lam mot minh thi sau bao

nhiéu gio xong cong viéc?
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Huéng dan
Goi thoi gian nguoi thit nhat va ngwoi tht hai lam mdt minh xong cong viéc lan luot la
X, y (gi0; X,y > 6)
+) Trong 1 gio

Nguoi thit nhat lam duoc 1 (cong viéc)
X
Nguwoi thit hai lam duoc 1 (cOng viéc)
y
Ca hai ngroi lam duoc % (cong viéc)
— i + i — 1 (1)
X y 6

Trong 2 gio ngwoi th nhat lam dugc 2 (cOng viéc)

X

Trong 3 gio ngwoi thit hai lam duoc 3 (cOng viéc)
y

C4 hai nguoi lam dwoc % (cOng viéc)

:>E+§:E (2)
X y 5
1 1 1
X'y 6 10(thda man)
X =

Tt (1) va (2) ta c6 hé phuong trinh: Y < .
3+§—3 y =15(thoaman)
X y 5

Vay nguoi thit nhat lam mét minh xong cong viéc la 10 gio.
Nguoi thir nhat lam mot minh xong cong viéc la 15 gio.

Vi du 2: Hai nguoi cung lam chung moét cong viéc thi hoan thanh sau 7 gio 12
phit. Néu mot minh nguwoi thir nhat lam trong 5 gio, ngwoi th hai lam mét minh

°\ 2 2 . N e \ 3 A LN 2 e ~ R N e \ n \
trong 6 gio thi ca hai ngwoi lam duwoc 2 cong viéc. HOi néu moi nguwoi lam mot minh
thi hoan thanh cong viéc sau bao lau?

Huéng dan
Goi thoi gian nguoi thit nhat va ngwoi tht hai lam mdt minh xong cong viéc lan luot la

. 36
X, y (gi0; X,y >?)
+) Trong 1 gio

Nguoi thit nhat lam duoc 1 (cong viéc)
X

Nguoi thit hai lam duoc 1 (cOng viéc)
y
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Ca hai ngroi lam dwoc 1+l (cong viéc)
Xy

p6i 7z =opt, 1.5
5 x y 36 36

5

1

Trong 5 gio ngwoi th nhat lam dugc > (cOng viéc)
X
Trong 6 gio ngwoi thit hai lam dwoc ° (cOng viéc)
y

Ca hai ngroi lam duoc % (cong viéc)

_5,6_3 )
X y 4
1. 1.5
36 =12 (thdoama
Tir (1) va (2) ta c6 hé phuong trinh: |~ X =12(thoaman)
§+§ i y =18(thoaman)
x y 4

Vay nguoi thit nhat lam mot minh xong cong viéc la 12 gio.
Nguoi thit nhat lam mot minh xong cong viéc 1a 18 gio.
Vi du 3: Hai voi nwdc cung chay vao mot b€ can thi sau 1 gio 20 phat bé sé day.

Néu mé voi I trong 10 phit va voi II trong 12 phat thi dugc % bé. Hoi néu moi voi

chay mt minh thi sau bao lau sé day?
Huéng dan

boi 1h20'=ih va 10’=lh; 12’=lh
3 6 5

Goi thoi gian voi I va voi I chay mot minh day bé lan luot 1a x, y (gio; x,y > %)
+) Trong 1 gid: Voi I chay duoc — (b8), voi IT chay duoc = (bé)

X y

o 11 3 .
Ca hai voi chay duoc —+—=— (bé) (1)
X y 4
+) Trong 10 phit voi T chay duoc 6i (b&), trong 12 phdt voi IT chdy duoc Si (b8)
X y
2

1 1
C4 hai voi chay dwoc: —+—=— (bé 2
v y duoc: — 5y 15( ) (2)
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1.3
y 4 {X =2 (théaman)
=
1 2
_——
6x S5y 15

Vay thoi gian voi I chay mot minh day bé'la 2 gio, voi II chay mot minh day bé'1a 4 gio.

Vi du 4: Hai v0i nu6c cung chay vao mot b€ khong c6 nwdc thi sau 2 gio 55 phit
bé sé ddy. Néu chay mét minh thi voi I chdy nhanh hon voi II 1a 2 gio. Hoi thoi gian
mdi voi chay mot minh day bé?

1
—+
X
Tt (1) va (2) ta c6 hé phwong trinh:
()va @) *P & 1 y =4 (thdaman)

Huéng dan

béi 2h55’:§h
12

Goi thoi gian voi I va voi I chay mot minh day bé lan lwot 1a x, y (gio; X,y > f—g)

+) Trong 1 gio: Voi I chay duoc % (b&), voi Tl chay duoc % (b8)

Ca hai voi chay duoc: ~+ 2=+~ 2,112 48 (g
x y 35 x y 35
12
Vi néu chay mot minh thi voi I chay nhanh hon voillla 2 gionén: y—x=2  (2)
L x =5(TM) s
Tt (1) va (2) ta c6 hé phuong trinh: <x 'y 35 <<4/x= —Z(KTM) = {X -
yox=2 6 y =7 (TM)

y—-x=2

Vay thoi gian voi I chay mot minh day bé'la 5 gio, voi II chay mot minh day bé'la 7 gio.

Vi du 5: Cho ba voi A, B, C cung chdy vao mot bé. Voi A va voi B chay day bé
trong 71 phut. Voi A va voi C chay diy bé trong 43 phuat. Voi C va voi B chay day bé
trong 56 phut.
a) Héi mdi voi chay sau bao lau thi diy bé? Ca ba voi ciing mé mot lic thi sau bao lau

day bé?
b) Biét voi C chay 10 lit it hon mdi phut so v6i voi A va voi C. Tinh sitc chita ctia bé va
sttc chdy ctia mdi voi?
Huéng dan

Goi thoi gian voi A chay mot minh day bé'la x (mdi phut chay day bé 1a 1)
X
Thoi gian voi B chay mot minh day bé'1a y (mdi phut chay day bé'1a i)
y

Thoi gian voi C chay mot minh day bé 1a z (mdi phut chay day bé'la l)
z
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+) Trong 1 phut: Voi A chay duoc %(bé’), voi B chay dugc %(bé)

Ca hai voi chay duoc: 1 - 1.1 (bé) (1)
X y 72

+) Trong 1 phut voi A chay dugc 1 (bé), voi C chay dugc 1 (bé)
X z
s s 12 11 1, .,
Ca hai voi chay dugc=+==—(bé)(2)
X z 63

+) Trong 1 phut voi C chay dwoc %(bé), voi B chay dugc %(bé’)(3)

111
4= E
>1‘ i’ o [x=1s8Mm)

Tt (1),(2),(3) ta c6 hé phuong trinh sau:{—+—= 3 <1y =126(TM)
X Z
1,0 1 =2
Z y 56

Vay thoi gian voi A chay mot minh day bé la 168 phut

thoi gian voi B chay mot minh day bé'la 126 phut

thi gian voi C chay mot minh day bé 14 % phut

Néu ba voi cling mé mét lc thi mai phut day vé la: 243 _ 12

504 504

Vay ba voi ciing chay day bé sau % phut
b) Goi dung tich céia b& 1 t phut thi m3i phut voi C chay duoc 5%41 lit, Voi A va voi B

chay dugc (§+ %j t lit. Theo d@ bai ta c6 phuong trinh :

O 41023422 )t =t = 250001it)
504 5 504

3.2520

Stic chdy cua voi A la: =15(lit/ p)

4.2520

Stec chay voiB la : =20(lit/ p)

5.2520

Stec chay cua voi C la: =25(lit/ p)
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Vi du 6:Hai c6ng nhan 1am mot cong viéc trong 18h thi xong. Néu ngwoi thit nhat lam
6h va ngwoi thit hai lam 12h thi chi hoan thanh 50 phian trim cong viéc. H6i néu lam
riéng thi moi ngwoi hoan thanh cong viéc do trong bao 1au?

Hudéng dan

1,11
~ 18 x=36(TM
Goi y hé phuong trinh biéu dién cac dai luong la: x = (T™)
6,12_50 "~ |y=3sm)
X 'y 100

Vi du 7: Hai voi nwdce chay vao mot bé khong co nudce thi sau 1h30 phat sé day bé. Néu
mo voi I chay trong 15 phut r6i khoa lai va mé voi thit II trong 20 phut thi duoc % bé.

Hoi néu mdi voi chay riéng thi bao 1au day bé?
Huéng dan

1 2
+;=§ X :E(TM)
Goi y hé phuong trinh biéu dién cac dai legng ;’
=T Y=o M)

Vi du 8: Hai nguwoi tho cing 1am mot cong viéc trong 16 gio thi xong. Néu ngwoi thi
nhat 1am mot minh trong 15 gio r6i ngwoi thi hai lam ti€p 6 gio thi hoan thanh dugc
75 phan tram cong viéc. Hoi mbi ngwoi 1am cong viéc d6 mot minh hoan thanh trong
bao lau?

Huéng dan

1,11
. 1ex 16 X =24(TM
Goi y hé phuong trinh biéu dién cac dai lwong x = (TM)
15 6_75 y =48(TM)
x y 100

Vi du 9: B& hoan thanh mot cong viéc, hai t6 phai lam chung trong 6 gio. Sau 2 gio lam
chung thi t6 hai dugc diéu di lam viéc khac, t6 mot da hoan thanh cong viéc con lai
trong 10 gio. Hoi néu mdi t& lam riéng thi sau 1au hoan thanh cong viéc dé.

Huéng dan

><|H

L1
A o lem A o y 6 o 1 ¥=15(TM)
Goi y hé phuong trinh biéu dién cac dai lwong

[ J y =10(TM)

Vi du 10: Hai nguwoi lam chung mét cong viéc trong 7 gio 12 phit thi xong. Néu ngudi

thit nhat lam trong 5 gi® va ngwoi thit hai 1am trong 6 gio thi ca hai chi lam duqc%
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cong viéc. H6i mbi nguwdi lam mot minh trong thoi gian bao 1au hoan thanh cong viéc
do?

Huéng dan

1,15
- 36 =12(TM
Goi y hé phuong trinh biéu dien cac dai luong Y = X (T™M)
5,6.3 7 ly-18(m)
X y 4

Vi du 11: Hai voi nwdc cung chay thi sau 5h50 phut sé day bé. Néu hai voi chay trong
5 gi® roi khda voi thit nhat lai thi voi thi hai chay trong 2 gi® nita méi day bé. Tinh
xem néu d€ moi voi chd mot minh thi trong bao lau sé day bé?
1 1 6
J— + _——
x y 35 x=10(TM)
1 1) 2 . \y=140M)
5.[—+—]+—=1 y=
X y)y

Dang 6: BAI TOAN LIEN QUAN DEN SU THAY POI THUA SO GIUA CAC TiCH
Vi du 1: Trong mot ngdi truong c6 mét s6 ghé bing, modi ghé bang quy dinh mot s6

Goi y hé phwong trinh biéu dién cac dai luvong

ngwoi nhu nhau. Néu bét hai ghé bang va moi ghé bang thém 1 nguoi thi thém dwgc
8 cho. Néu thém 3 ghé bing va maéi ghé bing rat 1 ngwoi thi giam 8 chd. Tinh s6 ghé
bang trong hdi truong va s6 nguoi theo quy dinh ngoi trong mot ghé.

Goi s6 ghé bang trong hoi treong 1a x (cai) (x > 0)

S6 nguoi quy dinh ngoi trén mot ghé bang 1a y(y > 0) (ngwoi)

S6 chd ngdi quy dinh trong hoi treong 1a xy (chd)

+)Néu bét hai ghé bang va mdi ghé bang thém 1 nguoi thi thém dwoc 8 chd thi

X-2)(y+1)=xy+8,=x-2y=10(1)

+ Néu thém 3 ghé bang va mdi ghé bang rat 1 nguoi thi giam 8 chd

(X+3)(y-1)=xy+8 = x -3y=5(2)

Tt (1) va (2) ta cd hé phuong trinh sau: {X —2y=10 = {X = 20(TM)
x-3y=5 y=5(TM)

Vay s6 ghé bang 1a 20 c4i, mdi ghé quy dinh ngdi 5 nguoi.

Vi du 2: M4t 6 t6 di quang dwong AB véi van téc 50km/h, r6i di ti€p quang dwong BC

v6i van toc 45 km/h. Biét quang dwong tong cong dai 165 km va thoi gian 6 to di hét

quang dwong AB it hon thoi gian 0 t6 di trén quang dwong BC la 30 phut.

Huwéng dan

Lam sai bai
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Dang 7: DANG TOAN CHUYEN PONG
Phuong phap: S=vt trong do

+)S la quang duwong (m, km)

+V 1a van téc (m/s; km/h)

+tla thoi gian(s, phit, h)

- Néu chuyén dong trong dong chay thi:
Vo =Viieng TV,
+WV =V +V

nguoc rieng nuoc

nuoc

Vi du 1: M6t 6 t6 di quang dwong AB vai van toc 50km/h r6i di ti€p quang dwong BC
v6i van toc 45km/h. Biét quaing dudng tong cong dai 165km va thoi gian 6 to di trén
quang dwong AB it hon thoi gian di trén quang dwong BC 1a 30 phat. Tinh thoi gian
6 to di trén mbi quang duong.

Huéng dan
Goi thoi gian 6 t6 di trén quang dwong AB 1a x (gio, x>0)
Goi thoi gian 6 t6 di trén quang duong BCla y (gio, y >0)
D¢ dai quang duong AB 1a 50x (km)
Do dai quang duong BC 1a 45y (km)

Vi quang duong tong cong dai 165km nén ta c6 phuong trinh:
50x + 45y =165 < 10x+9y =33 (1)

Thoi gian 6 t6 di trén quang duong AB it hon thoi gian di trén quang dwong BC la 30

phut nén ta ¢ phuwong trinh: x +% =y (2)

10x+9y =33 x—é (tm)
Tt (1) va (2) ta c6 hé phuong trinh sau: 1 &2
=X+=
Y= y=2 (tm)

Vay thoi gian 6 to di trén quang duwong AB la % (gi0), thoi gian 0 to di trén quang
duong BC 1a 2 (gio)

Vi du 2. Quing duwong AB dai 650km. Hai 6 t6 khéi hanh tir A dén B di nguoc chiéu
nhau. Néu ciing khéi hanh thi sau 10 gio chiing gap nhau va néu xe di tir B khéi hanh

trwedc xe kia 4 gio 20 phut thi hai xe gap nhau sau khi xe di tit A khoéi hanh dwgc 8 gio.
Tinh van t6c moi xe.
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Huéng dan
Goi thoi gian 6 t6 di trén quang duwong AB 1a x (gio, x>0)
Goi thoi gian 6 t6 di trén quang duong BCla y (gio, y >0)
D¢ dai quang duong AB la 50x (km)
Do dai quang duong BC 1a 45y (km)

Vi quang duong tong cong dai 165km nén ta c6 phuong trinh:
50x + 45y =165 < 10x+9y =33 (1)

Thoi gian 6 t6 di trén quang duong AB it hon thoi gian di trén quang dwong BC 1a 30

phut nén ta ¢ phuwong trinh: x +% =y (2)

10x+9y =33 x—§ (tm)
Tt (1) va (2) ta c6 hé phuong trinh sau: 1 &7 2
=X+=
Y= y=2 (tm)

Vay thoi gian 6 t0 di trén quang duwong AB la % (gi0), thoi gian 0 t6 di trén quang
duong BC 1a 2 (gio)

Vi du 3: Mot ca n6 chay xudi dong mot khic song dai 60 km, sau d6 chay nguoc dong
48 km trén khiic song do thi hét 6 gio. Néu ca nd dy chay xudi dong 40 km va ngugc
dong 80 km trén khuc séng d6 thi hét 7 gio. Tinh van tdc riéng cta ca nd va dong
nudc.

Huéng dan
Goi van toc riéng ctia cand la x (km/gio, x>0 ).
Goi van toc riéng ctia dong nuéclay (km/gio, y >0 ).
Van t0c ca nod chay xudi dong 1a x+y (km/gio)

Van t0c ca nod chay ngwoc dong la x—y (km/gio)

Thoi gian ca nd chay xu6i dong 60 km 1la h

X+y

N
x-y

Thoi gian ca nd chay nguoc dong 48 km la
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Ta c6 phuong trinh: 00, 8 o £+i=1(1)
X+y X-y X+y X-y
40 80
T tu ta c6 phwong trinh: ——+——=7(2
wong tu ta c6 phuong trin oy oy (2)
0.8
—y x =18(tm
Tir (1) va (2) ta c6 hé phuong trinh sau: Ty Xy & (tm)
40 80 y =2(tm)
22 g
X+y X-—Y

Vay van tdc riéng ctia cand la 18 (km/h), vén toc riéng cua dong nudcela 2 (km/h).

Vi du 4: M6t chiéc thuyén xubi, ngugc trén mot khiic song dai 40 km hét 4 gio 30 phat.
Cho thoi gian thuyén xudi dong 5 km bang thoi gian thuyén nguoc dong4 km. Tinh
van téc ctia dong nuéc.

Vi du 5: Tim van tdc va chiéu dai ctia 1 doan tau hda biét doan tau 4y chay ngang qua
vin phong ga tir dau may dén hét toa cudi cing mat 7 gidy. Cho biét san ga dai 378m
va thoi gian ké tit khi dau may bat dau vao san ga cho t6i khi toa cudi cung roi khoi
san ga la 25 giay.

Huéng dan
Goi van toc cua tau khi vao san gala x (m/s, x> 0).
Goi chiéu dai ctia doan taula y (m, y >0).
Tau chay ngang van phong ga mat7 giay nén y = 7x (1)

Khi dau may bat dau va san ga dai 378m, cho t6i khi toa cudi cting roi khoi san ga 1a 25
giay ta cé phuong trinh:

y+378 = 25x (2)

= Xx=21(tm
Tt (1) va (2) ta c6 hé phuong trinh sau: {y X & { (tm)

y+378=25x  |y=147 (tm)
Vay van tdc cua doan tau 1a 21 (m/s), chiéu dai cua doan tau la 147 (m)

Vi du 6: Mgt chiéc thuyén xubi, nguwgc dong trén mot khiic song dai 40 km hét 4 gio 30
phat. Biét thoi gian thuyén xudi dong 5 km bang thoi gian thuyén ngwoc ngugc dong
4 km. Tinh van tdc dong nudc.
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Huéng dan
Goi van toc riéng ctia thuyén lic nudce yén ling la x (km/gio, x >0 ).
Goi van toc riéng ctia dong nudcla y (km/gio, y >0 ).
Van tdc thuyén chay xudi dong 1a x+y (km/gio).

Van tdc thuyén chay nguoc dong la x—y (km/gio).

Thoi gian thuyén chay xudi dong 40 km la h
X+Yy
Thoi gian thuyén chay nguoc dong 40 km 1a h
X=y
Ta cé phuong trinh: 0,40 g(1)
X+y X-y 2
. . 5 4
Twong tu ta c6 phuong trinh: ——=——(2)
X+y X-Yy
40 , 40 9
—y 2 x =18(tm

Tir (1) va(2) ta cé hé phuwong trinh sau: Ty oy L g (tm)

9 4 y = 2 (tm)

X+y X-Yy

Vay van toc riéng cua thuyén la 18 (km/h), van toc riéng cia dong nudcla 2 (km/h).

Vi du 7: Trén mdt duong tron chu vil,2m, ta ldy mot di€m A c6 dinh. Hai diém M, N
chay trén dwong tron, ciing khéi hanh tir A véi van téc khong doi. Néu chung di
chuyén trai chiéu nhau thi ching gip nhau sau méi 15 gidy. Néu di chuyén cling
chiéu thi di€ém M sé vuot diém N ding mét vong 60 gidy. Tim van t6c moi diém M, N
?

Huéng dan
Goi van tdc cua diém M 1a x (m/s, x>0).
Goi van tdc ctia diém N'la y (m/s, y >0).
Khi chting di chuyén trai chiéu nhau thi chiing gap nhau sau mdi 15 giay

Ta c6 phuong trinh: 15x +15y = 1,2 (1)
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Khi chung di chuyén cung chiéu thi diém M sé vuot diém N dung mot vong sau 60 gidy
ta co phuwong trinh:

60x — 60y = 1,2 (2)

= x=0,05(tm
Tir(1) va(2) tacé hé phuong trinh sau: tox+1oy=12 = (tm)
60x-60y=12 ~ |y=0,03(tm)

Vay van tdc cua diém M 1a 0,05 (m/s), van tdc cua diém N 1a 0,03 (m/s)

Vi du 8: M4t chiéc xe may va 6 to di tir A dén B véi van toc khac nhau. Vén tdc xe may
1a 62 km/gi0, con van tdc 6 t6 1a 55 km/gio. D€ hai xe dén dich cing mot liic nguoi ta
da cho 6 t0 chay tredc mot thoi gian. Nhung vi mot 1i do dac biét nén khi chay duwoc

% quing duong 6 t6 budc phai chay véi van tdc 27,5 km/gio. Vi vay khi con cach B
124 km thi xe may duéi kip 6 t6. Tinh quing duong tir A dén B.
Huong dan

Goi khoang cach AB la x (km, x>0).

Goi thoi gian du dinh 6 t6 di trudc xe may la y (h, y>0).

Xy
62 7 55 X =514 (tm)
Ta c6 hé phuwong trinh sau: < 2 =~
phtong 2x X124 o X =1 (tm)
3 .3 _y+X 1705
65 27,5 27,5
Vay khodng cach AB 13 514(km), thoi gian du dinh 6 t6 di trude xe méy Ia 113;‘5 (h)
Xy
62 y—55 X =514(t/ m)
Ta c6 hé phuwong trinh sau: < 2 =
phtong 2x X124 s Y=t/ m)
3 .3 _y+X 1705
65 27,5 62
Vay khoang cach AB la 154(km), thoi gian dy dinh 6 t6 di tredc xe may la 11335 (h)
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Vi du 9: Hai 6 t6 khéi hanh cting mot ldc trén quang duong tir A dén B dai 120km . Moi
gio 0 to thtt nhat chay nhanh hon 6 t6 thi hai la 10kmnén dén B trudc 6 t6 thit hai la
0,4 gio. Tinh van tc ctia mdi 6 to.

Huéng dan

Goi van tdc ctia 6 to thit nhét 1a x(km/h,x >0)

Goi van tdc cta 6 to thit hai 1a y(km/h,y > 0)

_y=10
Ta ¢ hé ph tinh >1<20y 190 X =60(t / m)
a Co he umon Trinnh sau:

» PRHONg Sr0a== ly=sog/m)

Vay van tdc cta 0 to thit nhat la 60km/h, van tdc cta 6 to thit hai la 50km/h

Vi du 10: Mot ca n6 di tir A dén B véi van toc va thoi gian duw dinh. Néu ca nd tang van
t6c them 3km/hthi thoi gian rat ngan duoc 2 gid. Néu ca nd giam van tdc di 3km/hthi
thoi gian tang 3 gio. Tinh van tdc va thoi gian dy dinh cta ca no.

Huéng dan
Goi van tdc du dinh ctia cand 1a x(km/h,x >0)

Goi thoi gian du dinh cia cand la y (gio, y>0)

(x+3)(y—2):xy{x=15(t/m)

Ta c6 hé ph trinh sau:
a co he phwong trinh sau {(x—B)(y+3):Xy y =12(t/m)

Vay van toc du dinh cua cand 1a 15km/h
Thoi gian dy dinh ctia cand la 12 gio

Vi du 11: Mot ca nd chay trén song trong 8 gio xu6i dong duwoc 81km va nguoc
dong 105km. Mot lan khéc, ca nd chay trén song trong 4 gio xudi dong duoc 54kmva
ngugc dong 42km. Tinh van tdc riéng cua ca nd va van tdc dong nude. ( Bi€t van tdc
riéng cta ca no, van téc dong nudc khong doi)

Huéng dan
Goi vén toc riéng cta cand la x(km/h,x > 0)

Van t6c dong nudela y(km/h, x>y >0)
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81 105 _
-y X =24(t/m
Ta c6 hé phwong trinh sau: YRS (t/m)
54 42 y=3(t/m)
—+—=1
X+y X-Yy

Vay van toc riéng ctia ca n6 la 24km/h; van tdc dong nude la 3km/h

Vi du 12: Mot xe may di tit A dén B trong thoi gian da dinh. Néu di véi van toc
45km/h sé téi B cham mat ntra gio. Néu di vdi van tdc 60 km/h sé téi B sém 45 phut.
Tinh quang dwong AB va thoi gian du dinh.

Hudng dan:
Goi quang duong AB la x (km; x>0)

Thoi gian du dinh ditir A dén B 1a y (y>0; h)

Ta c6 hé phuwong trinh sau:

x:45.(y+1j
2 {x=225

X=60.(y_§j® y=4,5 (tm)
4

Vay quang duwong ABla 225 (km).
Thoi gian de dinh tt A dén B la 4,5gio.

Vi du 13: Mot ca n6 xudi dong 81 km va nguoc dong 42km mat 5 gio. Mot lan
khéc, ca n6 xudi dong 9 km va nguoc dong 7 km thi mat 40 phut. Tinh van tdc riéng
cta ca nd va van toc dong nudc. ( Biét van tdc riéng cta ca nd, van tc ctia dong nuwdce
khong d6i.)

Huéng dan
Goi van toc riéng ctia cano la x (km/h; x>0).
Van toc dong nudcla y (km/h; y>x>0)

81 42

+——=5
- X=24
Ta c6 hé phuong trinh sau: Ty g (tm)
9 . 7 _2 |y-3
X+y x-y 3

Vay van toc du dinh cua cand 1a 24km/h.
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Van t6c dong nudc 3km/h.

Vi du 14: Mot 6 t6 di tie Ha Noi va du dinh dén Hu€ luc 20h 30 phut. Néu di voi
van tc 45km/h thi dén Hué€ cham hon so véi du dinh la 2 gio. Néu xe chay véi van
téc 60 km/h thi dén Hu€ sém hon 2 gio so v6i du dinh. Tinh d¢ dai quang duong Ha
No6i — Hu€ va thoi gian xe xuat phat tir Ha Noi.

Huéng dan
Goi quang duwong Ha Noi — Hué€'la x (km; x>0).
Thoi gian 6 to du dinh dila y (gio; y>0).

x=60.(y—2)<:>{x=720

Ta ¢4 hé phuong trinh sau: {x=45.(y+2) y =14 (tm)

Vay quang duwong Ha Noi — Hué'la 720 (km/h).
Thoi gian xe xudt phat tir Ha N6i 1a 20h30 phuat -14h = 6h30 phut.

Vi du 15: Hai dia diém A va B cach nhau 36km . Cung lic d6 mot xe tai khoi
hanh tt A chay vé B va mot xe con chay tt B chay vé A. Sau khi gdp nhau xe tai
chay tiép 5 gio nita thi d&n B va xe con chay tiép 3h12 pht thi téi A . Tinh van t6c mdi

xe.
Huéng dan
Goi van toc ctia xe tai x (km/h; x>0).

Van toc ctia xe con l1a y (km/h; y>0)

S5x + 10 360
5y x=40
Ta c6 hé phuong trinh sau: 1 16 = (tm)
Y bx y=50
S22
X y

Vay van toc cta xe tai la 40 km/h.
Vay van toc cta xe con la 50km/h.
Vi du 16.

Mot be nira troi twe do ( vdi van toc bgmg van toc cua dong nuwdc) va mot ca nd cung doi
bén A dé xudi dong. Ca nd xudi dong dwoc 144 km thi quay lai tro vé bén A ngay, ca
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dilan vé 21 gid. Trén duong ca nd tro vé bén A khi con cadch bén A 1a 35 km thi gép be
nita noi trén. Tinh van tdc riéng ctia ca nd va van toc ctia dong nudc.

Huéng dan

Goi van toc riéng ctia cand la x ( km/h; x> 3).

Van toc dong nudcla y (km/h; y>x>0)

144 144 _,, 5
X+ — =

y x-y o X
144 144-36 36  |y=3

X+y X=Yy y

Ta c6 hé phwong trinh sau:

(tm)

Vay van toc dy dinh cua cand la 14km/h.
Vén toc dong nude 2km/h.
C. BAI TAP TRAC NGHIEM

Bai 1.Tim s6 tu nhién c6 hai chit s0, biét rang chit s6 hang chuc hon chit s6 hang don vi
la 2 vanéu viét thém chit s6 hang chuc vao bén phai thi duoc mot s6 méi 1on hon s6 ban
dau 12682 .

A 75 B. 85 C.95 D. 65

Bai 2. C6 hai s8 ty nhién, biét rang tong ctia hai s6 1459 . hai Ian s nay bé hon ba Ian s&
kiala7. Tim hai s6 do.

A. 30,35 B.25,34 C. 30,34 D. 25,35

Bai 3. Cho mot s8 tu nhién c6 hai chi s8, biét rang tong cua hai chit s6 1a 10, tich ctia hai
chit s6 la 12. Tim s6 da cho.

A26 B.27 C.28 D.29

Bai 4. Mot hinh chit nhat c6 chu vi 1a280 m . Néu giam chiéu dai cua hinh ch nhat di
2m va tang chiéu réng thém 3 m thi dién tich nod tang thém144 m?. Tinh chiéu rong va
chiéu dai ctia hinh chi* nhét.

A.45,86 B.45,68 C.55,68 D.54,86

Bai 5. Mot khu vueon hinh chit nhat c6 chu vi 1a320m . Néu chiéu dai cua hinh chit nhat
tang thém 10 m va giam chiéu rong di 5 m thi dién tich né ting thém50 m?. Tinh dién
tich ctia khu vueeon ban dau.
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A. 3000m’ B. 6000m’ C. 9000m? D. 10000m?

Bai 6. Mot san treong hinh chit nhat c6 chu vi 1a 160m va dién tich 141500 m?. Chiéu
rong va chiéu dai cta hinh chit nhat lan lan luot la.
A.20;75 B.25;60 C.10;150 D.30;50 .

Bai 7. Mot san truong hinh chit nhat c6 chu vi 1a340m, ba lan chiéu dai hon bon lan

chiéu rong la20m . Tinh dién tich ctia san truong.
A. 3000m’ B. 4000m? C. 6000m? D. 7000m?

Bai 8. Cho mét tam gidc vudng. Néu tang cac canh goc vuong 1én 4cm va 5¢cm thi dién
tich tam gidc sé tang thém110 cm®. Néu giam ca hai canh nay di 5cm thi dién tich sé
giam di100cm?® . Tinh hai canh gdc vudng ctia tam gidc.

A. 20cm, 25cm B.25cm, 25 cm C.20cm, 20cm  D.30cm, 35cm

Bai 9. Cho tam giac vudng c6 canh huyén bang5 cm , dién tich bang 6 cm?. Tinh d6 dai

cac canh gdc vuodng.

A.3cm, 4cm

B. 3cm, 4cmhoac 4cm, 3cm.
C. 4cm, 5cm hoac 5cm, 4cm
D. 5cm, 4cm

Bai 10. Hai voi nudc cung chay vao mot cai bé khong chira nudce trong 4 gio 48 phut
thi day bé. Néu dé mo voi tht nhét chay 3 gio va voi thit hai chay trong 4 gio thi duoc

3 18, Hoi voi mot va voi hai theo thit tw chdy mot minh trong bao lau thi méi day bé ?
A.12h, 8h B.8h, 12h C.9h,15h D. 15h, 9h.

Bai 11. Hai voi nwdc cung chay vao mot cai bé khong c6 nuwdc trong 1 gio 20 phut thi
day bé. Néu dé voi thit nhat chay chay mot minh trong 10 phat va voi thit voi thit hai

chay mot minh trong 12 phut thi duoc % thé tich cua b& nwdc. Hoi mdi voi chay mot
minh trong bao lau sé day bé ?

A. Voi mot chay day bé sau 2h , voi hai chay day bé sau 8h.

B. Voi mét chay day bé sau8h , voi hai chay day bé sau 2h .
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C. Voi mot chay day bé sau 4h , voi hai chay day bé sau 2h.
D. Voi mot chay day bé sau 2h , voi hai chay day bé sau 4h

Bai 12. Hai voi nudc cung chay vao mot bé can chwa c¢é nudce thi sau 18 gio day bé. Néu
chay riéng thi voi thi nhat sé chdy day bé cham hon voi thit hai 27 gio. Hoi néu chay
riéng thi mo6i voi mat bao lau méi chay day bé?

A. Voi thir nhat chay riéng day bé trong 425h , voi thit hai chay riéng day bé trong 27h.
B. Voi tht nhat chay riéng day bé trong 542h , voi thit hai chay riéng day bé trong 72h.
C. Voi thit nhat chay riéng day bé trong 524h , voi thit hai chay riéng day bé trong 27h.
D. Voi th nhat chay riéng day bé trong 542h , voi thit hai chay riéng day bé trong 27h.

................ HET.......cc.......

DAP AN

1A 3C 5B 7D 9B 11D
2B 4D 6D 8 A 10 A 12D

MOT SO PE THI CHINH THUC
Vi du: (TS 10 - THPT Ha Nbi, ndm hoc 2011-2012)

Mot doi xe theo k& hoach chd hét 140 tan hang trong mot s6 ngay quy dinh. Do mbi
ngay doi dé cho vueot mire 5 tan nén doi da hoan thanh k& hoach sém hon thoi gian quy
dinh 1 ngay va cho thém dugc 10 tdn.Hoéi theo k& hoach d6i xe phai chd hang hét bao
nhiéu ngay?

Vi du: (TS 10 - THPT Ha Noi, ndm hoc 2012-2013)
. e \ Ay A A 12 .. N R A
Hai nguoi cung lam chung mat cong viéc trong 15 gio thi xong. Néu moi nguroi lam mot

minh thi thoi gian d€ nguoi thit nhat hoan thanh cong viéc it hon nguoi thit hai la 2 gio.
Hoi néu 1am mot minh thi mdi nguwoi phai lam trong bao nhiéu gio dé€ xong cdng viec?

Vidu: (TS 10 - THPT Ha No6i, nam hoc 2013-2014)
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Quang duong tir A dén B dai 90 km. Mot nguoi di xe mdy tir A dén B, khi dén B nguoi
d6 nghi 30 phut r6i quay trd lai A vodi an tdc 16n hon van t6c luc di 1a 9 km/h. Thoi gian
ké tlr e bat dau di tir A dén ldc tro vé dén A 1a 5 gio. Tinh van toc ctia xe may lac di ti
A dén B?

Vidu: (TS 10 - THPT Ha Noi, nam hoc 2014-2015)

Mot phan xuwong theo ké' hoach can phai san xudt 1100 san pham trong mot s6 ngay quy
dinh. Do mdi ngay phan xuwong dé san xuat vuot mic 5 san phAm nén phan xwéng da
hoan thanh ké& hoach sém hon thoi gian quy dinh 2 ngay. Hai theo k& hoach, mdi ngay
phéan xuong phai san xudt bao nhiéu san pham?

Vidu: (TS 10 - THPT Ha No6i, ndm hoc 2015-2016)

Mot tau tuan tra chay ngugc dong 60km, sau d6 chay xudi dong 48km trén cung mét
dong song c6 van tdc dong nudce la 2km/h. tinh van tdc cua tau tuan tra khi nudc yén
lang, biét thoi gian xudi dong it hon thoi gian nguoc dong la 1 gio.

Vi du: (THI THU 10: - THPT Ha N6i, nim hoc 2015-2016)

Hai khdi 8 va 9 cia mot treong THCS ¢6 420 hoc sinh ¢6 hoc luc trén trung binh dat ti 1é
84%. Khai 8 dat ti 16 80% la hoc sinh trén trung binh, khéi 9 dat 90%. Tinh s& hoc sinh
ctia mdi khdi.

Vidu: (TS 10 - THPT Ha No6i, ndm hoc 2016-2017)

Mot manh vuon hinh chit nhat ¢6 dién tich 720cm’. Néu tang chiéu dai thém 10m va
giam chiéu rong 6m thi dién tich manh vueon khong do6i. Tinh chiéu dai va chiéu rong
ctia manh vuon.

Vidu: (TS 10 - THPT Ha No6i, nam hoc 2017-2018)
Mot xe 6 t0 va mot xe may cung khéi hanh tr A d€ di dén B vdi van tdc cta moi xe
khong do6i trén toan bo quang duwong AB dai 120km. Do van t6c xe 6 t6 16n hon van tdc
xe mdy la 10km/h nén xe 6 t6 d&n B sém hon xe may 36 phtt. Tinh van t6c moi xe.

Vidu: (TS 10 - THPT Ha No6i, ndm hoc 2018-2019)

Mot manh dat hinh chit nhat c6 chu vi bang 28 mét va d6 dai duwong chéo bang 10 mét.
Tinh chiéu dai, chiéu rdng cua manh dat d6 theo don vi mét.
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CHUONG III:PHUONG TRINH BAC HAI- DPUONG THANG- PARABOL
A.LY THUYET :

1.Hamso y=ax+b (a=0)

* Ham s0 bacnhat y =ax+b (a=0)

+Pong bién trén R khia >0

+ Nghich bién trén R khia <0

* P06 thi ham s0 bac nhat 1a mot duwong théng

+) V6i b = 0 thi duong thang di qua cac diém (0; 0) va ( 1; a)

+) V6ib # 0 thi duwong théng cét truc hoanh va truc tung lan lwot tai cac diém (—g; Oj va
(0;b)

* Hé s6 goc ctia duong thang y =ax+b (a=0)

+) Néu a > 0: goc tao bdi truc Ox va d la géc nhon o va a = tana.

+) Néu a < 0: goc tao bdi truc Ox va d la goc tu o va a = - tan(180°- at) .

* Vi tri tuong ddi cta hai dwong thang d :y =ax+b  vad’: y=a'x+b’

Hd=d'el7?
b=b’

Ndid e’
b#b'

t)dnd'<a=a'

+)dld'<aa'=-1

Chity : D dai doan thing AB v6i A(X,;¥,),B(Xai V)18 AB = /(X =X, +(Ya = V)’
2.Hamsd y =ax’ (a=0)

* Ham s0 nay co tap xac dinh vx e R

* Néu a >0 thi ham sd nghich bién khi x <0 va dong bién khi x >0

* Néu a < 0 thi ham s6 nghich bién khi x > 0 va dong bién khi x <0

*Néua>0thiy>0Vx#0
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+) y = 0 khi x = 0. Gia tri nho nhat cia ham s61ay =0.
*Néua<0thiy<0vx#0
+) y = 0 khi x = 0. Gid trj 16n nhat ctia ham s lay = 0.

e Do thiciahamsd y=ax® (a=0)
* D0 thi cia ham s6 y =ax® (a=0)1a mot duwong cong di qua goc toa d va nhan
truc Oy lam truc d6i xing. Puwong cong d6 dwgc goi la mot Parabol véi dinh O.
* Néu a > 0 thi d6 thi ndm phia trén truc hoanh , O la diém thap nhat cta do6 thi.
* Néu a < 0 thi d6 thi ndm phia dudi truc hoanh , O la diém cao nhat ctia d6 thi.
3. Phwong trinh bac hai mét an :

Phuong trinh bac hai mét an 1a phuwong trinh ¢6 dangy = ax? +bx+c (a=0) trong do x la
an s0O, a,b,c 1a cac hé s0.

e (Cong thitc nghiém cua phwong trinh bac hai.
Xét phuong trinh y = ax® +bx+c (a#0)va biéu thitc A =b?-4ac
* Néu A> 0 thi phuong trinh ¢ hai nghiém phan biét x, = b ;\/Z P X, = -b ;\/Z
a a

* Néu A =0 thi phuong trinh ¢6 nghiém kép : X, = x, = %

* Néu A< 0 thi phuong trinh v6 nghiém.

Cht y: Néu ac < 0 thi phurong trinh ¢6 hai nghiém phan biét.

D&i v6i phirong trinh y =ax? +bx+c¢ (a#0)cdb = 2b*va biéu thitc A'=b'?-ac

* Néu A > 0 thi phwong trinh ¢6 hai nghiém phan biét

y _-b'+A . b'—/A'

1 2

a a
v N\ \ 4 - A /4 - b'
*Néu A" =0 thi phuong trinh c6 nghiém kép :X, = X, =
a
* Néu A’ <0 thi phuwong trinh v6 nghiém.
4. Heé thitc VI - ET va tng dung :
-b
X, +X, =—
* Néu X, X, la hai nghiém cua phwong trinh ax? +bx+c=0 (a=0) thi a
c
X)X, = 2

* Néu phuong trinh ax”+bx+c=0(a=0) c6a+b +c =0 thi phuong trinh c6 mot

R \ A . 1 C
nghiém la x, =1, con nghiém kiala x, = —
a
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* Néu phuong trinh ax’+bx+c=0(@=0) céa-b+c =0 thi phuong trinh c6 mot

- A \ \ - A . \ C
nghiém la x, =-1, con nghiém kiala X, =-—
a

* Néu hai s8 c6 tong bang S va tich bang P thi hai s6 d6 1a nghiém ctia phuong trinh
x> —Sx+P =0 .Diéu kién d€ cd hai sd d61a S?—4P >0 (hayA >0)
Chu y: Cach xét dau cac nghiém ctia phwong trinh bac hai

* Phuong trinh c6 hai nghiém trai ddu < a.c<0

A>0
* Phuong trinh ¢6 hai nghiém cung dau < 5=C.0
==>
a
A>0
* Phuong trinh ¢6 hai nghiém cung ddu duwong < <P = -0
a
S= b >0
A>0

* Phuong trinh ¢6 hai nghiém cing ddu am < {P = ‘5o

* Phuong trinh cé hai nghiém trai ddu ma nghiém am c6 gia tri tuyét doi 16n hon

ac<0

nghiém duvong < -
e & S:—b<0

a

5. Phuong trinh quy vé phuong trinh bic hai :

a) Phuong trinh trung phuwong;:

Phuong trinh triing phwong la phuwong trinh ¢6 dang :ax’ +bx* +c=0 (a=0) (1)
Phuong phép giai : D3t t = x? (t>0) dua vé phuong trinh at’ +bt+c=0 (2)
b) Phuong trinh chita 4n & mau thiec :

Budc 1: Tim diéu kién xac dinh ctia phuong trinh.
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Buéc 2: Quy dong mau thikc hai vé roi khir mau.
Budc 3: Giai phuong trinh vita nhan duoc.
Budc 4: Kiém tra nghiém véi diéu kién roi két luan.

¢) Phuong trinh tich :

Budc 1: Phan tich vé& trai thanh nhan ti, vé phai bang 0.

Budc 2: Gidi phuong trinh tich.
6. Giai bai toan bang cach 1ap phuong trinh :

Buoc 1: Lap hé phuong trinh

e Chon an va dat diéu kién, chon don vi cho an ( chon an 1a cac dai lwong can tim)
e Biéu thi cac dai lwong chua biét theo an va cac dai luong da biét.
e Lap hé phuong trinh biéu thi m6i quan hé gitra cac dai luong.

Budc 2: Gidi hé phuwong trinh vira lap.

Budc 3: Kiém tra xem cac nghiém ctia phuong trinh c6 thoa man diéu kién dat ra va tra

101i.

Kién thitc cin nh¢ 1: S=v.t. Trong d6
+) S Ia quang dwong (m, km)

+) v la van tdc ( m/s , km/h)

+) t1a thoi gian (s, phat, h)

e Néu chuyén dong trong dong chay thi :
AV, =V

Xuoi riéng + deng nude

+) Vngu‘(jc = Vriéng —Vdi)ng nude
Kién thirc cdn nhé 2:

e Khdi lugng cong viéc = ning suit x thoi gian
e Naing suat = Khéi lugng cong viéc + Thoi gian
e Thoi gian = Khdi lugng cong viéc + Nang suat.

Kién thitc cdn nhé 3: Coi toan bd cong viéc la 1.

e Naing suat =1+ Thoi gian
e Tong cic nang suit riéng = Nang suat chung

Kién thirc can nh6 4 :
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ab=10a+b abeN (0<a<9,0<b<9)

e Bidudién: _
abc=100a+10b+c a,b,ceN (0<a<9,0<h,c<9)
. Tisﬁ'cﬁahaisﬁ'avéb(b#O)lé%

e Tongcuahaisdavabla: a+b.
e Tong binh phwong ctia hai s6 a va b la a? + b?

e Tong nghich dao ciahaiséavabla :§+%

Kién thitc can nh6 5 :

e Dinhly Py- ta- go

e Dién tich hinh chi nhat.
e Dién tich hinh Thang

e Tinh chu vi ctia cac hinh.

B. CAC DANG BAI TAP VA PHUONG PHAP GIAI :

Dang 1: TINH GIA TRI CUA HAM SOy = f(x) = ax? (a#0)tai x = xo
Vidu 1: Cho Parabol y = %XZ . Xac dinh gia tri m d€ cac diém sau day thudc Parabol

m
2) AGm) b) B(-3; m) 9 Cms) 4 Dim;-3)

Hudng dan giai:

a) ViA e (P)=y, =%XA2 =m :%.32 =3. Vaym=3

b) Twong tw cd m=3. cm=x1 dm=1,m=0
Vi du 2: Cho ham s6 y = 2x? c6 d6 thi 1a Parabol (P). Biét diém A ndm trén (P) ¢4 hoanh
do bang —%. Hay tinh tung d6 cua diém A.

1 1(-17 1
Huéng dan giai: ViA € (P) =y, :ngZ =y, = 5(7) -

Dang 2: XAC PINH TINH DPONG BIEN, NGHICH BIEN CUA HAM SO
y=ax? (a=0)

Vidu 1: Choham s§ y = (3m-2)x2 (m %)
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a) Tim diéu kién cia m dé ham sd dong bién khi x >0
b) Tim diéu kién cua m d€ ham s6 nghich bién khi x <0.

Hudng dan giai:

a) Héms6d6ngbiéhkhixvéacﬂngdé’uméx>0:>3m—2>0:>m>%

b) Ham s6 nghich bién khi x va a trai ddumax<0=3m-2>0 :>m>§
Vi du 2: Cho ham s8 y = (v/m +2 -3)x?
a) Tim diéu kién cia m dé ham sd dong bién khi x >0
b) Tim diéu kién ctia m d€ ham s6 nghich bién khi x >0
Hudng dan giai:
Vm+2-3>0
<m

m>-2

Vm+2-3<0

m>-2

a) Ham s6 dong bién khi x va a cing ddu ma x >0 :>{ >7

b) Ham s6 nghich bién khi x va a trai ddu ma x>0 :{ <-2<m<7

Vi du 3: Cho ham s0 y = (m2 -2m +3)X2 . Chting minh rang khi x > 0 thi ham s§ dong
bién.

Huéng dan giai:
Xét a=m?-2m+3=(m-1)’+2>0 Vm;x>0nén a va x cing dau

= x >0 thi ham s6 dong bién.

Vi du 4: Cho ham s y=f(x) =2x? .Tim gia trj 16n nh4t, gia tri nho nhét cia ham s
khi:

a) 0<x<3 b)-3<x< -1
Hudng dan giai:

a) Vi0<x<3 = hamsd dong bién = ymn=0taix=0va yma=18 taix=3

b) Vi-3<x< —1= ham s6 nghich bién = ymin =0 tai x = 0 va ymax = 18 tai x =-3

Vi du 5: Cho ham s8 y =f(x) = (m? +m +1)x’

a) Chting minh rang khi x < 0 thi ham s& nghich bién.
b) Véim =-2, tim cac gia tri nguyén ctia x dé f(x) < 100.

Huéng dan giai:
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a) Xét a:m2+m+1:(m+%)2+%>0 vm ; x <0nén a va x trai dau.
= x <0 thi ham s6 nghich bién.

b) x e {0;£1;+2;+3; +4 ;45
Dang 3: VE PO THI HAM SOy =ax? (a=0)

Vi du : Vé d6 thi cac ham s0 sau :

1.
==X
a)y >

Dang 4: XAC DINH THAM SO

2

1 1 1
b)yZEX'|X| c)y:-gx d)yzgx.|x|

Vi du 1: Xac dinh hé sd a cua ham s6 y= ax’ .Biét r:?mg d6 thi ham so di qua diém
A(10;30)
Huéng dan giai:

30 3

ViAe (P)>y, =ax,’=>a=—="=
1Ae(P)=y, A 10210

Vidu2: Choham s8 y=(k+2)x? c6 db thi cit duong thang y—2x+3=0tai diém M(1 ;
m). Hay xac dinh k va m.

Hudng dan giai:

Goi (P):y = (k+2)x% va (d): y—2x+3=0

ViMe (d)=m=21-3=m=-1

ViM e (P)=-1=(k+2).1> = k=-3

Vi du 3: Cho ham s6 y = ax+b.Tim a va b biét rang d6 thi ham s8 da cho song song voi

duong thang y=-3x+5va di qua diém A thudc Parabol (P): y =%X2 c6 hoanh d6 bang -
2.

Hudng dan giai:
Goi(d):y=ax+b; (d): y=-3x+5

Vi(d)//(d)=a=-3.
ViA e (P):yﬁ%(—z)zzzzm( 2:2)

ViA e (d)=b=-4
Vaya=-3vab=-4.
Dang5 : TOA PO GIAO PIEM CUA PARABOL VA PUONG THANG
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Vi du 1: Bién luén theo tham s& m s6 nghiém ctia phuwong trinh 2x2—-1=m (*)
Huéng dan giai:

+
Xét: 2x’- 1 =m=x? = m+l

+) Néum =-1 = pt (*) c6 nghiém x=0

+
H)Néum>-1thi X = * mTl

+) Néu m < -1 thi pt (*) v0 nghiém
Vi du 2: Cho parabol (P):y = x% va duong thang (d) 1y =-x+2

a) Vé (P)va (d) trén cing mit phang toa do
b) Tim toa d giao diém A va B cta (P) va ( d) bang phép tinh.
¢) Tinh dién tich AAOB ( don vi trén hai truc la cm)

Hudng dan giai:

y
y = X*X
y=-X+2
A J
OV
D | C ~ _
-2 O 1 2 X

b) Hoanh d6 giao diém cua (P) va (d) la nghiém cta phuwong trinh : x?+x-2=0
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Thidya+b+c=0nén x =1, x,=-2=y,=1y,=4
Vay toa do giao diém : B(1,1) va A(-2; 4)
<)

SAOB = SABCD - (SAOD + SBCO)
_(AD+BC)DC 1

= Spop = > -5 (AD.DO-BC.0C)
18713 dvaa)
2 2

Dang 6 :XAC DPINH HE SO a, b, ¢ CUA PHUONG TRINH BAC HAI
y=ax?+bx+c (a=0)

Vi du 1: Pua cac phuong trinh sau vé dang ax® +bx +c¢ = 0 va chi rd céc hé s a,b,c

a)2x% —3x =4+3x b) x> —3x=mx+m (m 13 hing s&)c) 2x? ++2(3x—1) =1++/2
Hudng dan giai:

a)2x% —3x = 4+ 3X b)x? —3x=mx+m (mlahingsd) ¢)2x%+2(3x-1) =1+~/2
o x2-3x-2=0 o x2-(Mm+3)x-m=0 o 2x2+3/2x-1-242=0
(a=1;b=-3; c=-2) (@a=1;b=-(m+3);c=-m) (a=2;b=3v2;c=-1-24/2)

*Vi du 2: Lap phwong trinh bac hai c6 cac hé s hitu ti c6 mot nghiém la 1+ J2 Xéac dinh
cac hé s6 ctia phuong trinh.

Dang 7 :GIAI PHUONG TRINH BAC HAI

Vi du 1: Giai cac phwong trinh sau :

a)x?-2=0 b)x? —2x=0 C)2x* +4=0 d)x? —2x+1=0
€)2x? +5x+3=0 f)x? —x-12=0 g)x% —3(x-1)2=0 h)x? +6x-16=0
i)2x2 —6x+1=0

Hudng dan giai:

) x=+2 b)xe{0; 2} C)Xxed d)x=1
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E)XE{—l'_—g} fixe{-3; 4} 9)x* -3(x-1)?=0 h)x% +6x-16=0
) o x? =3(x-1)° & X2 +6x+9-25=0
1)2x°-6x+1=0
) . o x=+/3(x-1) N (x+3)2 =(i5)2
2
& X —3x+5=0 3443 K= 2
2 T “lx=-8
3.2 7 = -
o (x—2)=| - B
(=) ( 2 ] L33
2
_3+\/7
2
=
3-7
X=—"
2

Dang 8: GIAI VA BIEN LUAN PHUONG TRINH BAC HAI
Vi du 1: Giai cac phurong trinh sau :
2

a)x2 —5x-12=0 b) X2 + (V3 +2)x++/6 =0 (:))‘7+2—3X=2X6+7

Vi du 2: Giai va bién luan cac phuong trinh sau :

a)x2—4x+m+l=0 b)(m+1)x2—2(m+1)x+m—3:0

Dang 9: GIAI HE PHUONG TRINH HAI AN GOM MOT PHUONG TRINH BAC
NHAT VA MOT PHUONG TRINH BAC HAL

2X—-y=3

Vi du 1: Giai hé phuong trinh sau :4 )
X“=3xy+Yy“+2x+3y—-2=0

2X+y=m

2

Vi du 2: Tim m d€ hé phuong trinh sau c6 nghiém : )
XT=Xy+y =7

Dang 10: GIAI PHUONG TRINH CO HAI AN SO:

Vi du 1: Giai phwong trinh sau : x*y* —16xy® + 68y* —4xy + x> =0 (1)
Huéng dan giai:

x2y4 —16xy3 + 68y2 —4xy + x2=0

2
o x2y? 16xy 68— X1 X _o
y
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<:>x2(y2+i2]—4x(y+£J+68:0
y y

1 t<-2
Datt=y+= <y -ty+1=0 (*
=y ey -t ():{t22

Khi d¢ :t? :y2+i2+2<:> y2+i2=t2—2
y y

Vi du 2: V6i mbi cip (X, y) thoa man x? —x?*y—y+8x+7=0. Hay tim cip nghiém ma y
16n nhat.

Dang 11: HE THUC VI-ET VA UNG DUNG

Vi du 1: Cho phuwong trinh 2x?+2x+m=0. Tim diéu kién ctia tham s6 m d& phwong
trinh c6 hai nghiém x;,X, théa man 1 +i =3.
XX
Hudng dan giai:
D& pt 2x% +2x+m = 0c6 hai nghiém x,,x, khac 0
<:>A':1—2m20<:>ms%vam¢0

m
Theo hé thtrc vi-et ta c6 X +X, =-1;X.X, = >

Co: i+i:3<:>xl+x2 -3xX,=0= —1—3—m:0 <m - (thoa man dk)
X, X 2 3
Vi du 2: Cho phurong trinh (m+2)x* - (2m-1)x—-3+m=0.
a) Chting to phuong trinh c6 nghiém véi moi m.
b) Tim m d€ phuong trinh ¢ hai nghiém phan biét x,,x, . Khi d6 tim m dé€ nghiém
nay gap doi nghiém kia
Huoéng dan giai:
2) Xétpt: (M+2)x*—(@2m-Dx-3+m=0
Thidya+b+c=m+2-2m+1-3+m=0
=pt (*) ludn c6 mot nghiém x =1 v6i moi m =>phuong trinh c6 nghiém véi moi m.

b) Theo cau a), pt (*) lubn c6 nghiém:x, =1,x, = 2—_2 (m=-2)
+

D& x,,X, la hai nghiém phan biét <1 ‘2
m+

2(m-3)

(m#-2) =ludn dang véi moi m # -2.

TH1:x, =2x, 1= (M#£-2)m+2=2m-6< m=38
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(

TH2:x2=2x1<:>2:m—_2) (mz-2)2m+4=m-3m=-7
m+

Vay m =8 hodc m = -7 thi pt (*) c6 hai nghiém phan biét ma nghiém nay gap do6i nghiém
kia.

Vi du 3: Cho phuong trinh 2x% —2(m-1)x+m—-3=0. X4c dinh m d¢& phuong trinh c6 hai
nghiém cung duwong.

Huéng dan giai:

bé pt : 2x% —2(m-1)x+m—3=0c6 hai nghiém cung duong

A0 (M-1)?-2(m-3)>0=>m?*-4m+7>0< (m-2)° +3>0 vm
Cc & :m__?’ 0
<S<P=—>0 2
5 S=m-1>0
S=—>0
a & m>3

Vi du 4: Cho phuong trinh 2x*-2mx+m+6=0(*). Bién luan ddu cic nghiém cta
phuong trinh nay.

Huéng dan giai:
Xét A'=m?-2(m+6)=(m-1)> =13 = (m—-1++/13)(m-1-+/13)
Né&u 1-/13 <m <1++/13) = A < 0= pt(*) vb nghiém.

Néu m<1-+13 ; m>1++13 = A>0= pt(*) c6 2 nghiém (1)

m+6 m+6
p= 0 p= 0
Xét: 2 =m0 (2) 2 '=-6<m<0 (3)
S=m>0 S=m<0

Tt (1)(2)=pt(*) c6 hai nghiém ciing ddu duong thi m>1++/13.

Tt (1)(3)=pt (*) ¢6 hai nghiém cung ddu 4m thi —6<m<1-+/13.
pt (*) co6 hai nghiém trai ddu < m<-6

Vi du 5: Cho phuong trinh x? —2(m+1)x+m? +2=0(*)

a) Giai phuong trinh khim =1
b) Tim gia tri m dé€ phwong trinh c6 hai nghiém phan biét x,x, thda man

x> +x%,=10
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Hudng dan giai:
Khi m =1 thi pt(*) c6 dang: x* —2(1+1)x+1+2=0

c>x2—4x+3=0<:>(x—1)(x—3)=0<:{

Xét A'=[—(m+1)]2—m2—2=2m—1>0<:>m>%

Theo hé thitc vi-et ta cd X, +X, =2(M+1) ;  X.X,=m*+2
Co: X" +x°, =10 (X, +X%,)* —2%.X, =10

& 4m+1)? -2m>—4=10
< Am?*+8m-10=0

<:>m2+2m—g:0

J14-2

7 7 M
<:>(m+1)2=—<:>m+1:i\ﬁ<:> 2
2 2 —J14-2 1
m=————<=>
2 2

J14 -2

=phuong trinh c6 hai nghiém phan biét x,x, théa man x’+x%,=10 ©&m=

Vi du 6: Cho phuong trinh x* —2(m+1)x+2m=0.
a) Chtng minh phueong trinh luén c6 hai nghiém phan biét véi moi gia tri ctia m.
b) Goi XX, la hai nghiém ctia phuwong trinh, ching té X +X, —X.X, khong phu
thudc vao gia tri cia m.
Huéng dan giai:
a) Xét A'=[—(m +1)]2 —2m=m’+1>0Vm
=phuong trinh ludn c6 hai nghiém phan biét véi moi gia tri ciia m.
b) Theo hé thitc vi-et ta cd x +x, =2(m+1); X.X, =2m
Co: X, + X, — % . X, =2m+2—-2m = 2khong phu thudc vao gia tri cia m.
Vi du 7: Tim toa d¢ diém A va B cua d6 thi ham s6 (d) :y =2x+3 va (P): y =x*>. Goi D va

C lan luot la hinh chiéu vudng goéc cua A va B trén truc hoanh. Tinh dién tich t&¢ giac
ABCD.
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Hudng dan giai:

Hoanh d6 giao diém ctia (d) va (P) 1a nghiém | y l/
ctua phuwong trinh : x2-2x -3 =0 \ (&
& (x+1)(x=3)=0 \ =203/ |
< x=-1hodacx=3 y=xx

=A(-1;1)vaB(3;9)

Co6 AD = [ya/ =1 (dvdd)

BC =/ys/ =9 (dvdd)
DC=/xa/+/xs/ = 1+3 = 4 (dvdd)

AD+BC).DC (1+9).4 T 173 X
Saeco :( 5 ) = 5 20(

dvdt)

Vi du 8: Cho phuong trinh x* —2(m+2)x+m+1=0.
a) Tim cac gia tri m d€ phwong trinh c6 hai nghiém trai ddu.
b) Goi X,% la hai nghiém cta phueong trinh, tim m d€
X (1—2X%,)+X,(1-2x)=m" .
Huéng dan giai:
)D& phuong trinh x? - 2(M+ 2)x+m+1=0c6 hai nghiém trdi ddu & m+1< 0 & m<-1

b)Xét A':[—(m+2)]2—m—1:m2+3m+3:0<:>(m+§)2+%>0 vm

= Phurong trinh lu6n c6 hai nghiém phan biét X, X, voi moi gia tri m.
Theo hé thitc vi-ettacd x + X, =2(m+2); x.X,=m+1

X (1-2%,)+X,(1-2x%)=m’
S X = 2% X, + X, =2 XX, =M?
S X+ X — 4% X, —m? =0
=2m+4-4m-4-m* =0
m=0

<:>m2—2m:0<:>[
m=2

m=0

=Dé& x (1-2x,)+X,(1-2x)=m* < [m _,
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Vi du 9: Cho phuong trinh X2 —(2m+2)X+2m—4 =0 (*)v6i x 12 4n va m 1a tham s6.

a) Giai phuong trinh khim = 1.
b) Tim gid tri caa tham s& m dé phuong trinh da cho c6 mot nghiém x = 2. Tim
nghiém con lai.
c) Chtng minh phwong trinh da cho ludn c6 hai nghiém phan biét véi moi gia tri
cua m.
Huéng dan giai:
a) Khim =1 thi pt(*) c6 dang: x* —(2.1+2)x+2.1-4=0

x:2+J€
x:Z—JE

b) Khix =2 thi pt(*) ¢6 dang: 2% —(2m+2).2+2m—-4=0

<:>x2—4x—2:0<:>(x—2)2:6<:>[

S4-Adm-4+2m-4=0< -2m=4<m=-2
X, +X,=2(m+2)=0

=X, =-2
X =2

Theo hé thirc vi-et ta co {

c) Xét A':[—(m+1)]2—2m+4:m2+5>0 vm

=phuong trinh da cho ludén c6 hai nghiém phan biét véi moi gia tri cia m ( dpcm)

d) Goi x;;x, la hai nghiém cta phuwong trinh da cho. Hay tim m dé:
i) x7+x; =13 i) 2x, +3x, =3
iii) |x, +x,|=4 iv) o [+]x,[ =5
v) Nghiém nay gdp ba [an nghiém kia.

e) Goi x,;x, la hai nghiém ctua phurong trinh da cho. Tim hé thitc lién hé gitra cac

nghiém x,;x, khong phu thudc vao m.
f) Tim cac gia tri caa m d€ phuwong trinh:
i) C6 hai nghiém trai dau;

ii) C6 hai nghiém cung am;

iii) C6 hai nghiém cung duong;
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iv) C6 hai nghiém trai ddu, nghiém am c6 gia tri tuyét doi 16n hon nghiém
duong;

v) Co hai nghiém x,;x, thoaman x, <1<ux,.
g) Goi x,;x,la cdc nghiém ctia phuong trinh da cho. Xét biéu thicc A= x; + x5 —4x,x, +4;
i) Tinh gia tri ctia biéu thirc A theo m
ii) Tim cac gia tri caia m d€ A=41;
iii) Tim cac gia tri cia m d€ A dat gia tri nho nhat.
h) Goi x;;x, la cdc nghiém ctua phwong trinh da cho. Tim cac gia tri cia m dé€ x;;x, 1a dd

V205

dai hai canh cia mot tam giac vuong c6 canh huyén bang —

k) Goi x;x, 1a cac nghiém cua phuong trinh da cho. Vi m =2 lap phuong trinh bac hai

V4 . A \ 1 \ 1 V4 ~
¢ hai nghiém la — va — c6 tham s6 m.
x X
1 2

Vi du 10: Cho phuong trinh x* =2(m—1)x+m* —=3=0 v6i x la an va m 1a tham s6.
a) Giai phuong trinh khi m =2

b) Tim gia tri cia tham s6 m d€ phuong trinh da cho c6 mot nghiém x =-2. Tim
nghiém con lai.

¢) Tim cac gia tri cia m d€ phuong trinh:
i) C6 hai nghiém phan biét. Tim cac nghiém do;
ii) C6 nghiém kép. Tim nghiém véi m vira tim duog;
iii) VO nghiém.

d) Trong truong hop phuong trinh da cho c6 hai nghiém phan biét x;;x, . Tim cac gia tri

cua m deé:
i) x7+x =8 ii) 2x, —3x, =8
iii) |x1 —x2|:4 iv) |x1|+|x2|=3.

e) Tim cac gia tri cia m d€ phuong trinh c6 hai nghiém phan biét x;x, thdéa man:
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i) x;;x, cung dau ii) x;;x, cung duong
iii) x,;x, cung am iv) x7 +x; dat gid tri nho nhat.
g) Trong treong hop phuong trinh da cho c6 cac nghiém phan biét x;x, . Hay:
i) Tim hé thttc lién hé gitta x;x, doclap voi m.
ii) Tim cdc gié tri cia m d€ (2x, -3)(2x,-3)>1
iii) V&i m #0 va m # 3. Lap phuong trinh bac hai c6 cdc nghiém la y, = x, + xi va
2

Yy =Xy .
X

Dang 12. GIAI VA BIEN LUAN PHUONG TRINH TRUNG PHUONG
Vi du 1: Giai cac phuong trinh sau:

a) x*-29x*+100=0

b) x* +5x* +4=0

4 N 5 s
X +4 X +5

<)
Vi du 2: Tim cdc gia tri cia m d€ phuong trinh x* —6x> +m—1=0 ¢6 bdn nghiém.
Dang 12. GIAI MOT SO PHUONG TRINH, HE PHUONG TRINH

Vi du 1: Giai cAc phuong trinh sau bang cach dt an phu.

a) (x> +5x) —2(x*+5x)=24

b) (x> —6x) ~2(x-3) =81

2 —
C)x+x 5+ 23)( L4-0
X X" +x-=5

d) (x+5)(x+6)(x+8)(x+9)=40
e) (¥ +3x+2)(x* +7x+12)=24

f) 2x* +3x° —16x> +3x+2=0
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g) 2x* —21x° +74x* =105x +50 =0
h) (x+4) +(x+2) =82
i) (x-2)"+(x-4)" =64

4x S5x -3
k) — +— =—
X" +x+3 x"-5x+3 2

x2—13x+15+x2—15x+15 _—_1
X =14x+15 x*—16x+15 12

x*=10x+15 4x
x*=6x+15 x*—=12x+15

Vi du 2: Giai cac phuong trinh sau:
a) V2x—-1=8—-x
b) V15—-x ++3-x=6

Q) X’ —x+Vx’—x+24=18

d) V2-x+V2+x+ Ja—x? =2

Dang 14: GIAI BAI TOAN BANG CACH LAP PHUONG TRINH

* TOAN CHUYEN PONG

Vi du 1: Hai 6 t6 cing khoi hanh tir A dén B cdch nhau 560km . Van t8c 6 to (1) hon
van t8c 6 to (I) 1a 10km/h nén da dén sém hon 6 to (/) 1a 1 gid. Tinh van tdc mdi xe.

Vi du 2: Mot nguoi di xe dap tit Adén B dai 30km . Khi di tit Bvé A nguoi d6 chon di

con duong khac dai hon 6km va di v6i van toc 16n hon van toc lac di la 3km / h, nén thoi
gian vé it hon thoi gian dila 20 phat. Tinh van toc lac di.

Vi du 3: Mot tau thty chay trén mot khic song dai 120km .Ca di lan vé hét 6445'. Tinh
van toc tau thuy khi nudc yén lang, biét van toc cua dong nwdce la 4km / h

Vi du 4: Mot ca n6 xudi dong tir bén A dén bén song B cach nhau 24km, cling tit A vé
B mot chiéc be trdi vdi van tdc dong nudc la 4km / h. Khi dén B cano quay lai ngay va

gdp be tai dia diém C cach A la 8km. Tinh van t6c thuee ctia ca no.
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Vi du 5: Mot 6 t6 du dinh di tir A dén B cach nhau 120km trong mot thoi gian da dinh.
Khi di duoc ntra quang duong xe bi chan béi tau hoa mat 3 phut. Vi vay dé dén B
dtng han xe phai tang van tdc thém 2km / h trén quang duong con lai. Tinh van tdc du
dinh.

Vi du 6: M6t be nira troi ty do (vdi van tde béng van tdc ctia dong nudc) va mot ca nd
cung doibén A dé€ xudi dong song. Ca nd xudi duoc 144km thi quay tréo vé A ngay, ca
di1an vé hét 214 . Trén dudng ca nd trd vé bén A, khi con cdch bén A 1a 36km thi gap be
ntta ndi trén. Tim van toc riéng ctia ca nd va van tdc dong nudc.

* TOAN CONG VIEC LIEN QUAN PEN NANG SUAT VA THOI GIAN

Vi du 1: Mot cong nhan du dinh lam 70 san pham trong thoi gian quy dinh. Nhung do
4p dung ki thuat nén da tdng ning suat thém 5 san pham mdi gid. Do d6 khdng nhiing
hoan thanh ké hoach trudc thoi han 40 phat ma con vuot mitc 10 san pham. Tinh ndng
suat du dinh.

Vi du 2: M6t cong nhan dy dinh lam 72 san pham trong thoi gian quy dinh. Nhung
thuc t& xi nghiép lai giao 80 san pham. Vi vay méc dut nguoi d6 da lam mai gio thém 1
san pham, song thoi gian hoan thanh cong viéc van cham hon so véi du dinh 12 pht.
Tinh ndng suat du kién, biét rang mdi gid ngudi d6 lam khong qua 20 san pham.

Vi du 3: Mot t6 ¢ ké hoach san xuat 350san pham theo nang suét du dinh. Néu tang
nang suat lén 10 san pham thi t6 d6 hoan thanh sém 2 ngay so véi giam nang suat 10
san pham moi ngay. Tinh néng suat du kién.

Vi du 4: Mot nhom tho phai thuc hién ké hoach san xuat 3000 san pham. Trong 8 ngay
dau ho thuc hién ding mttc dé ra, nhitng ngay con lai ho da virot mitc mdi ngay 10 san
pham, nén da hoan thanh sém hon du dinh 2 ngay. Hoi theo k& hoach mdi ngay can
san xudt bao nhiéu san pham.

* TOAN CONG VIEC LIEN QUAN PEN LAM CHUNG, LAM RIENG

Vi du 1: Hai cong nhan lam chung mot cong viéc thi hoan thanh cong viéc d6 trong 6
gi0 40 phuat. Néu ho lam riéng thi cdng nhan (I) hoan thanh cong viéc d6 it hon cong
nhan (I) 3 gio. Hoi néu 1am riéng thi mobi cdng nhan phai lam trong bao 1au xong cong
viéc.

Vi du 2: Hai voi cling chay vao mot bé thi day sau 7 gio 12 phat. Néu mdi voi chay riéng
ma day bé thi tong thoi gian 1a 30 gid. Mdi voi chay riéng thi day bé trong thoi gian bao
lau?
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* TOAN VE QUAN HE GIUA CAC SO

Vi duy 1: Tim hai s6 biét rang tong ctia hai chit s6 d6 bang 17 don vi. Néu s8 thit nhat
tang thém 3 don vi, s6 thit hai tang thém 2 don vi thi tich ctia chung béng 105 don vi.
Vi du 2: Tim s8 tu nhién c6 hai chit s8, biét rang néu dem s d6 chia cho tong cac chit s&

cta no thi duoc thwong 1a 4 va du la 3. Con néu dem chia sd d6 cho tich cac chir sd cua
no6 thi duoc thuong la 3 va dw la 5.

Vi du 3: Ldy mot s6 tu nhién ¢6 hai ch s6 d6 viét béi hai chit s6 ¢ thi tw lai thi duoc
thwong 1 4 va du 1a 5. Néu 14y s6 d6 trir di 9 thi duwoc mot sd bang tdng binh phuwong
cac chit s6 do. Tim s0 ti nhién do.

Vi du 4: Cho mot sO tu nhién c6 hai chit s6. Tim s6 d6, biét rang tong hai chit s6 d6 né
nho hon s6 d6 1a 6 [an. Néu thém 25 vao tich ctia 2 chit s6 d6 sé duoc so viét theo thi tu
nguoc lai vdi s6 da cho.

* TOAN CO NOI DUNG HINH HQC

Vi du 1: (TS 10 - THPT Ha Noi, nim hoc 2010 - 2011)

Mot manh dat hinh ch nhat c6 d¢ dai duong chéo la 13 m va chiéu dai hon chiéu rong
7cm. Tinh chiéu dai va chiéu rong cia manh dat do.

Vi du 2: Mot hinh ch@ nhat ¢6 chiéu rong bgmg %Chi‘éu dai, dién tich hinh chi* nhat la
5400cm* . Tinh chu vi hinh chit nhat.

LUYEN TAP TONG HOP PHAN GIAI BAI TOAN BANG CACH LAP HE PHUONG
TRINH HOAC PHUONG TRINH CUA CAC TRUONG THCS HA NOI NAM 2018

Vi du 1:Hai voi nudce cing chay vao mot bé khong cé nuwde thi sau 4 gio sé day bé. Néu
dé€ voi 1 chay riéng trong 1 gio r6i khoa lai va mo tiép voi 2 trong 40 phat thi ca hai voi

2 e e AN K s 12 A g
chay duoc 5 bé. Tinh thoi gian dé moi voi chay riéng day be.

Vi du 2: Mot xe Itva di tir Hué ra Ha Noi. Sau 1 gio 40 phtt, mot xe lira khéc di tir Ha
No6i vao Hué véi van tdc 16n hon van toc xe lira tht nhat 1a 5km/h. Hai xe 1ira gdp nhau
tai ga cach Ha Ni 300km. Tim van t8c ciia mdi xe, biét rang quang duong sat Ha Noi -
Hué'la 645km.

Vi du 3: Quang duong AB dai 120 km. Hai xe may khoi hanh cing mét Itc tir A dén B.
Van tOc cua xe thit nhat 16n hon van tdc cta xe thit hai la 10km/h nén xe mdy th nhat
dén B sém hon xe may thtt hai 1a 1 gio. Tinh van tdc ctia mbi xem
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Vi du 4: Hai voi nwdc cung chay vao bé khdng c6 nuwde sau 2 gio 24 phut thi day bé.
Néu chi mé voi mot trong 2 gio sau d6 khoa voi mot va chi mé voi hai trong 1 gio 30

e 3 e Trasm o Re s 1Al y A xR A
phut thi duoc 2 bé. Hoi néu moi voi chay mot minh thi trong bao lau sé day be?

Vi Du 5: Trong dot thi dua cudi nam, hai d6i cong nhan lam dwoc 1020 san pham chat
luong, loai A dat ti 1€ 85% . Riéng d6i 1 ti 1 san pham loai A 1a 90% , riéng doi 2 ti 1¢ san
pham loai A 1a 78%. Tinh s& san phdm mbi d6i da lam duoc.

Vi Du 6: Mot manh vueon hinh ch nhéat c6 chu vi la 280m. Nguoi ta lam mot 161 di xung
quanh vuon (thudc dat cua veeon)rong 2m, dién tich con lai d€ trong trot la 4256m?2. Tinh
kich thuwdc ciia manh vuon ltic dau.

ViDu 7: M6t 6 t0 die dinh di tir A d&én B dai 80km vdi van toc dw dinh . Thuee té trén
ntra quang duong dau 6 to di voi van téc nhé hon van téc du dinh la 6km/h, trong nita
quang duong sau 6 to di v6i van toc 16n hon van tc du dinh 1a 12km/h. Biét rang 6 to
dén B dung thoi gian dy dinh. Tinh vén toc du dinh cta 6 to.

Vi Du 8: Quang duong tir Ha Noi di Ninh Binh dai 100km. Ciing mot ldc, mot xe may
khoi hanh ttr ha N6i di Ninh Binh va mot xe 6 t6 khoi hanh ttr Ninh Binh di Ha No6i .
Sau khi hai xe gdp nhau, xe may di 1gio 30 phat ntta méi dén Ninh Binh. Biét van toc
hai xe khong ddi trén sudt quang duong di va van t6c xe mdy kém van toc xe 6 t0 1a
20km/h. Tinh van t6c mdi xe.

Vi Du 9: Mot manh dat hinh ch nhat ¢ dién tich 320m? . Néu tang chiéu rong thém
10m, va giam chiéu dai di 16m thi dién tich manh vuon khong thay doi. Tinh kich thudc
ciila manh dat ban dau.

Vi Du 10: M6t ca n6 xudi dong tir bén song A dén bén song B cachs nhau 24km. Cung
ltc d6,cling tir A vé B, mot be niva trodi véi van toc dong nuwdce la 4km/h. Khi dén B ca nd
quay lai ngay va gap be nita tai diém C cach A 1a 8km. Tinh véan tGc thuc cua ca nd.

Vi Du 11: Quang duong tir A dén B dai 90km. Mot nguoi di xe may tir A dén B, khi dén
B nguoi d6 nghi 30 phat roi quay tro lai vé A véi van t6c 1on hon van toc luc di la
9km/h. Thoi gian ké tir ltc bat dau di tir A d@én khi tré vé A 1a 5 gio. Tinh van tSc xe may
lac di tr A dén B?

Vi Du 12: Quang duwong AB dai 50km, mot nguoi du dinh di xe dap tit A dén B véi van
toc khong doi, khi di dwoc 2 gio, nguoi ay dirng lai 30 phat dé€ nghi. Mudn dén B dung

thoi gian du dinh nguwoi d6 phai tang van toc 2km/h trén quang duong con lai. Tinh van
toc ban dau cta nguoi do6?
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Vi Du 13: m{t xe mdy khoi hanh tir A dén B dai 60km , 30 phtt sau mét 6 t6 cing khoi
hanh ttt A dén B véi van toc 16n hon van tdc xe may la 10km/h, nén ca hai xe dén B cuing
mot lac. Tinh van t¢ ctia moi xe?

Vi Du 14: M6t phan xwéong theo k€ hoach can phai san xudt 1100 san pham trong mot s6
ngay quy dinh. Do mdi ngay phan xuéng dé san xudt virot mtec 5 san pham nén phan
xuwong da hoan thanh ké hoach sém hon thoi gian quy dinh la 2 ngay. Hoi theo ké hoach
mdi ngay phan xuong phai san xuat bao nhiéu san pham?

Vi Du 15: Hai nguoi tho cuing lam mot cong viéc trong 16 gio thi xong. Néu nguoi thi
nhadt lam riéng trong 3 gio roi nguoi thit hai lam tiép trong 6 gio thi ho lam dwgc 25%
khdi lwong cong viec. Hoi néu mdi ngudi tho lam mot minh thi hoan thanh cong viec &6
trong bao lau?

Vi Du 16: D6i tinh nguyén ARCHIMEDES ACADEMI tham gia quét don duong pho
.Theo k& hoach, ddi phai quét 75km duong trong 1 tuan 18. Vi cdc em hoc sinh tham gia
nhiét tinh va nang nd nén mdi tuan quét don vugt mirc 5km so véi k€ hoach, két qua 1a
da quét don duoc 80km duong va hoan thanh sém hon 1 tuan. Hoi theo k& hoach doéi
tinh nguyén cta treong ARCHIMEDES ACADEMI phai quét don bao nhiéu km duong
mdi tuan?

Vi Du 17: Mot manh vweon hinh ch nhat ¢6 dién tich 360m2Neéu tang chiéu dai thém
10m va giam chiéu rdng 6m thi dién tich manh vuon khong d6i. Tinh chiéu dai va chiéu
rong ctia manh vuon.

Vi Du 18: M6t 6 t0 di tir A dén B trong mot thoi gian dy dinh . Néu van tdc tang thém
14km/h thi dén B sém hon duy dinh 1a 2 gio. Néu van toc giam di 4km/h thi sé dén B
cham hon du dinh 1 gio. Tinh khoang cach AB, van tdc va thoi gian dy dinh ctia 6 t6.

Vi Du 19: B€ hoan thanh mot cong viéc theo dy dinh , can mot sd cong nhan lam trong
mot s6 ngay nhat dinh. Néu bdt di 2 cong nhan thi phai mat thém 3 ngay mdi cd thé
hoan thanh cong viéc. Néu tang thém 5 cong nhan thi cong viéc hoan thanh sém duoc 4
ngay. Hoi theo du dinh can bao nhiéu céng nhan va lam bao nhiéu ngay.

Vi Du 20: M6t ca n6 xudi dong mét quang duong dai 12km, roi nguoc quang song do
mat 2 gio 30 phut . Néu cling quang song ay ca nd xuo6i dong 4km roi nguoc dong 8km
hét 1gio20 phut . Biét rang van tdc riéng ctia ca nd va van tdc riéng ctia dong nudc la
khong d6i . Tinh van tdc riéng cta ca nd va van tdc riéng ctia dong nudc.

Vi Du 21: Tinh d¢ dai hai canh géc vuéng cia mét tam giac vuong biét canh goc vuong
16n dai hon canh goéc vudng bé la 7em. Do dai canh huyén la 13cm.
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Vi Du 22:Hai voi nudc chay vao mot bé can trong 1 gio 20 phat thi day bé . Néu mé voi

A, 2 7 \ N . 7 . 2 [ \ 7 A? 2 . X \ .
tht nhat chay trong 30 phat va voi thit hai chay trong 1 gio thi duoc G bé. Hoi mai voi
chay mot minh thi bao 1au sé day bé?

Vi Du 23: Theo ké hoach hai t6 san xuat dwgc giao lam 600 san pham. Nho tdng nang
suat lao dong t6 1 vueot muic 10% va t6 2 lam vt mic 20% so véi ké hoach cua mdi td
nén ca hai t6 lam duwgc 685 san phdm. Tinh s§ san phadm mai t6 lam theo k& hoach?

Vi Du 24: Hai voi nuéce cung chay vao mot bé khong co nude thi sau 12 gio day bé . Néu
dé€ voi I chay riéng trong 4 gio roi khoa lai va mo tiép voi Il trong 3 gio thi ca hai voi

chay duoc % bé. Tinh thoi gian d€ mbi voi chay riéng day bé?

Vi Du 25: Cho s8 tu nhién c6 hai chit 5§, biét rang tong hai chit s6 ciia né bang 5, binh
phuong chit s6 hang chuc hon chit s6 hang don vi la 1 don vi. Tim s dé.

Vi Du 26: Hai xe mdy khoi hanh cung mot luc trén quang duong tir A dén B dai 120km.
Mbi git xe may thit nhat chay nhanh hon xe may thi hai 1a 10km nén xe mdy thit nhat
dén B trudc xe may thit hai la 1 gio . Tinh van t6c ctia mdi xe may?

mdy thit hai 1 gio. Tinh van t&c ctia mdi xe may?
’ .7 s AN M 3 ’ A AN o A 2
Vi du 27: Cho tam gidc c6 chiéu cao bang 2 canh ddy. Néu chiéu cao tang thém 3m va

canh day giam di 2m thi dién tich tam gidc d6 tang thém . Tinh canh d4y va chiéu cao
ctia tam giac?+++++ 16i dé

Vi du 28: Theo ké hoach m¢t phan xwdéng phai san xuat 400 san pham trong mot thoi
gian quy dinh. Do cai tién ki thuat nén trong thuc t&€ mobi ngay phan xuéng lam thém
duoc 10 san pham. Vi vdy, da hoan thanh ké hoach trude 1 ngay va con lam thém duwoc
20 san pham. Hoi theo k& hoach mdi ngay phan xwéng phai san xudt bao nhiéu san
pham?

Vi du 29: Mot xe khach va mot xe du lich khéi hanh dong thoi di tir A dén B. Biét van

toc ctia xe du lich 16n hon van toc xe khach 1a 20 km/h. Do d6 dén B truedc xe khach 50

phut. Tinh van tdc ctia mbi xe. Biét quang duong AB dai 100km.
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Vi du 30: Mot congnhan dy dinh 1am 33 san pham trong thoi gian du dinh. Nhung thuc
t& xi nghiép lai giao 62 san pham, do vy méc du cong nhan da lam tdng mdi gid 3 san
pham xong van hoan thanh chim hon dy dinh 1h30 phut. Tinh ndng suat du dinh?

Vi du 31: Mot nguoi di xe mdy tit thanh phd A dén thanh phd B véi van tdc dinh trude.
Hai thanh phd cach nhau 150Km. Sau khi di duoc %qu?mg dwong thi ngroi do tang van
toc thém 10km/h trén toan bd quang duong con lai. Tinh van téc du dinh ban dau va
thoi gian di chuyén ctia nguwoi d6? Biét nguoi dé dén B sém 36 phuit.

Vi du 32: Mot xe 6 t6 can chay quang duwong 80 km trong thoi gian da du dinh. Vi troi
mua nén mot phan tu quang duong dau xe phai chay cham hon dy dinh 15 km/h nén
quang duong con lai xe phai chay nhanh hon van tdc du dinh la 10 km/h. Tinh thoi gian
du dinh cua xe 0 to d6?

Vi du 33( Treong THPT chuyén Sw pham 2013).Trén quang duong AB dai 210m, tai
cung mot thoi gian mot xe mdy khoi hanh tir A dén B va mot 6 t6 khoi hanh tie B di vé
A. Sau khi gdp nhau xe may di tiép 4 gio ntra thi dén B va 6 to di tiép 2h 15 phut thi dén
A. Biét rdng van tdc 6 to va xe may khong thay d6i trong sudt quang duong. Tinh van
tOc ctia xe may va o t6?

Vi du 34 (Truong THPT chuyén DHSP nam 2015).Quang duong AB dai 120 km. Lac 7h
sang mot xe may di tit A dén B. Bi duoc quéng duwong xe bi hong phai dirng 10 phat
d€ stra roi di tiép véi van toc kém van toc kém van toc lac dau 10 km/h. Biét xe may dén
B luc 11h 40 phat treea cung ngay.. Gia sit van t6c xe may trén quéng duong dau
khong thay déi va van tdc xe may trén %quéng duong sau cliing khong doi. Hoi xe méy
bi hong lic may gio?

DANG 15: TIM HE THUC LIEN HE GIUA CAC NGHIEM KHONG PHU THUOC
VAO THAM SO.

Phwong Phap: D¢ tim hé thic lién hé gitra cac nghiém khong phu thudc vao tham s6m
ta thitc hién cac budc sau:

az0

Budc 1: Tim diéu kién ctia m d€ phuong trinh ¢6 hai nghiém X, X, < {A >0
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X, + X, = f(m)

|
XXy = g(m) 0

Budc 2: Ap dung hé thttc vi ét ta duoc {

Buwdc 3: Khir m tir hé (I) ta dwge hé thire can tim.

Vi du: Cho phuong trinh ( m-1).x2 — 2.(m - 4)x +m -5 =0. Tim hé¢ thttc lién hé gitra cac
nghiém ctia phuwong trinh khong phu thudc m.

DANG 16: TIM PIEM CO PINH CUA PUONG THANG PHU THUOC THAM SO.
Phuong phéap: Cho duong thang thang d:y = ax + b phu thudc tham s& m.

Budc 1: Goi M (X, Y, ) la diém c6 dinh cta d => Y, = ax, +b; Vm (1)

Budc 2: Bién d6i dua vé phuong trinh (1) vé dang phuong trinh 4n m tham s6

nhu:
A(X%p Yo )m + B( Xy, Yo )= 0 hodc A(Xp: Yo )m? + B(X;: Yo )m + C( Xy, Yo )=0

Budc 3: Cho cac hé s8 d6 bang 0.

Buwoc 4: Tim ra va rut ra két luan.

Vi du: Cho duong thang d: y = (m+1)x—2m véi m 1a tham s6. Tim diém 8 dinh ma d di

qua voi moi m.

Huéng dan

GoiM(  |)ladiém cd dinh ctad

=> Y, =(M+1)x, —2m;Vm
S (X —2)M+X, — Y, =0;vYm

{xo -2=0 {xo =2

< <~

X~ Y, =0 Yo=2

Vay M (2; 2) 1a diém ¢d dinh ma d ludn di qua v6i moi m.

Vi du: Cho duong thang d: y=(2m+1)x+m-2 véi m la tham s6. Tim diém c8 dinh ma
d di qua véi moi m.

DANG 17: TIM THAM SO m SAO CHO KHOANG CACH TU GOC TOA PO DEN
DUONG THANG PA CHO LA LON NHAT HOAC NHO NHAT
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Phuwong phap: Cho duong thing thang d: y = ax + b phu thudc tham s6 m. Tim m dé
khoang cach tir O dén d la 16n nhat.

Céch 1: Phwong phap hinh hoc:

Budc 1: Goi A, B lan luot 1a giao diém cua d véi Ox va Oy; H 1a hinh chiéu cta O trén d.

1 _ 1,1
OH? OA? OB’

Budc 2: Khoang cach tir O dén d tinh boi cong thitc

Budc 3: Tim diéu kién ctia m d&€ OH dat gia tri 16n nhat.

Cach 2: Phuwong phap di€m cd dinh

Budc 1: Tim di€ém cd dinh I ma d luén di qua.
Budc 2: Goi H la hinh chiéu vuong goc ctia O trén d = OH <Ol = const

Budc 3: Ta 6 OH 16n nhat = OI khi va chi khi d 1a dwong thang qua I va vudng géc OL
Tir d6 ta tim dwoc tham s6 m.

Vi du: Cho duong thang d: y=mx-2m-1 véi m la tham s8. Tim m sao cho khoang cach
ttr O dén (d) dat gia tri:

a) Lén nhat b) Nho nhat.
Huéng dan:
a) Cach 1: Truong hop 1: Néu m =0 => (d) : y = 1 => Khoang cach tir O dén d bang 1.
Trueong hop 2:
Néu m = 0=>d cit hai truc Ox va Oy lan luot tai A(%; 0) vaB(0; - 2m -1).
Goi H 1a hinh chiéu vudng gbc cua O 1én d.

ta dwoc OH? :M
i m? +1

1 1 1
Tw AP YVRPTY)

OH OA- OB
(m-2)°

m? +1

Ma OH2-5=— <0=>0H <5:¥Ym=0

K&t hop véi trudng hop 1 va2 taduge OH, =5 < m=2

Cach 2: Goi I 1a diém c6 dinh cua (d) => I(2;-1)
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V6i mdi m. Goi H 14 hinh chiéu vudng géc cia O 1én d => OH <Ol = /5;vm
T d6 OH,_, =~/5<m=2d 1 OL Ta dugcm=2.
b) Khoang cach tit O d&n d nhé nhat bang O <> O ed . Ta tim duge m =3.

Vi du: Cho duong thang d: y=(m+1)x+m+2 véi m la tham s&. Tim m sao cho khoang
cach tir O dén (d) dat gia tri:

a) Lén nhat b) Nho nhat.

C. LUYEN TAP TONG HOP

Vi du 1: Cho duong thang d: y = (m—-2)x+m+3 va parabol y=mx*véi m la tham sg;

x 1a &n s0.

1) Véim=1.Hay
a) Vé (P)vad trén cung truc Oxy.
b) Tinh dién tich AABC véi A, B la cac giao diém cua (d) va (P).
2) Tim gia tri cha m d€:
a) (d)diquacC(1;1)
b) Ba duong thang d1:y =2x+3; d2: y = -x +1 va (d) dong quy.
) (d) tao véi duong thang y =2 mot goc 120°
d) (d) song song véi duong thang A. Biét A di qua D (1; 2) va vuong goc véi
duong thang A': 2x -y +3 =0;
e) (P)di qua diém cd dinh cta (d);
f) (d) cit truc toa do Ox; Oy tao thanh tam gidc c6 dién tich bgmg 2lm —2|;
g) Khoang cach tir O dén duong thang d 16n nhat.
3) Viét phuong trinh duong d3 song song duong thang d1: y = 2x +3.
4) Chtng minh: Véi m#0, (d) ludn cit (P) tai hai diém phan biét.
5) Goi A(X,;Y,) va B(Xg:Ys) la cac giao diém cua (d) va (P). Hay tim:
a) Heé thtec doc lap gitta X,; X,
b) Gia trj nho nhat ctia biéu thiee P =X, +X,° +2018
6) Goi A(X,;Ya) va B(Xg;Ys) la cac giao diém cua (d) va (P). Hay tim m dé:
a) A vaBnam vé hai phia ctia truc tung.
b) A vaBnam vé cing dudng thang x =1;
C) X, Xg thoa man hé thie x,; X,

Lién hé tai liéu word toan: 039.373.2038 Website: tailieutoanhoc.com



Website: tailieumontoan.com

d) AB song song duong thang d, :y = x+2018. Tinh dién tich tam gidc OAB véi

m vira tim duoc.

Vidu 2: Cho duong thang d: y =(3-m)x—m va parabol y =-2x*véi m 1a tham s6; x
la an s0.
1) Vo6im=-2. Hay
a) Vé (P)vad trén cung truc Oxy.
b) Tinh dién tich AABC véi A, B 1a cac giao di€ém cua (d) va (P).
2)Tim gid tri cia m dé':
a) (d) diquaC(1;1) vasong song d,:y=2x+3
b (d) tao v6i duwong thang Ox mot gdc 45°
¢ (d) cit truc toa dd Ox; Oy tao thanh tam gidc c6 dién tich b?mg 2;
d) Khoang c4ch tir O dén duong thang d 16n nhat
3) Viét phuong trinh dueong d3 song song duong thang d, : y = 2x+3 va di qua diém
¢ dinh ctia d.
4) Chting minh: Véi m#0, (d) ludn cat (P) tai hai diém phan biét.
5) Goi A(X,;Y,) va B(Xg:Ys) la cac giao diém cua (d) va (P). Hay tim:

a) Heé thiec doc lap gitta X,; X,

. . , 1
b) Gia tri nhé nhat ctia biéu thitc P=—+—

XA XB
¢) Tim m dé A va B c6 hoanh d0 am;

3
d) Tim m d& (2X, +mx,)(2xg" +mX,) = >

: 1
Vi du 3: Cho duong thang d: y =3x+2m-5 va parabol Yy = EXZ v6i m la tham s6; x la
an so.
1

1) Véim= 2. Hay

a) Vé (P)vad trén cung truc Oxy.

b) Tinh dién tich AABC véi A, B 1a cac giao di€ém cua (d) va (P).

2) Tim gia tri cia m dé:

a)(d) va (P) tiép xtic nhau.
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b) Tim m &€ (d) va (P) cta cat nhau tai hai di€m phan biét.
. o 2 n
) Giao diém cua d,:y =§X—1;d2 1Yy =X+2 thudcd

d) Khoang cach tir O dén duong thang d 16n nhat
3) Tinh gid tri tan ctia goc tao boi d vai tia Ox
4)Viét phuong trinh duwong d3 vudng gdéc véi moi duong thang d va di qua diém cd
dinh ctia duong thang d, :y=(m—-2)x+m.
5) Trong treong hop (d) va (P) cta cat nhau tai hai di€ém phan biét. Goi  A(X,;y,) va
B(Xs;Yg) la cac giao diém cua (d) va (P).
a)Timm dé y, +y, =0
b) Tim m dé biéu thikc P =X, + X5” + (X,.X5)* dat gia trj nho nhat.

m? .\ Xg +6X, —4
X, +6X, —4m m?

, m e , e s
¢)Timm dé Q = dat gia tri nho nhat voi m=0.

D. MOT SO CAU VE GIAI PHUONG TRINH BAC HAI TRONG DE TUYEN SINH
HA NOL
Vi du: (TS10 - Dé thi vao 16p 10 nim 2011- 2012)

Mot ddi xe theo k& hoach chd hét 140 tdn hang trong mot s6 ngay quy dinh. Do mdi
ngay doi d6 cho vuot mirc thém 5 tan nén doi da hoan thanh ké hoach sém hon thoi
gian quy dinh 1 ngay va chd thém dwgc 10 tan. Hoi theo k& hoach d6i xe hang hét bao
nhiéu ngay?

Vidu: (TS10 - Dé thi vao 16p 10 nam 2012- 2013)
B e \ \ A A A 12 o A X e \ A \
Hai nguoi cung lam chung mot cong viéc trong Egm. Néu moi nguoi lam mot minh

thi thoi gian d€ nguoi thit nhat hoan thanh cong viéc it hon nguoi thit hai la 2 gio. Hoi
néu 1am mot minh thi mdi ngwdi phai lam trong bao nhiéu gio dé xong cong viec?

Vi du: (TS10 - Dé thi vao 16p 10 nam 2013- 2014)
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Quang duong tir A dén B dai 90 Km. Mot nguoi di xe may tixr A dén B. Khi dén B nguoi
d6 nghi 30 phut roi quay tré vé A véi van tdc 16n hon van toc Iuc di la 9 Km/h. Thoi
gian ké tir ltic bat dau di tir A dén 1ac trd vé A 1a 5h. Tinh van téc xe mdy ltc di tir A dén
B?

Vidu: (TS10 - Dé thi vao 16p 10 nim 2014- 2015)

Mot phan xuong theo ké hoach can phai san xudt 1100 san pham trong mot s6 ngay quy
dinh. Do mdi ngay phan xuwéng dé san xudt viegt mitc 5 san pham nén phdm xwéng da
hoan thanh ké& hoach sém hon thoi gian quy dinh 2 ngay. Hoéi theo k& hoach, mdi ngay
phéan xuong phai san xudt bao nhiéu san pham?

Vi du: (TS10 - Dé thi vao 16p 10 nam 2015- 2016)

Mot tau tuan tra chay ngugc dong 60Km, sau d6 chay xudi dong 48Km trén cuing mot
dong song c6 van téc dong nwdc la 2 Km/h. Tinh van tdc ctia tau tuan tra khi nwdc yén
lang, biét thoi gian xudi dong it hon thoi gian ngwoc dong la 1h.

Vi du: ( Thi thir vao 10- THPT Ha Noi nam 2015-2016)

Hai khdi 8 va 9 cia mot treong THCS ¢6 420 hoc sinh ¢6 hoc luc trén trung binh dat ti 1é
84%. Khdi 8 dat ti 1é 80% la hoc sinh trén trung binh; khéi 9 dat 90%. Tinh s& hoc sinh
mdi khéi?

Vidu: (TS10 - Dé thi vao 16p 10 nam 2016- 2017)

Mot manh vwon hinh chir nhat ¢ dién tich 720 m2 Néu tang chiéu dai thém 10m va
giam chiéu rong 6 m thi dién tich manh vuon khong dodi. Tinh chiéu dai va chiéu rong
ctia manh vuon?

Vi du: (TS10 - Dé thi vao 16p 10 nam 2017- 2018)

Mot xe 6 td va mot xe may cling khdi hanh tir A d€ di dén B véi van tdc cia mdi xe
khong doi trén toan bo quang duong AB dai 120 Km. Do van tdc xe 6 t6 16n hon van toc
ctia xe may 1a 10 Km/h nén 6 t& dén B sém hon xe mdy 36 phtt. Tinh van t5c mbi xe?

Vidu: (TS10 - Dé thi vao 16p 10 nam 2018- 2019)

Loi giai
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Mot manh dat hinh chit nhat cé chu vi bang 28 mét va d6 dai duong chéo bang 10
mét. Tinh chiéu dai va chiéu rdng cua manh dat d6 theo don vi mét.
Vidul. (TS10-THPT Ha No¢i, nam hoc 2010-2011)
Trén mat mat toa do Oxy cho duong théng (d):y=-x+6 va parabol
(P):y=x%
a) Tim toa d9 cac giao diém cua (d) va (P) .
b) Goi A B lahai giao diém caa (d) va (P). Tinh dién tich tam giac OAB.
Loi giai
a) Xét phuong trinh hoanh d¢ giao diém cua (d) va (P) la:
x> =—X+6

& x24x-6=0
{x:—B
<~
X=2
+)Voi x=2=y=4
+) Véi x=-3=y=9
Vay (d) cat (P) tai hai diém A(2;4) va B(-3;9).
b)
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Goi d MOy ={I}, ké BK LOy; AH L Oy
= 1(0;6)

SOAB :SOB| +SOA| :%OIBK +%OIAH

Song = %.6.3+%.6.2 =6+6=12 (dvdt

Vidu2. (TS10-THPT Ha Noi, nam hoc 2012-2013)
Cho phuong trinh x* —(4m-1)x+3m? —2m=0. Tim m &€& phuong trinh c6 hai
nghiém phan biét x,X, thoaman x> +x2 =7 .
Loi giai
Xét phurong trinh x° —(4m-1)x+3m’ —2m =0. (1)
bé€ phuong trinh (1) ¢6 hai nghiém phan biét thi:

a=1=+0 )
A=4m? 4150
A=(4m-1)° ~a(3m? —2m)>0 " 57T T
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biéu nay dang véi moi m.
X +Xo =4m-1

Theo dinh ly Vi-ét ta co: ) .
X Xo =3mM° —2m

& (4m-1)° -2(3m* - 2m) =7
<10m? -4m-6=0
m=1
= —3 (thoa man)
5

Vay véi m=1va m= %3 thi phwong trinh c6 hai nghiém phan biét x, X, thoa

man X' +x, =7 .

Vidu3. (TS10-THPT Ha Noi, nam hoc 2013-2014)
Cho Parabol (P):y =%x2 va duong thang d:y = mx—%m2 +m+1.

a) Vdéi m=1, xac dinh toa do cac giao diém A,B cta (d) va (P) .
b) Tim cac gia tri cia m d& (d) cat (P) tai hai diém phan biét c6 hoanh dd
X, X, 520 cho [, —X,[=2.
Loi giai
a) V6i m=1 ta ¢ phuong trinh hoanh d¢ giao diém cua (P) va (d) la:
% X2 =X+ %

& x2—2x-3=0
{x:—l

Qe
Xx=3

, 9
Taco: y(-1)==; y(3):§.

N |-

Vay toa d0 giao diém A va B Ian luot Ia: (—1;%] va [3;%) .

b) Phuong trinh hoanh d¢ giao diém cua (P) va (d) la:
1

1 cmx—imzima
2 2
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Vi du 4.

o x2-2mx+m?-2m-2=0 *)
Dé (d) cat (P) tai hai di€ém phan biét X, X, thi phuong trinh (*) phai c6
hai nghiém phan biét.

Khidé A'=m*-m?+2m+2>0<m>-1

Khi m> -1 ta cd: % —X,|=2 & X + X5 — 2% X, =4
<:>(x1+x2)2—4x1x2 =4
<:>4m2—4(m2—2m—2)=4

<:>8m:—4<:>m=7.

1 .
Vay m= ™ dé (d) cat (P) tai hai diém phéan biét c6 hoanh d¢ x,X, sao

cho |x, —x,|=2.

(TS10-THPT Ha Noi, nam hoc 2015-2016)

Cho (P):y=x"va (d):y=mx+1.

a) Tim diém cd dinh cta (d).

b) Chiing minh rang (d) ludn cat (P) tai hai diém phan biét A va B nam
khéc phia truc tung.

c) Tim m dé€ dién tich tam giac OAB = 2.

Loi giai

a) Goi A(Xp;Ya) la diém ¢8 dinh ma (d) ludn di qua:

= yp=MXy +1 vOi moi m

= XpaM+1-y,=0 vdéimoi m.

Xa =0 Xa=0
@{ A @{ A =0
1-yp=0 ya=1

Vay A(0;1).

b) Xét phuwong trinh hoanh d¢ giao diém:

X2 =mx+1l< x2—mx—1=0 (1)
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A=(-m)*—4(-1)=m? +4>0
Vi vay phuong trinh (1) ludn c6 hai nghiém phan biét X;;X;.

. 4 4 Xl + X2 = m A \ . ~ 7. ~
Theo Vi-ét ta cé: 1 nén X;; X, la hai so trai dau.
Xl'X2 = —

Vay thi véi moi m, (d) ludn giao (P) tai hai diém phan biét ndm khac phia
vOi truc tung.
*2 2 . 2 - . 2
c) Giasw A(xl,x1 ),B(xz,xz)
= AB? =(x, —x1)2 +(x§ - xlz)2 =(x, —xl)2 [1+(x2 + xl)z}
=[(x1+x2)2—4x1x2}[1+(x1+x2)1
:(m2+4)[1+ mz}

=m*+5m?+4
4 .2, 4

Ta ciing c6: OA? +OB? = X2 + X' + X5 + X3
2 2 4., .4 2 2 2\ 522
:(x1+x2)+(x1+x2)=(x1+x2) —2x1.x2+(x1+x2) — 22X X5
2 2 2 2.2
=(X +X) —2x1.x2+[(x1+x2) —2x1x2J — 2X{ X5
2 2 5\
=m +2+(m +2) -2
=m*+5m? +4

Vay nén AB? = OA? + OB? hay tam gidc OAB vuong tai O.

Vay thi Soag :%OA.OB :%\/(xf + xf)(x§ + xg)

1
= E\/xlz.xg +X2X5 + X X2 + X% X5

=%\/1+ x§ + x12 +1
:%\/(xl+x2)2 — 2% Xy +2 :%\/m2 +4

om =12 m=+23
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Vay v6i m =243 thi dién tich tam gidc OAB = 2.
Vidub5. (TS10-THPT Ha Noi, nam hoc 2016-2017)
Trong mat phang toa d6 Oxy, cho duwong thang (d):y =3x+m? +1 va parabol
(P):y=x
a) Chtng minh (d) ludn cat (P) tai hai diém phan biét véi moi m.
b) Goi X, va X, la hoanh d6 cac giao diém cua (d) va (P). Tim m dé
(X +D(x, +1) =1.
Loi giai
a) Phuong trinh toa d9 giao diém cta duong thang (d) va parabol (P) la:
x? =3x+m? -1
< x2-3x-m?+1=0 (1)

Taxét: A=(-3)" —4(-m’ +1)=9+4m* —4=4m”+5>0 v6i moi m.
Vay (d) ludn cat (P) tai hai diém phan biét véi moi m.

b) XX, la cdc hoanh dd giao diém ctia (d) va (P) nén X;; X, 1a hai nghiém

ctia phueong trinh (1).
Theo Vi-ét ta co: {Xl tXe =3 )
XXy, =1-m
DE (X +1) (X +1) =1 XXo + % + X +1=1
e1-m*+3+1=1
om =4 m=12
Vay véi m=+2 thi (x, +1)(x, +1) =1.
Vidu6. (TS10-THPT Ha No¢i, nam hoc 2017-2018)
Trong mat phang toa dd Oxy, cho dwong thang (d):y =mx+5.
a) Chtng minh dwong thang (d)ludn di qua diém A(0;5) véi moi gia tri clia

m.

b) Tim tat ca cac gia tri cia m d€ dwong thang (d) cat parabol (P):y =X’ tai

hai diém phan biét c6 hoanh d¢ Ian luot 1a X, X, (Vi X, < X,) sao cho |x,| > |x,|.
Loi giai

Taco: (d):y=mx+5
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a) Thay toa do di€ém A(0;5) vao (d) ta dugc: 5=m.0+5 (ludn ding)
Vay duong thang (d) ludn di qua diém A(0;5) véi moi gia tri caa m.
b) Phuong trinh hoanh d¢ giao diém cua (d) va (P) la:
X2 = mx+5
o x2-mx-5=0 (%)
Duong thang (d) cat (P) tai hai diém phan biét
<> phuong trinh (*) c6 hai nghiém phan biét
S A>0em?+20>0 vm
Vay duong thang (d) ludn cat (P) tai hai diém phan biét X;X, véimoi m

AT T )Xt Xp=m
Theo hé thirc Vi-ét ta co:
X1X2 = —5
Vi a.c <0 nén phuong trinh luén cé hai nghiém phan biét trai ddu
X <0< Xs,.
D& [xy| > |Xo| thi X +X; <0< m<0.

Vay m<0 thoa man diéu kién bai toan.

Vidu?7. (TS10-THPT Ha N¢i, nam hoc 2018-2019)
Trong mit phang toa d6 Oxy, cho duong thang (d):y = (m+2)x+3 va parabol

(P):y=x2.
a) Chting minh duong thang (d) ludn cat (P) tai hai di€ém phan biét.
b) Tim tat ca cac gia tri cia m d€ duong thang (d) cat parabol (P) tai hai
diém phan biét c6 cac hoanh d¢ 1a cac sd nguyén.
Loi giai
a) Xét phuwong trinh hoanh do giao diém cuaa (P) va (d):
x?=(m+ 2)x+3

o x? —(m+2)x-3=0(*)
Vi ac = -3 < 0 nén phuong trinh luén ¢ 2 nghiém phan biét trai ddu

= (d) ludn cat (P) tai 2 di€ém phan biét (dpcm).
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b) Ap dung hé thitc Vi-et cho phuwong trinh (*)

{x1+x2=m+2
X X, =—3

Vi X; Xonguyén =>X; X, €U (-3), ta cd bang sau:

Xy 1 -3 -1 -3
X5 -3 1 3 1
X +Xo | -2 -2 2 2
m -4 -4 0 0

Két luan: Vay m =0 hodcm =-4....
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CHU PE IV: CAC BAI TOAN LIEN QUAN DEN DPUONG TRON

TONG QUAN KIEN THUC HINH

I. Kién thitc 16p 7 can nhé.
1. Dé chtng minhal|b ta co:
alc

Cach 1:{ =al|lb.
blc

. allc
Cach 2:{ = al|lb.
bllc

Cach 3:Chtng minh hai goc ¢ hai vi tri so le trong hodc dong vi hodc trong
cung phia bu nhau.
2. DE chitng minh a L b ta c6:
ajllc

Cach 1: =a.lb.
blc

Céch 2: Chting minh géc gitra chiing bang 90° tic 1a .
3. Dé chitng minh hai tam giac thwong bang nhau ta co:
Cach 1:C-C-C.
Cach 2:c-g-C.
Cach3: g—-c—gQ.
4. Dé chitng minh hai tam giac vuéng bang nhau ta c6:
Cach 1:C-C-C.
Cach 2:c-g-cC.
Cach 3:9-Cc—g.
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Cach 4: Canh huyén - goc nhon.
Cach 5: Canh huyén - géc vudng.
5. DPinh li Py-ta-go.
e Neéu AB®+ AC? = BC? thi AABC la vudng tai A
e Neéu AABC la vudng tai A thi AB?+ AC? =BC”?.
6. Chang minh AABC can tai
Cach 1: Chiing minh AB = AC thi AABC la can tai A
Cach 2: Chiing minh thi AABC lacantai A
7. Chtng minh AABC déu.
Cach 1: Chttng minh AB =BC = AC thi AABC la déu.
Cach 2: Chitng minh thi AABC la déu.
Cach 3: Chitng minh AABC can va c6 mdt gbc bang 60° thi AABC la déu.
8. Trong mot tam gidc can duong phan gidc cling la dwong cao, cting la duwong
trung tuyén, ciing la duong trung tryec.
9. Giao diém ctia ba dwong trung tuyén la trong tam ctia tam gic.
10. Giao diém ctia ba dwong cao la triee tam ctia tam gidc.
11. Giao diém cta ba duong phan giac cach déu ba canh cta tam giac.
12. Puong thang trung truc 1a duong thang di qua trung diém ctia doan thang va
vuodng goc véi doan thang do.
Il. Kién thitc 16p 8 can nhé.
1. Tinh chat, dau hiéu nhan biét hinh thang, hinh thang can, hinh binh hanh,
hinh thoi, hinh chit nhat, hinh vuong.
2. Dinh li ta-1ét thuan va dao, hé qua.
A A c B .4

'
B C
\
/ \
/ \
/ \
/ \
\
II A

B c B c B C

AABC AB' AC' AB' AC'. BB' C'C

= = ; = = :
B'C'||BC AB AC BB' CC' AB AC

Dinh Ii ta-lét: {
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AABC
Dinh 1i ta-lét dao:{ A AC'= B'C'||BC.
B'B C'C

AABC _ AB'_AC'_B'C’
B'C'|BC ~AB AC BC

Chu y:Hé qua van ding cho truong hop duong thang @ song song véi mot

Hé qua cta dinh 1i ta—lét:{

canh ctia tam giac va cat phan kéo dai ctia hai canh con lai.
3. Cach chirng minh hai tam gidc dong dang.
Cach 1:C-C—C,
Cach 2:c-g-c.
Cach 3:9-0.
4. Hai tam giac dong dang thi ti s§ dién tich bang binh phuong ti s6 dong dang.
5. Trong mdt tam gidc vuong duong trung tuyén thudc canh huyén thi bang mot
ntra canh huyén va nguoc lai.
111, Kién thitc 16p 9 cin nhé. “GOC VOI PUONG TRON”
Noi dung kién thitc can biét ctia hoc ki L.
1. Hé thitc lwgng trong tam giac vuong.
Cho AABC vudng tai A c6 cac gia thiét nhu hinh vé.

A

1) b*=ab'c*=ac".

2) h’=b'c'.

(3) ah =hc.

03-gk

(5) Tt he thw (1) suy ra dinh li Py-ta-go a* =b*+c®
2. Tis6 lwgng giac ctia goc nhon.

(1) ()
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3) 4)
3. Mot s6 tinh chat caa cac ti s6 lugng giac.
o Né&u a+f=90" thi:
® sina =cosf; cosa = sing;tan a = cot B;cot o = tan 5.
e Néu 0° < <90° thi:
o O<sina<L0<cosa<l;sin“a+cos’a=1.

sina COoS o
tana = ;cota = ;tana.cota =1.

cosa’ sina
e Néu & tang thi sina ting, tana ting con COS giam, cota giam.
4. Cac hé thitc vé canh trong tam giac vuong,.

® b=asinB;b=a.cosC;b=a.tanB;b=a.cotC.

e c=a.sinC;c=a.cosB;c=a.tanC;c=a.cotB.
Chu y: V6i cac géc nhon «, g thi ta cé:

® sina<sing;tana <tan g.

® COS«a > COs f;cota > cot 5.

® sinag <tana;cosa < cota.

5. Cuc tri hinh hoc.

e Van dung tinh chat duwong xién va duong vudng géc MH < MN. Dau

“=" xay rakhi N =H.

K d
H N

¢ Van dung dinh li duwong kinh va day AB < 2R. Dau “=" xay ra khi
A,0,B thing hang.
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e Van dung cac bat c’[:fmg thirc dai s0.

+) a+bh> 2\/% dau “=" xay ra khi a=b.

2

+) ab< (a%bj dau “=" xay ra khi a=h.

+) B4t ddng thikc tam giac (quy tic ba diém).

+) Quan hé duong kinh va day cung.

+) Quan hé duong vudng goc va duong xién.
Vi du: Cho ntra duong tron tam O, duwong kinh AB =10cm. Mot day
CD =8cm, ¢6 hai ddu muat di chuyén trén ntra duong tron. Goi E,F theo
thtt tw 1a hinh chiéu vuong géc ciia A va B trén duong thang CD. Xac
dinh vi tri caia CD d€ dién tich t& giac ABFE 16n nhat.

Loi giai

A

Goi | latrung diém ctia CD = Cl =ID=4cm
Do Ol 1a trung tuyén ctia CD va CD la day cua (O)

=0l LCD.
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Tacé: AE L EF; BF L EF

— AE || BF

= T gidc AEFB la hinh thang.

Lai co Ol L EF

— AE||OIl || BF

Ma O la trung di€m cua AB

= | 1a trung diém ctaa EF.

= El =FlI

= Ol la dwong trung binh ctia hinh thang AEFB

_ AE+FB
2

= Ol

Dién tich ttk gidc ABFE la; %(AE +FB).EF =OLEF

Ma Ol =JOD? - ID? =52 ~42 =3

= Spgre =3.EF <3.AB=3.10=30 cm2.

Suy ra Spgpg 16n nhdt =30 cm? khi va chi khi AB =EF
Vay khi CD|| AB thi Spgeg 16n nhét.

Vi du: Cho ntta dwong tron tam (0), duong kinh AB = 2R. Lay diém |
trong doan OA sao cho Ol = x(0 < x < R). Qua | vé duong thang d
vuodng goc voi AB va cit nita duong tron tam O tai M. Xac dinh X d€

chu vi tam giac IMO 16n nhat.

Loi giai
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M
"\.
/rX\\
A % O B

Ta ¢6: Chu vi tam gidc IMO 1a: Cyyo = MI +10+MO =+/MO? - 102 + x+R

:\/Rz—x2 +X+R

2
. el A A+B . S NTTA
Ap dung bt ding thirc Co-si: A2 +B? > % voi A, B la cac s6 khong

A

am.
2
(x+\/R2—x2)
Ta co: 5 <R*-x*+x?=R?
s , 2_ 2 2 _R2_ 2 R
Dau “=” xay rakhi x=vR*-x" & x" =R —x" & x=—.
J2
. R
Camo max =v/2R+R dat duwoc khi x=——.
V2
Vay véi Xz% thi chu vi tam giac IMO 16n nhat (dpcm).

Vi du: Cho diém A va duong tron (O;R) cd dinh (OA > R). Tim diém M
thudc (O) sao cho AM 16n nhat, AM nhé nhat.

Loi giai

- Chting minh: diém M thudc (O) sao cho AM nho nhat.
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Goi | =0AN(0). Theo bat dang thirc tam gidc ta co:
AO <OM + MA
< Ol +1A<OM + MA
< R+IASR+MA
< MA> A
= AMin © AM=Al =M =1
Vay M =0A(O) thi AM nho nhat.

- Chting minh: diém M thudc (O) sao cho AM 16n nhat.
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M

Goi | =0AN(0); KI la duong kinh ctia (O).

Ap dung bét dang thiic tam gidc trong AMOA ta c6:
MO + OA > AM

< MO +0I +1A=MA

< 2R+I1A>MA (1)

Ap dung bt dang thiic tam giac trong AMKA ta co:
AK + MK > MA

< Kl + 1A+ MK > MA

< 2R+ 1A+ MK > MA (2)

T (1) va (2) ta c6: MA max < MK =0

=M =K

Vay M,0, A thang hang va MA di qua dwong kinh ctia (O) thi MA 16n
nhat.

Vi du: Cho ntta dwong tron tam (O; R), duong kinh AB . Tt diém M bat
ky thudc duong tron, ké MN L AB(N € AB;M khac A ;khac B) . T N ké
ND va NE Ian luot vudng goc véi AM va BM (D € AM ,E € BM).
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a) Tt gidc DMEN la hinh gi? Chitng minh.

b) Ching minh DM.AM = EM.BM.

c) Goi O' la tdm duwong tron duong kinh NB. Ching minh DE la tiép
tuyén cua duong tron (O).

d) Goi | la diém d6i xtéing véi N qua D . Goi K 1a diém déi xéng voi N
qua E .Xac dinh vi tri diém M trén ntta duong tron (0) dé tt giac
AIKB ¢6 chu vi 16n nhat.

Loi giai

a) Tacé: AMB=90° vi M €(0) chan dwong kinh AB.

Ta c6 MDN = DME = NEM =90°

= DMEN 1a hinh ch nhat.

b) Xét AANM vudng tai N c6 duong cao ND ta cé: MN? = MD.MA (hé thiic
leong trong tam gidc vuong)
Xét ABNM vudng tai N c¢é dudng cao NE ta cd: MN? = ME.MB (hé thtic
leong trong tam gidc vuong)
= DM.AM =EM BM (=MN?) (dpcm)

c¢) Tacéd: AEO'N c6: ON=0O'E

= AEO'N cantai O'.

= 0'EN=0NE

Ma DMEN Ia hinh chit nhat = DEN = MNE

= DEN + NEO'=MNE +ENO'=90°
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= DEO'=90°

= DE L EO'

Vay DE la ti€p tuyén ctia duwong tron (O).

d) Xéttam giac IMN ta co: DM LIN; ID =DN
= AIMN cantai M.

= IM =MN 4)
Chttrng minh tuwong tw
MN = MK )

Tir (4) va(5) = MN =IM = MK..

Ta co: WIR = 2m +2I§\-/IN = ZN\-/I\B =180°=1,M,K théng hang.
= M la trung diém cua IK.

+ Xét tam gidc IAM va tam gidc NAM cé:

IM =MN

AM chung

IA=AN (AIAN cantai A)

= AIAM = ANAM (c-c-c)

= MNA = MIA=90°

+ Chting minh twong ty ta co: MKB = 90°

Al L IK
= = IA||BK
BK L IK

+ Xét tit gide IKBA c6: Al || KB

AIK = MKB =90°

= |AKB Ia hinh thang vudng.

= CAlKB = |A+ IK + KB+ AB

Do M la trung diém cua IK; O 1a trung diém AB

= MO la duong trung binh ctia hinh thang 1AKB.

IA+KB
2
= Cag =2MO+ IK + AB = 4R+ IK

Suy ra dé t& giac AIKB c6 chu vi 16n nhat khi IK max.
Ma IK =2MN = MN max khi va chi khi MN =R
= N =0;M la diém chinh gitta cling AB

= MO =

6. Tiép tuyén cua duong tron.
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a) Pinh nghia: Tiép tuyén ctia duong tron la duong thang chi c6 mot diém
chung vdi duong tron do.
b) Pinh li 1:Néu mot duong thang 1a tiép tuyén ctia mot duong tron thi né
vuong goc voi ban kinh di qua tiép diém.
¢) Dinh li 2:2Néu mot duong thang di qua mot diém ctia dwong tron va
vuong goc véi ban kinh di qua diém do thi duwong thang ay 1a mot tiép
tuyén cua duong tron.
d) Tinh chat hai tiép tuyén cat nhau:
Dinh 1i: Né&u hai tiép tuyén ctia duwong tron cat nhau tai mot diém thi:
¢ Diém d6 cach déu hai tiép diém.
e Tiakeé tir diém d6 di qua tam la tia phan giac ctia goc tao boi hai tia
ti€p tuyén.
o Tiaké tir tam di qua diém d¢ la tia phan giac cua goc tao boi hai
ban kinh di qua cac tiép diém.
7. Cac bwdc ctia phwong phap chitng minh di qua mét diém cé dinh.
Budc 1: Xac dinh rd cac yéu td ¢d dinh da biét.
Budc 2: Xac dinh t& gidc ndi tiép lién quan dén diém cd dinh.
Budc 3: Chitng minh duong thang hodc duong tron di qua diém cd dinh.
Céc vi du diém di qua dwong tron cd dinh:
Vi du: Cho duong tron (0) va day BC c¢d dinh (BC khong di qua (O) ).
Lay diéem A thudc (O) sao cho A va (O) thudc cung mot phia so vdi BC.
Lay diéem M 1la trung diém cua AB, vé MH L AC tai H.Chtng minh H
ludén nam trén mot duong tron c6 dinh.
Vi du: Cho A, B ndm ngoai duong tron (O; R) ¢ dinh (dwong théng AB
khong ¢ diém chung véi (O) ). Lay diém M bat ky trén (0), goi G la trong
tam AMAB . Chiing minh G chay trén mot duwong tron ¢d dinh khi M di dong
trén (O).
Céc vi du diém di qua duong thing c6 dinh:
Vi du: Cho duong tron (O) va diém A c¢6 dinh thudc (0). Vé tiép tuyén d
tai A cua (0). Ldy M bat ky thudc d, goi N la trung diém cua doan OM.
Chting minh rang khi M di dong trén d thi

N chay trén mét duwong cd dinh

Viduy: Cho duong tron (O) ban kinh R va mot duong thang d cét (O) tai C, D.
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Mot diém M di dong trén d sao cho MC > MD va ¢ ngoai duwong tron (O) . Qua

M ke hai ti€p tuyén MA, MB (A, B la tiép diém). Chitng minh duong thang AB di qua

diém co dinh.

Vi du: Cho doan thang AC c8 dinh, diém B cd dinh ndm gitta A va C.Duong tron
(O) thay d6i ludn di qua A va B. Goi PQ la duwong kinh ctia duwong tron (0), PQ
vuodng goc AB,(P thudc cung 16n AB). Goi CP cit duong tron (O) tai diém thit hai |.
Chiing minh QI 1lu6n di qua mét diém ¢ dinh khi dwong tron (O) thay d6i.

Vi du: Cho duong tron tam (O) va hai diém A, B ¢d dinh thudc duong tron d6

(AB khong phai la duong kinh). Goi M la trung diém ctia cung nho kAB. Trén doan
AB 13y hai di€ém C,D phan biét va khong nam trén duong tron. Cac duong thang
MC,MD cat duong tron da cho tuong tng tai E,F khac M

1) Chtng minh réng bén diém C,D,E,F ndm trén mot dwong tron
2) Goi O,,0, tuong ting la tam cac duong tron ngoai ti€p tam giac ACE va BDF .
Chting minh rang khi C,D thay d6i trén doan AB cic duong thing AO, va BO,
ludn cit nhau tai mét diém 6 dinh.
Vi du: Cho tam gidc ABC va diém D di chuyén trén canh BC (D khac B va C).
Puong tron (0,) di qua D va tiép xic AB tai B. Buong tron (O,) di qua D va ti€p xuc
AC tai C. Goi E la giao diém tht hai cua (O,) &(0O,)
a) Ching minh rang khi D di dong trén doan BC thi duong thang ED ludn di qua
mot diém co dinh
b) Két qua trén con dung khong trong truong hop D di ddng ¢ ngoai doan BC
Vi du: Cho goc vuong xAy, diém B c6 dinh trén Ay, diém C di chuyén trén Ax. Puong
tron tam | noi ti€p tam gidc ABC tiép xtic vdi AC,BC theo thtt ty & M, N. Ching minh
rang duong thang MN 1ludn di qua mot diém c8 dinh
Vi du: Cho duong tron tam O. day AB. Biém M di chuyén trén cung 1én AB . Cac
duong cao AE,BF ctia tam giac ABM cit nhau & H. Puong tron tdim H ban kinh HM
cat MA,MB theo thtt ty & C,D.
a) Chting minh rang duwong thing ké tit M vuodng goc véi CD ludn di qua mot
diém co dinh.
b) Chittng minh rang duong thang ké tir H va vuong goc véi CD ciing di qua mot
diém c6 dinh.
Vi du: Cho tam giac ABC, M la diém bat ky thudc dwong tron (O) ngoai ti€p tam gidc
ay. Goi D la diém d6i xtng véi M qua AB,Ela diém d6i xing véi M qua BC. Chuing
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minh rang khi diém M di chuyén trén duong tron (O) thi DE ludn di qua mot diém
dinh.
Vi du: Cho duong tron tam (O). Ttr diém A cd dinh ¢ ngoai (O) ké ti€p tuyén AB, AC
t6i (O) (B,C tiép diém). Lay diém M trén cung nhé BC. Goi D,E,F th tw la hinh
chidu tir M dén BC,AC,AB.Goi MB cat DF tai P, MC cat DE tai Q. Chting minh
duong thang ndi giao diém ctia hai dudng tron ngoai tiép tam gidc MPF va MQE ludn
di qua mot diém cd dinh
Vi du: Cho tam giac ABC can tai A Goi M,N tha tu la cac diém di dong trén cac
duong thang AB, AC sao cho trung diém | cia MN nam trén canh BC. Chting minh
rang duong tron qua 3 diém A, M,N ludn di qua mot diém c8 dinh khac A
Vi du: Cho tam gidc ABC noi ti€p duong tron (O), | la diém chinh gitra cua cung BC
khong chita A V€ duong tron (O,) di qua | vati€p xtic véi AB tai B, vé duong tron
(0,) diqua | vatiép xtic vdi AC tai C. Goi K 1a giao diém thit hai ctia hai dwong tron
(6,).(0,)
a) Chiing minh rang ba diém B,K,C thing hang
b) Lay diém D bat ky thudc canh AB, diém E thudc tia doi cua tia CA sao cho

BD =CE . Chiing minh duwong tron ngoai tiép tam giac ADE 1udn di qua mot

diém co dinh khac A
Vi du: Cho duong tron (O) duong kinh AB, diém C c6 dinh trén duwong kinh ay (C
khéc 0).Diém M chuyén dong trén duong tron. Duong vudng géc véi AB tai C cat
MA,MB theo thtt tie 0 E, F. Chitng minh duong tron ngoai ti€p tam giac AEF ludn di
qua mot diém b dinh khac A.
Vi du: Cho duong tron (O) va day cung AB. Lay diém E trén day cung AB (E khac A
va B).Qua E vé day cung CD cua duong tron (O). Trén hai tia DA, DB 14y hai diém
P,Q d6i xting qua E. Chttng minh rang duong tron (1) tiép xtic véi PQ tai E va di
qua C ludén di qua mot diém 6 dinh khi E di dong trén day cung AB.

Noi dung kién thirc cdn biét ctia hoc ky 11

1. Goc¢dtam

A

a) Dinh nghia
Goéc o tam la goc c6 dinh trung voi tam cua duwong tron.
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b) Tinh chat
AOB =sd AB
c) Bai tap ap dung

2. Lién he¢ gitta cung va day

D

A

a) Hai cung bang nhau cing hai day bang nhau
b) Hai day bang nhau cing hai cung bang nhau
Pinh li:

e Duong kinh di qua diém chinh gitta cia mét cung thi chia d6i day
cang cung. Duong kinh di qua trung diém ctia mét day khong di qua
tam thi di qua diém chinh gitta cung cang day do

e Duong kinh di qua diém chinh gitra cia mot cung thi vudn goc voi
day cang cung dy va nguoc lai.

3. Gocndi tiép
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A

a) Dinh nghia
Goc noi tiép la goc 6 dinh ndm trén dreong tron va hai canh chita hai day
cung ctia duong tron dé
b) Tinh chat
AMB = %sd AB
Vi du 1: Trong duong tron (O) c6 day AC va BD vudng goc nhau tai |. Goi M
la trung diém cua BC. Chting minh IM L AD
Vi du 2: Cho A ABC déu noi tiép duong tron (0). Lay diém M ndm trén cung
BC . Chting minh réang AM = BM +CM
Vi du 3: Trong duong tron (O);(0') citnhau tai A B. Trén AB 1&y diém |. Qua
| ké day MN ctia duong tron (O), ké day CD ctia duong tron (O') Chitng minh
IM.IN =IC.ID
Vi du 4: Cho A ABC déu noi ti€p duong tron (O) . Tia phan giac gbc A cat BC tai
F, cat duwong tron tai E . Chttng minh
a) ABEC can
b) BEC = ABC + ACB
c) AB.AC = AE.AF
d) AF® = AB.AC -BF.CF
Vi du 5: Cho t& gidc ABCD ¢4 bdn dinh thudc dwong tron (O) . Chiing minh
AB.CD+ AD.BC = AC.BD
4. Goc tao béi tia ti€p tuyén va diy cung
a) Dinh nghia
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[Gdc tao béi tia tiép tuyén va day cung 1a géc c6 dinh nam trén duong tron va
mot canh la tia ti€p tuyén con canh kia chita day cung cua duong tron do.

Trong hinh trén BAX va BAy 1 hai goc tao boai tia ti€p tuyén va day cung
( BAX :%Sd AB cung 1én va B/A\y :%Sd AB cung nho)

b) Pinh ly

S6 do ctia goc tao bai tia tiép tuyén va day cung bang nira s§ géc ctia cung bi
chén.

c) Hé qua

Trong mot duong tron, goc tao boi tia ti€p tuyén va day cung va goc ndi tiép
cting chan mot cung thi bang nhau.

5. GOc c6 dinh 6 bén trong duwong tron, goc cé dinh ¢ bén ngoai duwong tron
a) GOc c6 dinh 6 bén trong dwong tron

C
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AMC 6 dinh M ndm bén trong duong tron (O).

Dinh 1y: S8 do goc c6 dinh ndm bén trong dwong tron bang nira tdng s do hai
cung bi chan

b) Goc ¢6 dinh nam bén ngoai dwong tron

M

AMC c6 dinh M ndm bén ngoai duong tron (O)
Dinh 1y: S8 do gbc c6 dinh ndm bén ngoai duong tron bang nita hiéu s do hai
cung bi chan
6. Cung chtra goc
a. Bai toan quy tich cung chira goc
Véi doan thang AB va goc a (0° < a <180°) cho trudc thi quy tich cac diém M
théa man AMB =¢ 14 hai cung chtta goc o dung trén doan AB
Chuy
c) Hai cung chtta géc o dung trén doan AB la hai cung tron doi xing
nhau qua AB
d) Hai diém A,B duoc coi la thudc quy tich
e) Khi o =90° thi quy tich cac diém nhin doan AB cho trudc dudi mot
goc vuong la duong tron duong kinh AB
b. Cach giai bai toan quy tich
Mudn chiing minh quy tich (tap hop) cac diém M thda méan tinh chat () la mot
hinh H nao d¢ ta phai chiing minh hai phan
Phan thuan: Moi diém c6 tinh chat (r) déu thudc hinh H
Phan dao:Moi di€ém thudc hinh H déu c6 tinh chat (r)
K&t luan: Quy tich (tap hop) la cac difm M ¢ tinh chét (z)la hinh (H)
c.Dang bai quy tich
Dang 1. Quy tich 1a cung chita géc o
Phuong phap :
+) Tim doan thang c8 dinh trong hinh vé
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+) N&i diém phai tim quy tich véi hai dau ctia doan thang 8 dinh d6, xac dinh
gbc a tao thanh
+)Khéing dinh diém phai tim quy tich thudc cung chita goc a vé trén doan thang
cd dinh
Vi du 1: Cho ntta duong tron (O) dwong kinh AB ¢ dinh. Biém C chuyén dong
trén nita duong tron. O phia ngoai A ABC vé ABCD vudng can tai C. Tim quy
tich diém D.
Vi du 2: Trén duong tron (O;R) 1dy hai diém B,C cd dinh sao cho s6 do cung
sd BC =128°. Lay diém A di dong trén cung 16n BC. Goi M 1a tam duong tron
bang tiép goc A ctia AABC. Chiing minh rang M nam trén mot cun tron cd dinh.
7. Tt giac noi tiép
a) Dinh nghia
Tt gidc c6 4 dinh nam trén mot duong tron goi 1a ti gidc ndi tiép
b) Tinh chat
o Trong mot t& gidc ndi tiép thi hai gdc ddi c6 tdng s6 do bang 180°
o Né&u mdt tit gidc co tdng hai géc d6i dién bang 180° thi t gidc d6 nodi tiép
dwong tron.
¢) Dau hiéu
o Tdng hai géc d8i ctia mot t giac bang 180° thi tt gidc ndi tiép duong tron
e Néu tir giac c6 2 dinh ké nhau cung nhin mét canh chita hai dinh con lai
dudi mot géc bang nhau thi bdn dinh cta té giac dy cling thudc mot
duong tron
d) Van dung
Phuong phéap: D€ chiong minh mét t& giac ndi ti€p (hay 4 diém cuing thudc mot
duwong tron) ta can:
(1) Chting minh cho bon dinh cta tit gidc cach déu mot diém nao do
(2) Chting minh t& gidc c6 tong hai gdc d8i bang 180°
(3) Chitng minh ttr hai dinh cung k&€ mét canh cung nhin mét canh dwéi hai goc
bang nhau.
(4) Néu mot t gidc c6 tdng s8 do hai goc d6i bang 180°thi tir gidc d6 ndi tiép
duoc trong mot dueong tron.
Cu thé: Cho tam gidc ABCD. Néu cdc ban chiing minh dugc A+C=B+D thitt
giac ABCD ciing noi ti€p trong mot duong tron. Pay c6 thé néi la mot treong
hop dac biét ctia treong hop thit 2.

(5) Tt gidc c6 gde ngoai tai mot dinh bang gdc trong tai dinh ddi dién cua dinh d6 thi
ndi tiép duoc trong mot duong tron.

(6) Chiing minh bang phuong phap phan ching.
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Chut y: Cac ban c6 thé chtiing minh t& gidc ABCD 1a mét trong nhitng hinh dac biét sau:
Tt gidc ABCD la hinh thang can, hinh chit nhat, hinh vudng.
Vi du 1:Cho tam giac nhon ABC c6 A=60° . Cac dudng phan giéc trong BB;,CC, ctia
tam gidc ABC cat nhau tai | .

1. Chtng minh t giac AB,IC, ndi tiép.

2. Goi K la giao diém thit hai khacB ctia duong thang BC véi duong tron ngoai

tiép tam giac BC,|I . Chting minh t& giac CKIB, noi tiép.
Vi du 2: Cho tam gidac ABC c¢6 ba goc nhon ndi tiép (O;R) . Ha dudng cao AD, BE cuia
tam gidc. Cac tia  AD, BE lan luot cit (O) tai cdc diém thir hai M,N . Chtng minh réng:
. Bon diém A E,D,B nam trén mot dwong tron.

MN || DE

1
2
3. DELOC
4. Cho(O) vaday AB c§ dinh, difmC di chuyén trén cung 16n AB . Chting minh

rang d6 dai ban kinh duong tron ngoai tiép tam gidc CED khong d6i.
Huéng dan giai

VD1:

C1 B1

A

a. Taco ZIBC :LIBA:g(do BB, 1a phan giac)

ZICB = ZICA=— (do CC, la phan giac)

N | O

Ap dung dinh ly tong ba goc trg mot tam giac tinh dugc B+C =120°

C6 ZIBC + ZICB + ZBIC =180°( dly tong ba gbc trg mdt tam gidc
y tong ba g g g
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o %(é+(§)+LBIC =180° < ZBIC =120° = ZB|IC,

Chting minh duoc t giac AB|IC, ndi tiép do cé tdng hai goc d6i bang 180°.

b. Tt gide IKBC, ndi tiép nén /BC,I = ZIKC
T giac AB,IC, noi ti€p nén £ZBC | = ZAB,|
Ma ZCB,l + ZAB,I =180° (k& bi)
= ZIKC + ZCB,1 =180°. Ma hai géc ¢ vi tri d6i nhau
Vay t& gidc IKCB, noi tiép.
VD2

a. Tacd ZAEB=~/ADB =90°(gt)
Suy ra E,D thudc duong tron dk AB.
Vay A E,D,B cung nam trén mot duong tron.
b. Theo cau a tt gidc AEDB noi ti€ép duwong tron ZBED = ZBAD (gdc nt)
Ma /BAD = /BNM ( gécnt) = /BED = Z/BNM
Ma hai goc ¢ vi tri dong vi nén MN || DE
c. Tt giac AEDB ndi tié€p nén ZEAD = ZEBD (goc nt) = ZCAM = ZNBC
= CM =CN . Suy ra C la diém chinh gitta cung MN
Suy ra DE L OC
d. Goi H la triec tam tam giac ABC
Goi ! 1a trung diém AB
K& duong kinh CK
Ta c6 ZKAC =90° ( gbc nt chan nira dwong tron (O))
— KA L AC.Ma BH L AC = AK || BH (1)
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CM tuwong tie BK || AH(2)

Tt (1), (2) = AKHB la hinh binh hanh

Suy ra | latrung diém KH (tinh chat duong chéo hbh)

=K, I,H théng hang

CM duoc tit giac CEHD ndi tiép duong tron tim O (do ¢6 tong hai gdc ddi bang
180°)

Suy ra duong tron ngoai tiép tt gidc CEHD la dwong tron ngoai tiép ACED

Xét ACKH ¢6 IA=1B;OK =0C. Suy raOl la dwong trung binh

=Ye] :%CH = CH =201 . Do Ol ¢6 dinhnén CH khong doi

Vay khi C di chuyén trén cung 16n AB thi d6 dai ban kinh dwong tron ngoai tiép
tam giac CED khong doi.
C. CAC DANG CO BAN.

e Bai toan lién quan dén ching minh.
¢ Bai toan lién quan dén tinh toan.
e Bai toan lién quan dén quy tich.
e Bai toan lién quan dén dung hinh.
e Bai toan lién quan dén cuc tri hinh hoc.
Vi du: Cho duong tron (O) va diém M nam bén ngoai (O). Tt M ké hai tiép tuyén
MA, MB dén (O) ( A, B la ti€p diém). Qua M ké cat tuyén MNP (MN < MP) dén
(0). Goi K 1a trung diém ctia NP.
1. Chttng minh M, A, K, O, B cung thuéc mot duwong tron.
2. Chtng minh tia KM la tia phan giac cua AKB.
3. Goi Q1la giao diém thit hai ctia duong thang BK véi duong tron (O). Chiing
minh AQ//NP
4. Chting minh rang MA? = MH.MO = MN.MP
5. Chting minh ring tt giac NHOP 1a tit gidc noi tiép.
6. Goi E la giao diém ctia AB va KO. Chiing minh rang AB? = 4. HE.HF (H la
giao diém cua AB va NP)
7. Chting minh rang t gidc KEMH la t giac ndi tiép. Tt d6 ching to OK.OE
khong doi.
8. Goilla giao diém cua doan thang MO véi duong tron (O). Chiing minh rang I
la tam duong tron néi ti€p AMAB
9. Chting minh rang KE va KF 1a phan giac trong va phan giac ngoai ctia AKB..
Ttr d6 suy ra AE.BF = AF.BE.
10. Tim vi tri cua cat tuyén MNP dé dién tich AMQP dat gia tri 16n nhat.
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11. Chitng minh rang khi cat tuyén MNP quay quanh M thi trong tdm G ctia
ANAP ludn chay trén mot duong tron ¢d dinh va khi cat tuyén MNP ¢d dinh,
diém M di chuyén trén tia d6i ctia tia NP, chitng minh duong thang AB di qua
mot diém co dinh.

12. Gia st MO = 2.R. Tinh dién tich hinh quat gi6i han boi hai ban kinh OA, OB
va cung nho AB.

Huéng dan
1. Chitng minh rang M, A, K, O, B cling thuéc mot dwong tron.

A

B

Vi MA la tiép tuyén tai A ctia dudng tron (O) nén MA L OA tai A

= MAO =90° = A thudc dudng tron duong kinh MO (1)

Vi MBIl tiép tuyén tai Bcua dudng tron (O) nén MB L OBtai B

— MBO =90’ = B thudc dudng tron dudong kinh MO (2)

Trong duong tron (O) ¢6 K la trung diém ctia ddy NP nén OK L NPtai K = OKN = 90"
Ma M,N,K théng hang nén OKM =90’ = K thudc duong tron dudng kinh MO (1)

Tt (1),(2),(3) suy ra: A,B,K e (MO)

= 5 diém M, A,K,O,B cung thudéc mot duong tron (dpcm).

2. Chitng minh rang tia KM 1a tia phan giac géc AKB:
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B
Xét duong tron duong kinh MO, co:
AKM = AOM (hai géc ndi tiép cling chdn AM ) (4)
BKM =BOM (hai g6c ndi tiép cung chan BM ) (5)

Mit khac: MA,MB 1a hai tiép tuyén ctia dudng tron (O) nén AOM =BOM (tinh chét hai

tiép tuyén cat nhau)

Suy ra: AKM = BKM
— KM la tia phan gidc ctia AKB (dpcm)

OM 14 phan gi4c ctia géc AOB=>AOM =BOM (6)

+) Tix (4),(5) va (6) = AKM=BKM
— KM la tia phan gidc ctia AKB (dpcm)

3. Goi Qla giao diém thtt hai ciia duong thang BK véi duong tron (O). Ching minh
AQ//NP
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Ta sé chiing minh AQB = NKB

+) Trong duong tron (0): AQB = %sd/A—]; (7)

+) Trong duong tron (MO): NKB = MKB = MOB (cﬁng:%sdl\//fﬁj (7)
= %A/O\B(Vi MO la phéan giac ctua goc A/O\B)

= %sdl‘:ﬁ (vi AOB =sdAB) (8)

Tir (7) va (8) = AQB = NKB, ma hai g6c nay & vi tri déng vi = AQ/ /NP (dpcm)

4. Chttng minh rang MA? = MH.MO = MN.MP

Ta chitng minh MA® = MH.MO

Xét AMAO vudng tai A va co chiéu cao AH L MO

= Theo hé thitc luong ta c6 MA* = MH.MO (dpcm) (9)
Ta chitng minh MA? = MN. MP

Xét AMAN va AMPA c6:

+) M chung (I)

+) MAN = 2 sdAN

+) MPA = NPA = %SdAN

— MAN = MPA (II)

Tir (I) va (I) suy ra: AMAN ~AMPA =% = 22—, MA2=MN. MP.
MN MA
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T (9) va (10) suy ra: MA?2 = MH.MO=MN. MP (dpcm).

5. Chitng minh riang tit giac MNOP 1a ti giac noi tiép.
/L
)‘
MH MN

Theo cau4tacdé MH. MO=MN.MP = —=—
MP MO

Xét AMHN va AMPO co6:

+M : chung
¥ % _ m—g (hai cip canh Ké nhau tuong tng ti 18)

AMHN ~AMPO = MHN = MPO (11)
Mit khac:  MHN + NHO =180° (12)
Tix (11) va (12) = MPO + HNO =180°
Vay t& gidc NHOP 1a t& giac ndi tiép.

6. Goi E 1a giao diém ctia AB va KO. Chitng minh AB? =4HE. HF (H la giao diém cua
AB va NP)
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2

2
Goi y: B _HEHF o [%j = AH? =HE.HF

Trong d6 AMAO: AH? = HM.MO

m=E:> AHMF -~ AHEO
HF MO

HM.MO = HE.HF =

+) Chting minh: AH? = HM.HO
Xét AMAO vuodng tai A, ¢ chiéu cao AH.
Theo hé thic co ban trong tam gidc vudng, ta c6: AH? = HM.HO

2
Mt khéc: AH :%3 AH? = AB

= AB?=4AH? = 4HM.HO (12)

Tt (11) va (12): d€ chiing minh (11) ta phai chiing minh:

HM HE

HM.HO = HEHF & — = —
HF ~ HO

Xét hai tam gidc vuong AHMF va AHEO co: HMF = HEO (vi cung phu MOE )

= AHMF “AHE03m=E

HF  HO
7. Chitng minh rang t& gidc KEMH 1a t& giac néi tiép. Tit d6 ching té6 rang OK.OE
khéng doi.
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M
Ta c6 MK vudng goc EK , EH vudng goc MH, EKM = EHM = 90° cling nhin doan EM =>
KEMH la t& gidc noi ti€p
Dung két qua ¢ cu 5 ta ¢ OK.OE = OM.OH = 04? = R?
Tt OK. OE = R? = ON? = 0P? => ENO = 90°(dpcm)

8. Goi I 1a giao diém cua duong tron (O) véi MO. Chiing minh réng Ila tam duwong tron
noi tiép AMAB

Vi MO 14 trung tryec cia AB nén 1A = IB =>IAM = [AB => Al la phan gidc ctia AMB

Lién hé tai liéu word toan: 039.373.2038 Website: tailieutoanhoc.com



Website: tailieumontoan.com

9. Chttng minh réng KE va KF la phan giac trong va phan gidc ngoai ctia AKB. Ttx &6
suy ra AE.BF = AF.BE

Tt cau 2 ta ¢6 KF la phan gidc ctia AKB, vdi KE vuong KF nén KE la phan gidc géc ngoai
tai dinh K. Dung tinh chat dwong phan giac véi AKB ta duwoc AE.BF = AF.BE

10. Tim vi tri cua cat tuyén MNP dé dién tich tam giac MQP la 16n nhat

Cha y: Do P, Q thay d6i nén do dai 3 canh cua AMQP cling thay d6i. Vi vay can dua vé
tam gidc chita nhiéu yéu t6 c¢6 dinh hon.

Tt cau 3 => AQ//MP =>Syp = Samp

Ké PJ vudng MA, ta c6 Soup = %AM. PJ

Vi AM khong d6i nén Sy pmax khi PJ max

ViPJ < PA <P’A nén P= P'(P’ d6i xting vdi A qua O)
Vay Soupmax khi P = P’

11. Chting minh khi cat tuyén MNP quay quanh M thi trong tam G ctia ANAP ludn chay
trén 1 dwong tron c6 dinh, va khi cat tuyén MNP ¢d dinh, diém M di chuyén trén tia doi
cua NP, chttng minh duong AB di qua 1 diém cd dinh

Goi S 1a trung diém OM, tir G ké GL//KS. Vi AS c8 dinh, == = Znén L c& dinh
Lai c6 LG = 2SK = 0M khong do6i. Vi vay G luon chay trén duong tron (L; ~0M)
3 3 3
Do OK.OE khong d6i nén E thudc duwong OK ¢6 dinh, trén d6 E cach O ¢d dinh 1 doan
OE =2 khong d6i => E 1a diém c§ dinh ma AB luén di qua.

12. Gia stt OM =2R. Tinh dién tich hinh quat gidi han boi hai ban kinh OA va OB va
cung nho AB.

Ttr OM = 2R ta tinh dwgc MOA = 60° => AOB = 120°
2
Dién tich hinh quat can tinh la S ==~
Vi du 2: Cho AABC nbi tiép duong tron tam O, cac duong cao AD BE CF cit nhau tai H,
[an luot cat dwong tron tai cac diém M, N, P. Chting minh rang:

a) Tu giac BFEC, AEDB ngi tiép
b) AE.AC=AF.AB
c) Hlatam duong tron néi ti€p AEFD
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d) Khi BAC = 30°, tinh dién tich hinh quat gi6i han béi OB, OC va cung nhé BC

e) BC la phan gidc caa HNM, tir d6 suy ra H va M d8i xting v4i nhau qua BC

f) PN//EF, AO vudng goc EF

g) Goilla trung diém BC, K d6i xtiing v6i H qua I. Ching minh K thudc (O)

h) BMKC Ia hinh thang can

i) PN<2AH

j) Al cat OH tai G. Chitng minh G la trong tim AABC

k) Tim diéu kién ctaa goc B va goc C dé OH//BC

1) Khi A di chuyén trén cung 16n BC, chitng minh ban kinh dwong tron ngoai ti€p
AAFE khong d6i. Chitng minh H luén thu¢c 1 duong tron ¢6 dinh.

m) Khi A di chuyén trén cung 16n BC, chitng minh EF ¢6 d dai khong d6i, suy ra vi
tri diém A d€ dién tich AAFE 16n nhat.

E. PHUONG TICH GIAI CAC BAI TOAN KHO

1.B6'dé 1

M C

Néu t& giac ABCD noi tiép duong tron => MA.MB = MC. MD hay AMAC~AMDB(g-g)
hayAMAC~AMCB (g-g)
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M C D

Néu MA.MB = MC. MD &322 = XX, AMAC~AMDB(g-g) thi tt gidc ABCD noi tiép
MD MB
duwong tron

Két luan: Vay t gidc ABCD noi ti€p duong tron <& MA.MB = MC. MD

MG¢ rong bo' dé 1:

A

Chting minh AB.AC = d? — R?

Theo b3 dé 1: AB.AC = AD. AE = (d-R)(d+R) = d? — R? (d 1a khoang cich tit A t6i O)
Bai toan tng dung: Chiing minh AB.AC khong doi

2. Bo' dé 2:

Cho (O), tiép tuyén AB va cat tuyén ACD. Ching minh AB* = AC.AD
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D
A =/

AACB~AABD(g-g)
Ung dung: AB 12 tiép tuyén ctia ABCD<>AB? = AC.AD<>AACB~AABD(g-g)

= ABC = D => AB la tiép tuyén ctia duwong tron ngoai ti€p ABCD
Tir bo dé 1 va bd dé 2 ta c6 MA.MB = MC.MD = MT? = d? — R?

T
D

AB

Tuong tu trudng hop hai day cung cat nhau cling nam trong 1 duong tron ciing xay
ra hai chiéu cach chirng minh tuwong tu cac phan trén

C Q

e Tt gidc ABCD néi tiép < MA.MB = MC.MD
C MA

Chtng minh AMCA~AMBD &2 = MA.MB = MC.MD
MB  MD
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e Vay tr giac ABCD noi tiép < PA.PD = PC.PB, QA.QC = QD.QB, MA.MB =
MC.MD

3.Bd'dé 3

B D c

Trong AABC c6 3 dwong cao AD, BE, CF cit nhau tai H

e Chttng minh duwoc cdc tit gidc loai 1 AFHE, .... Va t¢ gidc loai 2 ABDE, ... ndi
tiép.

e Chung minh dugc H la tdm dwong tron noi ti€p ADEF

e Chttng minh dwoc AF.AB=AH.AD = AE.AC va HA.HD = HE.HB = HC.HF

e Chting minh duoc DB.DC = DH.DA ,=>ABDH~AADC (quan trong nhat)

R

. Duong tron Euler

A

B D

e Duong tron di qua 9 di€ém nhu hinh vé trén duoc goi la dwong tron Euler

Chii y: Khi di thi dé chi hoi chitng minh 4 hodc 5 diém trong 9 di€ém ctung thudc 1
duwong tron.

5. Diém doi xiing vdi truc tdm qua canh cia tam gidc
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Cho AABC c¢6 3 dwong cao AD, BE, CF cit nhau tai H
Céach hoi 1: Ké AD cat (ABC) tai K thi H va K d&i xting nhau qua BC

Cach hoi 2: Goi K la diém d6i xtng véi H qua BC thi K € (ABC)

A

I

—

/

Chttng minh:

Céach hoi 1: H va K d6i xtiing nhau qua BC.

e AHCKIa A can. Vi 61 = 6\2 =>BC la phan giac cta HCK ma BC L HK .
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e ABHC = ABKC => (BHC) va (BKC) c6 ban kinh bang nhau hon nita (BHC), (CHA),
(AHB), (BKC), (ABC) ciing c6 ban kinh bang nhau.
Cach hoi 2: Goi K la diém d6i xtng véi H qua BC thi K € (ABC)

Ta c6 K € (ABC) < ABKC néi tié’p
< BKC+BAC =180° <> BHC + BAC = 180° <> EHF + BAC = 180"

6. Duong thang Euler H, G O
Cho AABC, ba duong cao AD, BE, CF dong qui tai H. Ké duwong kinh AK.
Ta chitng minh dugc BHCK la hinh binh hanh vi CK // BE, BK // CF.

N&i HK cit BC tai M thi AH = 20M.

1
Chiing minh dwoc G la trong tam AABC vi OM = EAH theo dinh ly Ta - 1ét

AG AG 2
= =—
GM AM 3

A

7. Tinh chat phan giac

Cho AABC c6 duong phan giac trong AD va phan giac ngoai AE.
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Ta co %=£=@©DBEC=DC.EB
DC AC EC
Cll
A
E C

B D
Chti y: Trong AABC c6 ba duong cao AD, BE, CF cat nhau tai H. Ké EF cat BC tai I, cat
AD tai K. Thi DK, ID la duong phan giac trong va phan giac ngoai. Khi d6 ta c6 FK.IE =
IF.KE.

A

Ba diéu can chu y:

e TacdIlatam ndi tiép AABC.
e BI, BKla duong phan giac trong va phan giac ngoai.
e IH.AK=ALHK
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B

4»\
| K
C

8.5 diém cung thudc mot duong tron

e A, B,M, O, Ccung thuoc mot duong tron.
e BMA =AMC

9. binh li ta — lét
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Cho AABC, M e AB, Ne AC va MN // BC. Ldy E thudc canh BC, AE cit MN tai D.

Ta c6 E la trung di€ém ctia BC < D la trung diém ctia MN.

A
M N
D
B E C
MD AD ND
BE AE EC

10. Khoang cach dén ba canh cua tam gidc.

Vé MD 1L BC,ME L AC,MF L AB.

B

Mb_ M—E < AMDE ~ AMFD(g.g) (Dya vao tt giac ndi tiép

e MD’=ME.MF <

MDCE va MDBF)
e MEMF, <MD’ <M ladiém chinh gitta cung BC.

11. Chting minh vuéng goc
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e AOLED
Ké Axla ti€p tuyén ctia duong tron. Khi do6
XAB = ACB = AED = ED // Ax = Ax L AO= AO L ED.

e MB=MC=MI.
e BIM=BAM+ABI.
e Chting minh (BIC) ¢6 tam thudc (ABC) chinh la diém M vi MB=MC =MI.
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e Duong phan giac BAC cit (O) tai M, trén AM ldy diém I thi ta chiing minh

dugc I la tam noi ti€p AABC.

e BAH=OAC.
e BAH va HAO 6 chung duong phan gidc AM.
12. B¢ dai day va so do cung

e AB=R+1 < sdAB=60".
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e AB=RV2 < sdAB=90".

e AB=R\3 < sdAB=120".

e AB=RV4 < sdAB=180"
Chti y: OA =2R

Thiéu tir 102-107: gv nhén ko gtri

Xét dudng tron ngoai tiép tir gide CNKI 6 IKC = INC (2 goe noi tiép ciing chén cung IC)
Xét dudng tron (0)c6 ABN = ANC (hai gbc ndi tiép ciing chén cung AC)
. ABC - e~ AN

Ma hai géc nay & vi tri dong vi = IK //HB (ddu hiéu nhan biét hai dwong thang song
song)

Chitng minh twong tu ta duwoc BK//HI.

Xét (0)c6 BN = NC(N1a diém chinh gifta cung BC)

— BAN = CAN (hai géc ndi tiép chin hai cung bing nhau)

= ANla phan gidc BAC.

Chitng minh twong tu ta dwoc CM la phan giac cua ACB.

Ma ANNCM = {1} 1a giao diém ctia ba dudng phan gidc trong ctia tam giac ABC.

= Bl la phan giac cua ABC.
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Xét tir giac BHIK c6 HI//BK,BH //Klnén t& giac BHIK 1a hinh binh hanh.

Ma Bl 1a phan gidc HBK . Suy ra t& gidc BHIK 1a hinh thoi (d4u hiéu nhan biét hinh
thoi)

4. Goi P,Qlan lwot 1a tam ctia cac dwong tron ngoai tiép tam giac MBK, tam giac MCK
va Ela trung diém ctia doan PQ. V& duong kinh ND ctia duwong tron (O) . Ching minh
ba diém D,E, K théng hang.

Do NBK =BMK = BN Ia ti€p tuyén duong tron ngoai ti€p ABMK .
Ta c6 BD 1 BN(NBDIa géc ndi tiép dudng tron (0))

= B e BD va trung triec BK.

Chttng minh tuong tuw ta dugc Q € CD va trung triec KC.

Ta chitng minh dwoc ABPK,AQKC,ABDC can.

= PBK = PKB = QCK

PBK =QKC (hai goc dong vi)

= QK//DP

Suy ra tit gidc DQKH la hinh binh hanh.

= PQcat DK tai trung diém ctia mdi duong
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Ma Ela trung diém PQ
= E la trung diém cua DK.
Vay D,E, K thang hang.
Vidu: (TS 10 - THPT Ha Noi, nam hoc 2018 — 2019)
Vi du:Cho duong tron (O;R)véi day cung ABkhong di qua tam. L4y S la diém
bat ki trén tia d6i cta tia AB (S khac A). Ttr diém S vé hai tiép tuyén SC va SD véi duong

tron (O;R) sao cho diém C nam trén cung nho AB (C, D la cac tiép diém). Goi H 1a trung
diém ctia doan thang AB.

1. Chttng minh nam diém C, D, H, O, S cung thudéc mét duong tron duong kinh SO.
2. Khi SO =2R, hiy tinh d6 dai doan thing SD theo R va tinh s§ do CSD.

3. Puong thing di qua diém A va song song véi duong thang SC, cat doan thang CD tai
diém K. Chting minh t giac ADHK 1a ti gidc noi tiép va duong thang BK di qua trung
diém cta doan thiang SC.

4. Goi Ela trung diém cta doan thang BD va F 1a hinh chiéu vudng géc ctia diém E trén
duong thang AD. Chiing minh rang, khi diém S thay ddi trén tia AB thi diém F ludn
thudc mot duwong tron ¢6 dinh.

Giai

1) Xét ba tam giac ASDO,ASCO; ASHO co:

SDO =SCO =90°(Do SD,SC1a tiép tuyén ctia dwong tron (O;R))

Lién hé tai liéu word toan: 039.373.2038 Website: tailieutoanhoc.com



Website: tailieumontoan.com

SHO =90° (do HA =HBnén HO L AB)

Do d6 ba diém D,C,H cing ndm trén dwong tron duong kinh SO

Hay ndm diém D,C,H,S,0 cung nam trén dwong tron duong kinh SO

2) Xét ASDOvuodng tai D

SD? =S0?-0D? =(2R)’ ~R?=3R?* = SD = /3R

Goi 11 giao diém cua SO va CD. Vi SD,SCla tiép tuyén ctia duwong tron (O;R)nén
SO=SD,SO L CDtai I. Ila trung diém ctia CD

ASDO vuong tai D c¢6 IDla duong cao (1D L SO). Do do:

ID.SO=SD.DO = ID=SD'Do = BRR :ER
SO 2R 2

= DC:2.ID:2.§R -J3R

ASDCcan tai S(SD=SC) c6 SD = DC =+/3Rnén la tam giéc déu. Suy ra CSD =60°.

3)
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Vi tt giac SCHD noi tiép dwong tron duong kinh SCnén:
SCD = AKD (géc ndi ti€p ciing chén cung SD)

Ma SCD =SKD (déng vi, SC//AK );

AKD = AHD

Do dé tir giac ADHK noi tiép.

Vi du:Cho duong tron (O;R) duong kinh AB ¢d dinh, day CD di dong vudng goc
véi AB tai H nam gitta A va O, 14y diém F thudc cung AC nhé, DF cat day CD tai E, AF
cat day DC tai 1.

1. Chttng minh ring cac diém A, H, E, F cing thudc mot duong tron)
2. Chttng minh rang HA.HB = HE.HI

3. Duong tron ngoai tiép tam giac IFE cat AE tai M. Chting minh M thudc duong tron
(O:R)

4. Tim vi tri diém H trén OA dé€ chu vi tam giac OHD 16n nhat.

Pé sai

Vi du:Ttr mot diém A ndm ngoai duong tron (O;R). Vé tiép tuyén AB,AC véi
duong tron (B,Cla cac tiép diém). Trén cung nho BC 1dy diém M bat ki, vé Ml vuong
gbéc voi AB, MK vudng goc v6i AC(1e AB,K e AC).

1. Chttng minh rang cac diém A, I,M,K cling thudc mot duong tron.
2. V& MPvubng goc véi BC (P eBC). Chiing minh ring MPK = MBC
3. Chttng minh MIL.MK = MP?.

4. Xac dinh vi tri diém M trén cung nhé BC dé tich MILMK.MP dat gia tri 16n nhat.

Giai:
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Vi du: T diém A nam ngoai duong tron (O;R)ke hai tiép tuyén AB,AC véi
duwong tron (B, Cla cac ti€p diém). Ly diém | thudc day BCsao cho IB<IC. Ké duong
thang d vudng géc véi Ol tai |, duong thang d cat cac tia AB,AC lan luot tai Eva F.

1. Chitng minh cdc t giac OIBE, OIFC la cdc t giac noi ti€p.
2. Chttng minh AOEF la tam giac can.

3. Qua Oké duong thang vudng goc véi OA, né cat tia AB,AC Ian luot tai Pva Q. Tim
vi tri cia A dé dién tich AAPQ nho nhat.

Giai

C
1) Chirng minh cac tr giac OIBE, OIFC la cac tir giac noi tiep
Xét tix gidc OIBE va tit giac OIFC co:
EIO=0IF=90°(EI L10)
EBO = OCF = 90° ( BE, CF 12 tiép tuyén cta dudng tron (O))
Do dé tit giac OIBE va t&t giac OIFC la t& giac noi tiép.
2) Chiing minh AOEF la tam gidc can.
Vi tt giac OIBE noi ti€p nén OEIl = OBl (g6c noi tiép cling chan ol )
Ta lai c6: AOBC can tai O(OB=0C =R ) nén OBl =0ClI (tinh chat tam giac can)

Va vi t¢ giac OIFC noi ti€p nén OCI = OFI (g6¢ ndi tiép cling chin OI)
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Tt d6 suy ra OEI =OFI. Vay AOEF la tam giac can.

3. Qua Okeé duong théng vuong goc voi OA, nd cat tia AB,ACIan luot tai Pva Q. Tim
vi tri ciia A dé dién tich AAPQnho nhat.

Ta co
1 1 1 1
Sweq =, OAPQ=70A(OP+0Q)=70AOP +20A0Q
1 1 1 1 1

=—0OB.AP+-0OA AQ=—R.AP+—-RAQ=—R.(AP+A
2 2 Q 2 2 Q 2 ( Q)

Dién tich AAPQnho nhat khi AP + AQ nho nhat

II. CAC BAI HINH HOC PE LUYEN TAP PHAN XA THEO MO HINH

Vi du: Cho duong tron (O;R)duwong kinh BC, Ala diém ndm trén tia d6i cua tia
BC. Vé tiép tuyén AD(Dla tiép diém) va day DE song song véi BC, M la giao di€ém cta
AE véi duong tron (O;R), Nla diém chinh gitta cia ABva DM. Chting minh

L + ! = L ( Goi y chttng minh ANZ:NM.NDzNB.NC)
AB AC AN

Dé sai
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Vi du: Tt di8m M nam ngoai duong tron (O) dung céc tiép tuyén MA, MBva cit tuyén
MCD véi duong tron (A, Bla cac ti€p diém, MC <MD ). Goi Ela trung diém cua CD.

1) Chiing minh 5 diém M, A, E,O, B cung thudc duong tron.

2) Chtrng minh: MC.MD = MB?.

3) Qua Ckeé duong thang vudng goc véiOA, nd cat ABtai F. Chiing minh t giac
BCFE la t giac noi tiép.

1 .\ 12
MC MD MH
minh MA? = MH.ME va MA? = MD.MC = MH.ME = MC.MD < 2MH.ME = 2MC.MD

4) Goi Hla giao diém ctia ABva CD. Chting minh rang . (Goi y chting

& MH.(ME + ED + ME — EC) = 2MC.MD < MH.(MD + MC) = MC.MD) .

Giai

Ta cé MA L OA;MB L OB (do MA,MB1a tiép tuyén ctia dudng tron (0))

= OAM = OBM =90’

= A, B cting ndm trén duong tron duong kinh OM (1)

Vavi Ela trung diém cua day cung CDnén OE L CD (duong kinh va day cung)

— OEM =90°
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— E nam trén duong tron dueong kinh OM (2)

Tt (1) va (2) suy ra nam diém M, A, E,O, B cting nam trén duong tron dueong kinh OM

2) Chtrng minh: MC.MD = MB?.

No6i Bvdi Dva C. Xét ADBM va ABCM co:
C/I\/WBChung

MDB = CBM = %/BE (g6c ndi tiép va gdc tao boi tia tiép tuyén chan boi BC)

= ADBM - ABCM (g.g)
MC MB

— ——=——= MC.MD = MB? (dpcm)
MB MD

3) Qua Ckeé duong thang vudng goc véiOA, nd cat ABtai F. Chiing minh t giac
BCFE la tt gidc ndi tiép.
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Ta c6 CF L OA;MA L OA. Suy ra CF//MA

Vinam diém M,A,E,O,B ciing nam trén duong tron duong kinh OMnén

BEM = BAM (g6c ndi tiép cling chan BM)
Ma BAM = BFC (dong vi, CF//AM)
Suy ra BEC =BFC. Vay tit giac BCFE la tt gidc ndi tiép

1,1 2
MC MD MH
minh MA? = MH.ME va MA? = MD.MC = MH.ME = MC.MD < 2MH.ME = 2MC.MD

4) Goi Hla giao diém ctia ABva CD. Chting minh rang . (Goi y chting

& MH.(ME + ED + ME — EC) = 2MC.MD < MH.(MD + MC) = MC.MD) .
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Vinam diém M, A E,O,Bcung nam trén duwong tron duong kinh OM nén
MBA = MEA (g6c ndi tiép cling chan )

Va vi MB=MAnén AMBA cin tai M. Suy ra MBA = MAB

Do d6 MEA = MAB

Xét AMAH va AMEA cé:
MEA = MAB (cmt)
AMH chung

Suy ra AMAH - AMEA (g.g)

3%:ﬁ3 MA? = MH.ME
ME MA
Ta lai c6 MB? = MC.MD = MA?* = MC.MD (do MB=MA)

Tir d6 suy ra
MH.ME = MC.MD <> 2MH.ME = 2MC.MD < MH.(ME + ED + ME - EC) = 2MC.MD
1 1 2

<:>MH.(MD+MC):2|\/IC.MD:> + =
MC ™MD MH

DPpcm
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Vi du: Cho dudng tron (O;R)v6i day AB < 2R ¢§ dinh. Goi C la diém thudc cung

lén ABsao cho tam gidc ABCnhon, M va Nlan luot la diém chinh gitta cung nho ABva
cung nhé AC.Goi |1a giao ciia BN va CM . Day MN cat ABva ACTan luot tai Hva K.
Chting minh rang:

1) Tt giac BMHIndi tiép.
2) NLLNB=NH.NM.
3) KHIa phan giac ctia goc AKI, 1Ala phan giac cua KIH.

4) Khi diém C di dong trén cung 16n ABva thoa man diéu kién dé bai thi tong 2ban
kinh cta 2 dwong tron ngoai ti€p tam gidac NAH va NBH c6 gia tri khong doi.

Giai

1

B

Ta c6 MIB= %(/I\/I—é + f\TC), MHB = %(/I\/I—é + /NTA\) (g6c nam trong duong tron)

Ma NC=NA (do Nla diém chinh gitta cung nho AC)

Do d6 MIB=MHB Suy ra ti giac BMHInoi tiép.

2) Vi tit gidc BMHInoi ti€p nén HMB + HIB =180° (hai gdc ddi dién)
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Va NIH + HIB =180° (ké bu)

Do d6 HMB = NIH

Xét ANIHva ANMBcé: HNI chung; NMB = NIH (cmt)
Suy ra ANIH -~ ANMB (g.g)

NIE _ NH

- = NI.NB = NH.NM (dpcm)
NM NB

3) Do nam diém C,N,A,M, B cung nam trén duong tron (O)nén

—_—

CNB =CAB;CAB = CMB (géc ndi tiép cling chan CB)

Ta c6 NKC=7(NC+AM);NIC = (NC + BM)
2 2

Ma AM =BM (do M la diém chinh gitta AB). Suy ra NKC = NIC

Xét tit gidc CNKIc6 NKC = NIC nén 1a tir gide ndi tiép

Suy ra CNI = CKI (goc noi ti€p ciing chén CI)

Va CNB=CAB (Cmt)

Ttr d6 suy ra CKI=CAB, ma hai goc nay 6 vi tri dong vinén IK//AB(1)

Do t giac BMHI la t giac noi ti€p nén IHB = CMB (g6¢ ndi tiép cling chdn 1B)
CAB=CMB (cmt)

Ttr d6 suy ra IHB = CAB, ma hai gocnay 6 vi tri dong vinén IH//AC(2)

Tix (1) va (2) suy ra t gidc KAHI1a hinh binh hanh. (3)

Ta c6: AKH %(cmm);w =%(AN + MB)maCN AN: AM = MBnén AKH = AHK .
Suy ra AAHK can tai A. Vay AH=AK (4)
Tt (3) va (4) suy ra tir gidc KAHI 1a hinh thoi

Suy ra KH1a phan giac cia géc AKI, 1Ala phan giac caa KIH
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4) Khi diém C di dong trén cung 16n ABva thoa man diéu kién dé bai thi tong 2ban
kinh cta 2 dwong tron ngoai ti€p tam gidac NAH va NBH c6 gia tri khong doi.

Vi du:Cho dwong tron (0) ¢ BC la day cung cd dinh nhé hon duwong kinh, A 1a diém
di dong trén cung lon BC (A khong trung B; C ). Goi AD, BE, CF la cac duong cao
cia AABC,EF cat BC tai M . Qua D ké duodng thang song song véi EF cit AB tai P
,cit AC tai Q .

1) Chiing minh t& gidc BPCQ noi tiép.
2) Chiing minh tam gidc DEP can tai D
3) Goi N la trung diém ctia BC. CMR : MF.ME = MD.MN

4. CM duong tron ngoai tiép AMPQ ludn di qua 1 diém c¢6 dinh khi A di ddng trén
cung lén BC

Giai
‘ 1’
t\gﬂ:}
4.’_’ __
Aﬁﬁé .
‘QW
P
. : AF AC y . s 1A
a) Ching minh dugc AAF C ~ AAEB(9.9) = - AB (2 cdp canh twong tng ti 1¢)

Xét AAF E va AACB ta co
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AF AC
AE  AB != AAFE - AACB (c.g.c)= AFE = A/\C\B(Z goc tuong tng) (1)
B/AEchung

Vi PQ//EF(gt)= BPQ = AFE (2)

T (1) va (2) = BPQ = BCQ

Xét ti giac BPCQ ta co

BPQ = BCQ (cmt)

= hai dinh P, C ké nhau cung nhin canh BQ dudi 1 goc khong doi

— t gidc BPCQ noi tiép (DHNB)

b) Goi H la giao diém caa AD va BE

CM duoc t gidc BDHF ndi tiép = DBH = DFH (2 g6c ni tiép ciing chdn HN )
CM duoc t gide BF EC ndi tiép = DBH = CFE (2 géc ndi tiép cting chin EC )
—DFH =CFE  (3)

Ta c6: DFH + BFD =90°; CFE+AFE =90° (4)

T (3) va (4)= BFD=AFE (5)

Tir (2) va (5)= BFD = BPD => ADPF can tai D

¢) Chiing minh dwoc t¢ giac BDHF noi tiép

— FBH = FDH (hai géc noi tiép cting chan cung FH  (6)

CM duoc tt giac ABDF ndi tiép = FBE = HDE

Do dé: ﬁ)ﬁ:ﬁ[ﬁ:%m

CM duoc t gide BCEF ndi tiép dudng tron tim N = FBH = ¥ 8)

Tt (7) va (8) = FDE = F NE

Xét ti giac FDNE ta co:
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FDE = F NE (mct)
= 2 dinh D,E ké nhau cung nhin canh EF dudi 1 géc khong doi
— tir gidc FDNE néi tiép (DHNB) = NEF = F DM (tinh chét tir gidc noi tiép)

Xét AMDF va AMEN ta co:

NEF=FDM
N = AMDF ~ AMEN (g.9)
Mchung
= @:ﬁ: MD.MN = ME.MF
MF MN

Vi du:Cho M nam ngoai dwong tron (O). Vé cac tiép tuyén MA, MB véi (0) (A,B la cac
tiép diém). V& cat tuyén MCD khong di qua tim O (C nam gitta M; D) OM cat AB
va (O) Tan luwot tai H; | . CMR:

1) Tt giac MAOB noi tiép va duong tron nay di qua trung diém E caa CD

2) CM: OH.OM+ MC.MD = MO?

3) CM: Cl 1a phén giac cia MCH

4) Cho céac diém M,C,D c¢d dinh, duwong tron (O) thay ddi nhung ludén di qua C,D .
CM duong tron ngoai ti€p AOHE ludn di qua mot diém 6 dinh.
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a) Taco MA, MB 1a 2 tiép tuyén cua duong tron (O) (A, B la cac tiép diém) = MA = MB
Va MA L AO = MAO =90° = A thudc dwong tron dwong kinh MO

Va MB L OB =MBO =90 = B thudc duong tron dudng kinh MO

= A,B,M,0 cung thudc dwong tron dwong kinh MO

= ti gidc MAOBnoi tiép duong tron duong kinh MO (DHNB)

Xét dwong tron (O) ta co

E la trung diém cua CD

= OE L CD (quan hé vudng géc giita duong kinh va day)

— OEC =90° = E thudc duong tron dwong kinh MO

Vay t& gidc MAOB noi tiép va duong tron nay di qua trung diém E caa CD

b) Tac6 MA=MB, OA=0B = MO la duong trung tric cia AB MO L AB
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— AO? =OM.OH ((hé thtkc luong)

MC MB
. AMCB _ AMBD(g.0) => ——=——
CM duoc: (9.9) MB _ MD

Ma MA =MB = MA? = MC.MD
Xét AMAO vudng tai A ,taco:

MO? = MA? + MO?
= MO? = MC.MD + OH.OM

= MB? = MC.MD

Vi du : Cho ntta dudng tron (O;R) duong kinh BC . L4y diém A trén tia d6i cua tia

CB . Ké tiép tuyén AF ctia ntra duong tron (O) (véi F 1a ti€p diém ), tia AF cat tiép

4R

tuyén Bx cua ntra duong tron tai D . Cho biét AF = 5

1) Chtng minh t& giac OBDF ndi tiép. Xac dinh tdm | duong tron ngoai ti€p ti

giac OBDF
2) Tinh cos DAB
3) Ké OM L BC (M € AD) . Chitng minh 2—%=1
DM AM

4) Tinh dién tich phan hinh t& gidc OBDM bén ngoai nita duong tron (O) theo R

Giai
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X
D|
M
|
F
B N
0 c A

1) Ta cé: AFva Bxla hai ti€p tuyén ctia nira duong tron (O;R) dudng kinh BC
(gt) nén OB L BD,OF L AF = DBO = DFO =90° = DBO + DFO =180° Do d6 t&
giac OBDF noi tiép.

Mit khac DBO = DFO =90"nén tdm | duong tron ngoai tiép t giac OBDF 1a

trung diém ctia OD

2) Taco
AOAF:
IA::900:>OF2+FA2=OA2<:>R2+%R2=OAZC>OA=§R
4
°RrR
cosDAB-FA_3 _4
OA 5, 5
3

3) Taco AOAM : AOM =90;0F L AM;AFZ?; OF =R . tir d6 dung céc cong thirc

hé thitc lwong trong tam giac vudng ta dé dang tinh dugc:

AM =22R: OM =2R
12 4
5.8

AB=0OB+0OA=R+-R==-R
3 3
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AABD : cos [TATB = ﬁ
AD

cos[ﬁ:%(cmt) :AD:%R
AB=§R
3
DM = AD - AM =ER—§R:§R
3 12 4

= OM = DM (:%Rj

Lai c6 OM //BD(L BC):ﬂ:O—M nén AM _OM
AD BD AD BD
= AM.BD = DM.AD

< AM.BD = DM.(AM +D|V|)

< AM.BD =DM.AM + DM?

< AM.BD - DM? = DM.AM

BD DM
S — 0=
DM AM
4) Dé dang thdy t& giac OBDMIla hinh thang vudng nén
5
(OM +BD).0B (4R+2RJ'R 13 _,
Sosom = 2 = 2 = ) R
Do d6 dién tich phan hinh t& gidc OBDM bén ngoai nira duong tron (O) theo
R la:
E R? _ R?
8 4

Vi du :Cho tam gidc ABC c6 hai dwong cao BE,CF citnhau tai H . Goi E la diém ddi
xtng v6i H qua AC , F 1a diém ddi ximg véi F qua AB . Chirng minh:

1) T gidc BCEF noi tiép duong tron (O)

2) Tt gidc AECF noi tiép. Tir d6 suy ra diém A ndm trén dwong tron (O)

3) AO LEF

4) Khi A chay trén (O) thi ban kinh duong tron ngoai tiép AAEF khong déi

Giai
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1) Taco: E la di€ém d6i xténg véi H qua AC , F' la diém d6i xéng véi F qua AB
nén AC la duong trung tric cua HE', AB la duong trung triec cia HF
Tir &6 ching minh dwoc HCE'=2HCA; F'BH = 2HBA
Ma HCA = @(: 90° - B/ATZ) nén HCE'= F'BH ma hai géc nay ciing nhin E'F'

Nén Tt giac BCE'F ndi tiép duong tron (O) , do d6 B,C,E',F'e(0)
2) Tacéd: E la diém ddi xting v6i H qua AC , F 1a diém ddi xting v6i F qua AB
nén AC la duong trung tric cua HE', AB la duong trung triec cia HF
Tir d6 chimg minh dwoc HCE'=2HCA; F'AH =2HAB;E'AH =2HAC
Do d6 E'AF'=2BAC
Suy ra E'AF'+HCE' = 2HCA+2.BAC =2.90° =180°
Nén Tt gidc AECF néi tiép ma B,C,E"F'e(0)(cmt) . vivay Ae(O)
3) Tt giac AFHE ndi tiép nén HEF=HAF
Ma FAF'=HAF, lai ¢6 t& gidc AE'BF' ndi tiép (O) nén FAF'=BEF do d6
HEF=BE'F' ma hai gocnay o vi tri dong vinén FE//F'E" (1)
AC la duong trung triec cua HE’, AB la duwong trung triec cua HF'(CMT) nén
AF'=AH = AE'
Ta c6: AF'= AE';OF'=OE" (cung bdng ban kinh(O) ) nén AO la duong trung
truccaa F'E'
Nén AO LF'E'(2)
Tt (1) va (2) suy ra AO L EF
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4) T giac AFHE ndi tiép duong tron duwong kinh AH nén duong tron ngoai tiép
AEFA
cling la duong tron duong kinh AH .(1)

Ké duong kinh BK ctia duong tron tam O nén K ¢6 dinh

Dé dang chiing minh duoc AHCK' la hinh binh hanh nén AH =CK do d6 AH cé

d6 dai khong d6i.(2)

Tt (1) va (2) suy ra khi A chay trén (O) thi ban kinh dudng tron ngoai tiép

AAEF khéng dbi

Vi du : cho tam gidc ABC nhon c6 H la trgc tam, noi ti€p duong tron tam O

duong kinh AM =2R

1) Tk giac BHCM Ia hinh binh hanh

2) Goi N la diém d6i xting cia M qua AB . Ching minh t& gidc AHBN ndi tiép
duoc trong mot duong tron

3) Goi E la diém d6i xting cia M qua AC . Chting minh ba diém N,H.E thang
hang

4) Gia sit AB=R+3 . Tinh dién tich phan chung ctia duwong tron (0) va dudng
tron ngoai tiép ti giac AHBN
Giai
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E

1) Tam giac ABC nhon cé H la triec tam nén BH L AC, CH L AB
tam giac ABC noi ti€p duong tron tam O dwong kinh AM =2R nén
ABM = ACM =90° = AB L BM,AC LCM

do d6 BM//CH(L AB);CM //BH(LCA) nén t& gid&c BHCM la hinh binh
hanh

2) tam gidc ABC nhon cé H 1a truc tim nén dé dang chiing minh duoc

AHB + ACB =180°

Lai c6 : dwong tron tam O duong kinh AM : ACB = AMB = %sd/A—é

va ANB = AMB (doN 1a diém ddi xtng cia M qua AB )
nén ANB+ AHB=180° . vay t& giac AHBN ndi ti€p duoc trong mot duong

tron
)t gidc AHBN ndi ti€ép dugc trong mot dwong tron (cmt) nén
AN_ABN|
. = AHN =90
ABN =90°
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Twong tw chitng minh duoc t¢ gidc AHCE noi ti€p nén AHE = ACE =90°
Suy ra AHN + AHE =180° = NHE =180°nén ba diém N,H.E thing hang
4)N la diém d6i xtmg cuia M qua ABnén AB la duong trung truc cia MN do

do AM =AN =2R .
duwong tron ngoai tiép t& giac AHBN la duong tron duong kinh AN do
AHN =90"
dién tich phan chung cta dudng tron (O) va duong tron ngoai ti€p ti gidc
AHBN bang 2 Tan dién tich hinh vién phan tao béi duong tron (O) va day AB,
giastrla 25
tacd: S=55—Sq
Ké OK L AB ma tam gidc OAB can tai O nén KA=KB
Xét tam giac vuong OAK vudng tai K:

R+3

sin AOK - MK _ 2 N3 _ 25K _ 60" — AGE —120°
OA R 2
2
- =&7Z'R2 =7rR
AB 360 3

Vay dién tich phan chung cua duong tron (O) va duong tron ngoai tiép ti
gidc AHBN la:
Z(ERZ B RZ\/§J

3 4

CHU PE V. BAI TOAN MAX-MIN. GIAI PHUONG TRINH CHUA CAN THUC

A.LY THUYET

1. Bat dang thic Co-si:

* Bat dang thirc Co-si cho hai s8 a,b khong am, ta c6 :
a+b>2ab

Dau “=" xayra < a=>b

Cht y: Véi hai s6 a,b bat ki ta luon co:

a’ +b* > 2ab

Dau “=" xayra < a=»b

* Bat dang thirc Co-si cho ba s§ a,b,c khong am, ta ¢ :
a+b+c>3¥abc

Dau “=" xayra < a=b=c
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Ch y: day la bat dang thitc nam ngoai chuong trinh SGK hién hanh néu mudn
ap dung hoc sinh can chiing minh treedc khi st dung nhue mot bo dé

2. Mot s6 bd dé thuong dung khac:

Bo6 dé 1. Vi moi sO thuce a,b ta ludn co:

2
1) (a+b)? > 4ab 1) a’+b?> @

Dau “=" xayra < a=»b
Bo dé 2. V6i moi so thue a,b, ¢ ta ludn co:

(a+b+c)®

+)a’+b*+c* > >ab+bc+ca

Dau “=" xayra < a=b=c

B6 dé 3. V6i moi so thuec duong  a,b ta ludn co:
1,1, 4

a b a+b

Dau “=" xayra < a=»b

B6 dé 4. V6i moi so theee khong am a,b ta ludn co:

Ja+b <Ja++b < 2(a+h)

Dau “=" xayra < a=»b

B6 dé 5. V6i moi s6 thue khong am a, b, ¢ ta ludn cé:

Ja+b+c S\/5+\/B+\/531/3(a+ b+ ¢)

Dau “=" xayra < a=b=c

Cha y: véi mdi bat déng thirc trén, ta can nhé va van dung linh hoat ca 2 chiéu

xudi va chiéu nguoc ctia no.

3. Gidi phuong trinh chtta can thtec:

PHUONG PHAP CHUNG:

Cach 1: St dung bién dodi dai sd

Cach 2: Bat an phu

Cach 3: banh gia

B. CAC DANG BAI TAP VA PHUONG PHAP GIAT:

BAI TOAN MIN-MAX

DANG I: Ky thuat chon diém roi trong bat dang thikc Co-si:

Phuong phap: Dy doan triede ddu bang (hay diém roi) ctia bai toan tir d6 ddieeuf
chinh hé s6 d& dam bao viéc ddu bang ludn xay ra

Vi du: Cho cac s6 x> 2 . Tim gid tri nho nhéat cua cac biéu thie:

A:x+i
X ~
HUONG DAN:
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Ta co A:x+£:5 £+3—X
x 4 x 4
x.1
Ap dung bat dang thiec C6 si cho 2 s6 duong 4" X taco

4 X \I4x
<:>§=£c>x2=4<:>x=2

D&u “=” xayra 4 X

Véi x:2:>3—X:§
4 2

:>A2E

Vay gid tri nho nhat ctia biéu thiic A bang g khi x=2

Vi du: Cho cac s6 X,y >0 . Tim gia tri nhé nhat ctia cac biéu thic:

a) A=X Y, ny >
y X X +y

b)BziJrlJr%
y X XC+xy+y
2
gc=W , oy
Xy (X+y)
(x+y+1)2+xy+x+y

d) D= 4
Xy+x+y (X+y+1)
HUONG DAN
2 2
a) Ta c6: A=X Yy zxy Z:X Y L zxy .
Yy X X +y Xy X +y
2 2
patt=2"Y >2 (BDT Co-si)

Xy
1

Du doan A, dat duoctai t=2 .taco A:nt+%+t—nt

~ . nt =
Dau “=” xay ra <

t=2
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Do doé ta cé A=§+(£+1j
4 4 t

Ap dung bét dang thiic Co-si, ta cd :

+}22 1_1:1
t 4t

t
4
n , t 1 .

Dau « = » xay ra <:>Z=?<:>t=2(VI t>2)

Vay A, :g<:>t:2<:>x:y

a)A=24+Y, 22xy2; b)B=£+l+%;
y X X4y y X X =Xy+y
2 2
_ -2
c)C=(X ) + 4xy2; d)Dz(X+y ) +xy+2(x+);)_
Xy o (x+y) Xy +2(X+Y)  (x+y+2)
Huwéng dan
2 2 2 2
a) Taco A=X*Y . 22Xy2;Tadétt=t=X “y > 2(Cauchy)
Xy X“+y

A:t+% voi t=>2.

+
2 t
VéYAmin=3 @tZZQX:y.

Vi du: Cho cac s0 x, y> 0 théa man x +y < 1. Tim gia tri nho nhat ctia cac biéu thirc sau:

a)A=X+Y+1+£; b)B:(x+1j(y+l}
Xy X y
2 2
C)C=X2+y2+i2+i2; d)D:(x+1j +(y+£] .
X Yy X y

Huéng dan
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a)Tacd A= (4x+ (4y+—j 3(x+y)=>5.
1
Vay Amin=5 & X = y—E

Vi du: Cho cac s0 x, y> 0 théa man x +y < 2. Tim gia tri nho nhat ctia cac biéu thikc sau:

a)A=x+y+g+£; b)B:(x+zj[y+£J;
Xy X y

2 2
c)C:x2+y2+iz+i2; d)D:(x+£j +(y+£j :
X°y X y

Huéng dan
7 2 2
a) Ta céd A=[2X+—J+[2y+—J—(X+ y) > 6.
X y

Vay Amin=6 < Xx=y =1

Vi du: Cho céc sd thuc dwong x, y, z thoa man x + y+ z = 1. Chttng minh:
a)\/;+\/§+\/;£3;

b)\X+2y +./y+2z +4/2+2x <3;

C)3fxy +3fyz + Yax < ¥3;

d)¥/x + 3y + ¥z <Yo;

e)¥/x+y+3y+z+¥z+x <38

Huwéng dan

B _

a)TaCO\/_—\/_ 2\/_

(3x+1).

1 1
Twong tw <——(3 +1;\/E£— 3z+1);
gtw \Jy A 253D

Do d6 Vx +.4/y +Vz <3. Dau “=” xay ra < x = y—z—%
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b) Ap dung bat dang thitc Cosi ta c6:/(x+2y).1< %

Tuong tw /(y+22).1<—F— y+22+1 ; A (Z+2X). 1<#.

3(x+y+2)+3
2

Vay x+2y +./y+2z +4/2+2x < =3. Ddu “=" xdyra x=y=z==

3

3
o) Ta c6 \/7_ 3/3x. zy < SX;?H'

3y+3x+1 3z2+3x+1
Tuwong ty 3/ x <=2 = -3 zx<—/— — =
gAY /9 /9

Vay \/7y+\/ﬁ+\/7x<\/7 Dau “=" Xay ra X = y—z—%

Vi du: Cho céc sd thuc dwong x, y, z thoa man x + y+ z = 3. Chttng minh:
a)Vx +.y +Vz <3;

b)/X+2y +Jy+22 +4/z+2x <3J/3;

C)¥fxy +3fyz +Yax <3,

d)¥x +3/y +¥z <3;

e)ix+y+3y+z+¥z+x<3%2.

Dang 2: Ki thuit khai thac gia thiét.

Phwong phap: St dung nhing phép bién doi twong duong (an phuy, tach phép chia,
nhan ...) hodc stt dung tinh chat bac cau ctia bat dang thic.

Vi du: Cho céc s8 x, y théa man vx+2 -y =/y+2-x°.

a) Tim gia tri nho nhat ctia bi€u thic:

2 2
A =x"+2xy—2y*>+2y+10; ii)B = +7+y +7.
y+3 x+3
y

b) Tim gia tri nhé nhat cua biéu thitc C = ——+—5—.
X“+4 y +4

Huéng dan
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Diéu kién x > -2;y > -2. Truc cin thitc @ mau ta c6

+(X*+xy+y?) =0

X2V ()= y) (2 + xy+ yE) =0 (x—Y) !
X+2+,y+2 NX+2+,Jy+2

S X-y=0sx=y.

+(X*+xy+y)>0,VX,y>-2.

1
Vi

VX+2+4Jy+2
a)i)Taco A=x?+2x+10=(x+1)" +9>9,vx> -2,

VéYAmin=9 @X:y:—l.

2
ii) B :M:Z.{x+3+£—6}24. D&u “=" xay ra <::>(x+3)2 =6 x=1=>y=1
X+3 X+3

VéYBmin=4 @X:yzl.

2X
b) C =
) x> +4
2
Xétizx +4:5+E.
C 2X 2 X

Néu x>O:>i22<:>O<C££.
C 2
~ 1 1
Néu —2<x<0:>6£2<:>—E£C<0.

VéYCmax=%@X:y:2; Cmin = —%@Xzyz—Z;

Vi du: Cho cac s6 x, y théa man vx+2-y°* =/y+2-x’.

a) Tim gia tri nho nhat ctia bi€u thic:

2 2
X +5+y +5

i)A=x>—xy+Yy>+2x+2018; ii)B = .
y+2 X+2

LY

b) Tim gia tri nhé nhat cta biéu thitc C =—; .
X*+9 y°+9
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Vi du: Cho céc s0 x, y, z> 0 théa man 2(X+Yy+2z)+Xxy+Yyz+2zx=9xyz. Ching minh:
% + % + 2—12 >3.

Vi du: Cho cacsd x2>1y>1z2>1 thdéa man X+ Yy+z=4. Tim gia tri 16n nhat va nho nhat
ctia biéu thiec A= x> +y* +7°.

Vi du: Cho céc s6 thuc x, y thoa man x—+/x+1=,/y+1-y. Tim gid tri 16n nhat va nho
nhat cua biéu thire A= x+y+2017.

Vi du: Cho cac s6 thuc x >0, y >0 thoa man xy +4<2y.

X* +2y?
xy
b) Tim gia tri 16n nhat cta bi€u thirc:

a) Tim gia tri nho nhat A=

i, B=—2 i c=—2
X“+y (x+4y)

Dang 3: Ki thuat “ C6 - si ngugc dau”.

Phuong phap: St dung nhitng phép bién d6i twong duong (nhu thém bdt hodc tach
ghép ...) d€ dua bai toan tir “trang thai ngwgc dau” vé “trang thai xuo6i dau”.

Vi du: Cho cac s a, b, ¢> 0 va thoa man a+b+c¢=3. Ching minh:

a’ b? c? 3 a b C 3
a + + >—: b + + >—:
)a2+b2 b’+c®> c*+a® 2 )1+b2 1+¢? 1+a%? 2
C) 21 + 21 + 21 zg; d) a+12+ b+12+ C+1223;
a“+1 b°+1 c°+1 2 1+b° 1+c¢° 1+a
a b c >3
3 3 +3 =5
b>+ab c’+bc a’+ca 2
Huwéng dan
al ab? b b3 c c a
a)TacO ——=a-—>a——. Twongty ——>b——; >C——.
) a’+b? a’+b? 2 &1 b? +¢c? 2’ ¢’ +a? 2
3 3 3
Do d6 2a >+ Zb >+ 2C 2Z(a+b+C)=§;Dé'u”=”xélyra & a=b=c=1.
a“+b° b°+c° c"+a 2 2
2
b) Ta c6 azza— abzza—a—b;Tuongtu bzzb—m; CZ_C—E
1+b 1+b 2 1+c 2 l+a 2
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a b c ab+bc+ca _ 3 (a+b+c)

>+ >+ 22a+b+c——2—.V‘1 ab+bhc+cac< =3.
1+b° 1+c¢° 1+a 2 2

Do do6

Dau “=" xay ra < a=b=c=1.

51 0.1 o, ¢

b?+1 = 2'c*+1 2

2
c) Taco 21 =1- f >1-2, Tuong ty
a“+1 a”+1 2

at+tb+c 3 . .,
=5 Dau “=

VT>3- xay ra <> a=b=c=1

2 1)b
d) Ta co 242 (ardl? g (aFDD

=a+
b%+1 b +1 2

b+1 (b+1c c+1 S e

Tuong ty ——>b+1--—5—"; > +1_(C:1)a;
c'+1 c’+1 a“+1 a’+1

a+b+c ab+bc+ca (a+b+c)’

2 2

VT>3+ =3. Vi ab+bc+ca< =3.

Dau “=" xay ra < a=b=c=1.

a 1 b 1 1
b’+ab b a+b® b 2Ja’

e) Ta co

b 1 1 (o 1 1
Tuong tw — > = >———
c*+bc ¢ 2¢b’'a*+ca a 24c

ol Al 1 1 1

a b c 2da 2 24¢c

Ap dung bat déng thirc C6 - si L§i+l va l22—61
2Ja " 4a 4  a

Dodst L o1 1 1.3 1.8, 153
a 2¢/a a 4a 4 4a 4 4 4 4 4

Suy ra VT 2%—%(a+b+c) :g. Ddu “=" xay ra < a=b=c=1.

Vi du: Cho cac sd a, b, ¢> 0 va thoa man a+b+c=1. Chitng minh:

a’ . b? . c?
a?+b®> b’*+c® c’+a’

a b c
+ +
1+9b% 1+9c® 1+9a?

1 1
a 2, b >
) 2 ) 2
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a+1l b+1 c+1
+ +
1+9b®> 1+9c¢®> 1+9a

3 + 3 + 3 2§; d)
9a°+1 9b°+1 9c°+1 2

c)

>3,

Vi du: Cho cac s6 duong 4, b, ¢ c6 thoa man a.b.c = 1. Chitng minh:

a+l b+l c+1

a+b+c> + )
b+1 c+1 a+1

Huéng dan

a+l (a+1b

Taco a+1-——=
b+1 b+1

Ta dua bai toan vé chiing minh (a+1b + (b+1)c + (b+Da > 3.
b+1 c+1 a+l

Ap dung bat dang thitc C6 - si cho ba s6 hang & VT véi abc = 1. Ta duoc diéu can ching
minh.

Dau “=" xay ra < a=b=c=1.
Vi du: Cho cac s6 duong a, b, ¢ c6 thoa man a.b.c = 1. Chitng minh:

a+2 b+2 c+2
+

a+b+c> + .
b+2 c¢c+2 a+2
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GIAI PHUONG TRINH CO CHUA CAN THUC
Dang 1: St dung bién doi dai so.
Phwong phap:

e Thém bét hang tur.
e Nang lén lay thtra ca hai vé€.
e Phép nhan lién hop.

Ttr cac phép bién ddi dai s6 d6 ta di giai phwong trinh don gian hon ma ta biét cach giai.

Vi du: Gidi phuong trinh

a) \/X2+1X_g_ XZ—EX‘FE :1(3X3—X2+6X—2);(1)
379 3

b) \/Xz_Lr\/m=1(2x3+x2+2x+1);(2)
4 4 2

Huéng dan

a) Diéukién: VP >0 x> %
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Vi du: Gidi phuong trinh
a) V3Xx+1-+/6-X+3x*-14x—8=0;(*)
b) 3V5x+2=x"+2;
C) \/x+\/2x—5—2+\/x—3\/2x—5+2=2\/§.

Huéng dan

a) Diéu kién: —% <x<6.

(>(-) Q(m_4)+(1_\/ﬂ)+3x2 -14x-5=0

3 1
< (X=5 + +(3x+1) =0
( ){\/3x+1+4 VB—x+1 ( )}
Véi —£§X£6 th‘l|: 3 + 1 +(3x+1)}>0
3 NV3x+1+4 J6—x+1

Vay S = {5}

Vi du: Giadi phuong trinh

GIAI PHUONG TRINH CHUA CAN THUC

Dang 1: Stt dung bién d6i dai s6
Phuong phap:
e Thém bdt hang ttr.
e Nang lén lay thtra ca hai vé.
e Phép nhan lién hop.

Ttr d6 cac phép bién do6i dai sO do ta di giai phuwong trinh don gian hon ma ta da biét
cach giai.
Vi du: Giai phuong trinh

a) \/x2+%x—§— x2—§x+$:%(3x3—x2+6x—2) D).
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b) \/xz —%+‘/x2 +x+% :%(2x3+x2+2x+1)

Huéng dan

a) Biéu kién: VP >0 < x> %

1)< \/xz +%x—§— (x—%jz :%(3x—1)(x2 +2)

< X —%x—% :%(:%x—l)(x2 +2)

=N (x—%}z :§(3x—1)(x2 +2)
=N x—lzé(f’ax—l)(x2 +2)

S X=—.
3

A 1
Vay S = {g}
Vi du: Giai phuong trinh
a) V3x+1-+/6—x+3x2-14x-8=0 (*).
b) 35X +2 = x> +2

C) \/x+\/2x—5—2 +\/x—3\/2x—5+2 =20/2

Huéng dan

a) Diéu kién: —% < x<6.

(*)@(m_4)+(l_\/ﬁ)+3x2 —14x-5=0
3 1
<:>(X_5)[\/3x+1+4+\/6—7x+1

3 1

+
V3X+1+4 J6-x+1

+(3x+1)} =0

Véi —%SXSG thi {

Vay S = {5}
Vi du: Giai phuong trinh

a) YX*-1+x=x>-2.

+(3x+1)}>0
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b) 7 2x+17 -5x-11=a (=)

b) (**) = y(x—1)° +16 —5|x -1 =4

Str dung bat déng thtic Va? +b? <[a|+|o| nén
Jx=1) +16 ~5[x Y <|x -1+ 4 =4—[x—1
Do d6 4<4-|x-1 < x-1=0=x=1

Vay S ={1}.

Huéng dan

Dang 2: Dt 4n phu.

Phwong phap: Dat mot an, hai hodc ba biéu thirc phttc tap bgmg an mdi (goi 1a an phu)
va giai phuong trinh thu dwoc sau d6 tim nghiém.

Loai 1: St dung mot an phu

Vi du: Giai phuong trinh

a) VX' + X" +1+4/3(x* +1) =3V3x.
b) 2x* +/1- X +2xy/1-x* =1.

Huéng dan
a) Voi x=0khong phai la nghiém ctia phuong trinh trén.

V6i x # 0ta chia hai v& cia phuwong trinh cho x ta dwoc

Ix2 +i2+1+\/§(x+1):3\/§. Dit t = x+%2 2 (Co-si)
X X

t<3

© _ots14 0<:>t:2(th()amén).
_ + —

Phuong trinh tro thanh Vt? ~1=+3(3-t) & {

Vc’yit:2<:>x+£:2<:>x:1.
X

Vay S ={1}.

Loai 2: St dung hai an phu

Vi du: Giai phuong trinh

a) VAx% +5x+1—2y/x2 —x+1=9x-3.
b) VX2 +3++/10-X* =5.

Hudéng dan
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biéu kién: a>0,b>0..

) Dt V4x* +5x+1=a
a a
24x2 —x+1=b

Phwong trinh trén tro thanh: a—b=a’-b* < (a—b)(a+b-1)=0

f—

o
la+b=1 | /ax2 +5x+1+24/x2 —x+1=1

fa=Db {4x2+5x+1:4x2—4x+4

X==

3
| V4x* +5x+1=1-2yx* —x+1 vOnghiém

1
Vay S=J21%.
v {3}

Loai 3: St dung ca an phu va an chinh dé dwa vé hé phuwong trinh d6i xing.

Vi du: Giai phuong trinh
a) x°+1=232x-1.
b) x*—3Y3x+2 =2.
Huéng dan
a) Phuong trinh < x* +2x = 2x—1+2%/2x 1. Dt t =¥/2x-1.
Ta duoc x3+2x:t3+2t<:>(x—t)(x2+xt+t2)+2(x—t):0
& (x-t)(X* +xt+t*+2)=0

ty 3t?
Vi x2+xt+t2+2=(x+—j +=+2>0.
2 4
x=1
x=1 _
Nén x:t<:>(x—1)(x2+x—1):0<:> , & x= 1++5
X°+x-1=0 2
Y
B 2

Vay s 1 ~1++5 ; ~1-/5

2 2
Loai 4: St dung ca an phu va an chinh d€ dwa vé phuwong trinh bac hai mot an.
Vi du: Giai phuong trinh

a) 2x* +3x+7 =(x+5)v2x* +1
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b) X’ +3x+5=(x+3)Vx*+5

c)(Jx+1+Q(Jx+1+2x—5)=x.

Huéng dan
a) Phuong trinh  2x* +1—(x+5)v2x* +1+3x+6=0. D4t t =v2x* +1 (t >1).
Phuong trinh tré thanh: t? —(x+5)t+3x+6=0.

A=[~(x+5)] ~4(3x+6)=(x-1)"20 Wx.

Véit=3< x=%2

Véi t=x+2< x=2+7
Vay S ={+2;2+7}.
Dang 3: Danh gia.

f(x)> f(x)=
Phwong phap: Phuong trinh f(x) = g(X) néu luén c6 { ()=m & { () =m

ge)sm  [g(x)=m
Vi du: Giai phuong trinh
a) V3x2 +6X+7 +~/5%% +10x+14 = 4—2x— X%

242 _
b) m+&_\/x+9.

€) 13Vx2 = x* +9Vx2 + x* =16.

Huéng dan

a) Phuong trinh < \/3(x+1)2 +4 +\/5(x +1)°+9 =5-(x+1)°
(VT =5
Ta co: < VT =VP =5,
%@sS
Dau “=" xay ra © x+1=0< x=-1.
2
b) Piéu kién: x> 0. Ap dung bat ding thitc Bunhiacopxki: (ax+by)’ < (a2 +b? )(X2 + yz).

. 7 7 2 a
Dau “=" xayra & —=—.
Xy
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<

22 2 : 1 2
£m+«/;] s[(Z\/E) +x+1}{m+£ X+J ]—x+9
2\2

Dau “=" xay ra < =

1
X+1 \/;
1
Vay S=4=\.
v {7}

1
S X==
7

C.LUYEN TAP SAU VA CO CHU DiCH
Vi du: (TS 10 - THPT Ha N6i, nim hoc 2018 - 2019)
Tim gia tri nho nhét cta bidu thite P =+1—x ++/1+ X +2/x
Huéng dan
Diéu kién: 0< x<1.

Véi a.b>0 ta co: (J5+JB)2 —a+2Jab+b>a+h

= Ja++/b >+a+b. Ddu “=" xay ra khi va chi khix=0.
Vay gid tri nhé nhat cua P =2 khi x=0.

Vi du: (TS 10 - THPT Ha N6i, nam hoc 2017 - 2018)
Cho cac s6 a, b, ¢ thoa man a>1b>1 c>1 va ab+bc+ca=9. Tim gia tri nho nhat va
gia tri 16n nhat ctia biéu thic P =a* +b* +¢?
Huéng dan
Ap dung bét dang thiic C5 si ta co:
a’ +h’ > 24/a’’ = 2ab
b2 +c? > 24/b2c? = 2bc
2 +a? > 2\/c%a? = 2ca
= 2(a’+b?+¢’)>2(ab+bc+ca)

=P>9
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a’=h’
b* =c’

Vay MinP =94~ < a=h=c=+/3 khi x=0.
c=a

ab+bc+ca=9

Taco a>1,b>1 c>1nén

(a-1)(b-1)=0  (ab-a-b+1>0
(b-1)(c-1)>0 < <bc-b-c+1>0 =ab+bc+ca-2(a+b+c)+3>0
( )( - )_ ca-c—a+1>0
ab+bc+ca+3 2 .
<a+b+c< 5 < (a+b+c) <36 via+b+c>3

< a’+b’+c?+2(ab+bc+ca)<36

< a’+b’+c?<36-2(ab+bc+ca)< P<18

(a-1)(b-1)=0
(b-1)(c-1)z0 [27P=he=4
Vay MaxP =18 & o<db=c=la=4
(c-1)(a-1)=0 ceaclb=4
a’+b*+c’=18 ’
Vay MinP=9«< < a=b=c=43
(a-1)(b-1)=0
(b-1)(c-1)>0 A
MaxP =18 < <<sb=c=la=4
(c-1)(a-1)>0 c—a-1b—4
a’+b’+c?=18

Vi du: (TS 10 - THPT Ha N6i, nam hoc 2016 - 2017)
Véi cac s thuc x,y thdéa man X—/X+6 = \/m —y. Tim gia tri nho nhat va gia tri 16n
nhat ctia biéu thitc P=x+Y.
Vi du: (TS 10 - THPT Ha N6i, nam hoc 2015 - 2016)
Vé6i cac s6 thwc a, b théa man a*+b*’=4. Tim gid tri 16n nhat cta biéu thic
o ab
a+b+2

Vi du: (TS 10 - THPT Ha Noi, nam hoc 2014 - 2015)

Véi a, b, ¢ la cac s6 duong thoa man a+b+c=2. Tim gia tri I6n nhat ctaa biéu thirc
Q=+2a+bc ++/2b+ac++2c+ab.

Vi du: (TS 10 - THPT Ha Noi, nam hoc 2013 - 2014)
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Véi a,b,c la cic s6 dwong théa man a+b+c+ab+bc+ca=6abc. Ching minh
1 1 1

" + o7 + = >3.

Vidu: (TS 10 - THPT Ha N6i, nam hoc 2012 - 2013)

Véi x,y la cac s6 thuc duong théoa man diéu kién x> 2y. Tim gid tri nhd nhat cua biéu
X2 +y?

Xy
Vi du: Cho x,y la cac sd thuc duong théa man x+y<1. Tim gia tri nhé nhat ctia biéu

thitc P = (1+1}/1+ x2y2.

Xy

thttc M =

Huéng dan

1 1 1 1 15
Tacd: P=| =+= [{1+X° 1+ Xy =2 [ —+xy =2 [ Xy +—— [+——
+yj¢+ 7o 2 iy =2 [T J{ s
/ 4xy (Ap dung Co si)
1
>2 [Z+——— (Vidxy< x+y) )
2 4 x+y

1 15
>2./—+— (Vi x+y<l1
> 2 ( y<1l)

=17
Vay MinP:\/ﬁex:y:%

x

Vi du: Cho cac s6 duong X,y,z théa man X+2y+3z>20. Tim gia tri nho nhat ctia biéu

thtec A=x+ y+z+§+i+ﬂ.
X 2y 2
Huéng dan
. 3 9 4 3 3 9 1.1 3
Taco: A=X+y+Z+—+—+—=—X+—+—Y+—+—-Z+—+| —X+=-Yy+—1Z
X 2y z 4 X 2 2y 4 4 2 4
Ap dung C6 si ta co:
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+)§x+§23
4 X

1 9
+)=y+—=3
)2y 2y

+)£z+£22
4 Z
.1 1 3 1
Va ZX+§y+ZZ:Z(X+2y+3Z)25
Suyra A>13
Vay MinA=13<x=2,y=3, z2=4.
Vi du: Cho cac s6 duong a,b,c théa man a’+b?+c’=abc. Tim gia tri 16n nhat caa biéu
a b c

thirc A=—; +— +— .
a‘+bc b°+ac c +ab

Huéng dan
a b C
2 + 2 + 2
a‘+bc b°+ac c +ab
1 N 1 N 1
bc ac ab
a+— b+— c+—
a b c

1 1 1

< + +
2Jbc  2Jac  2ab
1

<
- (1 11 1 1 1]
4 —+—+—+—+—+—
b ¢c a ¢c a b

Ta co: A=

B 1
2(1+1+1J
a b c
Ma 242, C 1nen2s242,2
bc ac ab a b c

PS%.Dé’u”:” xay ra < a=b=c=3.

Vay MaxP=%<:>a:b:c=3.
Vi du: Cho céc s8 dwong a,b thoa man a+b<2y2. Tim gia tri nho nhat cua bidu thic
A=—+—.

b

a
Hudéng dan
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a+b 4 o A> 4

Ta cé: A:(a+b)2—4ab=(a—b)220:>(a+b)224ab<:> > >
ab a+b a+b
4 4 (a—b)2—0
Ma a+b$2\/§:> 2—.D€{u”=”xéyra<:> <:>a=b=\/§.
a+tb 242 a+b=22

Vay MinP=v2 @ a=b=+2.

Vi du: Tim gid tri nho nhat cua biéu thée: A= x> - XX+ X+ Yy — \/V +1.
Huéng dan

biéu kién: y>0.

2 2
a (e Y 3y Y 3 (- 3 _1)2 2.2
Ta co: A=X X(\/; 1)+ 2 +4 > +4— X 5 +4 \/V 3 +323
1
X=__
Dédu “=" xay ra & 3
=3
R L2
Vay MlnA_3.

Vidu: Cho a,b,cla d6 dai 3 canh cia mét tam gidc. Ching minh:
ab+bc+ca<a’+b?+c? <2(ab+bc+ca).
Huéng dan
Tacé: (a—b) +(b—c) +(c-a)’ 20« 2(a’ +b*+c’) = 2(ab+bc+ca)
< a’+b*+c*>ab+bc+ca (1)
Vi a,b,cla d6 dai 3 canh cia mot tam gidcnén ta cé: a” <a.(b+c)=a’<ab+ac.
Tuwong tw b® <ab+bc; ¢ <ac+bc.
Suy ra: a*+b’+c? <2(ab+bc+ca) (2)

Tt (1) va (2) ta c6 diéu phai chitng minh.

Vi du: Giai phuong trinh: 10vx° +1=3(x +2).
Hudéng dan
Diéu kién: x>1(1). Ddt a=~vx+1va b=vx*—x+1, (a=0;b>0) (2)

—a’+b’=x*+2. Khi d6  phuong trinh da cho tr6  thanh:
10.ab=3(a’+b’) < (a—3b)(3a—b)=0
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e Néu a=3b thi tir (2) = vx+1=3Vx* —x+1 phuwong trinh nay v6 nghiém.
X, =5+ V33

thoa man
X, =5— J33

e Néu b=3a thitir (2):>3\/x+1:\/x2—x+1<:>x2—10x—8:0<:>{

(1).

=5++/33
Vay phuong trinh c6 hai nghiém la: {Xl +4/33

x2:5—\/§

41=2
Vi du: Giai hé phuong trinh: |~ 7.
y® +1=2x
Huéng dan

Lay phuwong trinh trén trit phuwong trinh dwéi

Viduy: Cho cac s a,b,c e[0;1]. Chitng minh rang: a+b”*+c®—ab-bc-ca<l.
Huéng dan

Vi b,ce[0;1] = b’ <b,c® <c. Do d6 a+b*+c’—ab—-bc—-ca<a+b+c—ab—bc—ca (1)
Mit khac a+b*+c’—ab-bc—ca=(a-1)(b-1)(c-1)—abc+1 (2)
Vi a,b,c€[0;1] nén a+b®+c®—ab—bc—ca=(a-1)(b-1)(c—1)—abc+1<0; —abc <0
Do dé tir (2) = a+b*>+c®—ab-bc—ca<l (3)
T ()va (3)= a+b*+c®—ab-bc-ca<l

a+b
\/a(3a+b)+\/b(3b+a)
Vi du: Cho hai s6 x,y thdéa man dfmg thiec: (X+M)(y+M):201l. Tinh

X+Y.

Vi du: Chting minh rang: Z% véi a,b la cac s6 duong.

Vi du: Cho x>0,y>0 va Xx+y>6. Tim gia tri nho nhat cua bi€u thtc:
P:3x+2y+§+§.
Xy
X+a+b+c=7
. Tim gia tri

Vi du: Cho céc s6 thuc x,a,b,c thay doi thoa man hé s o o
X“+a“+b +c° =13

16n nhat va gia tri nho nhat cua x.

Vi du: Tim x,y thoa man 5x—24x(2+y)+y?+1=0.
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Vi du: Cho céc 58 duong a,b,c. Chiing minh rang: 1< 4, b )
a+b b+c c+a

Vi du: Cho x,y la hai s6 thuc thoa man: (x+ y)2 +7(x+Yy)+y*+10=0. Tim gia tri I6n
nhat va gia tri nho nhat cua biéu thitc A=x+y+1.
4 2
, . s N e , X" +2X°+2
Vi du: Tim gid tri lén nhat cua biéu thitc: A= R ETEEE
X° +
Vi du: Tim m dé phuong trinh an x sau day c6 ba nghiém phan biét:
x3—2mx2+(m2 +1)x—m:0.
Vi du: Véi a,b,c 1a cac s& duong thoa man diéu kién a’ +b*+c* =abc. Tim gia tri 16n
a b C
2 + 2 + 2 :
a‘+bc b°+ac c°+ab

nhat ctia biéu thttc P =

Vi du: Véi a,b,c 1a cac sd thuc duwong thoa man a+b+c>6. Tim gia tri nhé nhat cta
a®+b® p*+c® c*+a’

bleuthuCM:a2+b2 T
Huéng dan:
Ta co:
a+b® & p*  a(a’+b’)-ab® b(a’+b*)-ba’ ab? ba?
240’ @b a+b a’ +b? " a’ +b? :a+b_a2+b2_a2+b2
Ap dung C6 si
aib_ ab? bazz_a+b—9—3=a+b a3+b3>a+b

a’+b* a’+b
34¢8 iiat 2(a+b+c
b*+c® btc c+a’ cra_ ( )

Twong tu > ; >
&1 b? +¢? 2 '‘c’+a’ 2 2

Dau “=" xayra ©a=b=c=2
Vay MinM =6 a=b=c=2
Vi du: Véi a,b,c 1a cdc s6 thuc thoa man a’+b?+c®=3. Tim gié tri 16n nhat caa biéu
thitcA=a+b+c+ab+bc+ca.
Huéng dan:

a’+b®>2ab
Cach 1: Ta cé: <b®+c¢*>2bc = a® +b* +c* > ab+bc+ca=3.

c’+a’>2ca

Mit khac a+b+c <12 +12 +12/a? +b? +¢2 =/3./3 = 3.
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a=b=c
Vay A<3+3=6.D4u“="xdyra < <a’+b*+c*=3<a=b=c=1
1 1 1

a b c

Vay MaxA=6<a=b=c=1

Céch 2: Ta céd: a® +b*+c? :3<:>(a+b+c)2—2(ab+bc+ca)=3.

y t?—
bit t=a+b+c, |t|<3=ab+hc+ca=

t°-3 1 2 1 2 1 2
:E(t+1) -2, |t|£3<:>|t|+1£4<:>§(t+1) £8<:>§(t+1) —2<6

= A=t+
Vay MaxA=6<<a=b=c=1
Vi du: Véi a,b,c la cac sO thue duong thdéa man a+b+c=3. Tim gia tri 16n nhat va gia

tri nho nhat cta bidu thikc A=+/3a+1++/30+1++/3c+1.

Hudng dan:

‘ yal ; 1 1 4+3a+1 3a+5
Apd bat dang thitc Co si: v3a+1==,/4(3a+1)<=. =
p ung a ang O S1 2 ( ) 2

2 4
Tuong tee V3b+1< 3b:5, \J3c+1< 3C:5

3(a+b+c)+15 6

Do d6 A<

Ddu “="xayra < a=b=c=1.

Vay MaxA=6<<a=b=c=1

Khong mat tinh tong quat, gia skc a>b>c.
Do a+b+c=3 nén a>1.

Ta ¢ \/3b+1+\/3c+12=3b+3c+2+3 3b+1)(3c+1) >3(3-a)+4=13-3ado dd b,c>0
(

Khi d6 A>+/3a+1++/13-3a = A’ >14+2,/(3a+1)(13-3a) .
Ta chitng minh duoc (3a+1)(13-3a)>40 voi 1<a<3.

= A2>14+ 410 = A>2+10
Diu “=" xadyra <a=3b=c=0.

Vay MinA=2++10 < a=3b=c=0
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